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INTRODUCTION. 

pee E arts and {ciences have become fo extenfive, 

ROA Gwy| that to facilitate their acquirement is of as 

SA fe much importance as to extend their boundaries. 

deeeees| [lluftration, if it does not fhorten the time of 

fudy, will at leaft make it more agreeable. Tuts Work 

has a greater aim than mere illuftration; we do not intro- 

duce colours for the purpofe of entertainment, or to amule 

by certain combinations of tint and form, but to affift the 

mind in its refearches after truth, to increafe the facilities 

of inftruction, and to diffufe permanent knowledge. If we 

wanted authorities to prove the importance and ufefulnefs 

of geometry, we might quote every philofopher fince the 

days of Plato. Among the Greeks, in ancient, as in the 

{chool of Peftalozzi and others in recent times, geometry 

was adopted as the beft gymnaftic of the mind. In fact, 

Euclid’s Elements have become, by common confent, the 

bafis of mathematical fcience all over the civilized globe. 

But this will not appear extraordinary, if we confider that 

this fublime fcience is not only better calculated than any 

other to call forth the {pirit of inquiry, to elevate the mind, 

and to ftrengthen the reafoning faculties, but alfo it forms 

the beft introduction to moft of the ufeful and important 

vocations of human life. Arithmetic, land-furveying, men- 

furation, engineering, navigation, mechanics, hydroftatics, 

pneumatics, optics, phyfical aftronomy, &c. are all depen- 

dent on the propofitions of geometry. 



Vill INTRODUCTION. 

Much however depends on the firft communication of 

any fcience to a learner, though the beft and moft eafy 

methods are feldom adopted. Propofitions are placed be- 

fore a ftudent, who though having a fufficient underftand- 

ing, is told juft as much about them on entering at the 

very threfhold of the fcience, as gives him a prepoffeffion 

moft unfavourable to his future ftudy of this delightful 

fubje@ ; or “ the formalities and paraphernalia of rigour are 

fo oftentatioufly put forward, as almoft to hide the reality. 

Endlefs and perplexing repetitions, which do not confer 

greater exactitude on the reafoning, render the demonftra- 

tions involved and obfcure, and conceal from the view of 

the ftudent the confecution of evidence.” Thus an aver- 

fion is created in the mind of the pupil, and a fubjec fo 

calculated to improve the reafoning powers, and give the 

habit of clofe thinking, is degraded by a dry and rigid 

courfe of inftruction into an uninterefting exercife of the 

memory. To raife the curiofity, and to awaken the liftlefs 

and dormant powers of younger minds fhould be the aim 

of every teacher; but where examples of excellence are 

wanting, the attempts to attain it are but few, while emi- 

nence excites attention and produces imitation. The object 

of this Work is to introduce a method of teaching geome- 

try, which has been much approved of by many {cientific 

men in this country, as well as in France and America. 

The plan here adopted forcibly appeals to the eye, the moft 

fenfitive and the moft comprehenfive of our external organs, 

and its pre-eminence to imprint it fubject on the mind is 
fupported by the incontrovertible maxim expreffed in the 

well known words of Horace :— 

Segnius irritant animos demiffa per aurem 
Quam que funt oculis fubjeéta fidelibus. 

A feebler imprefs through the ear is made, 
Than what is by the faithful eye conveyed, 
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All language confifts of reprefentative figns, and thofe 
figns are the beft which effe@ their purpofes with the 
greateft precifion and difpatch. Such for all common pur- 
pofes are the audible figns called words, which are {till 
confidered as audible, whether addreffed immediately to the 

ear, or through the medium of letters to the eye. Geo- 
metrical diagrams are not figns, but the materials of geo- 
metrical {cience, the objeé&t of which is to fhow the relative 
quantities of their parts by a procefs of reafoning called 

Demonftration. This reafoning has been generally carried 
on by words, letters, and black or uncoloured diagrams ; 

but as the ufe of coloured fymbols, figns, and diagrams in 

the linear arts and fciences, renders the procefs of reafon- 

ing more precife, and the attainment more expeditious, they 

have been in this inftance accordingly adopted. 

Such is the expedition of this enticing mode of commu- 

nicating knowledge, that the Elements of Euclid can be 

acquired in lefs than one third the time ufually employed, 

and the retention by the memory is much more permanent; 

thefe facts have been afcertained by numerous experiments 

made by the inventor, and feveral others who have adopted 

his plans. The particulars of which are few and obvious ; 

the letters annexed to points, lines, or other parts of a dia- 

gram are in fact but arbitrary names, and reprefent them in 

the demonftration; inftead of thefe, the parts being differ- 

ently coloured, are made B 

to name themfelves, for 

their forms in correfpond- 

ing colours represent them 

in the demonftration. 

In order to give a bet- 

ter ideaof this fyftem, and A Zi ziiiotewnec:usensonssmtssensnenosntoe ee 

of the advantages gained by its adoption, let us take a right 

 & 

Lo 
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angled triangle, and exprefs fome of its properties both by 

colours and the method generally employed. 

Some of the properties of the right angled triangle ABC, 

expreffed by the method generally employed. 

1. The angle BAC, together with the angles BCA and 

ABC are equal to two right angles, or twice the angle ABC. 

2. The angle CAB added to the angle ACB will be equal 

to the angle ABC. 

3. The angle ABC is greater than either of the angles 

BAG or: BCA. 

4. The angle BCA or the angle CAB is lefs than the 

angle ABC. 

5. If from the angle ABC, there be taken the angle 

BAC, the remainder will be equal to the angle ACB. 

6. The {quare of AC is equal to the fum of the {quares 

of AB and BC. 

The Jame properties expreffed by colouring the different parts. 

1. a+ &| -A-.@-D 
That is, the red angle added to the yellow angle added to 

the blue angle, equal twice the yellow angle, equal two 

right angles. 

2. a4.4-4. 
Or in words, the red angle added to the blue angle, equal 
the yellow angle. 

& - a. M. 
The yellow angle is greater than either the red or blue 
angle. 

y 
3° 
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. Mac Ms ®. 
Either the red or blue angle is lefs than the yellow angle. 

5. > minus A os , 

In other terms, the yellow angle made lefs by the blue angle 
equal the red angle. 

6. cicadas ‘ia AEE a sa od fo ee aE af 

That is, the fquare of the yellow line is equal to the fum 

of the fquares of the blue and red lines. 

In oral demonftrations we gain with colours this impor- 

tant advantage, the eye and the ear can be addreffed at the 

fame moment, fo that for teaching geometry, and other 

linear arts and {ciences, in claffes, the fyftem is the beft ever 

propofed, this is apparent from the examples juft given. 

Whence it is evident that a reference from the text to 

the diagram is more rapid and fure, by giving the forms 

and colours of the parts, or by naming the parts and their 

colours, than naming the parts and letters on the diagram. 

Befides the fuperior fimplicity, this fyftem is likewife con- 

fpicuous for concentration, and wholly excludes the injuri- 

ous though prevalent practice of allowing the ftudent to 

commit the demonftration to memory; until reafon, and fact, 

and proof only make impreffions on the underftanding. 

Again, when leéturing on the principles or properties of 

figures, if we mention the colour of the part or parts re- 

ferred to, as in faying, the red angle, the blue line, or lines, 

&c. the part or parts thus named will be immediately feen 

by all in the clafs at the fame inftant; not fo if we fay the 

angle ABC, the triangle PFQ, the figure EGKt, and fo on ; 
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for the letters muft be traced one by one before the ftudents 

arrange in their minds the particular magnitude referred to, 

which often occafions confufion and error, as well as lofs of 

time. Alfo if the parts which are given as equal, have the 

fame colours in any diagram, the mind will not wander 

from the object before it; that is, fuch an arrangement pre- 

fents an ocular demonftration of the parts to be proved 

equal, and the learner retains the data throughout the whole 

of the reafoning. But whatever may be the advantages of 

the prefent plan, if it be not fubftituted for, it can always 

be made a powerful auxiliary to the other methods, for the 

purpofe of introduction, or of a more {peedy reminifcence, 

or of more permanent retention by the memory. 

The experience of all who have formed fyftems to im- 

prefs facts on the underftanding, agree in proving that 

coloured reprefentations, as pictures, cuts, diagrams, &c. are 

more eafily fixed in the mind than mere fentences un- 

marked by any peculiarity. Curious as it may appear, 

poets feem to be aware of this fact more than mathema- 

ticians ; many modern poets allude to this vifible fyftem of 

communicating knowledge, one of them has thus exprefled 
himfelf : 

Sounds which addrefs the ear are loft and die 
In one fhort hour, but thefe which ftrike the eye, 
Live long upon the mind, the faithful fight 
Engraves the knowledge with a beam of light. 

This perhaps may be reckoned the only improvement 
which plain geometry has received fince the days of Euclid, 
and if there were any geometers of note before that time, 
Euclid’s fuccefs has quite eclipfed their memory, and even 
occafioned all good things of that kind to be afligned to 
him; like fEfop among the writers of Fables, It may 
alfo be worthy of remark, as tangible diagrams afford the 
only medium through which geometry and other linear 
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arts and {ciences can be taught to the blind, this vifible fys- 
tem is no lefs adapted to the exigencies of the deaf and 
dumb. 

Care muft be taken to fhow that colour has nothing to 
do with the lines, angles, or magnitudes, except merely to 
name them. A mathematical line, which is length with- 

out breadth, cannot poffefs colour, yet the junction of two 

colours on the fame plane gives a good idea of what is 

meant by a mathematical line; recollect we are {peaking 
familiarly, {uch a junction is to be underftood and not the 
colour, when we fay the black line, the red line or lines, &c. 

Colours and coloured diagrams may at firft appear a 

clumfy method to convey proper notions of the properties 

and parts of mathematical figures and magnitudes, how- 

ever they will be found to afford a means more refined and 

extenfive than any that has been hitherto propofed. 

We fhall here define a point, a line, and a furface, and 

demonftrate a propofition in order to {how the truth of this 

affertion. 

A point is that which has pofition, but not magnitude ; 

or a point is pofition only, abftra¢ted from the confideration 

of length, breadth, and thicknefs. Perhaps the follow- 

ing defcription is better calculated to explain the nature of 

a mathematical point to thofe who have not acquired the 

idea, than the above {pecious definition. — 

Let three colours meet and cover a 

portion of the paper, where they meet 

is not blue, nor is it yellow, nor is it 

red, as it occupies no portion of the 

plane, for if it did, it would belong 

to the blue, the red, or the yellow 

part; yet it exifts, and has pofition 

without magnitude, fo that with a little reflection, this junc- 
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tion of three colours on a plane, gives a good idea of a 

mathematical point. 

A line is length without breadth. With the affiftance 

of colours, nearly in the fame manner as before, an idea of 

a line may be thus given :— 

Let two colours meet and cover a portion of the paper ; 

where they meet is not red, nor is it 

blue; therefore the junction occu- 

pies no portion of the plane, and 

therefore it cannot have breadth, but 

only length: from which we can 

readily form an idea of what is meant by a mathematical 

line. For the purpofe of illuftration, one colour differing 

from the colour of the paper, or plane upon which it is 

drawn, would have been fufficient; hence in future, if we 

fay the red line, the blue line, or lines, &c. it is the junc- 

tions with the plane upon which they are drawn are to be 

underftood. 

Surface is that which has length and breadth without 

thicknefs. 

When we confider a folid body 

(PQ), we perceive at once that it 
has three dimenfions, namely :— 

length, breadth, and thicknefs; 

fuppofe one part of this folid (PS) 
to be red, and the other part (QR) 
yellow, and that the colours be 
diftinct without commingling, the 
blue furface (RS) which {eparates 
thefe parts, or which is the fame 

thing, that which divides the folid 
: without lofs of material, muft be 

taihal thicknefs, and only poffeffes length and breadth ; 
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this plainly appears from reafoning, fimilar to that juft em- 
ployed in defining, or rather defcribing a point and a line. 

The propofition which we have fele¢ted to elucidate the 

manner in which the principles are applied, is the fifth of 

the firft Book. 

In an ifofceles triangle ABC, the 

internal angles at the bafe ABC, 

ACB are equal, and when the fides 

AB, AC are produced, the exter- 

nal angles at the bafe BCE, CBD 

are alfo equal. 

and LILA LEPE ALES, Produce 

make CO es 

Draw ANC  cnutancsasmmamene 

es 
8 as te 

and yj. — 4 oat sDla a 

Again 0 PrN, 

as lH > 

common : 
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A 

> t 

By annexing Letters to the Diagram. 

Ler the equal fides AB and AC be produced through the 

extremities BC, of the third fide, and in the produced part 

BD of either, let any point D be affumed, and from the 

other let AE be:cut off equal to AD (B. t2preg). Ter 

the points E and D, fo taken in the produced fides, be con- 

nected by ftraight lines DC and BE with the alternate ex- 

tremities of the third fide of the triangle. 

In the triangles DAC and EAB the fides DA and AC 

are re{pectively equal to EA and AB, and the included 

angle A is common to both triangles. Hence (B. 1. pr. 4.) 
the line DC is equal to BE, the angle ADC to the angle 
AEB, and the angle ACD to the angle ABE; if from 
the equal lines AD and AE the equal fides AB and AC 
be taken, the remainders BD and CE will be equal. Hence 
in the triangles BDC and CEB, the fides BD and DC are 
refpectively equal to CE and EB, and the angles D and E 
included by thofe fides are alfo equal. Hence (B. 1. pr. 4.) 
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the angles DBC and ECB, which are thofe included by 
the third fide BC and the productions of the equal fides 
AB and AC are equal. Alfo the angles DCB and EBC 
are equal if thofe equals be taken from the angles DCA 
and EBA before proved equal, the remainders, which are 
the angles ABC and ACB oppofite to the equal fides, will 

be equal. 

Therefore in an ifofceles triangle, &c. 
QED. 

Our object in this place being to introduce the fyftem 
rather than to teach any particular fet of propofitions, we 

have therefore felected the foregoing out of the regular 

courfe. For fchools and other public places of inftruction, 

dyed chalks will anfwer to defcribe diagrams, &c. for private 

ufe coloured pencils will be found very convenient. 

We are happy to find that the Elements of Mathematics 

now forms a confiderable part of every found female edu- 

cation, therefore we call the attention of thofe interefted 

or engaged in the education of ladies to this very attractive 

mode of communicating knowledge, and to the fucceeding 

work for its future developement. 

We fhall for the prefent conclude by obferving, as the 

fenfes of fight and hearing can be fo forcibly and inftanta- 

neously addreffled alike with one thoufand as with one, the 

million might be taught geometry and other branches of 

mathematics with great eafe, this would advance the pur- 

pofe of education more than any thing that mzght be named, 

for it would teach the people how to think, and not what 

to think ; it is in this particular the great error of education 

originates. 
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THE ELEMENTS OF EUCLID. 

BOOK I. 

DEFINITIONS. 

tp 

A point is that which has no parts. 

ne 

A Jine is length without breadth. 

IIT. 

The extremities of a line are points. 

IV. 

A ftraight or right line is that which lies evenly between 

its extremities. 
V. 

A furface is that which has length and breadth only. 

VE 

The extremities of a furface are lines. 

VEE 

A plane furface is that which lies evenly between its ex- 
tremities. 

VIII. 

A plane angle is the inclination of two lines to one ano- 

ther, in a plane, which meet together, but are not in the 

fame direction. 
IX. 

A plane rectilinear angle is the inclina- 

tion of two ftraight lines to one another, 

which meet together, but are not in the 

fame ftraight line. 
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X. 

When one ftraight line ftanding on ano- 

ther ftraight line makes the adjacent angles 2 

equal, each of thefe angles is called a right 

angle, and each of thefe lines is faid to be 

perpendicular to the other. 

Als 

An obtufe angle is an angle greater 

than a right angle. 

XII. 

An acute angle is an angle lefs than a 

right angle. 

XIII. 

A term or boundary is the extremity of any thing. 

XIV. 

A figure is a furface enclofed on all fides by a line or lines. 

XV. 

A circle is a plane figure, bounded 

by one continued line, called its cir- 

cumference or periphery; and hay- 

ing a certain point within it, from 

which all ftraight lines drawn to its 

circumference are equal. 

XVI. 

This point (from which the equal lines are drawn) 1s 

called the centre of the circle. 
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XVII. 

A diameter of acircle is a ftraight line drawn 

through the centre, terminated both ways 

in the circumference. 

XVIII. 

f \ A femicircle is the figure contained by the 

: ' diameter, and the part of the circle cut off 

% ? by the diameter. 
“Secwene® i 

XIX. 

: 5 A fegment of a circle is a figure contained 

‘ : bya ftraight line, and the part of the cir- 
<e ~  cumference which it cuts off. 

*., of 
aaa 

XX. 

A figure contained by ftraight lines only, is called a reéti- 

linear figure. 

XXI. 

A triangle is a retilinear figure included by three fides. 

XXII. 

A quadrilateral figure is one which is bounded 
by four-fides. The ftraight lines =n 

2nd te connecting the vertices of the 

oppofite angles of a quadrilateral figure, are 
called its diagonals. 

XXIII. 

A polygon is a rectilinear figure bounded by more than 
four fides. 
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XXIV. 

A triangle whofe three fides are equal, is 

faid to be equilateral. 

XXV. 

A triangle which has only two fides equal 

is called an ifofceles triangle. 

AX VIL 

A {calene triangle is one which has no two fides equal. 

XXVII. 

A right angled triangle is that which 

has a right angle. 

XXVIII. 

An obtufe angled triangle is that which 

has an obtufe angle. 

XXIX. , 

An acute angled triangle is that which | 

has three acute angles. ees 

XXX. 

Of four-fided figures, a fquare is that which 

has all its fides equal, and all its angles right 

angles. 
XXXII. 

A rhombus is that which has all its fides 

equal, but its angles are not right angles. 

XXXII. 

An oblong is that which has all its | 

angles right angles, but has not all its 

fides equal. 
a eel 
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XXXIII. 

A rhomboid is that which has its op- 

pofite fides equal to one another, 

but all its fides are not equal, nor its 

angles right angles. 
XXXIV. 

All other quadrilateral figures are called trapeziums. 

XXXV. 

Parallel {traight lines are fuch as are in 

the fame plane, and which being pro- 

duced continually in both direétions, 

would never meet. 

POSTULATES. 

Ue 

Let it be granted that a ftraight line may be drawn from 
any one point to any other point. 

II. 

Let it be granted that a finite ftraight line may be pro- 
duced to any length in a ftraight line. 

III. 

Let it be granted that a circle may be defcribed with any 

centre at any diftance from that centre. 

AXIOMS. 

I. 

Magnitudes which are equal to the fame are equal to 
each other. 

II. 

If equals be added to equals the fums will be equal. 
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it 

If equals be taken away from equals the remainders will 

be equal. 

IV. 

If equals be added to unequals the fums will be un- 
equal. 

Ve 

If equals be taken away from unequals the remainders 
will be unequal. 

VI. 

‘The doubles of the fame or equal magnitudes are equal. 

VII. 

The halves of the fame or equal magnitudes are equal. 

VIII. 

Magnitudes which coincide with one another, or exactly 

fill the fame {pace, are equal. 

IX. 

The whole is greater than its part. 

X. 

Two ftraight lines cannot include a {pace. 

XI. 

All right angles are equal. 

XII. 

If two ftraight lines ( yinect a third 

ftraight line (————=) fo as to make the two interior 

angles ( a and a) on the fame fide lefs than 

two right angles, thefe two ftraight lines will meet if 

they be produced on that fide on which the angles 

are lefs than two right angles. 
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The twelfth axiom may be expreffed in any of the fol- 

lowing ways: 

1. Two diverging ftraight lines cannot be both parallel 

to the fame ftraight line. 

2. If a ftraight line interfect one of the two parallel 

ftraight lines it muft alfo interfect the other. 

3. Only one ftraight line can be drawn through a given 

point, parallel to a given ftraight line. 

Geometry has for its principal objects the expofition and 

explanation of the properties of figure, and figure is defined 

to be the relation which fubfifts between the boundaries of 

{pace. Space or magnitude is of three kinds, /imear, /uper- 

ficial, and folid. 

Angles might properly be confidered as a fourth fpecies 

of magnitude. Angular magnitude evidently confifts of 

parts, and muft therefore be admitted to be a fpecies ot 

quantity The ftudent muft not fuppofe that the magni- 

| tude of an angle is affected by the length 

of the ftraight lines which include it, and 

of whofe mutual divergence it is the mea- 

A 

fure. The vertex of an angle is the point 

where the fides or the /egs of the angle 

meet, as A. 

An angle is often defignated by a fingle letter when its 

legs are the only lines which meet to- 

gether at its vertex. Thus the red and 

blue lines form the yellow angle, which 

in other fyftems would be called the 

angle A. But when more than two 

lines meet in the fame point, it was ne- 
ceflary by former methods, in order to 

avoid confufion, to employ three letters 

to defignate an angle about that point, 
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the letter which marked the vertex of the angle being 
always placed in the middle. Thus the black and red lines 
meeting together at C, form the blue angle, and has been 
ufually denominated the angle FCD or DCF. The lines 
FC and CD are the legs of the angle; the point C is its 

vertex. In like manner the black angle would be defignated 
the angle DCB or BCD. The red and blue angles added 
together, or the angle HCF added to FCD, make the angle 

HCD ; and fo of other angles. 

When the legs of an angle are produced or prolonged 

beyond its vertex, the angles made by them on both fides 

of the vertex are faid to be vertically oppofite to each other : 

Thus the red and yellow angles are faid to be vertically 

oppofite angles. 

Superpofition is the procefs by which one magnitude may 

be conceived to be placed upon another, fo as exactly to 

cover it, or fo that every part of each fhall exactly coin- 

cide. 

A line is faid to be produced, when it is extended, pro- 

longed, or has its length increafed, and the increafe of 

length which it receives is called its produced part, or its 

production. 

The entire length of the line or lines which enclofe a 

figure, is called its perimeter. The farft fix books of Euclid 

treat of plain figures only. A line drawn from the centre 

of a circle to its circumference, is called a radius. The 

lines which include a figure are called its fides. That fide 

of a right angled triangle, which is oppofite to the right 

angle, is called the Aypotenufe. An oblong is defined in the 

fecond book, and called a reéfangle. All the lines which 

are confidered in the firft fix books of the Elements are 

fuppofed to be in the fame plane. 

The fraight-edge and compaffes are the only inftruments, 

e 
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the ufe of which is permitted in Euclid, or plain Geometry. 

To declare this reftri€tion is the object of the poftulates. 

The Axioms of geometry are certain general propofitions, 

the truth of which is taken to be felf-evident and incapable 

of being eftablifhed by demonftration. 

Propofitions are thofe refults which are obtained in geo- 

metry by a procefs of reafoning. There are two fpecies of 

propofitions in geometry, problems and theorems. 

A Problem is a propofition in which fomething is pro- 

pofed to be done; as a line to be drawn under fome given 

conditions, a circle to be defcribed, fome figure to be con- 

{tructed, &c. 

The /o/ution of the problem confifts in fhowing how the 

thing required may be done by the aid of the rule or ftraight- 

edge and compaffes. 

The demonftration confifts in proving that the procefs in- 

dicated in the folution really attains the required end. 

A Theorem is a propofition in which the truth of fome 

principle is afferted. This principle muft be deduced from 

the axioms and definitions, or other truths previously and 

independently eftablifhed. To fhow this is the object of 
demontftration. 

A Problem is analogous to a poftulate. 

A Theorem refembles an axiom. 

A Poftulate is a problem, the folution of which is affumed. 
An Axiom isa theorem, the truth of which is granted 

without demonftration. 

A Corollary is an inference deduced immediately from a 
- propofition. 

A Scholium is a note or obfervation on a propofition not 
containing an inference of fufficient importance to entitle it 
to the name of a corollary. 

A Lemma is a propofition merely introduced for the pur- 
pofe of eftablifhing fome more important propofition. 



XXVIII 

SYMBOLS AND ABBREVIATIONS. 

.. exprefles the word ¢herefore. 

I GS 6h ve ns WICK becaufe. 

22. i a eee ee ee equal. This fign of equality may 
be read equal to, or 1s equal to, or are equal to; but 
any difcrepancy in regard to the introduction of the 
auxiliary verbs zs, are, &c. cannot affect the geometri- 
cal rigour. 

=— means the fame as if the words ¢ not equal’ were written. 

[— fignifies greater than. 

.»» befeethan. 

. not greater than. 

. not lefs than. 

is read p/us (more), the fign of addition ; when interpofed 

between two or more magnitudes, fignifies their fum. 

— is read minus (/efs), fignifies fubtraction; and when 

placed between two quantities denotes that the latter 

is to be taken from the former. 

X this fign expreffes the product of two or more numbers 

when placed between them in arithmetic and algebra ; 

but in geometry it is generally ufed to exprefs a rec?- 

angle, when placed between “ two ftraight lines which 

contain one of its right angles.” A rectangle may alfo 

be reprefented by placing a point between two of its 

conterminous fides. 

2 $2 2 expreffes an analogy or proportion ; thus, if A, B, C 

and D, reprefent four magnitudes, and A has to 

B the fame ratio that C has to D, the propofition 

is thus briefly written, 

ws i= D, 

7 eG, 

entape 
Bo 2. 

This equality or famenefs of ratio is read, 

+H ALU 



xxviii SYMBOLS AND ABBREVIATIONS. 

as A is to B, fo is C to D; 

or A is to B, as C is to D. 

|| fignifies parallel to. 
iL... . perpendicular to. 

rN . angle. 

a . . right angle. 

CIN two right angles, 

I or N briefly defignates a poznt. 

C, =, or =] fignifies greater, equal, or lefs than. 

The fquare defcribed on a line is concifely written thus, 
Coin” , 

In the fame manner twice the fquare of, is exprefled by 
2 ? 

def. fignifies definition. 

HOt oar oe) poftulate. 

Gi inet CON 

vps. aa hypothefis. It may be neceffary here to re- 
mark, that the Aypothefis is the condition affumed or 
taken for granted. Thus, the hypothefis of the pro- 

pofition given in the Introduction, is that the triangle 
is ifofceles, or that its legs are equal. 

CONN. eee conftruction. The conftruétion is the change 
made in the original figure, by drawing lines, making 
angles, defcribing circles, &c. in order to adapt it to 

the argument of the demonftration or the folution of 

the problem. The conditions under which thefe 

changes are made, are as indisputable as thofe con- 

tained in the hypothefis. For inftance, if we make 
an angle equal to a given angle, thefe two angles are 
equal by conftruétion. 

Qo Paes 46% Quod erat demonftrandum. 
Which was to be demonftrated. 



CORRIGEND Z. XX1X 

Faults to be correéted before reading this Volume. 

Pace 13, line 9, for def. 7 read def. ro. 

45, laft line, for pr. 19 read pr. 29. 

$4, line 4 from the bottom, for black and red line read blue 

and red line. 

59, line 4, for add black line fquared read add blue line 

{quared. 

6o, line 17, for red line multiplied by red and yellow line 

read red line multiplied by red, blue, and yellow line. 

76, line 11, for def. 7 read def. 10. 

81, line 10, for take black line read take blue line. 

105, line 11, for yellow black angle add blue angle equal red 

angle read yellow black angle add blue angle add red 

angle. 

129, laft line, for circle read triangle. 

141, line 1, for Draw black line read Draw blue line. 

196, line 3, before the yellow magnitude infert M. 
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aoe 

Euclid. 

BOOK I. 

PROPOSITION IL. -PROBLEM. 

TENN a given finite 

> =~ i frraight line (——_\) — 

il) (0 defcribe an equila- | 

teral triangle. 

Defcribe and 

(poftulate 3.); draw === and === (poft. 1.). 

then will A be equilateral. 

For =e <= ~~ (def. 15.); 

and mmm <= mm (def. 15.), 

a mmm (axiom. I.); 

and therefore van is the equilateral triangle required. 

Oars 



2 BOOK f.. PROP. TES Pon, 

a ROM a given potnt (——m—= ), 

Bey) to draw a frraight line equal 
NRE) to a given finite frraight 

Draw e=ssse=s == (poft. 1.), defcribe 

(pr. 1.), produce =———= (poit. 

2.), defcribe C) (poft. 3.), and 

(poft. 2.), then (poft. 3.) ; produce 

oem is the line required. 

ANG em mem (CONLT.), .%, eee SE ence 

(ax. 3.), but (def. 15.) cas = ee SS ee» 

25 mee drawn from the given point (ee ), 

is equal the given line —___, 

GPE. D. 



woe, “PROP IT...PROB. 

ee ROM the greater 

( seme) of 

TR. two given ftraight 

lines, to cut off a part equal to 

the lef: (———eaaen) 

Draw ere (pr. 2.)5 > deteribe 



4 BOOK I. PROP. IF. -THEOER- 

mE too triangles 

, 2 ¢ of the one 

re[pectively 

egual to two fides of the 

other, ( woe £0 ommee 

and omen (10 em ) ana 

the angles ( A and A ) 

contained by thofe equal 

fides alfo equal; then their bafes or their fides (—mee 7 

ome) a7¢ alfo equal: and the remaining and their remain- 

ing angles oppofite to equal fides are refpectively equal 

( & = y and @ —- 6, : and the triangles are 

equal in every refpect. 

Let the two triangles be conceived, to be fo placed, that 

the vertex of the one of the equal angles, A or A : 

fhall fall upon that of the other, and 

with 

to coincide 

9 then will meee coincide with samme: ifap- 

plied: confequently ——_—_ will coincide with : 
or two ftraight lines will enclofe a {pace, which is impoffible 

(ax. 10), therefore ———e =e, > —— > 

and & — 6. and as the triangles A ns J 

coincide, when applied, they are equal in every refpect. 

OED. 



Book T. PROPSV.. THEOR. 5 

( >) N any ifofceles triangle 

os ee LN if the equal fides 
Deters be produced, the external 

ees at the bafe are equal, and the 

internal angles at the bafe are alfo 

equal. 

Produce aocnneoies 9 and 

= (poit.. 2}, take 

—- —= one (pr. = 

draW =mnmennsme 211 <asssemenees 

Then in Se: Q: have, 

(conft.), A come to 

both, and —eee == eee (hyp) .°, it — &. 

—ae —— ome 27] & — a (pr. 4.). 

pe md \\ we have _sasssse > qmessm , 
in y 

>= 4.0 = ae 

{9 = U\«4 W= (pr. 4.) but 

A - a rap A= a (ax. 3+) 

Q.E.D. 



6 BOOK I. PROP. VI. THEOR. 

3) ‘ 4 two angles ( A and A 

= are egual, the fides (—_«1s =x 

Gnd —_on—< ) oppofite to them are alfa 

equal. 

For if the fides be not equal, let one 

of them mma be greater than the 

other =», and from it cut off 

—m comme (DI. ar draw 

Then in Ls and —_—_—F—_————, 

(contft.) * — A (hyp.) and =scsspame: common, 

.*. the triangles are equal (pr. 4.) a part equal to the whole, 

"ay “ 

which is abfurd; .*, neither of the fides mmmmmemm: OF 

meweenenee is greater than the other, .*, hence they are 

equal 

Q.E.D. 



BOGE PROP) Vil. THEOR. 7 

3 BIN the fame bafe (— and on: 

¢ .Y the fame fide of it there cannot be two 
‘ (J A triangles having their conterminous 

Eas) fides (mmm and ' 
and ~=meumemee at both extremities of 

the bafe, equal to each other. 

When two triangles ftand on the fame bafe, 

and on the fame fide of it, the vertex of the one 

fhall either fall outfide of the other triangle, or 

within it; or, laftly, on one of its fides. 

If it be poffible let the two triangles be con- 

ftructed fo that = : then 

draw —=—m=e== and, 

p=Viers 

oe wee Ae 

~Wa® 
but (pr. 5.) W = YF 

therefore the two triangles cannot have their conterminous 

fides equal at both extremities of the bafe. 

which is abfurd, 

ee ED. 



8 BOOK I. PROPIVI. aes 

PE two triangles 

Wy ey have two fides 
S Vee of the one refpec- “CARS. tively equal to 

two oe idet Of hee 
( 

and em oes a? 

and alfo their bafes — 

= ae), gual; then the 

angles . and ee 

contained by their equal fides 

are alfo equal. 

—— 5 eevee 

and mmmummames be conceived If the equal bafes 

to be placed one upon the other, fo that the triangles fhall 

lie at the fame fide of them, and that the equal fides 

SE intimin DE CON 

terminous, the vertex of the one muft fall on the vertex 

of the other; for to fuppofe them not coincident would 

contradict the laft propofition. 

Therefore the fides cnmmuumam 2nd Gavin DOING COs 

cident With Goes 9d ‘niniiailncs 

ver 
Q. E. D. 



BOOK Y. PROP. IX. PROB. 

Be aL Hie « given rele 

Take = eee (pr. ) - 

draw s—mmeas= , upon which Ps 

defcribe V (DF. I=), 

draw Do Sey e 

(conft.) 

and ——__- common to the two triangles 

Becaufe amass = 

and ——_ = ——_mms (con{t.), 

~4= or 8) 
Guk Dd. 



10 BOOK I. PROP. X. PROB. 

sa = — O bifect a given finite fraight 

line (—emevenen), 

VISIT ITs ia Conftruct /\ (pr. Pes 

» making 4q- » (pr. 9.). 

Then mmm <= weeneee by (pr. 4.), 

= (conft.) € — » 

ANd eens common to the two triangles. 

draw 

for 

Therefore the given line is bifected. 

Q: RUD: 



petit. “PROPS XT, PROR, I1 

RS ROM a given 

; _ a given 
ae ftraight line 

), to draw 

a perpendicular. 

Take any point («smsase=. ) in the given line, 

= oe (pr. 3.), cut off 

conftruct [pr.cho, 

and it fhall be perpendicular to draw 

_ the given line. 

= (contt.) For ssssosme = 

—-! — (contt.) 

aNd «sss. Common to the two triangles. 

Therefore & = ee (pr. 8.) 

oo ee | ee (def, 10.). 

Q.E.D. 



12 BOOK If. PROP. XII =PROB. 

ay : ftraight line 

" a) perpendicular 

we Qn) to a given 

* inde definite frraight line 
( ) fromagiven 

(point VAN ) without. 

With the given point VAN as centre, at one fide of the 

capable of extending to line, and any diftance 

the other fide, defcribe Se ‘ 

Make 

then at & Se ae ae 

For (pr. 8.) fince ———e (contft.) 

common to both, 

2nd ene ee (def. 15.) 

. a --~ , and 

og eee Le (def. 10.). 

Q. E. D. 



BOOK 1. PROP. XU. THEOR. 13 

Rommens| HEN 2 frraight line 

AEN E (———) panding 
My) 08,6| upon another fraight 

line ( ) 

makes angles with it; they are 

either two right angles or together 

equal to two right angles. 

then, If tom be | to 

Pad and y = ae (def. 7.), 

But if ——<__=-= be not L to ———., 

draw sme | mm 3 (pr. 11.) 

wan 
o-B-).a 

Gm Me 
-@ . w-CL 



14. BOOK I. PROP. XIV. THEOR. 

eee two ftraight lines 

mY is meeting a third firaight 
i (—emsmame ), at the 
ie point, and at oppofite fides of 
it, make with it adjacent angles 

( ae and A equal to 

two right angles; thefe ftraight 

lines le in one continuous ftraight 

line. 

For, if poffible let —...,_ and not ———— , 

be the continuation Of snr 

MW. &-D 
but by the hypothefis Ff + A - — Any 

@- A (ax. 3.); which is abfurd (ax. g.). 

~meommes» 1S Not the continuation of =, and 

the like may be demonftrated of any other {traight line 

except —- , .°, amex is the continuation 

of ee 

8 se 8 



BOOIST PROP. XV. THEOR: 

DR’ GRE two right lines (—_ 

ne 4 G| and m=) inter/ect one 

RAK 5 another, the vertical an- 

gles > and & . 3 

nt > are equal, 

> Oo-D 
q@.@-(dD 

p-4 
In the fame manner it may be fhown that 

®-@ 
Q.E. D. 



16 BOOK I. PROP. X¥Vf._ THECR: 

ppg! a fide of a 

\; ff ob? faeer x 

is perc ae ase 

ang le ( Saean ) is 

greater than either of the 

internal remote angles 

ye Y 
Make emmmeee SS meena (pr. 10.) 

Draw and produce it until 

(iin =< 3 draw == , 

In ry and oy 3 —— i asnm mesma 

B . 
¢ 

i —_ CT: 

(conlkaprcitoy ae. V — A (pr aes 

WA. 
In like manner it can be fhown, that 1f amesems sa 0 

be produced,  % = 

A which is =  Y is Ee A. 

O-E. BD: 

» and therefore 



BOOK I. PROP. XVII. THEOR. 17 

mokease NY two angles of a tri- 

3 ASE ERR LNS | angle AX are fo- 

gether lefs than two right angles. 

Produce —_, then will 

a.m. 
But Wa Co A (pr. 16.) 

A+ Mil. 
and in the fame manner. it may be fhown that any other 

two angles of the triangle taken together are lefs than two 

right angles. 
8, dD. 



18 BOOK I. PROP. XVIII. THEOR. 

bs 
GRR N any triangle _—_ 

\ ) Sy) if one fide A138 ERAS be 

Va greater than another 

ae , the angle op- 

pote to the greater fide is greater 

than the angle oppofite to the lefs. 

Ace 

Make <sevsmssme: “sucess (pr. 3.), draw accmessms , 

rien wil Ml = MA oe 5) 
but A LS y_' (pr. 16.) 

es A = y and much more 

Ace. 
QO. ED: 



BOOK I. PROP. XIX. THEOR. 19 

Er F im any triangle LN 

NG) Werwy| ove angle y be greater 

than another a. the fide 

memes Which 15 oppofite to the greater 

angle, 1s greater than the fide 

oppoftte the lefs. 

then mutt If tame be not greater than 

mee I OF ] 

‘SRY (LCM ICRR then 

A- me. 
which is contrary to the on 

is not lefs than msm; for if it were, 

A aE a (pr. 18.) 

which is contrary to the hypothetis: 

SELLS EIDE e 

Q. E. D.. 



20 BOOK I. PROP. XX. THEOR. 

ms triangle Z ‘\ 

taken together are greater than the 

third fide (—_____—-' 

Produc€ meas, and 

make emesmee SS ee (pr. oe 

draw SARTRE 

Then becaufe m=exeasse == 

« —_ 4 (pr. 5.) 

. Be Mes, 
te wee Ee (pr. 19.) 

(conft.), 

and .°, sommes fe ene [ ‘ 

Q. E..D 



BOOK 1. PROPOXAT. -THEOR. a1 

wy vi yx! within a triangle 

~ feraight lines be Jf % 
drawn to the extremities of one fide 

(Satu glee ), thefe lines muft be toge- 

ther lefs than the other two fides, but 

muft contain a greater angle. 
sSTEREG EGGAASAHRHOTATEHHPRRESHE RSE SSPERSISREHARRESCKESESH EA 

Produc€ ——, 

emcees fe es CL mes (pr. 20.), 

add w«eme~to.each, 

SS ee ee ee fax) 

In the fame manner it may be fhown that 

ge ae ae ee 
Te Oe 

which was to be proved. 

Again & ES: & (pr. 10.), 

and alfo ro os 4 [prec 

.@-4. 
Gad: 



22 BOOK I. PROP. XXII. THEOE: 

sam [VEN three right 

(® aio 
&. the fum of any 

two greater than 

the third, to conftrudét a tri- 

angle whofe fides fhall be re- 

Spectively equal to the given 
lines. 

Affume — 222555588 (pr. cage 

Draw as SS SSeseee 

and — =< ames (Pr. =f 

With ————— and smme= ag radii, 

defcribe O= i) (poft. 3.) 

diaw  -caeiiiee Janes 
9 

then will = be the triangle required. 

For SARS = a ae me oe 
— 2 

——————-w= eaten | Sy as ae ae wane. (conft.) 

and ames en ee Se a soeheem 



BeOR Gl. PROPOXXIT. PROB. 23 

TA yee KS to make an angle equal to a 

given rectilineal angle ( y y. 

Draw ——-———— between any two points 

in the legs of the given angle. 

Conftruct [pts 22.5. 

fo that —_-eorwrn =. = ———= 

and RIESE ‘ 

Then fy = <@& (pr. 8.). 
Q. E. D. 



24 BOOK. I. PROP. AA Tae 

pm’ two triangles 

A aG)] ave two fides of 

y Vow the one refpec- 

ciel tively equal to 

two 1 fi des of the other ( mm 

10 _nttmen Gh ernmmue 

to ——— ), and if one of 

the angles ( Slee ) contain- 

ed by the agital fides be 

greater than the other wan the id? | — ) which 1s 

oppofite to the greater angle is greater than the fide (—--) 

which ts oppofite to the le/s angle. 

\ 

Make /\ — /\ (pr. 23.); 
and Rome eee (pr. eae 

draw TT IT Tir oy) and sas=e=eP 

Becaufe ———___—/- SS saeaemene (ax. 1. hyp. conft.) 

“ 4- @ os) 

ee (pr. 19.) 

but «sasssesee = |W... (pr. 4.) 

i oe 
e 

BEE cee BF 



OORT. VPROP oad .. THEOR. 25 

eae) | two triangles 

Aaa] have two fides 

one Sogn equal to two 

fides ( and ) 

of the other, but their bafes 

unequal, the angle fubtended 

by the greater baft |; ——_—_) 

of the one, muft be greater 

than the angle fubtended by 
a>) 
the lefs bafe (nnn) of the other. 

A ema a is not equal to A 

for A aos A then = me (pre 4) 
which is contrary to the hypothefis ; 

A is not lefs than A 

for if A - A 

then ESS | (or. 24.), 

which is alfo contrary to the hypothefis : 

Ach. 
Grou oy 



26 BOOK I. PROP. XXVI. THEOR. 

Case I. 

Bay F two triangles 

sy) have two angles 
WEEE of the one re- 

ees) fhe tively equal 
to two angles of the other, 

| ( A = yw 

Case II. £ — | \ 

of the one equal to a fide of 

the other fimilarly placed 

with refpect to the equal 

angles, the remaining fides 

and angles are refpectively 

equal to one another. 

CASE -L 

which lie between Let aeee == and 

the equal angles be equal, 

then 

For if it be poffible, let one of them 9 mmmmmss» be 

oe than the other ; 

make ATTN g draw CATA @ 

nZ Aad ot we have 

= ),— 

-& (pr. 4.) 



Bewkt. PROP. XXIV. THEOR. 27 

but r = a (hyp.) 

and therefore A — ry which is abfurd ; 
hence neither of the fides mmm g7q <mmemonnsse jc 

greater than the other; and .°, they are equal; 

— <= =, and J ae Li (pr. 4.). 

CASE II. 

Again, let smmmmnem= <= » which lie oppofite 

the equal angles a and a. If it be poffible, let 

CEL ERR LE ES TTS 4 then take PAS == 

draw LEESTELETIESE ¢ 

Then in N\ and /|\ we have sam: == smmsm= 

ie ss 
“0 rN == & (pr. 4.) 

but a. = a& (hyp.) 

: A = a which is abfurd (pr. 16.). 

Confequently, neither of the fides meme of <mmmsnes is 

greater than the other, hence they muft be equal. It 

follows (by pr. 4.) that the triangles are equal in all 

refpects. 

Q.E. D. 



28 BOOK! PROP. XXVT. THECR. 

epee a flraight line 
° fi iy ——s meet- 

| Ve ing two other 
LAS: fraight lines, 

(<a 214 —emmeeoe' ARCS 

* with them the alternate 

angles Ar and W@W. 

. and . 3 ) equal, thefe two ftraight lines 

are parallel. 

If —_meme be not parallel to meee they fhall meet 

when produced. 

If it be poffible, let thofe lines be not parallel, but meet 

when produced; then the external angle ‘e is greater 

than rN (pr. 16), but they are alfo equal (hyp.), which 

is abfurd : in the fame manner it may be fhown that they 

cannot meet on the other fide; .*, they are parallel. 

Cait D. 



mee! PROPOXXVIM. THEOR. 29 

peed LY a frraight line 

GF) (——), cur- 
Vy ting two other 

tee] fraight lines 

and seownconenacoms ) 

makes the external equal to 

the internal and oppofite 

angle, at the fame fide of 

the cutting line (namely, 

a - = a. or if tt makes the two internal angles 

at the fame fide A 4 and 1 J or Ae... . ¥ 

together equal to two right angles, thofe two firaight lines 

are parallel. 

Firft, y | as F , then A _J.. in.) 

A = \ J oo ee || 

Secondly, if & aa 

then 4 + 

(pr.:27.). 



30 BOOK I.. PROP. XXX. JHEOR 

4 STRAIGHT sine 

\ > \ falling on 

VAN two parallel ftraight 

EM) Jincs (ammmemee and 

\, makes the alternate 

angles equal to one another ; and 

alfo the external equal to the in- 

ternal and oppofite angle on the 

fame fide; and the two internal 

angles on the fame fide together 

egual to two right angles. 

For if the alternate angles and A be not equal, 

, making . Se A (pr. 23). 

Therefore —m—mmmssasm || (pr. 27.) and there- 

fore two ftraight lines which interfect are parallel to the 

fame ftraight line, which is impoffible (ax. 12). 

Hence the alternate angles @ .. y are not 

unequal, that is, they are equal: . a a (pr. 15); 

oe A — , the external angle equal to the inter- 

be added to 

s 

* bon . \ 
am! 1] 

>» 

draw 

nal and oppofite on the fame fide: if 

both, then A yy 

(pr. aN 
That is to fay, the two internal angles at the fame fide of 
the cutting line are equal to two right angles, 

Qub.). 



BOOK I. PROP. XXX. THEOR. 31 

are parallel to one another. 

Let interfect | $ 

Then, A == & = A (pr. 29-)s 



32 BOOK I. PROP. XXXI. PROB. 

i) ROM a given 

A <<, point oF to 

ees) drawa ‘ftraight 

line parallel to a given 

Straight line (qm—mwnemm') 

from the point “7 to any point i 

in < 

make = A (pie 2.); 

then ———=--<= || ome (pr. 27.). 

Draw 

Q. E. D. 



BOOK I. PROP. XXXII. THEOR. 33 

— ei any fide ( eaeeniion | 

Pita) (yh) of @ triangle be pro- 
GRY, * duced, the external 

angle ( ) as equal 

to the Jum of the two internal and 

oppofite angles Ma and A ); 
and the three internal angles of 

every triangle taken together are 

equal to two right angles. 

Through the point / \. draw 

ae Pe 31 -): 

fa = a 
a-V 

ne y = Aa -@ ae 

and therefore 

ie ee 
(DFo1%,). 

Then (pr. 200); 

Oak, D: 



34 BOOK I. PROP. XX AOL THECe 

+ ) which son 

Orea]| the adjacent extremities of 

aa) wo equal and parallel ftraight 

and =«samuns=), are lines ( 

themfelves equal and parallel. 

SESSESESHERRBERBRSSRE 

the diagonal. Draw 

and Common to the two triangles ; 

oo) ee << Sees, a / = Ax 4.) 3 

and oo SAARRERMNREEEeeR | AE (pr. 27). 

i sire BE 



BOOK I. PROP. XXXIV. THEOR. 3 

SSS HE oppofte fides and angles of 

it Ve any parallelogram are equal, 
oy Whe and the diagond] (—_ 

divides it into two equal parts. 

Sinc Vv 1 a: (pr, 29. 

and ——_ Common to the two triangles. 

| eitaeneinaapaiia — a ea 

— 

es | (pr. 26.) 

WA 
and Vv = >. | (ax.): 

Therefore the oppofite fides and angles of the parallelo- 

gram are equal: and as the triangles Ps and J 

are equal in every refpect (pr. 4,), the diagonal divides 

the parallelogram into two equal parts. 

Q. E. D. 



36 BOOK I. PROP. AXA THEGR 

-9=—z ARALLELOGRAMS 
Bg Rel Z 4) on the fame bafe, and 

| Raw, j between the fame paral- 

meee! /e/s, are (in area) equal. 

On account of the parallels, 

(pr. 29.) 

(pr. 29.) 



37 BOCK YT. PROP. XXXVI. THEOR. 

egual bafes, and between the 

fame parallels, are equal. 

Draw PLAINS PEATE and ane =o , 

— = seo, by (pr. 34, and hyp.); 

and || —=; 

de — — and {| Oem Soe (pr. 33 

is a parallelogram : And therefore 

but | — 7, = a. % 8) 

°° % — a (ax. 1.). 

Oot. 1D. 



38 BOOK I. PROP. XXXVII. THEOR. 

ESA RIANGLES 

on the afk bafe ect ome 

and between the Jame paral- 

lels are equal. 

Draw «aasas== || oe | 

Se 2 SHeesev {| 

Proguce <-=-sesccoecsscone 

VY and A are parallelograms 

on the fame bafe, and between the fame parallels, 

and therefore equal. (pr. 35.) 



Book d. PROP XXXVI. THEOR. 

equal bafes and between s¥ 

the fame parallels are equal. 

39 



4.0 BOOK I. PROP. XXXIX. THEOR. 

QUAL triangles 

and on the fame bafe 

REE. and on the fame fide of it, are 

between the fame parallels. 

If mmm , Which joins the vertices 

of the triangles, be not {| ———— , 

\ draw en || ee (pr. 3 1.), 

meeting <=—<====, 

Draw . 

Ps 4 a part equal to the whole, 

which is abfurd. 

og fh me and in the fame 

manner it can be demonftrated, that no other line except 
cS _—EEe * z EE 

Is : ee 

Q. E.D. 
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Vea & AS ian 
/\: gles a 

on equal ie and on the 

fame fide, are between the 

Same parallels. 

If comemesssm Which joins the vertices of triangles 

be not {| ey 

draw PAGEL [| mu (pr. cer 

mee ting SBasnaeaamm . 

Draw 

{| am = EEE (contft.) Becaufe 

os % — 4 » 4 part equal to the whole, 

which is abfurd. 

: and in the fame manner it Peet SARA IODA 4H 

can be demonftrated, that no other line except 

65E-D; 



42 BOOK I. PROP. XLI. THEOR. 

same a paral- 

lelogram 

and a triangle y are upon 

the fame bafe and between 

the fame parallels =—mn== and 
, the parallelogram is double 

the triangle. 

Draw the diagonal ; 

Then + = y (pr. 37.) 

xX = twice AN (pr. 34.) 

oe “ = twice d : 

Oe Bada: 



BOOK f. PROP. XLII. THEOR. + 

PA ONE) parallelogram 

S| equal to a given 

triangle A. hav- 

ing an angle equal to a given 

rectilinear angle Aa : 

Make 

= gf 31.) 

A. == twice A (pr. 41.) 

ut A es A (pr. 38.) 

Q. E. D. 



44 BOOK I. PROP. XLII. THEOR. 

rs HE complements 

Mm: 
the parallelograms which are about 

the diagonal of a parallelogram are 

equal. 



BOOK T. “PROP. XLIV. PROB. 45 

i Sea Fe O a given 

774 iF 5 fir aig ht Veo 

\: ate fa) SE phy a parallelo-~ 

gram equal to a given tri- 

angle > » and 

having an angle equal to 

a given reétilinear angle 

and having one of its fides ====== conterminous 

with and in continuation of ——_— , 

Produc€ mmm till it meets “e-nn |] = ee enmnaee 

draw produce it till it meets oe m se =» continued ; 

draw SS SF ME SE WRT Ste i| 19900 meeting FRCS RR RISIEIE 

produced, and produce onssssase , 

A (pr.1g. and contt.) 

OQ. E. DD. 



BOOK I. PROP. XLV. PROB. 

ea O con/truct a parallelogram equal 

eq ER) to a given reétilinear figure 

46 

) and having an 

angle equal to a given rectilinear angle 

(MW 
Draw 

the rectilinear figure into triangles. 

Conftruct yj es 

having @ - a . (pr. 42.) 

tO ome apply A - 4 

raving MF = er.) 
tO wees apply ’ cores » 

having @ - = ay (pr. 44.) 

a2 
i] B a parallelogram. (prs. 29, 14, 30.) 

having a = rf 

and «anus dividing 

Q. E. D. 



BOOK I. PROP. XLVI. PROB. 47 

) to confirud& a 
au ft , @ Jquar eC. 

Draw wl and = qe 

(pr. 11. and 3.) 

Draw {| a= , and meet- 

ing ACT drawn I| RSE 

In Le —— eee (contt.) 
? 

a = aright angle (conft.) | 

£& = oa = a right angle (pr. 29.), 

and the remaining fides and angles mutt 

be equal, (pr. 34.) 

and ,°, is a {quare. (def. 27.) 

Q. E. D. 
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~~ Ce ight angled triangle 

< ye / “the Square on the 

or hypotenufe —mumemen 75 equal to 

the fum of the fquares of the fides, (—=== 

ANd smemnama\, 

m—ummueme § And , eeenameemmnel On > 

defcribe {quares, (pr. 46.) 

Draw Sua senases {| 2 cee ok BS Se (pr. qi.) 

alfo draW ——_ 97 .___<—_. 

W- 4. 
To each add 2», ™ — rf 

— seamen 30d anon —— 88S 86 Ge ° 

La 
Again, becaufe eli aad | BOISE TH 
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== twice _@ $ 

and . ==“ twice Y 

In the fame manner it may be fhown 

that a — : 

hence 



BOOK I. PROP. XLVI. THEOR. 5° 

ee the fquare 

one fide 

)e 
ae «2 triangle 1s 

equal to the fquares of the 

other two fides —m—_<cae 

and ), the angle 

( & ) fubtended by that 

fide is a right angle. @heesmuseesecuessne 

Draw easmesses | wee 20d = —————— (prs.1 1.3-) 

and draw ees menses alfo. 

Since S=eeenses2 eee (conit.) 

<a g 
ca eS a a ~. 

2 2 @ 2 
=e sa 2 = 4. a Se ~ a TT » 

but === mmm ® a. wae SS see ee? (pr. 47.), 

confequently & is a right angle. 



BOOK II. 

DEFINITION I. 

Se Aeei| RECTANGLE or a 
TP | right angled parallelo- 

Musee) gram is faid to be con- 

aca ab any two of its adjacent 

or conterminous fides. 

Thus: the right angled parallelogram ae is faid to 

be contained by the fides mmm 2nd ==sememe § 

or it may be briefly defignated by 

If the adjacent fides are equal; i.c.§ —_ <= 

then ¢ samme Which is the expreffion 

for the rectangle under —_mme and 

is a {quare, and 
2 

ues © Geen OF Re 

is equal to ' : 
EE ©. sss OG$0 OE 



§2 BOOK II. DEFINITIONS. 

DEFINITION II. 

¥<REN a parallelogram, 

| the figure compofed 

NS of one ot the paral- 

lelograms about the diagonal, 

together with the two comple- 

ments, is called a Gnomon. 

Thus 

called Gnomons. 



BOOK I. PROP. I. PROB. 53 

S 2 < = HE rectangle contained 

Whe Fara dy two ftraight lines, 

ied) one of which is divided 

= into any number of parts, 

Oe 
aa en © 

ts equal to the fum of the rectangles 

contained by the undivided line, and the feveral parts of the 

divided line. 

Lorn and = ae (prs. 2. 3. B.1.); 

complete the parallelograms, that is to fay, 

Draw 

ee {| ee ) 

| eae § ome cee } 

| 
| aunasus na 

| anueseen II 



BOOKAL” PROPOIL TAaCER: oe 

Br a ftraight line be divided 

ey ey into any two parts womomnaenm 
SS ye the fguare of the whole line 

See) {5 gual to the fum of the 

rectangles contained by the whole line and 

each of its parts. 

nis iqginieaioa 

Defcribe a ao. prego.) 

parallel to ==a==m== (B.1. pr. 31.) Draw 



BOOK II. PROP. III. THEOR. 55 

epee a firaight line be di- 

sy vided into any two parts 

ye ommmarmenn the rectangle 

SINS contained by the whole 
line and either of its parts, is equal to 

the {quare of that part, together with 

the rectangle under the parts. 

Cee) — ee! or 

Smead ea me? OR gee | 

Defcribe ae (pr. 46, B. 1.) 

Complete | (pre 31, B. 1. 

— - i " , but 

| ie ro EER g wees on] 

| i — vmmomew® i ee 

9 
~~ REGRETS 

og eames omen? fe 2 = 

In a fimilar manner it may be readily fhown 

that mm @ Ee sonra © ~~ URE gm 

Q.E.D 



56 BOOKIE. PROP.IV. ston, 

Bear a ftraight line be divided 

| into any two parts mime , 
BY) the fquare of the whole line 

Greil) 75 ena! to the fquares of the 

parts, together with twice the rectangle 

contained by the parts. 

ke ao 

twice ns © NE | 

Defcribe (preedbp Be 19) 

draw <——eamuenewaees (poit. 1), 

and ‘ ae | (piearys. 1.) 

& = y (pr. 3; Bor 

3 a 4 (pre 29,283.54.) 

Ma -4 



BOOK HH. PROP, IV. THEOR: oy 

be DY (pis. 0,220,404, 13021.) A is a fquare == commem’- 

For the fame reafons | is -adeuiare: <= eg 

| a - ommmmn  — Cr. 43, b. Ee) 

but 48 en 

a ee -- cag a 

twice aaa eo 

Q. E. D. 



me <8 BOOK if. PROP. ¥. Pia 

into two equal 

parts and alfa ——mmet menos 

into two unequal parts, 

the rectangle contained by 

the unequal parts, together with the Jquare of the line between 

the points of fection, ts equal to the Square of half that line 

9 9° 
a 9 SER Se EES ~ 

—— e +—= —— 

Deicribe (pr. 46, B.1.), draw ———__-~ and 

\ SS ZETEEE {| eessee Bab RRR ( 

) Si (pr. 31,B.1.) 
——— {| ee Te \ 

ea = | (p. 36, B. 1.) 

a = ca (p. 43, B. 1.) 

oa ie _- am - 
A LS g RS 



BOOK II. PROP. V. THEOR. 

but - = a” (cor. pr. 4. B. 2.) 

See” (contt.) 

oop (AXi 2s) = —_— 

en ae ee! 

Q. E. D. 

59 



6o BOCK SAT. PROPLVI- Hwee. 

: pee I a frraight line be 

DEES; p bij 
eS and produced to any 

Sheet LON ee me 

the rectangle contained by the 

; whole line fo increafed, and the 

part produced, together with the 

Square of half the line, ts equal 

to the fquare of the line made up 

t of the ha es and the st d part. 

Defcribe (pr. 46, B.1.), draw ——_ 

(or a 
and < smsmerees Se a 

Sesaeen {| SS Ea a 2 

a. a. ia pre. 66.34% Biot ) 

i wom 
3 

Se (corms; B. 2.) wut 

we. —— _ a 

oe Tg eee aL ee 2 

a Raine 



BOOT PROP Vil. “THEOR. 

SS a firaight line be divided 

i 3) Se > into ANY CWO PAT tS commana cme 

y ee the Jquares of the whole line 

ieee ond one of the parts are 

equal to twice the rectangle contained by 

the whole line and that part, together 

with the fquare of the other parts. 

es ~- eae” a 

2, commen meee 6 men fe PS EOE 

Defcribe 

Draw EE (poftt. aie Fe 

aod | ae {—— 

¢ Gr. 40, |. 

61 

samass — || ae Geers bys a eae 

add o == =” to both, (cor. 4, B. 20) 

a — eee * (cor. A, B: a 

- ae + =--—-.-+ 

+B: 
9 

ITLL 

og em me cs 22 ne 5 ee AL eee * 

OD. 



62 BOOK Ul. PROP. VIH, THiGa 

5 : Ope cel a fraight line be divided 

; : 3) aa) into any two parts 

: : aq) nm, che Square of 

: the fum of the whole line 
and any one of its parts, 1s equal to 

four times the rectangle contained by 

the whole line, and that part together 

with the fquare of the other part. 

ae = 40 ree ee swore © 
9 

Produce  commenmemes and make —se D e 

Conftrua (pr. 46, B.1.); 

cnnemean weet a eon =f 2° Oe 

(proq; BD. Fig 

i i nS pea 

(pr eae TT.) 

- emt cn” —_ 4-¢ PEER 8 ee = es 

Q.E. D. 



Boom. PROPSIX. “THEOR. 63 

‘Cur AZ: 
oo) (Sayd| dine be divided 
ye into two equal 

Glimmeede PALES meme we 

and alfo into two unequal 

POT tS cee ee emenen g thE 

Squares of the unequal 

parts are together double 

the /quares of half the line, 

and of the part between the points of fection. 

2 i ee 

Make renee oD =| and —_—_ Seems Of ——— A 

=—— 2 Se ee 

Draw  TiTitiitt ttt and wTitit. ffiit it) 
9 

— Tt ttt) {| SRSA (0 BS FE 9 = || Se Sas and draw =a . 

A= 

a& - 

(pr--g, B. 1.) s= half a right angle. 

[cOlss pee dey ote) 

(pr.4, B.1.) == half a right angle. 

(eor—pr- 32, B.42) 

ss ae = aright angle. 

(prs. §5-20».B. 1). 

hence ee | AAA aact Oe ——- 

(prs. 6, 34, B. 1.) 

( aumenene ames ~ a een on 7g or ot. ‘cee 

a oe ee — ( a os ox seers ~ 

=) (pr. 47, B. 1.) 
| 2 — 2 a 5 2088 Woe as : 

- sib aaa + camber ae 2 _emamm ~~ necro 



64. BOOK Ii. PROPLX. GHEoR 

Sa a ftraight line 

} Ve Jecled and pro- 

ial) yy co] toany point 

» the fquares of the 

whole produced line, and of 

» the produced part, are toge- 

' ther double of the fquares of 

the half line, and of the line 

made up of the half and pro- 

duced part. 

i eae & , —ometomm ° 

Make seme oo and = to meee or ———, 

draw ERROR) § $ © and ES et mn mE oe Lo ° 

and eee ac 1 or. 4t-Bers 

draw een a] {0. 

(pr. 5, B. 1.) = half a right angle. 

(cor. proa;.8. 1.) 

(pr. 5, B. 1.) = half a right angle 
(cor. preys, Bs 1.) 

ee Ak, = aright angle. 

ae 
a 



BUC i PROP:-X. THEOR. 65 

A-&-} -V-4- 
half a right angle (prs. 5, 32, 29, 34, B.1.), 

and LEICA on Gea ee 

coomsnuseey (prs. 6, 34; B.1.). Hence by (pr. 47, B. 1.) 

2 + ~ mw ee 2 or woanteccccene 2 

emcee Pema + —risest =——— > alemaiamigings 2 

- SSS AAA A RK ee 228@ 5 eee 2 

ote ee alent — i eis oi oe 

Q. E. D. 



66 BOOK I. PROP Ae ae 

emp O divide a given ftraight line 1s 

| F as : in fuch a manner, that the rectangle 

: ye contained by the whole line and one 

ietsS| of its parts may be equal to the 

Maes of the other. 

LEAT: MATAR RE ALI: BOt: © sepmnm puma . 

= 
=] 
] 
- 

cd 

Lad 

= 

ww 

= 

= 

= 

= 

= 

a 

al 

= 

] 
taal 

a 

Defcribe (pr. 46, B>1.); 

make mmm > emewes (pr. 10, Bar), 

draw SeceCRACRRERO 

tak ome <> oem (pr. 3, B. 1.), 

ORS pian ACLCTIDE » (pr..46, Bri), 

Produce «====a=aa=s= mane (poft. 2.). 

Then, (pr. 6, ia oe Se ee | aN 

senses a a ‘iiilineimiin” ae quem ” pe] a2 whe 

<enaun ARSE 6 nm ’ Or, 



Book 1. PROPS. THEOR. 67 

epee N any obtufe angled 

ia) yp triangle, the /quare 

) NG A| of the fide /ubtend- 
Pile ing the obtufe angle 

exceeds the Jum of the /quares 

of the fides containing the ob- 

tufe angle, by twice the rec- 

tangle contained by either of 

thefe fides and the produced parts 

of the fame from the obtufe 

angle to the perpendicular let 

fall on tt from the oppofite acute 

angle. 

2 =e © = mo 

By pr. 4, B-2: 

2 oe aukmeteen © of 2 =m © amamm > 

add mmm ? to both 

2 

a ae a emumecnemen 7 emcees ceereememencnimenencens for, 47,.05.2-} 

2 
2 —b | SE RERER BEB ‘ or 

Besa ye. In)... 1 uerefore, 

el Be aa 

+ 

cme De eo ceeeereeee —| eS = 

2, ee 2 fee 7 
*: hence 

by 20 EEE §¢ om ee, 

O. 1. 



68 

FIRST, 

BOOK If. PROP. XIII. THEOR. 

SECOND. 

PRN ony tri- 

a G 4) angle, the 
ENG } Vex Square of the 

Pra Dtamrncll fide fubtend- 

ing an acute angle, 1s 

lefs than the fum of the 

amnnnanne /Guares of the fides con- 

taining that angle, by twice the rectangle contained by either 

of thefe fides, and the part of it intercepted between the foot of 

the perpendicular let fall on it from the oppofite angle, and the 

angular point of the acute angle. 

FIRST. 

aap” | in orereem ~ of vienna = by 2 0 au EEED © oa , 

SECOND. 

a mes | menemnememen ob omen by 2 ¢ mmo mmmnnes 

cememrwens fees? 2 6 ees» ee fares *, 

Firft, fuppofe the perpendicular to fall within the 

triangle, then (pr. 7, B. 2.) 

2 

add toceach waeemee then, 

ee -+- ee ol amen = 2 nes 6 Gee 

a 
oo | Pinay en 

a of namie a — paeammes yee ee + noone 



POO eROP vail, THEOR. 69 

and ei =. =<) ques ane ” “i —,, " by 

2:0 aqua © eee , 

Next fuppofe the perpendicular to fall without the 

triangle, then (pr. 7, B. 2.) 

commen ms Bt we “- ‘mines — 2° es © + wists 
3 

add to each ===? then 

a ane 
+ eat 2 -{. someone 2 (pr. AT, B. io 

ee 

> + —ume 2 20 quwEEEEE DS 6 es 

9 

aang caneaaaen’” <A ee. ~~ a by 2° inne © GED, 

Q. E. D. 



70 BOOK II. PROP. XIV. PROB. 

seee=e)0 draw a right line of 

= 353 which the fquare fhall be 

¥y < S Na equal to a given rect1- 

Leta) incor figure. 

To draw ——m [uch that, 

Make eK Go. (pr. 45, B.1.), 

produce abore Peewee errr until CT) — 3 

take eauese=— = eee (pr. 10, B. 1.), 

Defcribe ee (poft. 3.), 
and produce =e tO Meet it: draw ———, 

rE or woummes ~ = «=se28 @ 8°08? a= a reeeerre- 

(pike 8. 25), 

but ee Sef waeteeee® (pr. 47, Bi 1.) ; 
2 ) oO 

ag commer - ok Sassen” SS exemmene ¢ 8888 a Cnvereew 

°. —< " “= «saemm e <——!.~, and 

Q.E 



Bee ae oa aes Oe 
BOOK III. 

DEFINITIONS. 

Ey 

Se YQUAL circles are thofe whofe diameters are 

equal. 

II. 

A right line is said to touch a circle 

when it meets the circle, and being 

produced does not cut it. 

III. 

Circles are faid to touch one an- 

other which meet but do not cut 

one another. 

ce 

Right lines are faid to be equally 

diftant from the centre of a circle 

when the perpendiculars drawn to 

them from the centre are equal. 



72 DEFINITIONS. 

eZ 

And the ftraight line on which the greater perpendi- 

cular falls is faid to be farther from the centre. 

VI. 

A fegment of a circle is the figure contained 

by a ftraight line and the part of the circum- 

ference it cuts off. 

VII. 

An angle in a fegment is the angle con- 

tained by two ftraight lines drawn from any 

point in the circumference of the fegment 

to the extremities of the ftraight line which 

is the bafe of the fegment. 

VII. 

An angle is faid to ftand on the part of 

the circumference, or the arch, intercepted 

between the right lines that contain the angle. 

IX. 

A fector of a circle is the figure contained 

by two radii and the arch between them. 



DEFINITIONS. 73 

».¢ 

Similar fegments of circles 

are thofe which contain 

equal angles. 

aN 

Circles which have the fame centre are 

called concentric circles. 



74 BOOK III. PROP. I. PROB. 

eee rq| O find the centre of a given 

circle Cy : 

Draw within the circle any ftraight 

line ee make TER ss pci aeheie 

draw — Ss esa see 

bifect , and the point of 

bifection is the centre. 

For, if it be poffible, let any other 

9 @2@eewersteame point as the point of concourfe of 

and samsemeass be the centre. 

OUR aaereseny 
e 2 

° ¢ & 

Becaufe in Se 2n0= 
e ¢ 
o¢ 

See ean 

— aaee== (hyp. and B. 1, def. 15.) 

=weee= (conft.) and =se=seess= Common, 

A = Vv (B. 1, pr. 8.), and are therefore right 

angles ; ney = Cl (contt.) VW = ¥ (ark 

which is abfurd; therefore the aflumed point is not the 

centre of the circle; and in the fame manner it can be 
proved that no other point which is not on is 
the centre, therefore the centre is in yc ale 
therefore the point where mmmmmmes is bifected is the 
centre. 

OO EoD. 
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 Ave| STRAIGHT Line (mem) 
Oy joining two points in the 
eae} circumference of a circle 

) , lies wholly within the circle. 

Find the centre 1@ (By Dr-E os 

from the centre draw —__—- to any POLNE 11 omnes 
9 

meeting the circumference from the centre ; 

DUt ee 

e SSE OF oS ew ome eS 

ters (EES nee sam 

o's EVETY POINt 1M semen: lies within the circle. 

® B.D. 



76 BOOK Ii. PROPYL. Teer 

MPS: F a firaight ine | ——_ ) 
\ Rigs) drawn through the centre of a 

> ee s bifects a chord 

(—enrs= ) which does not pas through 

the centre, it 1s perpendicular to it; or, 

of perpendicular to it, it bifeéts it. 

Draw and -~oweweess to the centre of the circle. 

ate Km Of 4 — = (B. I, pr. 8.) 

and. .*, wh wceicting eowenns (Eat Ger Ze 

Again 1et ccc. i= decleerign 

Then in a and — 

Ma = Mm. (8.1. pr. 5.) 

= --wemeee (B. 1. pr. 26.) 

and .*: briects: wesseGuue: 

ation. 



BOOK III. PROP. IV. THEOR. 79 

pram F in a circle two ftraight lines 

a, ere not both pafs through the Al centre, they do not bifect one 

another. 

If one of the lines pafs through the 

centre, it is evident that it cannot be 

bifected by the other, which does not 

pafs through the centre. 

But if neither of the lines mesma ()[ “sssnnemes 

pafs through the centre, draw =eeunwem 

from the centre to their interfection. 

hee EE be biteCted, as mnesr im ons =i EE to it (B. 3. pr. 35) 

“2 i = By and if 

iilceres qe, eee = (B. 3. pr. 3.) 

aia eae Ds — BD : a part 

equal to the whole, which is abfurd : 

be 

AN sreceeresusse 

do not bife&t one another. 
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Om ORE two circles ©) 

eR inter edt, they have not the 

Jame centre. 

Suppofe it poflible that two interfecting circles have a 

common centre; from fuch fuppofed centre draw ccmcsmms 

to the interfecting point, and —Z_-- ~ meeting 

the circumferences of the circles. 

Then See (BE. 1. def. 15.) 

ANd ~ esteiensitoes — (B. I. def. is.) 

. a —— | a part 

equal to the whole, which is abfurd: 

.*. circles fuppofed to interfe@ in any point cannot 

have the fame centre. 

QO: Ep. 
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=) one another internally, they 

have not the fame centre. 

For, if it be poffible, let both circles have the fame 

centre; from fuch a fuppofed centre draw smme= 

cutting both circles, and ““"==== to the point of contact. 

Then 

and A a ae wee a ie (B. lee def. 1 ks) 

= eneem= (B. 1. def. 15.) 

oo Vea sa rl yr nog ae a part 

equal to the whole, which is abfurd ; 

therefore the affumed point is not the centre of both cir- 

cles; and in the fame manner it can be demonftrated that 

no other point is. 

Ock: DB 
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FIGURE I. 

Ren) cel from any point within a circle 

E) which ts not the centre, lines — 
Epa Se 

are drawn to the circumference; the greateft of thofe 

lines ts that (us) which paffes through the centre, 

) of the and the leaft is the remaining part ( 

diameter. 

Of the others, that ( \ which 1s nearer to 

ree. the line paffing through the centre, 1s greater than that 

( cmemenmme) evhich is more remote. 

Fig. 2. The two lines (———"* 21d —e_) 

which make equal angles with that paffing through the 

centre, on oppofite fides of it, are equal to each other; and 

ia there cannot be drawn a third line equal to them, from 

the fame point to the circumference. 

FIGURE I. 

To the centre of the circle draw «--=—= and *="=""$3 

then ss=eemee SS cee c neces eee el ee 

cneeemee eee LL... oa (B.T. pr.2e9) 

in like manner ====ssee= may be fhewn to be greater than 
———eweeem oF any Other line drawn from the fame point 

to the circumference. Again, by (B.1. pr. 20.) 
cere 1 ne SS he ecm , 

take —__<9 from both; .°, aeRO (ax.), 

and in like manner it may be fhewn that meee is lef 
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than any other line drawn from the fame point to the cir- 

cumference. Again, in 

ee COMMON, a S g and <==——= == J. 

Soe eT RLS. ciiekicemenaiaiaiiibisemaiiame (B. Es pr. 248) and STREETS, 

may in like manner be proved greater than any other line 
drawn from the fame point to the circumference more 
remote from CS OL A a 

FIGURE II. 

if: q é then memesese SS ome, if not 

take aumesss comemceemimenm: (f° Vy mmm os sm «then 

prsneen ees 

oe MN ee eae ns SS cet (B. dz pr. 4.) 

Pa 
a part equal to the whole, which is abfurd: 

6 ee SS eeeessses3 and no other line is equal to 

——=meweeee drawn from the fame point to the circumfer- 

ence; for if it were nearer to the one pafling through the 

centre it would be greater, and if it were more remote it 

would be lefs. 

i Bae Sena 
M 

SI 
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The original text of this propofition is here divided into 

three parts. 

I. 

GN? F from a point without a circle, ftraight 

Sy) Vee lines | | are drawn to the cir- 

cumference ; of thofe falling upon the concave circum- 

ference the greateft is that (——axas) which paffes 

through the centre, and the line (———m=«) which is 

) nearer the greateft 1s greater than that ( 

which 1s more remote. 

Draw eemusasene 20d =s=es:exe= to the centre. 

Then, ————e-ss2 which paffes through the centre, is 

greateft; for fince seseemmes I> sesssme= . if — 

be added to both, —mwsmw == smn fn en econ es ; 

but [2 

than any other line drawn from the fame point to the 

(B. 1. pr. 20.) .°, —mmanex is greater 

concave circumference. 

Again in and 9 SRemene ee ices pel ialeiast tape 

Ph 
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common, but é- td 

nf I. pr. 24.) 

and 

rrepescpesry tan ES 

83 

and in like manner ———————. may be fhewn [C San any 

other line more remote from mummumumseesvs», 

i: 

Of thofe lines falling on the convex circumference the 

leaft 1s that (==ammanee) which being produced would 

pa/s through the centre, and the line which is nearer to 

the leaft ts lefs than that which ts more remote. 

For, fince == - <=se-e [7 mmm (B. 1. pr. 20.) 

21d oo a , 

oo ee CP mmm (AX. 5.) 

And again, fince ‘SERRE -+- area neee we 

woe ob meomeee (BLT. pr. 21.), 
and Ss ees 

og eres J ==em=, And fo of others. 

Il. 

Alfo the lines making equal angles with that which 

paffes through the centre are equal, whether falling on 

the concave or convex circumference ; and no third line 

can be drawn equal to them from the fame point to the 

circumference. 

For if s==secsmes [7 seesme, but making 4 = ¥ 

make no ot me en om aes 2 cl oe ee ° and draw SBE Rem | 

4 
me 
Rl 

2k 
@ 
@ a 
e °8 
& = 
& a 
& a 

a 
s 
sg 
s 
= 
a 
= 
a 

s 
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Fy 

og 

Then in 4 and 
. 
< 

° 

w 
= 
a 

& 
e 

é 

and —_ common, and alfo N a 4 

EE I o>EeEeeee (B. I. pr. 4.)5 

but A eamssuuee 5 

oo. eenamaees SS eeeeee=——=, which is abfurd. 

SUITE EEE is oC earner erm nor to any part 

of pamela ccetnte <a en eas 1s not ‘ = 

Neither is see:sreres=s acuranmem= they are 

»*s == to each other. 

And any other line drawn from the fame point to the 

circumference mutt lie at the fame fide with one of thefe 

lines, and be more or lefs remote than it from the line pafi- 

ing through the centre, and cannot therefore be equal to it. 

Q. E. D. 
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Seem a point be taken within a 

ae ire) » from which 

more than two equal ftraight lines 

(aeatinise 5 waa wana) 
can be drawn to the circumference, that 

point muft be the centre of the circle. 

For, if it be fuppofed that the point \ 

in which more than two equal ftraight 

lines meet is not the centre, fome other 

point ==.. muft be; join thefe two points by —_, 

and produce it both ways to the circumference. 

Then fince more than two equal ftraight lines are drawn 

from a point which is not the centre, to the circumference, 

two of them at leaft mutt lie at the fame fide of the diameter 

||, § and fince from a point WAN , which is 

not the centre, ftraight lines are drawn to the circumference; 

the greateft is mmm==»», which paffes through the centre : 

and which is nearer to ee, 

which is more remote (B. 3. pr. 8.); 

DUt ee SS ee (hyp.) which is abfurd. 

The fame may be demonftrated of any other point, dif- 

ferent from As , which mutt be the centre of the circle, 

Q. E. D. 
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c (x : , NE circle C) cannot interfect another 

in more points than two. 

For, if it be poffible, let it interfect in three points ; 

trom the centre of e Cra W ee ss 

and == to the points of interfection ; 

(Br meh rs), 

but as the circles interfeét, they have not the fame 

céntre (Bi 4. price.) : 

.*. the affumed point is not the centre of = and 

2 and ~—mmessss are drawn » 1S ’ 
from a point not the centre, they are not equal (B. 3. 

prs. 7,8); but it was fhewn before that they were equal, 

which is abfurd; the circles therefore do not interfeé¢t in 

three points. 

Sia ns BY 
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Boy’ eek two circles €) and 

: (3 touch one another 

internally, the right line joining their 

centres, being produced, fhall pa/s through 

a point of contact. 

For, if it be poffible, let 

join their centres, and produce it both 

ways; from a point of contact draw 

to the centre of & , and from the fame point 

of contact draw ««asesese= to the centre of 2 : 

Becaufe in A SS + SRR Lo we mE 

OE rir. 20.5 

and Sates ——— oe ee QS they are radii of 

2 
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ae Sone 4a en eke, take but ——___—_— =. 

away <=: which is common, 

and ——emee [EZ --=-= men $ 

becaufe they are radii of Ss, ; 

and .°, ==mmme [— sxss2=ee= a part greater than the 

whole, which is abfurd. 

The centres are not therefore fo placed, that a line 

joining them can pafs through any point but a point of 

contact. 

RS one BS 
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oy CX F two circles ) and 

mie ES touch one ano- 

ther externally, the ftraight line 

teres J0InINg their centres, 

paffes through the point of contaét. 

If it be poffible, let —mmsssmee join the centres, and 

not pafs through a point of contact; then from a point of 

to the centres. contact draw <<<===== and 

Becaufe =e =m abe cere ens meee ee 

(DB. i: pr2ers 

And crm Iay wm (Br. def. 15.), 

and SS | (B. 1. def. ia) 

oe cme fee Ce 2 part greater 

than the whole, which is abfurd. 

The centres are not therefore fo placed, that the line 

joining them can pafs through any point but the point of 

contact. 

S25. BD. 
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FIGURE I. FIGURE II. 

: Ma =e) NE circle can- 

B se NG a) ot touch ano- 

ab. Bi ther, either 

eS meee externally or 

internally, in more points 

| than one. 

FIGURE III. 

Fig.1. For, if it be poffible, let 

SS and ) touch one 

another internally in two points ; 

draw joining their cen- 

tres, and produce it until it pafs 

through one of the points of contaé& (B. 3. pr. 11.); 

draw “SCORER EE RRO ORRIEA and ° 

(Bats def. 15.), But -«==== = 

oo if _£ be added to both, 

ee ee Ls 

but Saket ——— (But deterred, 

which is abfurd. 
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Fig. 2. But if the points of contaét be the extremities 

of the right line joining the centres, this ftraight line mutt 

be bifected in two different points for the two centres; be- 

caufe it is the diameter of both circles, which is abfurd. 

Fig.3. Next, if it be poffible, let G) and C) 

touch externally in two points; draw ——m++««+ joining 

the centres of the circles, and pafling through one of the 

points of contact, and draw and 

= (Es ncis 1%.) 

(dos is Cet 1 €.) and <sass080 == 

f- ALLEL LL DEES E- ee (B. jE pr. 20..), 

which is abfurd. 

There is therefore no cafe in which two circles can 

touch one another in two points. 

QE. D. 
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> 

as N N\ inferibed in a circle are e- 

YW qually diftant fromthe centre ; 
me) and allo, ftraight lines equally 

diftant from the centre are equal. 

mee QU AL /raight lines ( SS 

From the centre of draw 

as az and Ss ee = Be me oS = 5 to 

2 a ETE TES , join Saas and ee ees 

Then ———=== Ss half ACRaRNRA ERE (B. 3- pr. a0) 

and =e SS feemane:= (B. 3. pr. 3.) 

ince qaasssess: —— ETS (hyp.) 

’——<« —— ° 

20d —_ =o (B. 1 «det. is) 

but fince @@ is a right angle 

* (B. 1. pr. 47.) 
and = <__umssss * — wsmesueres -- > for the 

9 2 
Ee  —— 7 Ssesr aes 

fame reafon, 

Te sans sli Seis Sli abn + ee —— ausucses- aia ba 
Smet 
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ree SESS BPRS 2 TT iy iii : 

ce Os 2 a so 

Alfo, if the lines a ee a and EI wo oS Ee be 

equally diftant from the centre; that is to fay, if the per- 

pendiculars smesemsasm aNd asseerssee be given equal, then 

For, as in the preceding cafe, 

2 ae eee 2 9. 
BSSRasera ma oe [i ima SAREE EEL a SQmnE nr EE 

but Bee RERERD : 

> 

= 
QS AaAD ae 2. 

ee seleiniibahiiniie ara -scmmesunn 5 and the doubles of thefe 

PORNO BP EER BS and easmsseecsrsiey Ce Ss Bw oH are alfo equal. 

OePeD: 
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FIGURE I. 
—— Te HE diameter is the greateft firaight 

: line in a circle: and, of all others, 
MA a that which is neareft to the centre 1s 

et greater than the more remote. 

FIGURE I. 

The diameter ———=em is [= any line, 

For draw == and ssasarsnsse. 

Then eseemeesese SS ces 

ee 

but eens rere ao SRR eae =: 

La. 

Again, the line which is nearer the centre is greater 

than the one more remote. 

Firft, let the given lines be === and <ane.== “=, 

wmich are at the fame fide of the centre and do 

not interfect ; 

eo 2S 2 SS we 9 

draw 9 
SRE ERESEEee 9 

e 
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" Qo”. 
ss a a tn (B. I. pr. 24.) 

FIGURE II. FIGURE II. 

Let the given lines be 2NC.  mmmnemnes 

which either are at different fides of the centre, 

or interfect; from the centre draw -««««----== 

ANd stems Ls ANd eg 

make «seen I= «vse, and 

draw ERD ERREPEOID ae Ss oetnwe , 

Since me 21d ee are equally diftant from 

the centre, == == (Bey. Preta.)o 

DU tt  —astuemsenocmn 2 ssonaeaaaartecrtaoomsa ie iu. 3+ pr. Ths) 

Fo neem ae AARNE, g 

ESD. 
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§ 6 drawn 

aus from the 
extremity of the diame- 

ter es of 2 circle 

perpendicular to it falls 

without the circle. 

And if any firaight 

Vint =. eee Be OS 

S&S drawn from a point 

within : that perpendi- 

cular to the point of contaét, it cuts the circle. 

PART I 

If it be poffible, let 

again, be ol. 

» which meets the circle 

’ and draw a 

Then, becaufe amc: <= —_, 

| — | (Bak. pre ba), 

and .*, each of these angles is acute. (B. 1. pr. 17.) 

but q - AY, (hyp.), which is abfurd, therefore 

cowmommmens Orawn  —__ does not meet 

the circle again. 
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PART IL. 

Let ~rrrrrrrn be LL me and Jet === be 

drawn from a point ger between === and the 
% 

circle, which, if it be poffible, does not cut the circle. 

Becaufe ay a ~ 4 

cals 3 is an acute angle; fuppofe 

cormeweransmes J -e*=s=«=, drawn from the centre of the 

circle, it muft fall at the fide of 2 the acute angle. 

oe which is fuppofed to be a right angle, is = >. 

re oe ees 5 

but 2assssse2e — ea 
=o 8 

and OR Bm suageeemenmme, 2 part greater than 

the whole, which is abfurd. ‘Therefore the point does 

not fail outfide the circle, and therefore the ftraight line 

wssseeesese cuts the circle. 

Q..Ee-D- 
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wre) O draw a tangent to a given 

circle from a 

given point, either in or outfide of its 

circumference. 

If the given point be in the cir- 

cumference, as at a , it is plain that 

the ftraight lie= ms euseeeuss 

the radius, will be the required tan- 

gent (B. 3. pr. 16.) But if the given point 7 be 

outfide of the circumference, draw «+590» commen 

from it to the centre, cutting ; and 

draw (Re GeeanEe k Le) defcribe 

concentric with radius SS -«awncemn 

then ommenue Will be the tangent required. 
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hed ® % 6 2 % € 
® 

° % 5 
For In St cccaiatuath and , 

Uiwim—eZ£, la es A common, 

and eetteasese ES aes seen : 

chit lept. A.) = — & = a right angle, 

., umummammns 41S A tangent to 

Q-EsD: 
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pamela right line ++eseees be 

_ a tangent to a circle, the 

ee fraight line (drawn 

Satie) from the centre to the 
point of contact, is perpendicular to it. 

%, 

PTTTLIILIL LA TEL TTP 

Mig 5 Ld PLL, roa 

For, if it be poffible, 

let MESES 1 FS be 2 a maseanniane, 

then becaufe 4. BR: 

& is acute (B. 1. pr. 17.) 

eg ee =. Seiten a ee 

fis Foe. TGs) 

but _—_s — > 

and .°,  <emmmeee [  ememmneases-, 2 part greater than 

the whole, which is abfurd. 

oo mmemrvess IS NOt LLL wmeeeveeee3y and in the fame man- 

ner it can be demonftrated, that no other line except 

ices 15 perpendicular to semssse=s, 

Q. E. D. 
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mee a firaight line 

Rha) (CaP)| be @ tangent to a circle, 

IA\ me the Proiglt Tine eisai 
Guat’) drawn perpendicular to it 

‘fiita pownt of the contact, paffes through 

the centre of the circle. 

For, if it be poffible, let the centre 

be without , and draw 

sseersesea from the fuppofed centre 

to the point of contact. 

Becaufe SeCrieeRaEs es 

(B. 3. pr.48.) 

oe ay — I~ , a right angle; 

4-(New- q=- | 
a part equal to the whole, which is abfurd. 

Therefore the affumed point is not the centre; and in 

the fame manner it can be demonfttrated, that no other 

point without _ is the centre. 

6. ED. 
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FIGURE I 

ESSE HE angle at the centre of a circle, is double 

REE the angle at the circumference, when they 

aa) have the fame part of the circumference for 

their bafe. 

FIGURE I. 

Let the centre of the circle be On eees:s0« 

a fide of 4. 

Becaufe —__ sommes g 

i. Gs 

or = 444%, 
or ys —- twice y | (BOs. pr. 32). 

FIGURE II. FIGURE II. 

Let the centre be within qd , the angle at the 

circumference; draw from the angular 

point through the centre of the circle; 

ren O = Ps he & 
becaufe of the equality of the fides (B. 1. pr. 5). 
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Hence +Gih 4 & = rice B. 

But GF = 7 ee ee 

> - A me 4, 

ae QD - twice &. 

FIGURE III. FIGURE III. 

Let the centre be without G and 

draw TN 9 the diameter. 

Becaufe Vv. =a, twice a 3 and 

v - twice Wr pOMie=1)); 

< a =z - twice G. 
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FIGURE I. 

ae BR HE angles ( 4 * 4 ) in the fame 
SiN) | fegment of a circle are equal. 

FIGURE I. 

Let the fegment be greater than a femicircle, and 

to the centre. 

<e == trvice r or twice = 4 

(B. 3. pr. 20.) 5 

.s - 

and draw 

FIGURE Il. 
FIGURE II. 

Let the fegment be a femicircle, o: tefs than a 

femicircle, draw === the diameter, alfo draw 

q_4 ni P — b (cafe 1.) 

.%& -4. 
GED: 
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oa of any quadrilateral figure in- 

Scribed in a circle, are together equal to 

two right angles. 

the diagonals; and becaufe angles in 

the fame fegment are equal Vv. & 

uW =, 
add 4 to both. 

.&.~V-9.V-Vv- 
two right angles (B. 1. pr. 32.). In like manner it may 

be fhown that, 

0.5-D 
<i, 
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RIPON the fame 
? 4 frraight line, 

de and upon the 

— fame fide of tt, 

two fimilar fegments of cir- 

cles cannot be conftructed 

which do not coincide. 

For if it be poffible, let two fimilar fegments 

2 and {= be conftructed ; 

draw any right line somes: cutting both the fegments, 

draw sadrromananes sienna and RTE 

Becaufe the fegments are fimilar, 

ee ran y N (By 4. Heh aa; 

but AB ae y (B.-1.. pr 1G.) 

which is abfurd: therefore no point in either of 

the fegments falls without the other, and 

therefore the fegments coincide. 

Qu. 



peek di. PROPLXXIV. THEOR. 107 

MM. of <r 

cles upon equal ftraight 

lines ( eemeemceses and commnermncceecioen ) 

are each equal to the other. 

For, if Le. be fo applied to _ Saaee.. ; 

that mee may fallon eee, the extremities of 

——meee may be on the extremitics —_ and 

— oN at the fame fide as pa 3 

becaufe PS | 

aemeeeee muft wholly coincide with : 

and the fimilar fegments being then upon the fame 

ftraight line and at the fame fide of it, muft 

alfo coincide (B. 3. pr. 23.), and 

are therefore equal. 

Q. E. D. 
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| wy SEGMENT of @ circle 

BO A ee being given, to defcribe the 

XG) circle of which it is the 
A5) 

i Se aS 

y. 

~_ fegment. 

From any point in the fegment 

bifect + draw canna and 

them, and from the points of bifection 

draw omen Lee 

and assumes: | <1, 

where they meet is the centre of the circle. 

Becautle mamma terminated in the circle is bifected 

perpendicularly by <semeee», it paffes through the 

pafies through centre (B. 3. pr. 1.), likewife 

the centre, therefore the centre is in the interfeGtion of 

thefe perpendiculars. 

Q. E.D. 



pied. PROP? XXXVI. -THEOR. 109 

ftand equal angles, whether at the centre or circum- 

Serence, are equal. 

Peis tet Sy — a iiathe centre, 

draw Poaceae) and accsmmmoe , 

Then fince = = Se: 

tic 

d ys Fa, h 7 

an Asevececucueceevh ave 

ween ag 1. pr. 4.). 

A = 4 (Bv-g= pr. 20.) 

~()« 7) are fimilar (B. 3. def. 10.) ; 

they are alfo equal (B. 3. pr. 24.) 
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If therefore the equal fegments be taken from the 

equal circles, the remaining fegments will be equal ; 

hence . a fe (axe g. hs 

apd: i Ne ee eee, 

But if the given equal angles be at the circumference, 

it is evident that the angles at the centre, being double 

of thofe at the circumference, are alfo equal, and there- 

fore the arcs on which they ftand are equal. 

Q.E.D. 
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NAF ye N equal circles, 
okt 

the angles A and A which ftand upon equal 

arches are equal, whether they be at the centres or at 

the circumferences. 

For if it be poffible, let one of them 

A be greater than the other A 

and make 

4-4 
=. We 3 — a Ns (B. 3° pr. 26. ) 

bit Ww. = “meee (hyp) 

a i .- a part equal 

ee, . 
"onannnnsd?™ 

to the whole, which is abfurd; .°, neither angle 

is greater than the other, and 

.°. they are equal. 
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ny, 5 N eguail circles 

Se an wsectenss cut off equal 

arches. 

From the centres of the equal circles, 

draw y) Ee: and eiectmrorietn atom 2 BB SPRBRIss s 

and becaufe a js 

alfo a ‘ cumssmnewe fe 

.@-2@ 
oo eet = Ne (B. 3. pr. 26.) 

and .*, (3 = €-) (ax. 3.) 

Q. BD. 
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& Sy N equal circles D and Es 

the chords soeenanamittannsoen. and seanecnees which Jub- 

tend equal arcs are equal. 

If the equal arcs be femicircles the propofition is 

evident. But if not, 

let CIEE Se 5 and amamsssam , atasunuase 
3 

be drawn to the centres ; 

becaufe See% = “ee” (hyp.) 

and &> —_— & 08.3. pr-27): 

but EEE and ee — ss and Beueasauade 

A SS Fetes a (B. I. pr. 4-5 

but thefe are the chords fubtending 

the equal arcs. 

OOD. 
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=ae O bifed a given 

"te, 

are ° 

Pages?” 

Draw EEE AED | 

dckevnvanenaccel? make es _ iif meeee , 

draw Lo emtees , and it bifects the arc. 

Draw BReSwaees we and 

~=--== (contt.), 

cman 1S common, 

and & = oa (contt.) 

EAP (B. TL: pr. 4.) 

rN — OnE (B. 3. pr. -28.), 

and therefore the given arc is bifected. 

Q.E. D. 
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FIGURE I. GEAGN a circle the angle in a femicircle isa right 
fe ) angle, the angle in a fegment greater than a 

: Vea Jemicircle 1s acute, and the angle in a feg- 
ef) ment lef; than a Jemicircle ts obtufe. 

FIGURE I. 

The angle » in a femicircle is a right angle. 

' ANC  awemememesmon Draw 

A = & x1 a. _’» Rese tee sy crag 

a + BD = BD j thee tat of two 

right angles = a right angle. (B.1. pr. 32.) 

FIGURE II. FIGURE II. 

The angle r\ in a fegment greater than a femi- 

circle is acute. 

the diameter, and -=csssmsssss 

2 SS = a right angle 

e A is acute. 

Draw 
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FIGURE III. 

Sandie cae The angle —. in a fegment lefs than femi- 

circle is obtufe. 

Take in the oppofite circumference any point, to 

} which draw <sesssssss=s SDC dienes 

neue © + @ = C1 
(Begs pie 229) 

but 2 aot Cl (part 2.), 

ae . 3 is obtufe. 

Q. E. D. 
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PERSP a right line 
o, cy) be a tangent to a circle, 

a and from the point of con- 

=i) talt a right line 

be drawn cutting the circle, the angle 

A made by this line with the tangent 

1s equal to the angle a in the alter- 

ate fegment of the circle. 

If the chord fhould pafs through the centre, it is evi- 

dent the angles are equal, for each of them is a right angle. 
El, prs. 10, 31.) 

But if not, draw aL = from the 

point of contact, it muft pafs through the centre of the 
circle, (B. 3. pr 19-) 

Qe Gloss 
Be “ ke (A= LY B. 1. pr. 32.) 

.wP=Aw 
Again Ch = CIN = > + & 

°, (Y = . (ax.), which is the angle in 

Cees, cle 2.) 

the alternate fegment. 

Oo ie D. 
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ee N @ given fraight tint mmm 
TRANG to defcribe a fegment of a 

a | circle that fhall contain an 

ak angle equal to a given angle 

Wan 

If the given angle be a right angle, 

bifec@t the given line, and defcribe a 

femicircle on it, this will evidently 

contain a right angle. (B. 3. pr. 31.) 

If the given angle be acute or ob- 

tufe, make with the given line, at its extremity, 

Ma = Si. eee 

make 4 a , defcribe — 

with OF tm aS radius, 

for they are equal. 

——eeeee is a tangent to ae Rs. os Pre Le) 

o, wma: divides the circle into two fegments 

capable of containing angles equal to 

[ 4 and A which were made refpetively equal 

to > and A (Bee. pr. 323) 

2 29 Dee DF 
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a egment 

which fhall contain an angle equal to a 

given angle r 4 : 

Draw Bs pts 173); 

a tangent to the circle at any point ; 

at the point of contact make 

Av = y | the given angle ; 

and  , contains an angle = the given angle. 

Becaule —wmeseme is a tangent, 

and mmm Cuts it, the 

angle in , = @ 2s.pls $2.); 

but ee - BD 000, 

O-Rap. 



120 BOOK II. PROP. XXXV. THEOR. 

FIGURE I. 
SEVER 

in a circle A 2 4 re F two chords { 

‘6 y J ; inter {elt each other, the rectangle contained 

Pratt) by the fegments of the one is equal to the 

TEES contained by the fegments of the other. 

FIGURE I. 

If the given right lines pafs through the centre, they are 

bifeéted in the point of interfection, hence the rectangles 

under their fegments are the fquares of their halves, and 

are therefore equal. 

FIGURE II. 
FIGURE II. 

Let ===0m----emmee pafs through the centre, and 

ES wo not; draw RATT and ee, 

x eusesees = eee? 

evernas * (oem pr.6.) 

Of eee x SIR EISEEED wmmUEey cane — serene *, 

Then 

i: ae en 
nes (B. 0 pr. 35 

FIGURE IIL. FIGURE III. 

Let neither of the given lines pafs through the 
centre, draw through their interfeG@tion a diameter 

: 
Sil nee enn ne x meena x 

wsevee (Part. 2.), 
slip eerste X— = — x 

sservane (Part. 2.) ; 
CRUE x eeeeers SS eee xX mnemmense , 

Q. E. D. 
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egal from a point without a tIGURE 1 
= gy) circle two ftraight lines be 

) og drawn to it, one of which 

ee tangent to 
the circle, and the other memm <1 swim 

cuts it ; the rectangle under the whole 

cutting line em:socrcmmm and the 

external fegment ame 15 egual to 

the fquare of the tangent —_ , 

FIGURE I. 

Let mmm =:++seme pafs through the centre ; 

draw «ee from the centre to the point of contact ; 

2 — ipo iesieanemen” minus seommntecosie ” (B. I. pr. 47) 

or neusrmeatecmenmme 2 — ofn) momen? minus eameeee a 

ae cmmmmemmmms 2 se i nee x arcescrmnaseneiiccnmemer: (B a pr 6) 

FIGURE II. isan 
If a2 AS OE OCR do not 

pafs through the centre, draw 

apesnasee and casanem | 

Pier =. ae 

ae ’ minus “#0 ? 

(B. 2. pr. 6), that is, 

ee crm Se eee? MINUS en”, 

RP D> Ge ee *® (B. 3. pr. 18), 

Q. E. D. 



BOOK Ill. PROP. XXXVII. THEOR. 122 

pega from a point outfide of a 

rH (ey D circle two ftraight lines be 

| re drawn, the 0N€ sms 

Eeaieee| cutting the circle, the 
ie meeting it, and if 
the rectangle contained by the whole 
cutting line —meommvwes and its ex- 
ternal fegment ~=enanes be equal to 
the /quare of the line meeting the circle, 
the latter —memmene 15 @ tangent to 
the circle. 

Draw from the given point 
memes , 2 tangent to the circle, and draw from the 

centre 7 Te ¢ ASSTETETS and enh n s 

2 = - sliesieipniiioaniadbisinn mca >< er eet (B. 3 pr. 30) 

ean ee 6 
. 2 in RATES 2 

i} 
e 
SERRE RRR TEES 

e @ 

Then in a. and Ge 

OO Ow ww and a a a a we and aera 

and SEAR AIRERENE 1S common, 

. v = & (Beis Of. Bal 3 

but & = [IN a right angle (B. 3. pr. 18.), 

op = [\ a right angle, 

and ,*, <mem—e isa tangent to the circle (B. 9. pee. 

O. Bop. 
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DEV INETIONS. 

I. € 

fae) Coreg. RECTILINEAR figure is 

BO) Aah) {aid to be inferibed in another, 
AN when all the angular points 

titiaetes!| of the infcribed figure are on 

7 fides of the figure in which it is faid 

to be infcribed. 

I]. 

A Ficur: is faid to be defcribed about another figure, when 

all the fides of the circumfcribed figure pafs through the 

angular points of the other figure. 

Ill. 

A RECTILINEAR figure is faid to be 

infcribed in a circle, when the vertex 

of each angle of the figure is in the 

circumference of the circle. 

IV. 

A RECTILINEAR figure is faid to be cir- 

cumfcribed about a circle, when each of 

its fides is a tangent to the circle. 
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¥. 

A circte is faid to be ifcribed in 

a rectilinear figure, when each fide 

of the figure is a tangent to the 

circle. 

VI. 

A circle is faid to be circum- 

Jcribed about a reCtilinear figure, 

when the circumference pafles 

through the vertex of each 

angle of the figure. 

Vv is circum{cribed. 

VII. 

A STRAIGHT line is faid to be im/cribed in 

a circle, when its extremities are in the 

circumference. 

The Fourth Book of the Elements is devoted to the folution of 

problems, chiefly relating to the infcription and circum/crip- 
tion of regular polygons and circles. 

A regular polygon is one whofe angles and fides are equal. 
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a - | . K ) N agivencircle C) 

\@ to place a jftraight line, 

equal to a given ftraight line (smmen \ , 

not greater than the diameter of the 

circle. 

Draw  ««eca mm A the diameter of c 

and if «+merew wm = eee, then 

the problem is folved. 

But if ««+=+0: —— be not equal to ; 

Fee wate Re C REE EREE (hyp.) ; 

make «seer oe ee (BL. pr. 3.) with 

ae Be) radius, 

defcribe ) cutting C5 and 

Craw aque g which is the line required. 

——e ga maun anew) — que 
For 

(B. 1. def. 15. conft.) 

Q. E. D. 
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pou N a g tven circle 

& to in- 

Scribe a triangle equiangular 

to a given triangle. 

To any point of the given circle draw mee . a tangent 

(B. 3. pr. 17.); and at the point of contact 

make A _ eG (Bet. pt. 29.) 

and in like manner aA — \ 4 and 

draw STAN 

Becaufe A = * (conit.) 

and A am vg (Be 3-88, $2.) 

Rs VW — \ FF alfo 

WW = v for the fame reafon. 

oe Vv = Vv (Bayes, 

and therefore the triangle infcribed in the circle is equi- 
angular to the given one. 

Q. Boke 
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circumfcribe a triangle equi- 

angular to a given triangle. 

Produce any fide ——mmmmm, of the given triangle both 

ways; from the centre of the given circle draw —————=_ , 

any radius. 

Make % — , 4 (8. w@epr. 23.) 

and e — i 

At the extremities of the three radii, draw ————= , 

oom 2nd saeweneee , tangents to the 

given circle. (B. 3. pr. 17-) 

The four angles of , taken together, are 

equal to four right angles. (B. 1. pr. 22.) 



128 ROOK IV. PROP. 1 2RGs, 

but & and y N are right angles (contt.) 

oe y \ ob & <a CIN , two right angles 

but > = iS LB. 1. pre Fae 

and * = 4 (conft.) 

andy, y \ = y ° 

In the fame manner it can be demonttrated that 

O=(0, 
oe d mas 4 (By ape 22.) 

and therefore the triangle circum{fcribed about the given 

circle is equiangular to the given triangle. 

CES: 
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pear NN a given triangte 

Ne) 

mk fo in- 

from the point where thefe lines 

meet draw enEanne ° i BRS em es 

and =esee re{pectively per- 

pendicular to LILLIE and CATT 
9 

a 
es 2 

In 62 

a-P A-®........ 
COMMON, .°, =*##eseaes OT tri (B. thes pr. 4 and 26.) 

In like manner, it may be fhown alfo 

that Peeeteeeses SS eaeeese sen ° 

ee =e — 9 

hence with any one of thefe lines as radius, defcribe 

C) and it will pafs through the extremities of the 

other two; and the fides of the given triangle, being per- 

pendicular to the three radii at their extremities, touch the 

circle (B. 3. pr. 16.), which is therefore infcribed in the 

given circle. 
s O-1UD. 
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Se defcribe a circle about a given triangle. 

ee et and a ——- 

enevees= (B. 1. pr. 10.) 

From the points of bifeCtion draw eewee= and 

aceusnacee = me cone Oe 2 <a 

tively (B. 1. pr. 11.), and from their point of 

concourfe Pe aes, senneazeem= 21)(] 

and defcribe a circle with any one of them, and 

it will be the circle required. 
) 
* 
? 

6 2? 

* 
* . 

& 

at 
* 

fs 
a 
: 
e 
t 
5 
a 
a 
a 
2 
a 
@ 

Set cs o> —  CaRRERRNRNENER (contt.), 

‘creeps common, 

— a contt.) 

OS aman sane a a re; pr. ie 

In like manner it may be fhown that 
= wweeeeeeee , 

oo eeeseses SS eee —_—_—— 5 and 

therefore a circle defcribed from the concourfe of 
thefe three lines with any one of them as a radius 
will circumfcribe the given triangle. 

Q. E. D. 
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a HAN 2 given circle Be to 

Cy infcribe a fquare. 

Draw the two diameters of the 

circle .L to each other, and draw 
ens ——— and ‘cere 

is a {quare. 

For, fince ee and 2 are, each of them, in 

a femicircle, they are right angles (B. 3. pr. 31), 

eee {| SEET ANE Ee. 1, pt. 28): 

and in like manner ————=_—| | 

And becaufe z > (conft.), and 

— (meee SwaSensrrans (B. Lx def. Lo. 

. ee (Bs is pt 4); 

and fince the adjacent fides and angles of the parallelo- 

gram are equal, they are all equal (B. 1. pr. 34); 

» infcribed in the given circle, 1s a and <;°. 

Q. E. D. {quare. 
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Rare) Seed BOUT a given circle 

C) to circum/cribe 

Draw two diameters of the given 

circle perpendicular to each other, 

and through their extremities draw 

a oe 

i 
pee WS WW GE We oe ow ae 

i RCE cecaccinsscin. —.s and en BAREIS, * 
tangents to the circle ; 

and | ae | is a {quare. 

4. 1 a right angle, (B. 3. pr. 18.) 

alfo . (4 (contt. ) 

reexmencs § in the fame manner it can 

a 
8 
u 
a 
u 
u 
a 
a 
8 
ij 
a 
a 
i 
a 
a 
x 

J 

5 
r] 
5 
a 
& 
ca 

be nee that oss il: earreeerey and alfo 

that and RRA {| anewewes 

— *% 2 is a parallelogram, and 

becaufe G - Dp - \ = 4G - a 
they are all right angles (B. 1. pr. 34): 

it 1s alfo evident ee A | ARR —_— 

oA are equal. 

: ae is a {quare. 

0. FE. D. 
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Be 
Iea| Z7ven /quare. 

(UNS ee ee ; 

and ee 

ih || saan 

and saecommmme |]  ...... a 

eel. Pree. | 

and fince ial — A SR (hyp.) 

oe Eo is equilateral (B. 1. pr. 34.) 

In like manner, it can be fhown that 

2S = eo are equilateral parallelograms ; 

9 

and therefore if a circle be defcribed from the concourfe 

of thefe lines with any one of them as radius, it will be 

infcribed in the given fquare. (B. 3. pr. 16.) 

| © ED. 
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ZHBZO deferibe a circle about a 

e| given /quare ‘“ ; 

Draw the diagona]s <eemmsses was 

and —_asa»ss= interfecting each 

other; then, 

becaufe > and ~ have 

their fides equal, and the bafe 

mms sseeeee COMmMOn to both, 

wW = Bs, (Bui. pr. 8), 

or > is bife€ted: in like manner it can be fhown 

that & is bifected ; 

by -a 
hence iN —_ 4 their halves, 

: —— ~ — pe. 1. pr. &.) 

and in like manner it can be proved that 
el SSSA setae RCI PEIN — —— SREB VEGEe som aon | 

If from the confluence of thefe lines with any one of 
them as radius, a circle be defcribed, it will circum{cribe 
the given fquare. 

OLF-D. 
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gO confiruct an ifofceles 

: 5. triangle, in which each of 

LRN the angles at the bafe hail 
Nl be double of the vertical 

Take any ftraight line mmmmmsses 

and divide it fo that 

ES 228 © x B22) ee) SE 2 

(Bs: 2. pri.) 

With ammmmsnm= as radius, defcribe and place 

in it from the extremity of the radius, —-——_ <= meses , 

(B.4. pr.1); draw mmm | 

Then is the required triangle. 

For, draw ——eeeeee and defcribe 

2 about ae opr. £2) 

Since _nue08 xX —a2. ampere ~ 
9 

., “um is a tangent to ‘eis Ue. 2s P47 °) 

‘y A prom ZN Bet peese); 
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Pe See 

As Ca A+G 

tO 4 bo @= @ (2.:. ps): 

{ince ——————=— _ a osm ae (B. I. pr. Ga) 

confequently a — oN —. d eer A 

(B. 1. preg 

es ee (BD. 1. pr. 6.) 

i ——$_ (contt.) 

A Bena 

A-GH= A= A+ 

@ == twice ZO; and confequently each angle at 

the bafe is double of the vertical angle. 

OcROD: 
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5 3 A Rey ate N a given circle 

to infcribe an equilateral and equt- 

angular pentagon. 

Conftrué an ifofceles triangle, in 

which each of the angles at the bafe 

{hall be double of the angle at the 

vertex, and infcribe in the given 

circle a triangle A equiangular to it; (B. 4. pr. 2.) 

Bifect Aa and L\ pertrepr: 9.) 

draw ron and .Jjsessmmm , 

Becaufe each of the angles 

la y A | “ae x ire equal, 
the arcs upon sonia they ftand are equal, (B. 3. pr. 26.) 

"BETES SBI seen and 
/ be) and a e a 7 

seasssnee Which fubtend thefe arcs are equal (B. 3. pr. 29.) 

and .*, the pentagon is equilateral, it is alfo equiangular, 

as each of its angles ftand upon equal arcs. (B. 3. pr. 27). 

Co iD. 
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eA O defcribe an equilateral 

ADA P| ond equiangular penta- 
4 Ege! gon about a given circle 

Draw five tangents through the 

vertices of the angles of any regular 

pentagon infcribed in the given 

circle = (Ba 4. 4W. 271, 

Thefe five tangents will form the required pentagon. 

Draw ie Cet | : In \ and J 
Seeeee ee i 

—e a (8B. I, pr. 47), 

common ; SuEnsnuEam OS se enewwe « and 

ive ee 4a.unee 

< \é = twice A. and v = twice 4. 

In the fame manner it can be demonftrated that 

r4 =" twice a. and be = twice b: 

€ = DP (B. 3. pr. 27), 
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.°. their halves y | — b. alfo Cl moon Ly and 

aesseeemee §=COMMON ;} 

oe Aa-& 0 ees 

, Sew ieee twice seasons 3 

In the fame manner it can be demonftrated 

In the fame manner it can be demonftrated that the 

other fides are equal, and therefore the pentagon is equi- 

lateral, it is alfo equiangular, for 

r4 == twice &. and \A = twice A, 

and therefore A = a 9 

a 4! = \A $ in the fame manner it can be 

demonftrated that the other angles of the defcribed 

pentagon are equal. 

Q.E.D 
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=|O infcribe a circle in a 

i) given equiangular and 

equilateral pentagon. 

Let ey, be a given equiangular 

and equilateral pentagon; it is re- 

quired to infcribe a circle in it. 

ae (B. 1. pr. 9.) 

Draw ore reese A a ° ae MSE &c. 

v Becaufe ssmmasmm= = ey v - 

and ———-_ common to the two triangles 

and fae 
of en I cevssereens and 4 = A (Buolopr. 4.) 

And becaufe € — a == twice a 

.°, == twice D, hence g is bifected Diy acme, 

In like manner it may be demonftrated that G is 

bifected by seewererss, and that the remaining angle of 

the polygon is bifected in a fimilar manner. 
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Draw 9 = He mem we , &c. perpendicular to the 

fides of the pentagon. 

Then in the two triangles and 

we have v = y eA COnIL:), common, 

and e — & = aright angle; 

ns SS aenemnne= , (B. 1. pr. 26.) 

In the fame way it may be fhown that the five perpen- 

diculars on the fides of the pentagon are equal to one 

another. 

Defcribe e with any one of the perpendicu- 

lars as radius, and it will be the infcribed circle required. 

For if it does not touch the fides of the pentagon, but cut 

them, then a line drawn from the extremity at right angles 

to the diameter of a circle will fall within the circle, which 

has been fhown to be abfurd. (B. 3. pr. 16.) 

Q.E. D. 
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eer e|O defcribe a circle about a 

R| given equilateral and equi- 

Bifecdt Vv and > | 

by SHREK AAO ae and wesmacnaaes > and 

6G MF SSESEAAABRAEBERABR 

from the point of fection, draw 

—_~.) «8H MEI Ma » and SS 

za - 
r = rN g ete testes SS swensee (B. 1, pr. 6); 

and fince in 

etc smneseaspesemnnese a } and svesraseaae COMMON, 

alfo =. - £. 

og SS wevaenaes (B. 1. pr. 4). 

In like manner it may be proved that 
7O2Oetee SE ce 3 Ce ————'s and 

therefore ees Sa SS ssa = 

eran te wieetstsos SSS wa 9 

Therefore if a circle be defcribed from the point where 
thefe five lines meet, with any one of them 

as a radius, it will circumfcribe 

the given pentagon. 
Q. E. D. 
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a0 infcribe an equilateral and equian- 

Bown) gular hexagon in a given circle 

& 
From any point in the circumference of 

the given circle defcribe 2 paffing 

through its centre, and draw the diameters | 

; and ; draw \ 

Gunna eee 9 ee ee ae Das a cp lical & &c. and the 

required hexagon is infcribed in the given 

circle. 

Since paffes through the centres 

of the circles, 

triangles, hence q@ — — i = one-third of two right 

angles; (B. 1. pr. 32) but BB - (A) 
(B. 15 pre 33); 

ae q - > - q - = one-third of LAS 
(B. 1. pr. 32), and the angles vertically oppofite to thefe 

are all equal to one another (B.1. pr. 15), and ftand on 

equal arches (B. 3. pr. 26), which are fubtended by equal 
chords (B. 3. pr. 29); and fince each of the angles of the 

hexagon is double of the angle of an equilateral triangle, 

it is alfo equiangular. a: Ep. 

are equilateral 
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2EFAO infcribe an equilateral and 

"a equiangular quindecagon in 

Let 

the fides of an equilateral pentagon 

ATIC ~ utciaiiiamtoe 

infcribed in the given circle, and 

ovmmm\n the fide of an inscribed equi- 

lateral triangle. 

omen 

o| 

The arc fubtended by | of the whole 

circumference. 

The arc fubtended by | oe | of the whole 

circumference 

Their difference = +5 

»°. the arc fubtended by semsmsans <= 5 difference of 

the whole circumference. 

Hence if ftraight lines equal to «ssssassm be placed in the 
circle (B. 4. pr. 1), an equilateral and equiangular quin- 
decagon will be thus infcribed in the circle. 

Q..E. D, 
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BOOK V. 

DEAN Tro w 8. 

if 

E Soe | LESS magnitude is faid to be an aliquot part or 
| fubmultiple of a greater magnitude, when the 
Wi] lefs meafures the greater; that is, when the 

eel) Je(s is contained a certain number of times ex- 

actly in the greater. 

II. 

A GREATER magnitude is faid to be a multiple of a lefs, 

when the greater is meafured by the lefs; that is, when 

the greater contains the lefs a certain number of times 

exactly. 

II]. 

Ratio is the relation which one quantity bears to another 

of the fame kind, with refpect to magnitude. 

IV. 

Macnitupss are faid to have a ratio to one another, when 

they are of the fame kind; and the one which is not the 

greater can be multiplied fo as to exceed the other. 

The other definitions will be given throughout the book 

where their aid is firft required. 
U 
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AXIOMS. 

4 |QUIMULTIPLES or equifubmultiples of the 

G57): fame, or of equal magnitudes, are equal. 

If A = B, then 

twice A = twice B, that is, 

2 oss: 

- Aca Bs 

4A=48B; 
ie. Ae. 

and + of A => 1 of B- 

1 of A m2 of B: 

&c. &c. 

II. 

A MULTIPLE of a greater magnitude is greater than the fame 

multiple of a lefs. 

Let A C— B, then 

ZA 2 is 

3 ALL 38. 

4ATL I 4B; 
&c. &e. 

III. 

TuatT magnitude, of which a multiple is greater than the 
fame multiple of another, is greater than the other. 

Let 2 A C£ 2 B, then 

A EBs 

or, let 3 A E 3 B, then 

A Eo B; 

or, let m A [2 m B, then 

A C2 B: 
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—— a any number of magnitudes be equimultiples of as 
| many others, each of each: what multiple soever 

ve any one of the firft 1s of its part, the fame multiple 

netted) fal] of the fir/t magnitudes taken together be of all 

the ae taken together. 

Let QO)CQQQ)Q be the fame multiple of 7), 

thar PBOOUS is of BY. 

tht OQDOOO is of ©. 

Then is evident that 

rao | 
oerces is the fame multiple of 

C9000 | 
which that C)C)C)C)C) is of C) ; 

becaufe there are as many magnitudes 

QANQAA (g 
in Opus >= 19 

Kexexexexe Ke 
as there arein C)(C)}C)C)C) = C). 

O€D 

The fame demonftration holds in any number of mag- 

nitudes,, which has here been applied to three. 

*, If any number of magnitudes, &c. 



148 BOOK Y. PROPRIA ee. 

pmegeeeg ? the fir/i magnitude be the fame multiple of the 

TGA RGR fécond that the third is of the fourth, and the fifth 
: vy s the fame multiple of the fecond that the fixth 1s of 

Ritemeedl he fourth, then fall the firft, together with the 
fifth, be the fame multiple of the Jecond that the third, together 

with the fixth, 1s of the fourth. 

Let @ @@, the firft, be the fame multiple of @, 

the fecond, that >) O, the third, is of @, the fourth ; 

and let @ @ @ @, the fifth, be the fame multiple of @, 

the fecond, that OOO, the fixth, is of ©, the 

fourth. 

eee \, the firft and 
[@eee) 

fifth together, is the fame multiple of ©), the fecond, 

Sood. | 
that , the third and fixth together, is of 
sae 

the fame multiple of ©), the fourth; becaufe there are as 

| @@@ | =~ as there are \eecee| © 
it ee — 
AOOGS 

Then it is evident, that 

many magnitudes in 

es If the firft magnitude, &c. 
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pee the fir/t of four magnitudes be the fame multiple 

qe) a of the fecond that the third 1s of the fourth, and 

WS) ye if any equimultiples whatever of the firft and third 
efit be taken, thofe fhall be equimultiples ; one of the 

ond. and the other of the fourth. 

_ First. The Second. 
( 

roi \ a. be the fame multiple of e 

} 

The Third. The Fourth. 

é 

| & 
the fame multiple of + ee = 

| & 

Then it is evident, 

nn onl 
|i | | oO 

The Second. 

that < - is the fame multiple of 9 
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is of @; 
| The Fourth. 

J 

( g 

> contains ) we . 

coo [a 
as many times as 

contains 

04 ‘ contains contains : Loo {cs 

The fame reafoning is applicable in all cafes. 

sf the frit four, &c. 
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jf Bog ots Ble 2 BS 8 Ufone os 

Four magnitudes, @, 1), @, Y, are faid to be propor- 

tionals when every equimultiple of the firft and third be 

taken, and every equimultiple of the fecond and fourth, as, 

of the firft oe & of the third & & 

eee o¢o4 
@©@So 6 o¢ 

&8 eee 94 
@@6666 O04 

&c. &c. 

of the fourt of the fecond Ee 

@€ddqd 000 €4dd oOo 

Then taking every pair of equimultiples of the firft and 

third, and every pair of equimultiples of the fecond and 

fourth, 

(@e@ © 
eec 

If; @@ C- 
UU “eu 

a 

“ 

ec UULU 

UUUUL ee 

nen e i lm 

fe) - 

ne 

oeoeoeq 36 

then will 

Oo Laws 9 

a 

Wn wet 

= 

e) = OOOO? TN 

[ 

r- 
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That is, if twice the firft be greater, equal, or lefs than 

twice the fecond, twice the third will be greater, equal, or 

lefs than twice the fourth; or, if twice the firft be greater, 

equal, or lefs than three times the fecond, twice the third 

will be greater, equal, or lefs than three times the fourth, 

and so on, as above exprefied. 

E 
| 

&c. 

f eee = or ea 

then O94 C,>=o v 

wil | @@@ © =o 3 vy 
$4 C.=7°3 YVY 

| O04 C,=o VvuVY 
&c &c. 

In other terms, if three times the firft be greater, equal, 

or lefs than twice the fecond, three times the third will be 

greater, equal, or lefs than twice the fourth; or, if three 

times the firft be greater, equal, or lefs than three times the 

fecond, then will three times the third be greater, equal, or 

lefs than three times the fourth; or if three times the firft 

be greater, equal, or lefs than four times the fecond, then 
will three times the third be greater, equal, or lefs than four 

times the fourth, and so on. Again, 
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So eee 
- COOOO F iy ie Ge 

oe Oe & nonon Wo WOUUUL aqaae 

And so on, with any other equimultiples of the four 

magnitudes, taken in the fame manner. 

Euclid exprefies this definition as follows :— | 

The firft of four magnitudes is faid to have the fame 

‘ratio to the fecond, which the third has to the fourth, 

when any equimultiples whatfoever of the firft and third 

being taken, and any equimultiples whatfoever of the 

fecond and fourth; if the multiple of the firft be lefs than 

that of the fecond, the multiple of the third is alfo lefs than 

that of the fourth; or, if the multiple of the firft be equal 

to that of the fecond, the multiple of the third is alfo equal 

to that of the fourth; or, ir the multiple of the firft be 

greater than that of the fecond, the multiple of the third 

is alfo greater than that of the fourth. 

In future we fhall exprefs this definition generally, thus : 

IfM @C, =o 378, 
when M @ ba or oe 

x 
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Then we infer that @, the firft, has the fame ratio 

to ", the fecond, which @, the third, has to W the 

fourth: expreffled in the fucceeding demonftrations thus: 

@:8::¢60:9; 

or thu, @: B= O:Y; 

or thus e mon ¢ : 9 ame ° 

a Y 
“as @ is to MM, so is @ to vy. 

And if @ : @@ :: @ : W we thall infer if 

M @ Cf, =or 2 ~ ®, then will 

M@ C,so407”VJ. 

That is, if the firft be to the fecond, as the third is to the 

fourth; then if M times the firft be greater than, equal to, 

or lefs than m times the fecond, then fhall M times the 

third be greater than, equal to, or lefs than m times the 

fourth, in which M and m are not to be confidered parti- 

and is read, 

cular multiples, but every pair of multiples whatever ; 

nor are fuch marks as @, WY, 9), &c. to be confidered 

any more than reprefentatives of geometrical magnitudes. 

The ftudent fhould thoroughly underftand this definition 
before proceeding further. 
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gmt the firft of four magnitudes have the fame ratio to 

: WS iy) the fecond, which the third has to the fourth, then 

y Ve any equimultiples whatever of the firft and third 
Peeled) ¢)4])] have the fame ratio to any equimultiples of 

the be fed and fourth; viz., the equimultiple of the firft shall 

have the fame ratio to that of the fecond, which the equi- 

multiple of the third has to that of the fourth. 

Let @ :B::@ :@, then3 @ :2 Bi: 3 O 328, 
every equimultiple of 3 @ and 3 @ are equimultiples of 

© and @, and every equimultiple of 2 Jf and 2 &, are 

equimultiples of JJ and @ (B. 5, pr. 3.) 

That is, M times 3 @ and M times 3 @ are equimulti- 

ples of @) and @, and m times 2 Jf and m 2 ® are equi- 

multiples of 2 Jf and 2 Ws; but ©: I:: & : @ 

(hyp); .°. if M 3 @ C, =, or =] m-2 J, then 

M34 CC. =, or m2 @ (def. 5.) 

and therefore 3 @:2 M::3 @ : 2 WH (def. s.) 

The fame reafoning holds good if any other equimul- 

tiple of the firft and third be taken, any other equimultiple 

of the fecond and fourth. 

.. If the firft four magnitudes, &c. 
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peg one magnitude be the fame multiple of another, 

nin & i) which a magnitude taken from the firft 1s of a mag- 

an y ee nitude taken from the other, the remainder fhall be 

Bie) ¢/e fame multiple of the remainder, that the whole 

is of the whole. 

vy, A 
Let OO =M'. 

O 

and (-) = M’ g, 

~ ioe 
an minus () =M » minus M => 

es o a M'(* minus »), 
OP 

and or 2 =n M’ a. 

OP? 

.°. If one magnitude, &c. 
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Gree |” two magnitudes be equimultiples of two others, 
yg yp and if equimultiples of thefe be taken from the firft 

ya pe two, the remainders are either equal to thefe others, 

=) or equimultiples of them. 

Let ae aa WL M5 ONG) ae ae 

Qo 

then O?O minus #” = = 

o, 
M’ @ minus m' # == (M’ minus m7’) a, 

and (JU) minus #’ a = M’ a minus 7 a = 

(M’ minus m') a. 

Hence, (M’ minus m’) # and (M’ minus m’) « are equi- 

multiples of w and a, and equal to manda, 

when M’ minus m’ = 1. 

.°. If two magnitudes be equimultiples, &c. 
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a Wy ema) the fir/t of the four magnitudes has the fame ratio 

( 2 Kae) to the fecond which the third has to the fourth, 

AS) i, oi then if the firft be greater than the fecond, the 

olen third ts alfo greater than the fourth ; and if equal, 

equal; if lefs, lefs. 

Let @: B:: @:@ ; therefore, by the fifth defini- 

tion, if @@C EE, horvill ge CO O*e; 

but if @ C BLthe @@C HH 

and BY Oe, 
and .°, @ — & ‘ 

Similarly, if @ =, or — Jf, then will @ =, 

Or =] & : 

«. Lf the firlt of four, &c. 

DEEN ELON 2erV., 

GEOMETRICIANS make ufe of the technical term ‘“ Inver- 

tendo,” by inverfion, when there are four proportionals, 

and it is inferred, that the fecond is to the firit as the fourth 

to the third. 

Let A: Ba: CoD then, by “‘ invertendo” it is inferred 

Bereta y = Ci 
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Ra Kany F four magnitudes are proportionals, they are pro- 

Le w:O:: 8:6, 

then, inverfely, UW) >: @:: & :- BB. 

IfM @ O~O, thnM oO” ® 

by the fifth definition. 

Let M @ I” U, thatis, mn OOM, 

~ MBO”%,o,,96 CME; 
fs ifm ODI MG, then will m © CM @. 

In the fame manner it may be fhown, 

that ifm CU =orIM @&, 

then will m @ =o IM; 

and therefore, by the fifth definition, we infer 

tht 0:9: 0:8. 

.°. If four magnitudes, &c. 
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Let 
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pea rhe firft be the fame multiple of the fecond, or the 

Recs) (and) /ame part of it, that the third is of the fourth ; 

ON WEEE! the firjt is to the fecond, as the third 1s to the 
Pra fourth. . 

ao , the firft, be the fame multiple of @, the fecond, 

that > ® the third, is of ®. the fourth. 
. 

Then Ml ; Teo ale 

ake o? «@. ke M oo e.™M o€ & ; 

becaufe sh... is the fame multiple of = a p 2 

that 4 q is of @ (according to the hypothefis) ; 

and M ae is taken the fame multiple > ae 

4 

an 
that M 4 is of o¢ 

oO =O 
.°. (according to the third propofition), 

M ~~ is the fame multiple of = 

that M 33 is of @&. 
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Therefore, if M —|- be of @ a greater multiple than 

m @ is, then M o¢ 
o¢ 

m @m is; that is, if M 1 be greater than m @, then 

M q 4 will be greater than # @@3 in the fame manner 
o4¢ 
it can be fhewn, if M a ie be equal m @, then 

am 

is a greater multiple of @ than 

M 33 will be equal m @. 

-,, ae 
And, generally, if M & bs ne C,=o o#~@ 

then M @@ will be Cr, =o m te: o¢ wk ; 

.*. by the fifth definition, 

| er an °° 44'@ 

Next, let @ be the fame part of 

sof OY that @ is of o¢ 

In this cafe alfo @: ~— ::-@: 

For, becaufe 

i 
is the fame part of that Bs is of ee p = = 

¥ 

3 

>. $ 

o4 
o¢ 
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therefore — is the fame multiple of @ 

that 0% iso hat 2S is of. 

Therefore, by the preceding cafe, 

by propofition B. 

.. If the firft be the fame multiple, &c. 
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tre cen | the firft be to the fecond as the third to the fourth, 

NS) yg ord if the firft be a multiple, or a part of the oN Vea Jecond ; the third is the fame multiple, or the fame 
Bele) part of the fourth. 

+ © .@.. 9% ow. Let So MOS Ys 

and firft, let bed be a multiple J; 
&¢ 

% 4 fhall be the fame multiple of yy. 
4 

First. Second. Third. Fourth. 

Whatever multiple @ is of 
Se 

OY ; take the fame multiple of @, SO “4 
then, becaufe @ : OF. en, becanle gq 'M 99'9 

and of the fecond and fourth, we have taken equimultiples, 

, therefore (B. 5. pr. 4), and PL 
ee 6oO 



164 BOOK YV. PROP. D~THECK: 

® UO ..0. ES: but (contt.), 
@@ 00 44° O° 

®_U .«o.nayee ee 
e@ 00 9 = 5S 

d is the fame multiple of SO sd 
@ . 

that is of Hi. cs = 
4 Next, let Jj: PAG 7 @: o¢’ 

and alfo a part of @ . = Pp ry & 

then @® hall be the fame part of 7 i 

Inverfely (B. 5.), - oi te > ee 

but is a part of : 
S| p ee 9 

that is, ea is a multiple of J ; 

*, by the preceding cafe, oe is the fame multiple of ae 

that is, @ is the fame part of o¢ 
o¢ 

that is of ® : See 
»*. If the firft be to the fecond, &c. 
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See | QUAL magnitudes have the fame ratio to the fame 

, REP) magnitude, and the fame has the Jame ratio to equal 

= a magnitudes. 

Let @ = @ and § any other magnitude; 

thn@® : 8B —@:BacB:@=B8 : @.- 

Becaufe @ = @., 

.M@=M @; 

.ifM @ C, mo A” ®, then 

M@co,=o7.778, 

and. @ : 0 — @:™ (B. 5. def. 5). 

From the foregoing reafoning it is evident that, 

ifa® CC, mor IM @, then 

o@t,mo IM & 

- —:@ —B : @ (EB. 5. def. 5). 

.°. Equal magnitudes, &c. 
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DEFINITION VII. 

Wuen of the equimultiples of four magnitudes (taken as in 

the fifth definition), the multiple of the firft is greater than 

that of the fecond, but the multiple of the third is not 

greater than the multiple of the fourth; then the firft is 

{aid to have to the fecond a greater ratio than the third 

magnitude has to the fourth: and, on the contrary, the 

third is faid to have to the fourth a lefs ratio than the firft 

has to the fecond. 

If, among the equimultiples of four magnitudes, com- 

pared as in the fifth definition, we fhould find 

©0000 C HENNE, 
$099 == ores VuGY,. or if we fhould 

find any particular multiple M’ of the firft and third, and 

a particular multiple m’ of the fecond and fourth, fuch, 

that M’ times the firft is [2 m’ times the fecond, but M’ 

times the third is not [2 m’ times the fourth, 7.e. == or 

~j 7’ times the fourth; then the firft is faid to have to 

the fecond a greater ratio than the third has to the fourth; 

or the third has to the fourth, under fuch circumftances, a 

lefs ratio than the firft has to the fecond: although {feveral 

other equimultiples may tend to fhow that the four mag- 

nitudes are proportionals. 

This definition will in future be expreffed thus :— 

IfM’ @ Cw OU, but M Bm=o J m @ , 

thn FY: OC HB: @. 

In the above general expreffion, M’ and m are to be 
confidered particular multiples, not like the multiples M 
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and m introduced in the fifth definition, which are in that 
definition confidered to be every pair of multiples that can 

be taken. It muft alfo be here obferved, that W, UO), BB, 
and the like fymbols are to be confidered merely the repre- 

fentatives of geometrical magnitudes. 
In a partial arithmetical way, this may be fet forth as 

follows : 

Let us take the four numbers, §, 7, 10, and 9. 

Firft. | Second. | Third. | Fourth. 

8 5 10 9 

16 14 20 18 
2 21 30 27 
; 28 40 36 

40 6) hg 45 
48 42 60 54 
56 49 7° 63 
64 56 80 eK? 
2 63 go 81 

50 7O 100 go 
RS a IIo 

g6 a 120 128 

IO gi 130 117 
ee 98 140 126 
ie. Sc. c's gleams Seams #22 

Among the above multiples we find 16 [2 14 and 20 

(— :8; that is, twice the firft is greater than twice the 

fecond, and twice the third is greater than twice the fourth; 

and 16 =] 21 and 20 Tj 27; that is, twice the firft is lefs 

than three times the fecond, and twice the third is lefs than 

three times the fourth; and among the fame multiples we 

can find 72 [- 56 and 99 L 72: that is, g times the firft 

is greater than 8 times the fecond, and 9g times the third is 

greater than 8 times the fourth. Many other equimul- 
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tiples might be selected, which would tend to fhow that 

the numbers 8, 7, 1©, 9, were proportionals, but they are 

not, for we can find a multiple of the firft [= a multiple of 

the fecond, but the fame multiple of the third that has been 

taken of the firft not [2 the fame multiple of the fourth 

which has been taken of the fecond; for inftance, g times 

the firft is [C 10 times the fecond, but g times the third is 

not [C 1o times the fourth, that is, 72 [2 70, but 90 

not LZ oo, or 8 times the firft we find [2 9 times the 

fecond, but 8 times the third is not greater than g times 

the fourth, that is, 64 [7 63, but 80 is not [= 81. When 

any fuch multiples as thefe can be found, the firft (8) is 
faid to have to the fecond (7) a greater ratio than the third 

(10) has to the fourth (9), and on the contrary the third 

(10) is faid to have to the fourth (9) a lefs ratio than the 

firft (§) has to the fecond (7). 
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os. we F unequal magnitudes the greater has a greater 
AN X ratio to the fame than the lefs has: and the fame 

WN qi magnitude has a greater ratio to the lefs than it 
LUeeetnaennee senna A as tot h e gr eater. 

A 

Let §§ and be two unequal magnitudes, 

and @ any other. 

A 
We fhall firft prove that §§ which is the greater of the 

two unequal magnitudes, hasa greater ratioto @ than, 

the lefs, has to @ ; 

A 

thatis, Bi: @C 7: @; 

take M’ a. m @,M' ©, and @; 

fuch, that M’ a and M’ §@ thall be each & @ 5 

alfo take m @ the leaft multiple of @, 

which will make / @ CM’ |) =M' @; 

SoM a isnot wm @, 

A 
but M’ @@ is(= 7’ @, for, 

as m' @ is the firft multiple which firft becomes [= M’, 

than (m' minus 1) @ or m @ minus @ isnot (= M’ #, 

and @ is not M’ a, 

. 2 @ minus @ -+- @ moft be 3 M' + M'a; 

A 
that is, m @ muft be =] M’ & ; 

A 
e 

, M is m @ ; but it has been fhown above that 

Z 



170 BOOK V. PROP. Fil. Taek 

M’ @ isnot(=m @, therefore, by the feventh definition, 

a has to @ a greater ratio than MM : @. 

Next we fhall prove that @ has a greater ratio to [J, the 

lefs, than it has to 3 ec uite prealer; 

A 

r@:8cC@:g. 

Take m @,M’ @&, m’ @, and M’ S. 
the fame as in the firft cafe, fuch, that 

M’ a and M’ § will be each [7 @ , and m @ the leat 

multiple of @ , which firft becomes greater 

than M’ — MW’ @. 

°, m @ minus @ is not M’ wy, 
and @ is not[l M' a; confequently 

m @ minus @ +o poem ts + Ma; 

A 

“. a @ is M’ @, and .*, by the feventh definition, 
A 

@ has to [i a greater ratio than @ has to gM. 

.°. Of unequal magnitudes, &c. 

The contrivance employed in this propofition for finding 

among the multiples taken, as in the fifth definition, a mul- 

tiple of the firft greater than the multiple of the fecond, but 

the fame multiple of the third which has been taken of the 

firft, not greater than the fame multiple of the fourth which 

has been taken of the fecond, may be illuftrated numerically 

as follows :— 

The number g has a greater ratio to7 than 8 has to7 : 
that-ts;9.:7- (E2837 301, 9 17a oy ; 
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The multiple of 1, which firft becomes greater than 4, 

is 8 times, therefore we may multiply the firft and third 

by 8, 9, 10, or any other greater number; in this cafe, let 

us multiply the firft and third by 8, and we have 64 < 8 
and 64: again, the firft multiple of 7 which becomes 

greater than 64 is 10 times; then, by multiplying the 

fecond and fourth by 10, we fhall have zo and 70 ; then, 

arranging thefe multiples, we have— 
8 times 10 times 8 times 10 times 
the first. the second. the third. the fourth. 

64 8 70 64 70 

Confequently 64 =} 8, or 72, is greater than7o, but °4 

is not greater than 7o, .*. by the feventh definition, g has a 

greater ratio to7 than © has to7. 

The above is merely illuftrative of the foregoing demon- 

{tration, for this property could be fhown of thefe or other 

numbers very readily in the following manner; becaufe, if 

an antecedent contains its confequent a greater number of 

times than another antecedent contains its confequent, or 

when a fraction is formed of an antecedent for the nu- 

merator, and its confequent for the denominator be greater 

than another fraction which is formed of another antece- 

dent for the numerator and its confequent for the denomi- 

nator, the ratio of the firft antecedent to its confequent is 

greater than the ratio of the laft antecedent to its confe- 

quent. 

Thus, the number g has a greater ratio to 7, than 8 has 
8 

for 2 is greater than =. to 7, 7 g 7 

Again, 17 : Ig is a greater ratio than 13: 15, becaufe 
Rime Fe 289d 18 ee 1S 1D es 247 ence it is ae pn Ie — 5] 

1 — 1950 a5 (68s ig igex ag - 285 
: Le Gilera es evident that sa, 18 greater than 3 .*. 7 Is greater than 
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13 

15” 
and, according to what has been above fhown, 17 has 

to Ig a greater ratio than 13 has to 15. 

So that the general terms upon which a greater, equal, 

or lefs ratio exifts are as follows :— 

nas be greater than = A is faid to have to B a greater 

; aot C 
ratio than C has to D; if = be equal to = then A has to 

B the fame ratio which C has to D; and ifs be lefs than 

= A is faid to have to B a lefs ratio than C has to D. 

The ftudent fhould underftand all up to this propofition 

perfectly before proceeding further, in order fully to com- 

prehend the following propofitions of this book. We there- 

fore ftrongly recommend the learner to commence again, 

and read up to this flowly, and carefully reafon at each ftep, 

as he proceeds, particularly guarding againft the mifchiev- 

ous fyftem of depending wholly on the memory. By fol- 

lowing thefe inftructions, he will find that the parts which 

ufually prefent confiderable difficulties will prefent no diffi- 

culties whatever, in profecuting the ftudy of this important 

book. 
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VERIAGNITUDES which have the fame ratio to the 

pf; Jame magnitude are equal to one another ; and 
; \ thofe to which the fame magnitude has the fame 

me] ratio are equal to one another. 

let @:::@ : §, then @ =@. 

For, if not, let & oe @> then will 

& -BC@: BC. s. pr. 8), 

which is abfurd according to the hypothefis. 

¥e @ is not (= @. 

In the fame manner it may be fhown, that 

@ sotl &» 

.@ =@. 

Again, let 9: @ :: MH: @, thnwill @ = @. 

For (invert.) @ : BH ::@: OW, 

therefore, by the firft cafe, & = @. 

°. Magnitudes which have the fame ratio, &c. 

This may be fhown otherwife, as follows :— 

Let A: B=A:C, then B = C;.- for, as the fraction 

~ = the fraction =; and the numerator of one equal to the 

numerator of the other, therefore the denominator of thefe 

fractions are equal, that is B = C. 

re 

Peete ee CTA, BS C. For, as = = |, 

anit C 
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SEPAUAT magnitude which has a greater ratio than 

: : another has unto the fame magnitude, ts the greater 

Niall of the two: and that magnitude to which the fame 

ase ae! has a greater ratio than it has unto another mag- 

ae as the le/s of the two. 

Let BY: BCO@: OB thrg_gc@. 

For if not, let . a | 

then, BW: HB —@ : B (B. 5. pr. 7) or 

@:M@23@: OW (Bs. 5. pr. 8) and (invert.), 

which is abfurd according to the hypothefis. 

o. @ is not = or T] @, and 

. B mut be CF ®. 

Again, let §:@ CH: wy, 

then, ® — eB. 

For if not, @ muft be CL or = | 

then §§: @ 2 OH: WH (8. 5. pr. 8) and (invert.) ; 

or MH: @ = WH: S (B.5. pr.7), whichis abfurd (hyp.); 

. @ isnt eC or=®, 

and .°. @ muft be TJ = : 

*, That magnitude which has, &c. 



peo). ROP AL THEOR: ie 

: y ATIOS that are the fame to the fame ratio, are the 

RANE] fame to each other. 

Let @: B= @: Wand @:@=::e, 

then will @ : HB = a:e. 

For if M & C,=,o # &, 

thnM @ C,=>,0rl ~ &, 

and ifM @C,=,or I”7@, 

then M & (=, $=, or-— J 0, (B. 5. def. 5); 

ae ifM @ =o 278, Ma Cl =, or Se, 

and .*, (B. 5. def. 5)@ :—f =a:e. 

.°. Ratios that are the fame, &c. 
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preagese any number of magnitudes be proportionals, as 

nie [X i) one of the antecedents 1s to its confequent, fo fhall 

NB) Wi al] the antecedents taken together be to ail the 

Let :@ —-U0:0=46:9=e«: A720; 

then will # :@ = 

M+HO+O+ete:@ +04 G+ r+0. 
Fo ifM@C~@,thnMOC~)O, 

adM @C2z@MelL-m Y; 

allo M.«, E> oe. 4B. s..def..5-) 

Therefore, if M J [2 m @, then will 

MB +MO+MO4+Me4Ma, 
o M (@ +O+ © + e+ 4) be greater 

thna @+zO+uw +2y7+~e, 

orm(@+tO+tS+r+e). 
In the fame way it may be fhown, if M times one of the 

antecedents be equal to or lefs than m times one of the con- 

fequents, M times all the antecedents taken together, will 
be equal to or lefs than m times all the confequents taken 
together. Therefore, by the fifth definition, as one of the 
antecedents is to its confequent, fo are all the antecedents 
taken together to all the confequents taken together. 

»*. If any number of magnitudes, &c. 
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pee the firft has to the fecond the fame ratio which 
4 rm) (S Sy the third has to the fourth, but the third to the 
Wy Vea fourth a greater ratio than the fifth has to the 
a: Jixth; the firft fhall alfa have to the fecond a greater 

ratio than the fifth to the fixth. 

Let BY: O—8:6,u@:6CO0:@, 

thn 8: O CSO: ®@. 

For, becaufe 9: © C2 ©: @, there are fome mul- 

tiples (M’ and m’) of J and O, and of © and @, 

fuch that MW’ HC’ ©, 

but M’ ~ not Em @, by the feventh definition. 

Let thefe multiples be taken, and take the fame multiples 

of @ and (). 

.. (B. 5. def. 5.)if MC, =, or S70; 

then will M’ (9, =, or 7 ©, 

but M’ CC ~’ © (conftruaion) ; 

~~ M@CzO; 

but M’ ~ is not [2 m @ (conftruction) ; 

and therefore by the feventh definition, 

¥:0CLO0:@. 

*, If the firft has to the fecond, &c. 
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peepee the jir/i has the fame ratio to the fecond which the 

a) (Sah) third has to the fourth ; then, if the firft be greater 
Ve than the third, the fecond /hall be greater than the 

~~ fourth; and if equal, equal ; and if lefs, le/s. 

Let @: Ge ™ : @, and firft fuppofe 

w C &, then wlOK $. 

Fo B®: OC @:O0 (B.5. pr. 8), and by the 

hypothefs, BW: O = MW: @; 

* B:@C BH: O 6. s. pr. 13), 
‘ Fa Grae ee. 

Secondly, let @ = |, then will U= $. 

For @:O=—B: OG. +. pr. 7), 

and BW: OQ= MN: > (hyp.); 
* B:O=—B: @ (8. s. pr. 11), 

And t keg oe & (Be Saebl Oe 

Thirdly, if WJ — MM, then will DO 3 @; 

becaufe # Bad: > — 27; 

* @C OU, by the firft cafe, 

that is; CZ] @. 

.. If the firft has the fame ratio, &c. 



BOOK V. PROP. XV. THEOR. 179 

Let @ and | be two magnitudes ; 

then, @: 8 ::M @:M @. 

For @: = @: 8 
=@:8 

=@:8 

*. ©: ::4 @: 4 WB. (Bs. s. pr. 12). 

And as the fame reafoning is generally applicable, we have 

@:7::M @:mM hh. 

.°. Magnitudes have the fame ratio, &c. 
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DEFINITION XIII. 

Tue technical term permutando, or alternando, by permu- 

tation or alternately, is ufed when there are four propor- 

tionals, and it is inferred that the firft has the fame ratio to 

the third which the fecond has to the fourth; or that the 

firft is to the third as the fecond is to the fourth: as is 

fhown in the following propofition :— 

Let @ 2: Oi: & 7, 

byes permutando” or **alternando”’ it is 

inferred @ : WH :: O: My. 

It may be neceflary here to remark that the magnitudes 

©, O. @, BW, mutt be homogeneous, that is, of the 

{ame nature or fimilitude of kind; we mutt therefore, in 

fuch cafes, compare lines with lines, furfaces with furfaces, 

folids with folids, &c. Hence the ftudent will readily 
perceive that a line and a furface, a furface and a folid, or 

other heterogenous magnitudes, can never ftand in the re- 
lation of antecedent and confequent. 
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Gy or F four magnitudes of the fame kind be proportionals, 
(S) ¥ ra) they are alfo proportionals when taken alternately. 

Le @:O:: i: @, thr: M::O-@- 

ForM @:MO):: ww: U (B.5. pr. 15), 

and M @:M Lj: Be: & (hyp;) and (B. 5. pr. 11); 

alfom Wim @:: we: * CBs 6. frets); 

* My:MO::~@ :m @& (B. 5. pr. 14), 

and .°. if M @l, =, or >] a, 

then willbM () {3 =, of & (is§- pt 14); 

therefore, by the fifth definition, 

yo: O:@. 

.°. If four magnitudes of the fame kind, &c. 
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DEFINITION XVI. 

Divipenvo, by divifion, when there are four proportionals, 

and it is inferred, that the excefs of the firft above the fecond 

is to the fecond, as the excefs of the third above the fourth, 

is to the fourth. 

LetA «Beet =D: 

by ‘‘dividendo ” it is inferred 

A minus B: B::C minus D: D. 

According to the above, A is fuppofed to be greater than 

B, and C greater than D; if this be not the cafe, but to 

have B greater than A, and D greater than Cc, B and D 
can be made to ftand as antecedents, and A andC as 

confequents, by ‘‘ invertion ” 

se er gee Be ee 

then, by “‘dividendo,” we infer 

B minus A :A :: D minusC :C. 
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of thefe, the remaining one of the firft two fhall have to the other 
the fame ratio which the remaining one of the laf? two has to the 
other of thefe. 

Let @+0:O0: 68+ ¢: @, 

then will W:O:: @: @. 

Take M $m U to each add MO, 

then we haveM W+MOC#~O+MO0, 

or M(V+O)C #+M)O: 

but becaufe B+ O:U:: 0 + @: @ (hyp.), 

and M (SW +O0)C(m+M)0; 

 M (+ @) Cc (+M)  (B. 5. def. 5); 

~MB+MOC~O4M 4; 
s, M@ com @, by taking M @ from both fides: 

that is, when M @ Com OU, thn M | Cm @. 

In the fame manner it may be proved, that if 

M @=o tym BP then will M 7 =or [J m @; 

and. B@:O :: MB: > (B. 5. def. 5). 

golf magnitudes taken jointly, &c. 
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DEFINITION XV. 

Tue term componendo, by compofition, is ufed when there 

are four proportionals; and it is inferred that the firft toge- 

ther with the fecond is to the fecond as the third together 

with the fourth is to the fourth. 

Leck = BESe Sb 

then, by the term ‘‘ componendo,” it is inferred that 

A+B: B::C +D:D. 

By ‘‘invertion” B and D may become the firft and third, 
A and © the fecond and fourth, as 

Ba f= DG, 

then, by “ componendo,” we infer that 

B4A:A::D+4-C:C. 
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ar magnitudes, taken feparately, be proportionals, 

Qy ayy) they Shall alfo be proportionals when taken jointly : 

BAY Nese| that 1s, if the firft be to the fecond as the third 1s 

ite] fo the fourth, the firft and fecond together shall be 

to the fecond as the third and fourth together ts to the fourth. 

Le @:U::: , 

then @+0:U0::7+ 4: @; 

for if not, let BW +O:U:: +6:@, 

fuppofing @ not = @; 

.~@9:0::@ : @ (B. 5. pr. 17); 

but 8:0 :: 1 : @ (hyp.); 

- @:@::@ : ©. 5. pr.11); 

“. @ = © (B. 5. pr. 9); 

which is contrary to the fuppofition ; 

. @ is not unequal to >; 

thatis @=— @; 

- 94+0:0:: 5 +46: ¢. 

.*. If magnitudes, taken feparately, &c. 



186 BOOK V. PROP. 2x; FHECR. 

en | @ whole magnitude be toa whole, as a magnitude 
ES . ‘ taken from the firft, is to a magnitude taken from 

Nerea| the other; the remainder Jhall be to the remainder, me] 2s the whole to the whole. 

Let +O: M+ 6: 6 my, 
then wil OO: @: @+0:H4+ @. 

For @+ U0: B:: + ©: By (alter), 

“ UO: B:: ©: BB (divid.), 

again () : @ :: WH : Be (alter.), 

but $+ OO: + O:: WO: hyp); 

therefore 0: @ :: B+ O:B+¢@ 

(B. 5. pr. 11). 

.*. Ifa whole magnitude be to a whole, &c. 

DEFINITION XVII. 

Tue term ‘“ convertendo,” by converfion, is made ufe of 
by geometricians, when there are four proportionals, and 
it is inferred, that the firft is to its excefs above the fecond, 
as the third is to its excefs above the fourth. See the fol- 
lowing propofition :— 
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cE F four magnitudes be proportionals, they are alfo 
y 3 p proportionals by converfion: that is, the firft is to 

} VES its excefs above the fecond, as the third to its ex- 
=f) cols above the fourth. 

Let @O:O:B@: $, 
then thal @O:@:: BO: @, 

Becaule@O: 0:8 6: 6; 

therefore @ :O:: 4B: © (divid.), 

“ O:@ 2: ©: EE (inver,), 

~@0:6 :: BO: (compo.). 

.. If four magnitudes, &c. 

DEFINITION XVIII. 

«Ex equali” (fc. diftantia), or ex quo, from equality of 

diftance: when there is any number of magnitudes more 

than two, and as many others, fuch that they are propor- 

tionals when taken two and two of each rank, and it is 

inferred that the firft is to the laft of the firft rank of mag- 

nitudes, as the firft is to the laft of the others: ‘of this 

there are the two following kinds, which arife from the 

different order in which the magnitudes are taken, two 

and two.” 
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DEFINITION XIX. 

‘Ex equali,” from equality. This term is ufed fimply by 

itfelf, when the firft magnitude is to the fecond of the firft 

rank, as the firft to the fecond of the other rank; and as 

the fecond is to the third of the firft rank, fo is the fecond 

to the third of the other; and fo on in order: and the in- 

ference is as mentioned in the preceding definition ; whence 

this is called ordinate proportion. It 1s demonftrated in 

Book 5. pr. 22. 

Thus, if there be two ranks of magnitudes, 

A; B,C, D, E; F, the rit rank, 

and L, M, N, O, P, Q, the fecond, 

fuch that"A-> B 2: Ib MB = 

CD: N0s-D Eo Se ee 

we infer by the term “ex equali” that 

jy aie esas ras be 



BOOK Vv. DEFINITION XX. 189 

DEFINITION XxX. 

“‘ Ex equali in proportione perturbata feu inordinata,” 

from equality in perturbate, or diforderly proportion. This 

term is ufed when the firft magnitude is to the fecond of 

the firft rank as the laft but one is to the laft of the fecond 

rank; and as the fecond is to the third of the firft rank, fo 

is the laft but two to the laft but one of the fecond rank : 

and as the third is to the fourth of the firft rank, fo is the 

third from the laft to the laft but two of the fecond rank ; 

and fo on in a crofs order: and the inference is inthe 18th 

definition. It is demonftrated in B. 5. pr. 23. 

Thus, if there be two ranks of magnitudes, 

Ass, CC, Di-B;£, the firt rank, 

and L, M, N, O,; P, Q, the fecond, 

fochtnat es 2: POC s+ 0 2 P, 

Mey oe td) ee ae eee fF tb: MoM: 

the term “ex equali in proportione perturbata feu inordi- 

nata” infers that 

Ao Biche. 
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SEE chere be three magnitudes, and other three, which, 

Ny) taken two and two, have the fame ratio; then, if 
WS 24) the firft be greater than the third, the fourth fhall 

SS greater than the fixth; and if equal, equal; 

and if lefs, lefs. 

Let BY, OC), @, be the firft three magnitudes, 

and @, ©, @, be the other three, 

fuch that BW: O :: @:O,and UO (-B::O:@.- 

Then, if & CC, =, or =) ®, then will * _ 

or =] @. 

From the hypothefis, by alternando, we have 

99 :0:0, 
ad{():©:: Bi: @; 

9: :: BB: @ (B. s. pr. ia}; 

“. if YC, =, or  ®, then will c=, 

or] @ (B. 5. pr. 14). 

-. If there be three magnitudes, &c. 
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pega’ there be three magnitudes, and other three which 

MG ie y have the fame ratio, taken two and two, but in a 

NS) ye? crofs order ; then if the firft magnitude be greater 

=i than the third, the fourth fhall be greater than the 

fixth; and if equal, equal; and of le/s, lefs. 

Let ©), @, @, be the firft three magnitudes, 

and @, &, @®, the other three, 

fuch that @ : @ :: © :@, and @: B:: @: ©. 

Then, if @ C-, =, or =) §, then 

will & C,= 2 @. 

Firft, let @ be = MM: 

then, becaufe @ is any other magnitude, 

~:@CB: @ (8.5. pr. 8); 

but >: @:: O: @ (hyp.); 

“O:@C HEH: @ (5. s- pr. 13); 

and becaufe @ : MH :: @ : © (hyp.); 

i BOnn MCar 

and it was fhown that (> : @ CH: @, 

~O:@C OC: (5. pr. 13); 
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~@234F:, 

thatis@ C @. 

Secondly, let @ = MH; then hall @ = @. 

For becaufe @ = @, 

©: @=H: @ (8. 5. pr. 7); 
bu B: @A=—C: @ (hyp), 

and i: @ = © : @ (hyp. and inv.), 

see @=O : @ (B. 5. pr. 11), 

“. & = @ (B. 5. pr. 9). 

Next, let @ be I] MM, then @ hall be @ ; 

for @ Cc ®, 

and it has been fhown that 9 : @=©: %, 

and @: 9 —6: os 

°. by the firft cafe @ isl @, 

that is @ J] @. 

.. If there be three, &c. 
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aS I there be any number of magnitudes, and as many 

my) & wy) others, which, taken two and two in order, have 

As the fame ratio; the firft fhall have to the laft of 
VN Re Jirft magnitudes the fame ratio which the firft 
ei the others has to the laft of the fame. 

N.B.— This is ufually cited by the words “ ex equalt,” or 

<< ox @equo.” 

Firft, let there be magnitudes @H , @, 7, 

and as many others @, ©, ©, 

fuch that 

UV :o::9:0:, 

ad@:B::O:@; 

then fhall @B: 9 ::@:@. 

Let thefe magnitudes, as well as any equimultiples 

whatever of the antecedents and confequents of the ratios, 

ftand as follows :— 

\ &, |e @; O> S, 

and 

M@.z~@NU.M O.720,NOQ, 

becaufe WH : @ :: & 5 

- Meixz@::M @ 27D (B. 5. p- 4) 

For the fame reafon 

m@e:NEB:7O:N@; 

and becaufe there are three magnitudes, 

Gog 
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M@Y,~@,NM, 
and other three, M @, ON ®@, 

which, taken two and two, have the fame ratio ; 

~f#Meo=oINne 

then will M @ 2, =, or ]N @, by (B. 5. pr. 20); 

and .°. @ : :: @ : @ (def. 5). 

194 

Next, let there be four magnitudes, @, @, e, & ; 

and other four, (>, @, mm, a, 

which, taken two and two, have the fame ratio, 

that is to fay, sm 3 @, 

@: :@:@, 

and :@ (mmf a, 

then thall @ : @::Q:a; 

for, becaufe @ , @, —, are three magnitudes, 

and >, @, =, other three, 

which, taken two and two, have the fame ratio; 

therefore, by the foregoing cafe, J :@ sie : 

but #9 :@ ::m:a; 

therefore again, by the firft cafe, @ : » ni ar 

and fo on, whatever the number of magnitudes be. 

.. If there be any number, &c, 
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tre een there be any number of magnitudes, and as many 

we i) others, which, taken two and two in a crofs order, 

mY we have the fame ratio; the firft fhall have to the laft 

oa of the firft magnitudes the fame ratio which the 

= of the others has to the laft of the fame. 

N.B.—This ts ufually cited by the words “ex equalt in 

proportione perturbata ;” or ‘‘ex aequo perturbato.” 

Firft, let there be three magnitudes, gy, Cc), @.- 

and other three, ®, O,®@> 

which, taken two and two in a crofs order, 

have the fame ratio; 

that is, BOO 3: O:@>, 

and() :@ :: @:O:, 

then thall @: §::@:@- 

Let thefe magnitudes and their refpective equimultiples 

be arranged as follows :— 

¥.0.8. 60 @, 

MOMO."ELM @"O."@, 
then B:C ::M BW: MOC (B. 5. pr. 15); 

and for the fame reafon 

OrOirmDH:7@; 

but BO 2d: @ (hyp.), 
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~ Me:MO::O:@ (B. 5. pr. 11); 

and becaufe () : fi :: @ : © (hyp.), 

“ MO im Eb: @: 70 (B. 5. pr. 4)5 
then, becaufe there are three magnitudes, 

M @,M UO,” @, 

and other three, M @,” ©, m @, 

which, taken two and two in a crofs order, have 

the fame ratio ; 

therefore, if M WH =, =, or I] m gs. 

then will M & or Se Fe 

and .°. Wp: BB :: @ : @ (B. 5. def. 5). 

Next, let there be four magnitudes, 

v.0.8. @, 
and other four, ©, e, m=, A, 

which, when taken two and two in a crofs order, have 

the fame ratio; namely, 

BV :U:: mc A, 

CD: OB :: @ : ms, 

and HH: 6::O0:@, 

then hall B: @::O: a. 

For, becaufe §, CO), @ are three magnitudes, 
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and @, ma, A, other three, 

which, taken two and two in a crofs order, have 

the fame ratio, 

therefore, by the firft cafe, W : @::@:a, 

bu MH: O::0:@, 

therefore again, by the firft cafe, JH: @::O: a; 

and fo on, whatever be the number of fuch magnitudes. 

.. If there be any number, &c. 
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PET the firf? has to the fecond the fame ratio which 

3) oD the third has to the fourth, and the fifth to the 

Weg) fecond the fame which the fixth has to the fourth, 

Tr firft and fifth together fhall have to the fecond 

the fame ratio which the third and fixth together have to the 

fourth. 

First. Second. Third. Fourth. 

Fifth. Sixth. 

@ & 

Let w:UO:: BB: ©, 

and :U:: @: @, 

thn W@+ 06:U:: 8+ @: ©. 

For O:U:: @: @ (hyp.), 

and (): W:: ®: GB (byp.) and (invert.), 

“ O: B:: @: E(B. +. pr. 22); 

and, becaufe thefe magnitudes are proportionals, they are 

proportionals when taken jointly, 

~~ F9+o:06:: @+ OB: @ (sz. s. pr. 18), 

but: UO :: @: @ (hyp.), 

“- F9+to:U:: O@+ HB: © (B. s. pr. 22). 

‘ott the ftitee, 
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on¥ RAE four magnitudes of the fame kind are propor- 

Wall tionals, the greateft and leaft of them together are 

gal greater than the other two together. 

Let four magnitudes, @ + UO, §§ + @ , UO, and @, 

of the fame kind, be proportionals, that is to fay, 

9tO:8+¢::0:4, 
and let @ + U) be the greateft of the four, and confe- 

quently by pr. A and 14 of Book 5, «> is the leaft; 

thawll we +O+6brO0@8+04+0; 

becaufew +O: 8+6::0: &, 

Be: B:e+O: B+ @ 6. s. pr. 19), 

bie +Oc B+ ® (hyp.), 

Fc @ (8. s. pr. A); 

to each of thefe add CF) + ©, 

~FtO+¢CB+O+ @. 

.. If four magnitudes, &c. 
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DEFINITION X. 

Wukn three magnitudes are proportionals, the firft is faid 

to have to the third the duplicate ratio of that which it has 

to the fecond. 

For example, if A, 5, C, be continued proportionals, 

that is, A: B:: B:C, Ais faid to have toC the dupli- 

cate ratio of A: B; 

A A 
or oS the {quare of = 

This property will be more readily feen of the quantities 
ner Saree lor ar Sar iar oe: 

oe a 

TO iy Fie die 

and — == 7* = the fquare of — =r, 
a ar 

or of ¢4,ar, ar; 

a“ I 24 I 

for — = = = the fquare of — =-. 
re aan "2 ee 

DEFINITION XI. 

WHEN four magnitudes are continual proportionals, the 

firft is faid to have to the fourth the triplicate ratio of that 

which it has to the fecond; and fo on, quadruplicate, &c. 

increafing the denomination ftill by unity, in any number 

of proportionals. 

For example, let A, ¥, C, D, be four continued propor- 

tionals, that is, A: B:: B: C:: C: D; Ais faid to have 

to D, the triplicate ratio of A to 2 ; 
A Mi A 

r= the cube Of = 
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This definition will be better underftood, and applied to 

a greater number of magnitudes than four that are con- 

tinued proportionals, as follows :— 

3 ° . 

Letar’,a** yar, 4, be four magnitudes in continued pro- 

portion, that is,ar® :ar* ::ar* tar ttar 34, 

ar Z ar 
then — == 7? = the cube of — =r. 

a ar 

Or, let a7’, ar*, ar’, ar’, ar, a, be fix magnitudes in pro- 

portion, that is 

AP? AP AT ae Or OT aT AF: a; 
y 

4 ca Te 

_ ar : 
then the ratio — =r? = 

a 

Or, let a, ar, ar’, ar’, ar*, be five magnitudes in continued 

I 
proportion; then es aoe = —= the fourth power of — =-. 

ar r eae 

DEFINITION A. 

To know a compound ratio :— 

When there are any number of magnitudes of the fame 

kind, the firft is faid to have to the laft of them the ratio 

compounded of the ratio which the firft has to the fecond, 

and of the ratio which the fecond has to the third, and of 

the ratio which the third has to the fourth; and fo on, unto 

the laft magnitude. 

For example, if A, B, isD; 

be four magnitudes of the fame A Be: dD 

kind, the firft A is faid to have to EFGHKL 

the laft D the ratio compounded MN | 

| of the ratio of A to B, and of the “——_———- - 

ratio of B to C, and of the ratio of C to D; or, ie ratio of 

DD 
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A to D is faid to be compounded of the ratios of A toB, 

B to C, and C to D. 

And if A has to B the fame ratio which E has to F, and 

B to C the fame ratio that G has to H, and C toD the 

fame that K has to L; then by this definition, A is said to 

have to 1) the ratio compounded of ratios which are the 

{ame with the ratiosof E to F, GtoH, and K toL. And 

the fame thing is to be underftood when it is more briefly 

exprefled by faying, A has to D the ratio compounded of 

the ratios of E to F, G to H, and K to L. 

In like manner, the fame things being fuppofed; if Vi 

has to N the fame ratio which A has to D, then for fhort- 

nefs fake, )/ is faid to have to N the ratio compounded of 

the ratios of E to F, G to H, and K to L. 

This definition may be better underftood from an arith- 

metical or algebraical illuftration ; for, in fact, a ratio com- 

pounded of feveral other ratios, is nothing more than a 

ratio which has for its antecedent the continued produét of 

all the antecedents of the ratios compounded, and for its 

confequent the continued product of all the confequents of 

the ratios compounded. 

Thus, the ratio compounded of the ratios of 

2 Send Ge O11 eG, 

isthe ratio of 2. 4% 6 Xe o MF Rn he, 
or the ratio of 96 : 1155, or 32 : 385. 

And of the magnitudes A, B, C, D, E, F, of the fame 
kind, A : F is the ratio compounded of the ratios of 

A= B, Bo: GC 35D) -De e 

for A X BX CX D #8 BC Dy Ee. 

ALM BOS OS DE A 
or EXCKX DX EXE rn Pp or the ratio of A : F, 
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=) ATIOS which are compounded of the fame ratios 
SS < are the fame to one another. 

Then the ratio which is compounded of the ratios of 

A.B, B: C,-CD, D:: &,. orthe ratio of “A: E, is the 

fame as the ratio compounded of the ratios of F: G, 

G:H, H:K, K:L, or the ratio of F: L. 

For 
“ 

“e 

we 

wee 

Opa lA ALE Ma O17 

and 

9 ml VIO Ol &]> AXBXCX 

~ BRGKRD KS ty xX 609 19) 

A 

E rt] sy 
and ;*. 

or the ratio of A: & is the fame as the ratio of F: L. 

The fame may be demonftrated of any number of ratios 

fo circumftanced. 

Next, let A: B:: K:L, 

Bo a KK 

ee A Py 
eee Es G. 
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Then the ratio which is compounded of the ratios of 

A= Ry BoC, CED, DE, eae ratio of A: E, is the 

fame as the ratio compounded of the ratios of K: bi K, 

G:H, F:G., or the ratio of F :L. 

7 ° 5 lI w 

“ 

rab) ie] Q. 
HIS GIO Ole Ble Ol= mia wu cir 

~ EES MD K 

oe eS ce 

We eaate 
ease 

and .*; 

cr the ratio of A: F is the fame as the ratio of F: L. 

e°s Ratios which are compounded, &c. 
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Ue ee Jeveral ratios be the fame to feveral ratios, each 
© K ) to each, the ratio which is compounded of ratios 
aN VE @| which are the fame to the firft ratios, each to each, 
Shoal Shall be the fame to the ratio compounded of ratios 
which are the fame to the other ratios, each to each. 

| ABCDEFGH Peale > FE 

Cy MES Bly a Ms ee Vw & 7-2 
ee ee ee a ee Se et ee eee SO es ee eee 

WA: Bs: e224 andATBs: P:Q1a:6:: V: W 

erly thr i. CO 4S eds WX 

| Ped Cubs em ated dl ADs Rie Hes Poa aes wera. Geer 

and G2 Hs 3h Goals iromcc mss! RN he cae ean Gags’ A 

iene. . Sy Zz. 

pie nin cecialy ; Si Oe oe: ae ef 

ae ee oe 
Qa Ce es oat W 
Meee ion a 

cigs Sey a es Sars 
Bt een -sa7 f° Sar 

Bor c Lae. ee 

Ge EXORRM Stas VW MANY 
ce Os TO WX YX SZ? 

Vv 
and .*, = > 

I 
T 

Son ys 

-*. If feveral ratios, &c. 
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sme) Fa ratio which is compounded of feveral rattos be 

A fe the fame to a ratio which is compounded of Jeveral 

4) ye other ratios ; and if one of the firft ratios, or the 

Steel oi, which is compounded of feveral of them, be 

the fame to one of the laft rattos, or to the ratio which 1s com- 

pounded of feveral of them ; then the remaining ratio of the firft, 

or, if there be more than one, the ratio compounded of the re- 

maining ratios, fhall be the fame to the remaining ratio of the 

lajt, or, tf there be more than one, to the ratio compounded of thefe 

remaining ratios. 

ee ee 
ABCDEFGH 

Pp. Ose x 

Let4:B, BC ):C =D. Po 

be the firit ratios, and P: Q, Q: Ry RiS, 5 2 f, iia 

the other ratios; alfo, let A : H, which is compounded of 

the firft ratios, be the fame as the ratio of P : X, which is 

the ratio compounded of the other ratios; and, let the 

ratio of A : E, which is compounded of the ratios of A: B, 

B:C, C:D, D:E, be the faine as the rater FSR 

which is compounded of the ratios P: Q, Q:R. 

Then the ratio which is compounded of the remaining 
firft ratios, that is, the ratio compounded of the ratios 
E:F, F:G, G:H, that is; the tatoo of & - Hy thal be 

the fame as the ratio of R: X, which is compounded of 
the ratios of -R«S, SsT) PF Skeeae remaining other 

ratios. 
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qe SBA CKD EX 
Pee Men OS RR? 

(ante eG 
per ee ee a eT KOR” 

: eka 
OTe ek 

te ie ee 

«*. Ifa ratio which, &c. 
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EF there be any number of ratios, and any number of 

Res) (SW other ratios, fuch that the ratio which 1s com- 

) ye pounded of ratios, which are the fame to the firft 

welll ratios, each to each, is the fame to the ratio which 

is compounded of ratios, which are the fame, each to each, to 

the laft ratios—and if one of the firft ratios, or the ratio which 

is compounded of ratios, which are the fame to feveral of the 

Jirft ratios, each to each, be the fame to one of the laft ratios, 

or to the ratio which is compounded of ratios, which are the 

Jame, each to each, to feveral of the laft ratios—then the re- 

maining ratio of the firft; or, if there be more than one, the 

ratio which 1s compounded of ratios, which are the fame, each 

to each, to the remaining ratios of the firft, fhall be the fame 

to the remaining ratio of the laft; or, if there be more than 

one, to the ratio which is compounded of ratios, which are the 

Jame, each to each, to thefe remaining ratios. 

| 

| | 
: hy ok mens | 

| AB) CD, EF, GH, KL,MN, w¢ewous | 
EPS Bs 66 eV Wey, hkimnp 

abcd é ise 

| 
or cased 

Let A: B, C:D, E: F, G:H,. Ki: bb, Meee 
firft ratios, and O<P, QGR, Sal, V-W. eee ee 
other ratios ; 

and let A: B = a:4, 

Ct oe ie 

IS 2 ee ae 

GH ae, 

Ket tae 

MN af 
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Then, by the definition of a compound ratio, the ratio 
Of 4 :g 18 compounded of the ratios of ¢:4,4cc¢.c¢ idsd tes 
eifs fig» which are the fame as the ratioof A: B, C:D, 
BE: F, G:H, K=L, M:N, each to each. 

BO oP ee, 

Qo. Roa ed, 

lis. a i ae 

Vo WW os ee, 

» CSD Ge 

Then will the ratio of 4:p be the ratio compounded of 

the ratios of 4:4, 4:/, lim, m:n, n:p, which are the 

Pate as the ratios of O::P, Q:R, $:T, V :W, X:Y, 

each to each. 

-*. by the hypothefis g:5 = A:p. 

Alfo, let the ratio which is compounded of the ratios of 

A:B, C:D, two of the firft ratios (or the ratios of gic, 

tor A:B => z:/, and C:D ==+#:-), be the fame as the 

ratio of a:d, which is compounded of the ratios of a:b, 

b-=c, c:d, which are the fameas_the ratios of O :P, 

Q:R, §:T, three of the other ratios. 

And let the ratios of h:s, which is compounded of the 

ratios of h:k; k:m, m:n, n:s, which are the fame as 

the remaining firft ratios, namely, E:F, G:H, K:L, 

M:N; alfo, let the ratio of e: g, be that which is com- 

pounded of the ratios e: f, f: g, which are the fame, each 

to each, to the remaining other ratios, namely, \ :\V, 

“w:¥. Then the ratio of h:s fhall be the fame as the 

fatto OF ec: 2; orh:s = eg. 

For AXOXEXGXKXM — aXbXeXdXeXS 
a en ME XXL RN GX KBR EXS XQ’ 

EE 
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and OX Qk SHV ss AXkX1lXmXn 

PX RX TX WX Y 7 AXEXmXK nm Xp’ 

by the compofition of the ratios ; 

6 @KXbXexdXeXf gm HKAIKI AOA (hyp.) 

ECE AOE KFS kAXlXmXnXp 

Or «Xb CEE £ gen” ek et fe 

ea ikXexX fre bem n Xp’ 

bur 7 Ao ee AKC Ox Ox 6 RK eee 
& Xe BXD PX RX T- —bxXexXe” bee 

eee Pe we 
er dt en ee ee, we 

At oXd XeXf — hxk XmXn 

d axaxfrxs k am Xa Ss (hyp.), P 

e’. If there be any number, &c. 

*," Algebraical and Arithmetical expositions of the Fifth Book of Euclid are given in 
Byrne’s Doctrine of Proportion; published by WrLitaMs and Co. London. 1841. 



See Re Res Bae 
BEC ee Came oe 

BOOK VI. 

DEFINITIONS. 

& 
I. 

mpm) ECTILINEAR 
g figures are faid to 

be fimilar, when 

they have their fe- 

veral angles equal, each toeach, 

and the fides about the equal y 4 

angles proportional. 

LL. 

Two fides of one figure are faid to be reciprocally propor- 

tional to two fides of another figure when one of the fides 

of the firft is to the fecond, as the remaining fide of the 

fecond is to the remaining fide of the firft. 

Ti) 

A STRAIGHT line is faid to be cut in extreme and mean 

ratio, when the whole is to the greater fegment, as the 

greater fegment is to the lefs. 

IV. 

Tue altitude of any figure is the straight line drawn from 

its vertex perpendicular to its bafe, or the bafe produced. 
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e=—paRIANGLES 

4 35 and parallelo- 

f| crams having the 

ae ns fame altitude are 

to one another as their bafes. 

Let the triangles | and \ 

have a common vertex, and 

their bafes ==a—_=—<< and === 

in the fame ftraight line. 

Produce both ways, take fucceffively on 

== produced lines equal to it; and on pro- 

duced lines succeffively equal to it; and draw lines from 

the common vertex to their extremities. 

The triangles thus formed are all equal 

to one another, fince their bafes are equal. (B. 1. pr. 38.) 

and its bafe are refpectively equi- 

multiples of and the bafe ===sem=. 



BOGEVI. PROP. I. THEOR. (aie, 

In like manner and its bafe are refpec- 

tively equimultiples of anaane baic <=, 

. Ifmor6times M Co = or DT) or 5 times 

then m or 6 times =e [= == or 7] 7 Or 5 times women , 

m and a ftand for every multiple taken as in the fifth 

definition of the Fifth Book. Although we have only 

fhown that this property exifts when m equal 6, and x 

equal 5, yet it is evident that the property holds good for 

every multiple value that may be given to m, and to 2. 

ae i \ Spor s — (B. s. def. 5.) 

Parallelograms having the fame altitude are the doubles 

of the triangles, on their bafes, and are proportional to 

them (Part 1), and hence their doubles, the parallelograms, 

are as their bafes. (B. 5. pr. 15.) 

el. 0 
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b ‘ 
'¢ - 
: ‘ e bs % - 

is r4 * peme a flraight line 
$ ¢ * 4 ¥ AA Hate 

a f *% Rete) apg) 2 drawn parallel to any 
' * Ep Va z. y & 

, : yy NG fide PP rir ryt 1) of a tri- 

. Pied) 70/0, it /hall cut the other 

ye he or thofe fides produced, into pro- 

*, portional fegments. 

And if any firaight line 

divide the fides of a triangle, or thofe 

fides produced, into proportional feg- 

ments, it 1s parallel to the remaining 
fide omneBauEEEE 

Set ts SS Ui Be Oe oe Be Be Rew 

PART 1. 

Let __: {| snommanse, then fhall 

Draw and A, 

and rr — =a (Boi. pre orie 

. tore aa SCSRSENKEReS © TERRA Eee 

(aot pre aie 
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Gy 

PART “II. 

Let SRIRAM, ~ WG Ve te We OO < oC ee eee fA 

then SS {| 1 a oes se Os 2D oe 

Let the fame conftruction remain, 

fe : 

becaufe meer 2 mms wm wane SS rg : 5 : 

o* 

os B. 6 
- ( is iG 

PET YCL eet np si we $ Smuscesmmee $8 % : saa 

but Ssenemosecimmaasciconice © RO OR DA OH hd $ ceneeeaee 3 sauce (hyp.), 

e 
a 

e eo 

PE Raksha’ all 

a? 

a* 
- 

a? 
a 

ees 

a% 

Ree* 
® 

"S288 5 

> 

a? 
¢ (Bait. pr 11.) 

but they are on the fame bafe aansnanu1 . and at the 

fame fide of it, and 

ae ——— {| Sun enee ee (B. | pr. 2tf) 

Q. E. D. 
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Sa RIGHT dine ( ) 

cy. 403 i" bifecting the angle of a 
G Vel 3): triangle, divides the op- 

WES) pofite fide into fegments 
g saeeemn=) proportional ( 

to the conterminous fides ( ummemanan , 

2 

And if a firaight line (: ) 

drawn from any angle of a triangle 

; divide the oppofite fide (——asss=ss ) 

ee, into fegments ( 

proportional to the conterminous fides (—mememmas 5 nsw )y 

it bifects the angle. 

ee 

PART I. 

Draw wansemunn {| « fO MCEl eanuasn ses g 

then, r | — | (B. 1. pr. 29), 

ba i baV FU ad 
a te tt ee (B. J. pr. Oy: 

and becaufe sss [| <tameeenmes 

(Be cOpr 2 hs 

but seassecstes == cmcocomammiarnonmn g 

CB. §: pre 
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PART I. 

Let the fame conftrution remain, 

and * eunumudaids 

(DB. On -pt. 2) ; 

DUt —mnssmmemm PE ee (hyp.) 

(Beccrpr. 11 

and eo THEM ERE (Bectee pe. pF 

oe dq - 7 br Dre) but fine 

ee |) N - ¥ 
and 4d = @ (Baste pe. 20); 

d - q and d - b. 

bifects ry 

Q.E.D. 

antics’. 
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Pa 
e 

.? 
¢ Ps ¢ 

€ e 
of é 

Ps o's 
ye ¢ * 

¢ ig ey 
é . 

Pe ‘ 
r + 

PROP. THEO. 

angles ( aN 
aitiemumis) the fides 

about the equal angles are pro- 

portional, and the fides which are 

oppofite to the equal angles are 

homologous. 

Let the equiangular triangles be fo placed that two fides 

—aaan, meee ODDOfite to equal angles “es and 

LOS may be conterminous, and in the fame ftraight line; 

and that the triangles lying at the fame fide of that ftraight 

line, may have the equal angles not conterminous, 

i. €. y oppofite to MA i: a to Ad. 

Draw 5D GO WW A Bw oR Pw and . Then, becaufe 

A = A. ns || mmerrerree (B.1. pr. 28); 

and for a like reafon, cexamssam: || mmm = on00e= 
9 

° Me oo 

But aeeanseeen $$ <Geeeeeees ¢ 

(5.6. pi. 238 
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and fince — (Bits pr. 34); 

‘SRE “ exrtesumann =o pt ihc eR RARER, 7 Caisssemmss 5 and by 

alternation, —! 

(D255. tr. 10). 

SSe4352 552 5 eusrme ot me oe oe 

In like manner it may be fhown, that 

: Be Sta asase ; = e NG TSIER BORED 4 

and by alternation, that 

$$ smusessess@ © emmumsnnus ¢ 
9 

but it has been already proved that 

a |! Ce) CURRBGM ERROR S (Hen E eee wee P 

and therefore, ex equali, 

(eae pr. 22), 

therefore the fides about the equal angles are proportional, 

and thofe which are oppofite to the equal angles 

are homologous. 

Q. E. D. 
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perma two triangles have their fides propor- 

tional ( =snemm nam So saeeesse 

cS ene =f ) and 

( <mecsmereene $ =eeEe seen 

$ mmmmees ) they are equiangular, 

and the equal angles are fubtended by the homolo- 

, gous fides. 

& From the extremities Of —, draw 

a ee and ed a making 

VA. 
WV == r | (21. prea 

and confequently \ 4 — 4 LB. tpi 

and fince the triangles are equiangular, 

but S0RnRe ene Se ee C° 8 ‘memmemEUE © (hyp.); 

In the like manner it may be fhown that 
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Therefore, the two triangles having a common bafe 

, and their fides equal, have alfo equal angles op- 

pofite to equal fides, i. e. 

A -V and f\ = . Lapis). 

But —— A (contt. ) 

and —=.%. A ns y *¥ for the fame 

reafon f\ 4A and 

confequently rN — y | (Bat e392) 

and therefore the triangles are equiangular, and it is evi- 

dent that the homologous fides fubtend the equal angles. 

Geb D. 



PLOSED BOOKS T. PAVE. THEOR. 

>. 
F ¢wo triangles ( 

ieeeneuth 

ON ZX ) have one 

4 

3 ? 

angle a \ ) of the one, equal to one 
¢ 8 

— 
@ Pye . 

# ¢ 
g 
& ao 

angle ( f\ of the other, and the fides 

about the equal angles proportional, the 

triangles fhall be equiangular, and have 

thofe angles equal which the homologous 

fides fubtend. 

From the extremities of ——__—_, one of the fides 

of Pea , about ay draw 

cummmummemes Aall(l eonmseneesiss: » making 

(B. 1. pr. 32), and two triangles being equiangular, 

VW. | y + then @ — 4 

ce (fe eeeeeeees 3 eee 

(Bo 6. prays 

Dut sesemessvenm FOS Ammaneeteee Sf ee > ce (hyp) ; 

(Bae. prea 

and confequently ««««es:ss« 
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é 
fo ae ars LS in every refpect. 

(Bit pre 43s 

But . = y (conft.), 

and .*, LN oem MA: and 

fince mn LA = A. 

Z\ see 4 EO.eit pina); 

+% of 
* e . 

Adee and are equiangular, with 

their equal angles oppofite to homologous fides. 

Q.E.D. 
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pragma F two triangles ( and 

s a ; 4 

4 yi 
os is | 

wea DAs ) have one angle in 

each equal << equal to é \, the 

fides about two other angles proportional 
© suum SS recsencs ° tonnes ) — : > 

and each of the remaining angles ( | 

and Ja ) either le[s or not lefs than a 

right angle, the triangles are equiangular, and thofe angles 

are equal about which the fides are proportional. 

Firft let it be afflumed that the angles y and L& 

are each lefs than a right angle: then if it be fuppofed 

that L and a contained by the proportional fides, 

are not equal, let L be the greater, and make 

a 

Becaufe y | a a (hyp.), and aA = rl (conft.) 

ee a saa L& (Bicr pra 



Pee Lo PROP SIAL OT REOR. 22% 

(B. 6. pr. 4), 
but ae § EE =e Pe ete | = > ‘eweenwene (hyp.) 

a 9 a io so |S sree ene” 

oo eee ewww (B.S. pr. 9), 

oe & 05.1. or. 5). 

But & is lefs than a right angle (hyp.) 

oe & is lefs than a right angle; and , a mutt 

be greater than a right angle (B. 1. pr. 13), bat it has been 

proved = A and therefore lefs than a right angle, 

which is abfurd. .°, 4 and aN are not unequal ; 

.°. they are equal, and fince 4 = uN (hyp.) 

he — aA (B. 1. pr. 32), and therefore the tri- 

angles are equiangular. 

But if le and A be affumed to be each not lefs 

than a right angle, it may be proved as before, that the 

triangles are equiangular, and have the fides about the 

equal angles proportional. (B. 6. pr. 4). 

oe Dag BE 

GG 
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qm) Na right angled 

triangle 

a perpendicular ( ) 

be drawn from the right angle 

to the oppofite fide, the triangles 

( yr ; N \ on each fide of it are fimilar to the whole 

triangle and to each other. 

Becaufe q - G : B. 1. ax; 21); ge 

| common to a... : a. 

Lr as < CD. LOpre 32) 

yy and ia are equiangular; and 

confequently have their fides about the equal angles pro- 

portional (B. 6. pr. 4), and are therefore fimilar (B. 6. 

def.-1). 

In like manner it may be proved that N is fimilar to 

» ‘ ; but a has been fhewn to be fimilar 

- ch a and X are 
fimilar to the whole and to each other. 

EoD. 
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Gee ROM a given firaight line (-™"""*) 

2 to cut off any required part. 

From either extremity of the 

given line draw -osmevseseners making any 

angle with «mmmsews= ¢ and produce 

wmemeserss: till the whole produced line 

amummsormess CONtaINS === as often as 

SRS eee eee ee eo 

> 

<_m_ewweane contains the required part. 

Draw and draw 2 

is the required part of ———===<«=-, 

For fince i {| RARER BE 

(B. 6. pr. 2), and by compofition (B. 5. pr. 18); 

A Stee | S| See Pion LD BB a aw oe ° —— 

but sms ssese= CONtAINS "=== aco often 

2S ommueenerees contains the required part (contt.) ; 

, _«—#_««e~= if the required part. 

Q. E. D. 
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BreAO divide a firaight 

RE ine ( 
Nr se fimilarly to a 

one given divided line 

(——_—— ). 

——) 

From either extremity of 

the given line ———-——-— 

draw CL ee 

making any angle; take 

ererrtriy yt) qe and 

RS Seen I" SPQREWLA wes equal (O Sse | 

and ——_um=me refpectively (B.1. pr. 2); 

draw ———. , and draw ==sesesss and 

ES RTANEES {| to he 

Since { sxuneears \ are |]. 

(B.Gpr. 2) 

or ° °° ammnamess $ (conft.), 

and 

(conft.), 

————-enn 1S divided and ,*, the given line 

fimilarly {OQ Sameer oem 

Q.E. D. 
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(17/1 mmm ) 

a 
& 

r 
to two given ftraight lines : 

; : 8 
g 

a & 
& 
& 
& 
& 
§ 
& 
& 
a 
& 
& 
& 
& 
& 
& 
& 

line Gowen creme once rey draw 

making an angle; take 

oe i ee te prea Sereno G, and 

draW emma $ 

Make enema Sy 

and draw ermmemenme [| —amemmmme § 

(Ber. pr--31) 

—————-_is the third proportional 

to eS agg ee ee 

For fine mmmmmeenee [| snmennmanroe 

(5B. OG pr.-2}'; 

but 

(B. 5. pr. 7) 

Q.E. D. 
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pee O find a fourth pro- 
BS portional to three 

given lines 

<=} 
Draw 

and —'m__mmn making any angle ; 

take aes SS ag aes 

? 

{0 — <= semmowreres | 

draw > 

and eum ma aaa {| 

Rovee e  ae ce 

wee is the fourth proportional. 

On account of the parallels, 

(Be Greek: 

bee (SEE) = {SS} (ont 
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Se Re|O find a mean propor- 

ad BAe) tional between two given 
Ae we ftraight lines 

[ cteneneemammnneenen y 

Draw any ftraight line -mmmmmee , li 

make RGAE: Geen eS a ey Pa 

and emu SS eiseens bifect 
and from the point of bifection as a centre, and half the 

line as a radius, defcribe a femicircle hae : 

draw aS = i Pe 

is the mean proportional required. 

and <P em Draw 

Since & is a right angle (B. 3. pr. 31), 

and ome iS | from it upon the oppofite fide, 

o 0 me §81S 2 mean proportional between 

SORA and PRR SRAIRT AR (B. ‘oo pr. 8), 

and .°, between =s=snemm= and «s*=men (contt.). 

OstieD 
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L 

HQUAL parallelograms 

which have one angle in each equal, 

have the fides about the equal angles 

reciprocally proportional 

(—— $ — slo > —). 

II. 

And parallelograms which have one angle in each equal, 

and the fides about them reciprocally proportional, are equal. 

Let 

and ssomememns be fo placed that  <se---ss1, 

» and 4 

And ——._/—€- may be continued right lines. It is evi- 

dent that they may affume this pofition. (B. 1. prs. 13, 14, 

15+) 

Soe 

Since a X\ 
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(B42 0t1,) 

The fame conftru@tion remaining : 



234 BOOK VI. PROP. XV. THEOR. 

I. 

MAQUAL triangles, which have 

| one angle in each equal 

), Aave the 

proportional 

( comecon $ Se $3 mommmm $ commen ) 

i. 

And two triangles which have an angle of the one equal to 

an angle of the other, and the fides about the equal angles reci- 
procally proportional, are equal. 

ie 

Let the triangles be fo placed that the equal angles 

& and & may be vertically oppofite, that is to fay, 

fo that mmemmse and ome may be in the fame 

{traight line. Whence alfo —mmmee 20d umes muft 

be in the fame ftraight line. (B. 1. pr. 14.) 

Draw allele) then 
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(Biot abrelin) 

Hl. 

Let the fame conftruction remain, and 
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PARA i, 

poem four iraight lines be proportional 

»Y ( © RONNIE Se os ox at OS 3} samncnman), 

x omeeeee ) contained 

Nae, the rectangle ( 
SF by the extremes, is equal to the rectangle 

| saree xX on ee it ts Oe ) contained by the Means. 

PAR. If, 

And if the reét- 

angle contained by 

the extremes be equal 

to the rectangle con- 

tained by the means, 

the four ftraight lines 

Teter ir ttetr yy tts. are proportional. 

ARRSTEUS RE ee 

PART od, 

From the extremities of sees: and —_—mummes draw 

and 

and <«saasueem refpectively : complete the parallelograms 

And fince, 

mmm 8 © Ceeesspeses © smeneemen (hyp ) 
e . yh 

aa to them and S «8§ S055 eee ee 

eee (contt.) 

ay! — (B. 6. pr. 14), 
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that is, the rectangle contained by the extremes, equal to 
the rectangle contained by the means. 

PART “IE, 

Let the fame conftruction remain; becaufe 

SQRSSnoae = — 

and ELDER mast. cee TES mee oe 

Dit Secs ae AGGiseges we 
by 

2d <i << aseeens (contt.) 

(og ae 

6. 2.. 
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PART I 

RE three flraight lines Ht Pog ia fe ye portional (comme mame 
co ENE S nae the 

eat Rec rectangle under the extremes 

is equal to the fquare of the mean. 

PART II. 

And if the reétangle under the ex- 

tremes be equal to the /quare of the mean, 

the three firaight lines are proportional. 

then i paid SRS . errr vend 

Of SS memes; therefore, if the three {traight lines are 

proportional, the rectangle contained by the extremes is 
equal to the fquare of the mean. 

PART II. 

Affume 

GRE e ® 
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wR N a given ftraight line | ——_—_—) 
s 4 to conftruét a rectilinear figure 

& mealal fimilar to a given one ( =~ ) 

and fimilarly placed. 

Refolve the given figure into triangles by 

drawing the lines ~------- and: mansaneae 5 

At the extremities of ammmemmmee make 

a — mr ad De -\¥ 

again at the extremities Of —eemmem_=e make > — WwW 

and 4 = €\: in like manner make 

. = \ ¥ and » sme ». 

Then > is fimilar to »> 

It is evident from the conftruétion and ( aes that 

the figures are equiangular; and fince the . 

>» and > * equiangular; thenby(B.6. pr. 4), 

ee ¢ 
ee 8s Ogg 6 SSSR ER ESR 

ET =—o ee e and 
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Again, becauie » | and » | are equiangular, 

a 9 649059903213 © REE © 
s@ . 

.. ex equali, 

ee 
ee 

(RB, 6.° pri 22.) 

In like manner it may be fhown that the remaining fides 

of the two figures are proportional. 

.'. by (B. 6. def. 1.) 

and fimilarly fituated ; and on the given line 

OQ: baw 
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we eT MILAR ¢rian- 

a A 

\ are to one and 

another in the duplicate ratio 

of thetr homologous fides. 

Let ix and A be equal angles, and «sen» mms 

and ctm=s\9|~ homologous fides of the fimilar triangles 

<. A and ON «#:1—_d: the greater 

of thefe lines take ss=sess a third proportional, fo that 

DeRi i eee >. AAT —<. ea : SUGHEAGEAe 6 

draw SassCOe Nees . 

(B. 6. pr. 4); 

e e died eiiegeonmioacssnattomsmuss = © [ee LEELEIELOTENG LIEBE oo «22D . ee Ps 

(Bes. pre 16;:alt-), 

. amaemmne § ¢ RCLLETETLD Ccccusae (conit.), but SOUR eR ata 

3 Seems § esssese $5 Oe . 0 confe- 

I I 
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quently A = 4 for they have the fides about 

the equal angles A and A reciprocally proportional 

(B. 6. pr. 15); 

B. 5 pr. 7); 

(B. 6. pr. 1), 

AAS 
that is to fay, the triangles are to one another in the dupli- 

cate ratio of their homologous fides 

ommmcmee 20 ssurmemmmmmm (B. 5. def. 11). 

Q. E. D. 
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Rare VIILAR poly 
| est cals gons may be di- 

) Sy : vided into the 
Ge ON: Ss] fume number of 

fimilar triangles, each fimilar 

pair of which are propor- 

tional to the polygons; and 

the polygons are to each other 

in the duplicate ratio of their 

homologous fides. 

Draw ——__ and 

oavrecismen and 

aNd  saeenenene » refolving 

the polygons into triangles. 

Then becaufe the polygons 

are fimilar, a-a@ 

ANd amen Sees eesewes 

ae FF  &e fimilar, and “ a 

(B. 6. pr. 6); 

but _ — se becaufe they are angles of fimilar poly- 

gons; therefore the remainders A and y ‘ are equal ; 

hence halal allele . Sree e meee is a os ot os om men : 2290089088 

on account of the fimilar triangles, 



on account of the fimilar polygons, 

. enianetane ge err tt) tt “ ; 

ex equali (B. 5. pr. 22), and as thefe proportional fides 

contain equal angles, the od > 

are fimilar (B. 6. pr. 6). 

In like manner it may be fhown that the 

triangles V and Vv are fimilar. 

y A is to yr in the duplicate ratio of 

'eueeemees [0 weeuseeese = (B. 6. pr. 19), and 

SD is Lp in like manner, in the duplicate 

ratio of eaumworeuese (QO <*emenamae 

oe > 
Again * is to | in the duplicate ratio of 

ammeenD  ee , oA is to V : 
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the duplicate ratio of to 

all al 
e 
7 

and as one of the antecedents is to one of the confequents, 

fo is the fum of all the antecedents to the fum of all the 

confequents ; that is to fay, the fimilar triangles have to one 

another the fame ratio as the polygons (B. 5. pr. 12). 

But ag | is to v0 af in the te ratio of 

~ 3 is — in the duplicate 

ratio of ATT to ATTEN 

Q.E.D 
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PEG ECTILINEAR figures 

> and >. 

which are fimilar to the fame figure ( ~~ ) 

are fimilar alfo to each other. 

Since ~~ and ~ are fimi- 

lar, they are equiangular, and have the 

fides about the equal angles proportional 

(B. 6. def. 1); and fince the figures 

~~ and > are alfo fimilar, they 

are equiangular, and have the fides about the equal angles 

proportional; therefore ~~ and ~~ are alfo 

equiangular, and have the fides about the equal angles pro- 

portional (B. 5. pr. 11), and are therefore fimilar. 

Glen 



BOOK VI. PROP. XXII. THEOR. 247 

PARTS: 

Pent four fraight lines be pro- 
: iy) ee (mmm $c 

well fimilar rectilinear figures 

fi imilar ly described on them are alfo pro- 

portional. 

PART II. 

And if four fimilar reétilinear 

figures, fimilarly defcribed on four 

ftraight lines, ae proportional, the 

frraight lines are alfo proportional. 

PART I. 

Take ~---s----- a third proportional tO —___ 

and mmm, and saemeneees a third proportional 

tO meme 2d some (B. 6. pr. 11); 

fince eee 9 sce 9° aR RARER! (hyp.), 

a & nese mm oe 2 8S Re S ewneenenses (contt.) 

ex equal, 

ores ore mm | ° Cg A © cuensvesaes 

but . - (. EE © «aessae een 

(20. pr. 26) 

and [2 P. Cc SRST § ccananscene ; 

CORHMBERBAE 
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he OO 
(Bos tre ae. 

PART fi. 

Let the fame conftruction remain: 

a. A.@ 
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pes QUIANGULAR parallel- 

ograms yf and 

a aa ) are to one another 

in a ratio compounded of the ratios of 

their fides. 

Let two of the fides mmm=m=ass and 

~seesee about the equal angles be placed 

fo that they may form one ftraight 

line. 

since We a D = EEN. 

and A = G typ, 

a+ w= CD. 
and ,°, «womens 2nd comme form one ftraight line 

(Bel. pr. 14y5 

complete 7. 

Since  : a ve SERRE m4 aersuse 

(B26. pr. ts 

ana ff I (Br6. pr. 1), 

sD ...: to MM a ratio compounded of the ratios of 

wwe tO Ug and Of ee tO 

K K CE ee Br 



250 BOOK VI. PROP. XXIV. THEOR. 

pemageema| N ary parallelogram ( | A 

Ny ae the parallelograms ( #7 

2 and ld \ which are about 

the diagonal are fimilar to the whole, and 

to each other. 

As and F/ have a 

common angle they are equiangular ; 

but becaufe FASANO AEST {| SOE Fe ES Be 

— 0s el are fumilar (B. 6. pr. 4), 

he 

~ the remaining Seats fides are equal to thofe, 

, BF and FF. the fides about the equal 

angles proportional, and are therefore fimilar. 

In the fame manner it can be demonftrated that the 

parallelograms | fl and dl are fimilar. 

Since, therefore, each of the parallelograms 

F and wy .. fimilar to | Lf they are fimilar 
to each other. 

eke BD. 
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Rimes |O describe a rectilinear figure, 

a which fhall be fimilar to a given 

RA reclilinear figure ( y ), and 

equal to another & Je 

Upon «semen leferibe ae = y 

and UPON meme defcribe & saat a. 

and having 2 = yp I. pr. 45), and then 

wwe and s==amummm will lie in the fame ftraight line 

(Goede pis. 20, 14); 

Between ————— and «=smaseee find a mean proportional 

(B. 6. pr. 13), and upon 

defcribe Mad, fimilar to y 

and fimilarly fituated. 

Then aa = a. 

For fince y- and y NX are fimilar, and 

$ sassemmes (contt.), 

[he a 
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but ae . pee oo ¢ eseee (B. 6spr. 1); 

aS - oo»: Bi: an... 

but - \ = BB cont), 

ir ara y N = | (bo 5. pr. 14). 

and ae — ae (conft.) ; confequently, 

y N which is fimilar to - io @. 

Q. E. D. 



se = ea - — 
- ¥ o - a a - —_ s - 
- — a ~ = a” — f - > 

2 - See EES EEE 

a a "=a = 

TS 
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a all the rectangles 

~ 1% contained by the 

5 . Segments of a given 

AOS! [iraight line, the 

greateft is the fquare which 1s 

defcribed on half the line. 

Let =" acme be the 

se line, === and ——=——— unequal fegments, 

—— a 2nd ee equal fegments ; 

then  . | 

For it has been demonftrated already (B. 2. pr. 5), that 

the fquare of half the line is equal to the rectangle con- 

tained by any unequal fegments together with the fquare 

of the part intermediate between the middle point and the 

point of unequal fection. The fquare defcribed on half the 

line exceeds therefore the rectangle contained by any un- 

equal fegments of the line. 

Qe he 
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ees: O divide a given 

I} ftraight line 

Baris as fo that the TeCC- 

ae contained by its segments 

may be equal to a given area, ... 

not exceeding the fquare of 

half the line. 

aeeaeat 2 et es Ss i 

Let the given ated. be ——— “SSR ERSSR SRST e es & 

Bifect ee =e or 

make SSS olmeninhainl maken" 

and if sc son a ws woenebiniomiiaicaoms * — ot ee ee ee “3 

the problem is folved. 

But if ounce sqnaummemennmmmasns 2 = — “Trt ii iit tla : then 

mu (ft FOS) 0 SRE ree See eee ewes (hyp.). 

Draw -RRRNERERURRRTRE SIN 4S UM MT =H “See wee : 

make Pees act Gimme (f° © Oe oe Be oe ee ee 
9 

With memmmeswee« as radius defcribe a circle cutting the 

River une dia 

Then sana we TEES Be Sb owen * — <a wedi 

(Bez. pt. f.) —— aoe 

2 But pa 2 ! Z 

[Da t.DEC 47) ; 
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4 ake ae x ed tat tt -|- 2 

——— —_ aseeaemanemennae 2 4+ sa eceeenennemnmmenmatel s 

from both, tke === *, 

and a te we, x 1st  — oa 

But -waccisnisssiasnis —— sesaneeeem (contt.), 

ANd ,°, =e semen a raw ot is fo divided 

that HERG Be x pt OR AR NEPA NRA EW HL = allah talalallae 

Gb: 
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era O produce a given ftraight 

| line (——mmmnnsens), fi 
AAR és that the rectangle con- 
Upettee S| tained by the fegments 

eo the extremities of the given 

line and the point to which it 1s pro- 

duced, may be equal to a given area, 

t.e. equal to the fquare 0} —, 

Make paca] a as cadena and 

draw See = i e 

9 

draw : and 

with the radius , defcribe a circle 

Meeting meme sme - produced. 

Then seeenertrenticcnes X cemen of ceneeenee 
ws on me semen (B. 2. pr. 6.) pone sammmmcommpiics 7 

But sommes 2 oo eee e seme ? <Conseucnn = (B.ds pr-474 

ee ge ae ee ee 
miuennenene * - SO ew 8s oo ow oo “ 

from both take me ae f 

and ME wa pees » 4 mesma oo snennnenne 79 

but SSUGRtre ne _ 
2 

eo’ suneeesens? == the given area. 

OlF DD, 
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PEEEEA)O cut a given finite firaight line (mens ) 
Rea ERA! in extreme and mean ratio. Si 

On ssmmme-+== defcribe the fquare | 

(B. 1. pr. 46); and produce mmsmmmm , {0 that 

SESE FT x emms ah ee mam —_ me rete bes Z 

é (5. 6. pr. 29); 

take — eeeenees "9 

5 and draw Sess {| a FT» 

MECtING cccmenemnneen [| —emewesesrres (BL 1. pr. 31). 
Wace STIRS 

Then — ee a Ta 

and ise. seo |: and if from both thefe equals 

be taken the common part 2 ‘ 

: |. which is the {quare Of ———_esmmme= , 

will be wane [. which is — a ws xX ee OM ERR : 

that 1S smihaaiadin pS xX comnnmoe : 

oo EEE A ne © SS seeeemeeE oc see mee = 

2nd amumssss2s3s 1§ divided in extreme and mean ratio. 

(BO -ceree 

het es @ 9 
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o> aE any fimilar reétilinear 

RS) Kwa! Jigures be fimilarly deferibed 
: & A ie on the fides of a right an- 

‘iit sae ( lL~ )» the figure 

defcribed on the fide (+1+:=mmeme /ub- 

tending the right angle ts equal to the 

Jum of the figures on the other fides. 

From the right angle draw om perpendicular 

then PTuiiil| ad I 

e Lars wagmumemes ° comexaeseemen 

(B. 6. pr2o}. 

e 
=< sti Sé228) saa e Sh Dia deeBaS 
e ee 
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geegee two triangles ( MA @Qy and Y SW rn \, Aave two fides pre Ne POrti0N AL ( een § > 8 Pee we me oe . BSaReBEBaRe a=), and be fo pl
aced 

x - at an angle that the homologous fides are pa- 

rallel, the remaining fides (ewe and xmucemren) fori; 

260 

one right line. 

Since vemecmmmmme [| <xmees meen y 

& = . (Bedepr.20)4 

and allo f1NCe cece [| saerieemms 

yy (B. 1. pr. 29); 

 & = - &: and fince 

bain 2 aemeneren $0 Shee (hyp.), 

the eae are cal ne GL preOys 

. =A: 
but b -V. 

, 4:+¥.A-64;+4:.A- 

CN yer. scariest Saree 
lie in the fame ftraight line (B. 1. pr. 14). 

Smee Den 3E 
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eo N equal circles C) ‘ a ys angles, 

we whether at the centre or circumference, are 

ARK Bae Jame ratio to one another as the arcs 

on which they ftand a | “ d So mmm Se) 

fo alfo are fettors. 

Take in the circumference of j) any number 

of arcs mem, mame , &c. cach == em, and alfo in 

the circumference of ‘a take any number of 

ALCS "erasers 9 tinenes » &c. each => meme » draw the 

radii to the extremities of the equal arcs. 

Then fince the arcs —, wee, oes, OC. are all equal, 

the angles 4. 4. \. &c. are alfo equal (B. 3. pr.27); 

ae A is the fame multiple of 7 | which the are 

eee is of wees 3 and in the fame manner yan 

is the fame multiple of é. which the arc “me; 4...” 

is of the arc Saumms , 
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Then itis evident (B. 3. pr. 27), 

if A (or if m times 4 ieee oo 

(or 2 times HA 

then “nms™ (Of mtimes ==) (7, =, =) 

SSeresceee*™ (OF 2 tIMES sews) 5 

: 4. HAS mys Swen 9 (UD: §: GCI. 6), Olea 

angles at the centre are as the arcs on which they ftand ; 

but the angles at the circumference being halves of the 

angles at the centre (B. 3. pr. 20) are in the fame ratio 

(B. 5. pr. 15), and therefore are as the arcs on which they 

{tand. 

It is evident, that fectors in equal circles, and on equal 

arcs are equal (B. 1. pr. 43-B. 3. prs. 24, 27, alter 

Hence, if the fectors be fubftituted for the angles in the 

above demonttration, the fecond part of the propofition will 

be eftablifhed, that is, in equal circles the feétors have the 

fame ratio to one another as the arcs on which they ftand. 

Q.E.D. 
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ea F the right line (wumunes ° a 

a ®) ey) bifecting an external 

wey angle a of the tri- 

angle Pa meet the oppofite 

fide ( ) produced, that whole produced fide (——ennxx==), 
and its external fegment (==«==e=»=) will be proportional to the 
fides (——massewevne Gnd <meccmmen), which contain the angle 
adjacent to the external bifeéted angle. 

® 

lk 
%, ® BESeOR SRO R Ee BS os A om 

For if SORORITIES be drawn {| =wwwnresre , 

then & — \ ; pies Las Pheu) s 

@. (hyp.), 

— gd. (B.¥3 DIni20)> 

and Ste Secrssrsse — oem ; (B. ea pr. 6), 

NC ccm oro oo o reeeeeene: SS cemmmnzens ar eas ms 

(B. 5. pr. 7); 
But alfo, 

BG: Be fe 

and therefore 

$ 

ee SBAERSSReseeP eo a QA ERD RRR. e ee Sameses | . 

pre. Pt. 11): 
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PRR an angle of a triangle be b1- 

MN ) sy Jected by a ftraight line, which 

ON) Nea likewife cuts the bafe ; the rec- 
i Bion tangle contained by the fides of 

the triangle 1s equal to the rectangle con- 

tained by the fegments of the bafe, together 

with the fquare of the ftraight line which 

bifects the angle. 

Let eee be drawn, making 

4 — b>. then fhall 

2 Sy en ee 

About Pa defcribe << (Bed. prong), 

produce ~~" to meet the circle, and draw «#a=ssau=, 

Since 4 = A (hyp.), 

and y = i (3B. 2.2, 

’ 1‘ and \ are equiangular (B. 1. pr. 32); @ wseseesisg 

(Be6. pra) 
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~ = ee 

(5-0. pr t;) 

en 

Bae pr.) 

but «sesseesne x —— ee OL ee 

(B33 Pl 3 5) 3 

fs veterans OK a <annmne Sf ee of 

OW E.-D. 
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peel from any angle of a triangle a 

: frraight line be drawn perpendi- 

ar §) \| cular to the bafe; the rectangle 

Beale) contained by the fides of the tri- 

angle is equal to the rectangle contained by 

the perpendicular and the diameter of the 

circle defcribed about the triangle. 

draw SSEERA sees a = musam —— then 

fhall BRE ERS bd A Lo tesssesem x the 

diameter of the defcribed circle. 

Defcribe 2 (B. 4. pr. 5), draw its diameter 

ee , and draw mes then becaufe 

& _ aS (conft. and B. 3. pr. 31); 

and MA = BRB (Bs.4. prea: 

oe es is equiangular to (B. 6. pr. ays 

ee Seveuseme S$ <ereeseew= $$ mmemmmmume ° : 

and .°, csunssese x aS ews Seb a ee Pd Se 

(B. 6. pr. 16). 

oe cee OF 
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ss HE rectangle contained by the 

i diagonals of aquadrilateral figure 

SN both the rectangles contained by 

its oppofite fides. 

Let 

& 

e 
i 
A be any quadrilateral 
wtp, Petes, 

figure infcribed in C): and draw 

avennvemmeme 200 cure merce then 

a 2 6 ean > 4 2 Ta x ——— a i ESIRESLEEER » 4 Seunnuenae | 

Make é = W 01 pr. 23), 

= b»=-V:~ = (> ; 

(Bic3e-pre-2t)5 

(oo. pr.-4) 5 

and ,°, «sss xX ni x CaS Me GS 6 OER Ow 

(B. 6. pr. 16); again, 

becaufe A — WP cont), 
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Avs = Ge: (Basar chic 

(BO. praty; 

as eeneesaas 4 comers: 

asa ewan ue > Pre pee ts 8 2) a 

and ries: {se eeeeeeae >. . 

(B. 6. pr. 16); 

but, from above, 

= eee xX ecopsmuswam 4 ee eS 
oo ceetemmmme SX eemc  seeeeeseee >< ——— + > een 

(Bee. pire fs 

Qo Bee 

THE END. 
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Euclid’s geometry 
— (not) a Via Regia? 

Euclid is synonymous with geometry, and geometry is tantamount 

to order and compelling logic in the edifice of our thoughts and 

speculations. All areas of philosophy, including ethics, had repeat- 

edly striven to achieve the ancient more geometrico, which stands for 

scientific reliability, systematic methodology, and conclusiveness. 

It is synonymous with syllogisms and inferences, and is a symbol of 

mathematics — or rather of mathematical thought — as such. 

In the early days of printed editions of Euclid, the author's 

name was usually written as “Euclides Megarensis”. The man we 

now know as Euclid (c 360-280 Bc) taught mathematics in Al- 

exandria in the era of Ptolemy | (323-285 Bc), but had long been 

confused with the philosopher Euclid of Megara, who lived more 

than a century earlier, founded a school, and earned a reputation 

as a cunning logician. This naturally reinforced the impression, 

cogently articulated by Girolamo Cardano in his scientific ency- 

clopaedia De Subtilitate (1550), that Euclid’s Elements were linked 

with attributes of unshakeably firm theorems and absolute perfec- 

tion. Only those who adopted the tenets of Euclid were able to dis- 

tinguish between the truth and fallibility. 

This was not possible without restriction and contradiction. 

Julius Caesar Scaliger granted equal, if not greater, prestige to 

arithmetic, and it was already quite clear to everyone that geom- 

etry and arithmetic are nearly inseparable. This was stated with 

even greater clarity by Michael Stifel, as well as by Jean Borrel, who 

followed in his tradition: Euclid’s theorems are not Christ’s Gospel! 

On the other hand, it had become commonplace to emphasize the 

privileged position that Euclid’s Elements enjoyed with reference 

to his skills in didactics. 

wn 

The learned had always known that Euclid had ‘merely’ col- 

lected and compiled various mathematical treatises written by his 

long-forgotten predecessors. This is the deeper reason why “The 

Euclid’ was published from century to century in very different 

forms and varying degrees of completeness. The allegation of ‘ob- 

scurity’ had caught up with him, too. As with Homer, doubt even 

arose whether Euclid’s name actually referred to a single historical 

individual. 

Euclid’s first definitions and theorems, which are arranged in 

such a beautifully logical sequence, formatively shaped the image 

we have of him and embodied the solid foundation upon which 

countless subsequent editions were based and with which Euclid’s 

good reputation was associated. This is readily understandable. 

Johann Friedrich Lorenz, whose edition of Euclid underwent nu- 

merous reprints decade after decade, described Euclid’s Alexan- 

drian school as a “school for the world” that endured “throughout 

a millennium”. Robert Simson begins his equally successful text as 

follows: “I. A point is that which hath no parts, or which hath no 

magnitude. II. A line is length without breadth. III. The extrem- 

ities of a line are points. IV. A straight line is that which lies evenly 

between its extreme points. V. A superficies is that which hath only 

length and breadth...” 

Who could fail to follow this logical progression? And who has 

never heard of the so-called Pythagorean Theorem, which is in- 

troduced as the 47th theorem in Euclid’s First Book of Elements? 

But everything suddenly appears much more difficult and more 

demanding when one has left the explanations of simple figures be- 

hind and is confronted by the doctrine of proportions in the Fifth 
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EYKAEIAOY STOIXEION BIBA. (Euklei- 

dou Stoicheion Bibl, Euclid, Book of the 
Elements), Basle 1533, p.1 

— The first page of the first edition of Euclid 
in Greek, with definitions and illustrations of 
point, line, plane, angles, and figures. 
— Die erste Seite des Erstdracks des grie- 
chischen Euldid mit den Definitionen und 
Abbildungen von Punkt, Linie, Flache, 
Winkeln und Figuren. 

— La premiére page de la premiére impression 

de lEuclide grec avec les définitions et les 
illustrations du point, de la ligne, de la surface, 
des angles et des figures. on 

Book or, before that, by the challenging theorems about parallels 

and their behaviour in infinity, which were rediscovered at the be- 

ginning of ‘non-Euclidean geometry’: “Ifa straight line meets two 

straight lines, so as to make two interior angles on the same side 

of it taken together less than two right angles, these straight lines 

being continually produced, shall at length meet upon that side, 

which are the angles which are less than two right angles.” 

As Proclus lamented, geometry simply isn’t a royal road: “non 

est regia ad mathematicam via’, as Jean Etienne Montucla repeats 

in his famous Histoire des Mathématiques. At an early date, and 

taking into account the difficulty and intricacy of mathematics, 

it had conversely been realized that only a few people would take 

upon themselves the superhuman task of penetrating the laws of 

mathematics. This essentially involves more than merely numbers 

and figures, because Euclid’s geometry is inextricably linked with 

problems of intellectual history in the broadest sense. Francesco 

Barozzi wrote in 1560 that Euclid had shaped the science of math- 

ematics according to rules of both the utmost order and the highest 

artistry. Generously interpreted, this means that Euclid’s Elements 

is actually a ‘work of art’, inspiring awe and marvel. Centuries later, 

Albert Einstein in Geometry and Experience (1921) was puzzled and 

prompted by the “riddle” to wonder why “mathematics, which is a 

product of human thought and independent of all experience, so 

excellently fits real objects”. 

Around the middle of the r9th century, when Euclid’s Ele- 

ments seemed to have finally retired from active service to math- 

ematical science, a trade-school teacher in Winterthur named 

Carl Adams, with his gaze focused Janus-like both forward and 

Ill. 2 
Illustrium Philosophorum, et Sapientium Effigies 
ab eorum numismatibus extractae, Venice 1583 
~Euclides Megarensis, a philosopher who had 
long been mistakenly identified with Euclid, 
the Alexandrian mathematician, shown here 
ina fanciful portrayal allegedly based on like- 
nesses found on coins. 
— Phantasieportrat vermutlich nach Miinzab- 
bildungen des Philosophen Euclides Megaren- 
sis, der lange Zeit mit dem alexandrinischen 
Mathematiker Euklid identifiziert wurde. 
— Le portrait imaginaire d’aprés des piéces de 
monnaie, parait-il, du philosophe Euclide de 
Mégare, longtemps confondu avec le mathé- 
maticien Euclide d’Alexandrie. 

backward, would remark: “The old geometry is distinguished by 

its austerity of form, the new by its universal way of looking at 

things.” Adams further clarified this in 1845, claiming that Eu- 

clid, Archimedes, and Apollonius had “created works of art whose 

architectonic structure is firm and unalterable” and in which are 

manifest the “beautiful symmetry” and “elegance of form” that 

had formerly been “exclusively possessed by the Greeks”. This 

equally well describes the cultural-historical context in which Eu- 

clid had come to occupy his precise locus. 

The upheaval seems to have occurred in 1847, i.e. the year of 

publication of Oliver Byrne’s The First Six Books of the Elements of 

Euclid, in which coloured diagrams and symbols are used instead of let- 

ters for the greater ease of learners, when Byrne again created — albeit 

unwillingly — a work of art! As early as 1757, in the seventh volume 

of the Encyclopédie, Jean le Rond d'Alembert recognized the limits 

of a future use of the “Géométrie sublime”. On the other hand, he 

also firmly clung to his opinion that with regard to the application 

of elementary geometry, no need existed for algebraicizing, be- 

cause no advantageous simplification would ensue from it. Geom- 

etry can thus not be deprived of that didactic benefit that is asso- 

ciated with contemplation by the senses and with a gestalt, which 
Edmund G. Husserl describes as “finitudes on the horizon of an 
open infinity” and which Jacques Derrida warns as the danger that 
arises when a “signe graphique” is connected to “the mundane’. 

Handling these ‘risks’ seems to be an easier task for art. Euclid 
arises anew in Piet Mondrian’s work, recognizable ‘at a glance’ and 
assigned to aesthetic ideals. 
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Euklids Geometrie 
— (k)ein K6nigsweg? 

Euklid ist gleichbedeutend mit Geometrie und Geometrie mit 

der Ordnung und Stringenz im Haushalt unseres Denkens und 

Spekulierens. Das alte, in allen Bereichen des Philosophierens 

bis hin zur Ethik immer wieder bemithte more geometrico steht fiir 

wissenschaftliche Verlasslichkeit, systematisches Vorgehen und 

Schliissigkeit. Ja, es ist gleichbedeutend mit dem Syllogismus, der 

Schlussfolgerung, und steht auch symbolhaft fiir Mathematik — 

oder eben mathematisches Denken — an und fiir sich. 

In der Friihzeit der gedruckten Euklideditionen erschien 

Euklid meist als ,,Euclides Megarensis“ zitiert. Man hatte Euklid 

(ca. 360-280 v.Chr.), der in Alexandria in der Zeit Ptolemaus I. 

(323-285 v. Chr.) Mathematik lehrte, lange Zeit mit dem gut 100 

Jahre frither tatigen Philosophen und Schulbegriinder Euklid von 

Megara verwechselt. Dieser galt als gewiefter Logiker, und so ver- 

starkte sich der Eindruck, den Girolamo Cardano auf den Punkt 

brachte, als er in seiner Wissensenzyklopadie De Subtilitate (1550) 

Euklids Elemente mit den Attributen unerschiitterlicher Festig- 

keit der Thesen und absoluter Perfektion verband. Nur wer Eu- 

klid folge, konne wahr und falsch unterscheiden. 

Ohne Einschrankung und Widerspruch ging das nicht. Fiir 

Julius Caesar Scaliger war die Arithmetik genauso, wenn nicht 

noch héher, einzuschatzen. Und dass sich die Geometrie kaum 

von der Arithmetik ablésen liefSe, war ohnehin jedermann klar. 

Michael Stifel und in seiner Nachfolge Jean Borrel sagten es des- 

halb umso deutlicher. Das Evangelium Christi seien Euklids Satze 

nicht! Man hatte sich andererseits schon frith darauf verlegt, den 

Vorrang der Elemente Euklids in didaktischer Hinsicht hervorzu- 

heben. 

Es war auch bekannt, dass Euklid ja ,nur® verschiedene mathe- 

matische Schriften vergessener Vorganger gesammelt und zusam- 

mengefiigt hatte. Das ist der tiefere Grund, weshalb ,der Euklid’ 

iiber die Zeit in ganz verschiedener Form und Vollstandigkeit 

publiziert worden ist. Der Vorwurf der ,Dunkelheit’ hat ihn ohne- 

hin eingeholt. Und es kam sogar — analog zu Homer — der Zweifel 

hoch, ob sich mit seinem Namen tiberhaupt eine Person verbinde. 

Die ersten Definitionen und Satze Euklids, die sich so schén 

logisch aneinanderreihen, haben wesentlich das Bild gepragt, das 

man sich von ihm machte. Es bildete jene solide Grundlage, deren 

Folge die unzahligen Ausgaben waren und mit der sich der gute 

Ruf Euklids verband. Man kann das miihelos nachvollziehen. Jo- 

hann Friedrich Lorenz, dessen Euklid jahrzehntelang immer wie- 

der aufgelegt wurde und der Euklids Alexandrinische Schule als 

eine ,ein Jahrtausend hindurch* wirksame ,Schule fiir die Welt“ 

bezeichnet, beginnt mit: ,1. Ein Punkt ist, was keine Theile hat. 

2. Eine Linie aber eine Lange ohne Breite. 3. Das Aeusserste einer 

Linie sind Punkte. 4. Eine gerade Linie ist, welche zwischen den in 

ihr befindlichen Punkten auf einerley Art liegt. 5. Eine Fliche ist, 

was nur Lange und Breite hat ...“. 

Wer wiirde dem nicht folgen kénnen, und wer kennt nicht 

den sogenannten Pythagorassatz, der als 47. Satz des ersten Bu- 

ches der Elemente Euklids vorgestellt wird. Aber wenn man die 

Erlauterung der einfachen Figuren erst einmal verlassen hat, um 

im fiinften Buch auf die Proportionslehre oder schon zuvor auf 
die anspruchsvollen, am Anfang der ,nicht-euklidischen Geome- 

trie’ wieder neu entdeckten Satze zu den Parallelen und ihrem 
Verhalten im Unendlichen zu stofen, sieht alles plotzlich sehr 



Ill. 3 

Diogenes Laertius, Delle Vite de’ Filosofi ... 
accresciute, & mighorate ... da Gio. Felice 
Astolfi..., Venice 1611, p. 14 

~ This idealized portrait of Euclid by Gioseffo 
Salviati, which depicts the philosopher lying 
down and contemplating geometric figures, is 
also used in the same book as a portrait of 
Parmenides. 

~ Das von Gioseffo Salviati ausgefihrte Ideal- 
bild des liegenden und tiber geometrischen Fi- 
guren sinnierenden Philosophen Euklid ist in 
demselben Buch auch Parmenides zugeordnet. 
— Réalisé par Gioseffo Salviati, le portrait idéal 
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du philosophe Euclide couché, méditant sur 
des figures géométriques est aussi relié dans le 
méme livre 4 Parménide. 

viel schwieriger und anspruchsvoller aus: ,, Wenn eine Gerade zwei 

Geraden trifft und mit ihnen auf derselben Seite innere Winkel 

bildet, deren Summe kleiner ist als zwei rechte, so treffen sich die 

beiden Geraden, wenn man sie auf dieser Seite verlangert.“ 

Es ist eben doch so, wie schon Proklus moniert, ein Konigsweg 

ist die Geometrie nicht, non est regia ad mathematicam via“, wie 

Jean Etienne Montucla in seiner berithmten Histoire des Mathé- 

matiques wiederholt. Frith hat man umgekehrt, die Schwierigkeit 

und den hohen Anspruch der Mathematik im Auge, festgestellt, es 

seien eben nur wenige, die diese tibermenschliche Aufgabe, in die 

mathematischen Gesetze einzudringen, auf sich nehmen wiirden. 

Es geht schliefSlich um mehr als blof§ um Zahlen und Figuren; es 

sind im umfassendsten Sinne geistesgeschichtliche Probleme, die 

sich mit Euklids Geometrie verbinden. Francesco Barozzi schrieb 

1560, Euklid hatte die mathematische Wissenschaft in gleicher 

Weise nach den Regeln héchster Ordnung und héchster Kunst 

gebildet. Grofziigig interpretiert hei t das, Euklids 

sind eben auch ein ,Kunstwerk‘, das Staunen hervorruft — bis zu 

Elemente 

Albert Einstein, der sich in Geometrie und Erfabrung (1921) tiber 

das ,, Ratsel* wundert, ,,dass die Mathematik, die doch ein von aller 

Erfahrung unabhangiges Produkt des menschlichen Denkens ist, 

auf die Gegenstande der Wirklichkeit so vortrefflich passt.* 

Um die Mitte des 19. Jahrhunderts, als die Elemente Euklids 

ihren Dienst an der mathematischen Wissenschaft endgiiltig quit- 

tiert zu haben scheinen, bemerkt dann beispielsweise der Win- 

terthurer Gewerbeschullehrer Carl Adams im Blick nach vorn 

und zuriick: ,Die alte Geometrie zeichnet sich durch Strenge der 

Form, die neue durch Allgemeinheit der Betrachtungsweise aus.” 
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1845 verdeutlicht dies derselbe Autor, indem er festhalt, Euklid, 

Archimedes und Apollonius hatten ,, Kunstwerke geschaffen, deren 

architektonisches Gefiige fest und unverriickbar“ sei. ,Schéne 

Symmetrie“ und ,,Eleganz der Form“, ehedem ,ausschliessliches 

Eigenthum der Griechen“ wiirden sich hier manifestieren. Das 

beschreibt gleichsam den kulturgeschichtlichen Rahmen, in dem 

Euklid seinen prazisen Ort eingenommen hat. 

1847, im Jahr des Erscheinens von Oliver Byrnes The First Six 

Books of the Elements of Euclid, in which coloured diagrams and symbols 

are used instead of letters for the greater ease of learners scheint jener 

Umbruch vollzogen, und Byrne schafft erneut — wider Willen - 

ein Kunstwerk! Schon Jean le Rond d'Alembert hat 1757 im siebten 

Band der Encyclopédie die Grenzen einer kiinftigen Anwendung 

der ,Géométrie sublime“ erkannt. Er hielt andererseits daran fest, 

dass es bezogen auf die Anwendung der elementaren Geometrie 

keinerlei Bedarf an Algebraisierung gabe, weil daraus keinerlei 

Vorteil an Vereinfachung entstiinde. So ist der Geometrie jener 

didaktische Vorzug nicht zu nehmen, der sich mit sinnenhafter 

Anschauung und einer Gestalt verbindet, was Edmund G. Hus- 

serl mit ,. Endlichkeiten im Horizont einer offenen Unendlichkeit* 

umschreibt und was bei Jacques Derrida erneut an die Gefahren 

eines an die , Weltlichkeit* gebundenen ,,signe graphique“ gemah- 

nen lasst. 

Der Umgang mit diesen ,Risiken‘ scheint der Kunst leichter 

von der Hand zu gehen. Euklid ersteht neu bei Piet Mondrian, ,auf 

einen Blick’ erkennbar und den asthetischen Idealen zugewiesen. 



La géométrie d’Euclide 
— une voie royale ? 

Le nom d’Euclide rime avec géométrie et on associe a celle-ci 

lordre et la rigueur de la pensée et des spéculations. ancien more 

geometrico auquel on a sans cesse recours dans tous les domaines de 

la philosophie jusqu’a l’éthique, représente la fabilité scientifique, 

le travail méthodique et concluant. Oui, il est l’équivalent de syllo- 

gisme, de conclusion et symbolise aussi les mathématiques — ou la 

pensée mathématique — a proprement parler. 

A l’époque des premiéres éditions imprimées d’Euclide, celui- 

ci est cité le plus souvent sous le nom d’« Euclides Megarensis ». 

Crest quon a longtemps confondu Euclide (vers 360-280 av. notre 

ere) qui vivait a Alexandrie sous le regne de Ptolémée I (323-285 

av. notre ére) et enseignait les mathématiques avec le philosophe 

Euclide de Mégare, actif un bon siécle plus tét et qui a fondé 

Ecole mégarique. Ce dernier étant considéré comme un logicien 

adroit, cette impression se renfor¢a, impression que Jéré6me Car- 

dan précise lorsqu’il associe dans son encyclopédie De Subtilitate 

(1550), les Eléments d’Euclide a la solidité inébranlable des theses 

et a la perfection absolue. Seul celui qui suivait Euclide était ca- 

pable de distinguer le vrai du faux. 

Cela mallait pas sans restrictions et objections. Julius Caesar 

Scaliger estimait que l’arithmétique était de valeur égale, si ce n'est 

supérieure. De toute facon, tout le monde était conscient qu'il 

n’était guere possible de dissocier la géométrie de l’arithmétique. 

Cest pourquoi Michael Stifel et asa suite Jean Borrel le dirent en- 

core plus clairement: les propositions d’Euclide ne sont pas parole 

d’évangile! D’autre part, ons’était déja accoutumé de bonne heure 

4 mettre en avant la primauté des Eléments d’Euclide au point de 

vue didactique. 

Il était aussi notoire que «le seul mérite» d’Euclide était 

d’avoir collectionné et rassemblé divers écrits de mathématiciens 

oubliés qui l’'avaient précédé. C'est la raison plus profonde pour la- 

quelle «’Euclide » a été publié au cours du temps sous des formes 

différentes et de maniére plus ou moins complete. Le reproche 

d’étre «obscur » I’a de toute facon rattrapé. Et a l’instar d’ Homéere, 

ona méme douté de son existence historique. 

Les premieres définitions et propositions d’Euclide qui s’en- 

chainent de manieére si logique ont essentiellement marqué l'image 

que l'on se faisait de lui. Elle formait cette base solide dont ont dé- 

coulé les innombrables éditions et a laquelle est associée la bonne 

réputation d’Euclide. Cela est facile 4 comprendre. Johann Frie- 

drich Lorenz, auteur d'une des ditions les plus souvent éditées 

et rééditées appelait lEcole alexandrine d’Euclide une «école du 

monde» dont l’impact s‘est fait sentir pendant «un millier d’an- 

nées ». Et Didier Henrion, lui aussi, auteur d’un « Euclide » long- 

temps utilisé, commence ainsi: «1. Le poinct, est ce qui n’a aucune 

partie. 2. La ligne, est une longueur sans largeur. 3. Les extremitez 

de la ligne, sont poincts. 4. La ligne droicte, est celle qui est égale- 

ment comprise & estendue entre ses poincts. 5. Superficie, est ce 

quia longueur & largeur tant seulement... » 

Voici la logique parfaite d’Euclide. Jusqu’ici tout le monde est 

capable de suivre et tout le monde se rappelle le théoréme dit de 

Pythagore présenté comme la 47° proposition du Livre I des Elé- 
ments d’Euclide. Mais lorsqu’on a quitté l'explication des figures 
simples pour tomber dans le Livre V sur la théorie des propor- 
tions ou déja avant, sur les propositions sophistiquées de parallé- 
les, redécouvertes au début de la « géométrie non-euclidienne », et 
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leur comportement dans ’infini, tout semble soudain beaucoup 

plus ardu: «Si une ligne droicte tombant sur deux autres lignes 

droictes, faict les angles interieurs d’un mesme costé plus petits 

que deux droicts, icelles deux lignes estans continuées a l’infiny, 

se rencontreront du costé ot les angles sont plus petits que deux 

droicts. » 

I] faut bien reconnaitre, ainsi que nous le rappelle Proclus, que 

la géométrie nest pas une voie royale, «non est regia ad mathe- 

maticam via» — Jean Etienne Montucla le répéte d’ailleurs dans sa 

célébre Histoire des Mathématiques. Ayant en téte la difficulté et 

l'aspect exigeant des mathématiques, on a autrefois, inversement, 

constaté qu’étaient rares ceux qui assumeraient la tache surhu- 

maine de pénétrer dans les lois mathématiques. En fin de compte, 

il s'agit de bien davantage que de nombres et de figures; globale- 

ment ce sont des problémes philosophiques qui s’attachent a la 

géométrie d’Euclide. En 1560, Francesco Barozzi écrit qu’Euclide 

aurait formé la science mathématique pareillement selon les régles 

de lordre et de l'art les plus hauts. Interprété librement cela signi- 

fie que les Eléments d’Euclide sont aussi une «ceuvre d'art » qui 

suscite l’étonnement. On pense a Albert Einstein qui se demande 

dans La Géométrie et l'Expérience (Geometrie und Erfahrung, 1921) 

«comment se fait-il que les mathématiques qui sont pourtant un 

produit de la réflexion indépendant de l'expérience, se conforment 

si excellemment a la réalité? ». 

Vers le milieu du XIX° siécle, lorsque les Eléments d’Euclide 

semblent ne plus servir la science mathématique, Carl Adams, en- 

seignant dans |’école professionnelle de Winterthur, fait un état 

des lieux et remarque par exemple: « Lancienne géométrie est ca- 

ractérisée par la rigueur de la forme, la nouvelle par la généralité 

du mode dobservation. » En 1845, le méme auteur se montre plus 

explicite lorsqu’il consigne qu’Euclide, Archiméde et Apollonius 

auraient «créé des ceuvres d'art dont la structure architectonique » 

serait «résistante et immuable». Une «belle symétrie» et «l’élé- 

gance de la forme », autrefois « propriété exclusive des Grecs » se 

manifesteraient ici. Cela décrit quasiment le cadre historico-cul- 

turel dans lequel Euclide a trouvé sa place. 

En 1847, l'année ot parait The First Six Books of The Elements 

of Euclid, in which coloured diagrams and symbols are used instead of 

letters for the greater ease of learners, cette mutation semble accom- 

plie et Oliver Byrne crée 4 nouveau — a son corps défendant — une 

ceuvre d'art! En 1757, dans le septieme volume de |’ Encyclopédie, 

Jean le Rond dAlembert reconnait déja les limites d'une future 

utilisation de la « Géométrie sublime ». I soutenait d'un autre coté 

quence qui concerne l'utilisation de la géométrie élémentaire il n’y 

aurait aucun besoin d’algébrisation, parce qu'il n’en naitrait aucun 

avantage sur le plan de la simplification. Ainsi on ne peut 6ter a 

la géométrie cet avantage didactique qui s’associe a [intuition 

sensible et 4 une forme, ce qu Edmund G. Husserl décrit comme 

«des finitudes 4 horizon d’un infini ouvert » et qui chez Jacques 

Derrida fait penser 4 nouveau aux dangers d’un « signe graphique » 

lié a la « mondanéité ». 

Il semble que l'art gére plus facilement ces risques. Euclide voit 

4 nouveau le jour chez Piet Mondrian, reconnaissable « au premier 

coup d'ceil » et affecté au domaine esthétique et ses idéaux. 
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BOOK III. 

* 

DEFINITIONS. 

ie 

MMPQUAL circles are thofe whofe diameters are 

equal. 

II. 

A right line is said to touch a circle 

when it meets the circle, and being 

produced does not cut it. 

III. 

Circles are faid to touch one an- 

other which meet but do not cut 

one another. 

iV. 

Right lines are faid to be equally 

diftant from the centre of a circle 

when the perpendiculars drawn to 

them from the centre are equal. 



“To facilitate 

their acquirement” 
Oliver Byrne’s The First Six Books of the Elements of Euclid 

~ didactic, colourful, and eccentric 

What could impel a Surveyor of Her Majesty's Settlements in the 

Falkland Islands to conceive and to publish the most attractive 

edition of Euclid that the world had ever seen? This edition comes 

down to us today in colours reminiscent of Mondrian, modern and 

avant la lettre. No one who holds it in his hands can resist the fas- 

cination of its illustrations. The pictures are all the more captivat- 

ing because they simply suggest, concretely demonstrate ad oculus, 

and thus assist in the comprehension of mathematical laws that 

initially seem most difficult and abstract. 

The crucial issue of “the visual depiction 
of forms of thought” 

“Mathematicians who would prefer not to enter 
the labyrinthine maze of philosophy are politely 
requested to cease reading the foreword here.” 

— Frece, Grundgesetze der Arithmetik, 1893' 

Later generations have not dealt gently with Oliver Byrne. This 

harshness primarily involves the science of mathematics and its 

relationship to its own history, in which the name “Oliver Byrne” 

is seldom or never mentioned. One can search in vain for the spec- 

tacular Euclid edition in Max Steck’s Brbliographia Euclideana, 

although Steck is kindly disposed to the “mathematical gestalt” 

and took appreciative notice of the “demonstrative self-evidence” 

(“Schaufihigkeit”) of Proclus’s commentary about Euclid. From 

here he moved onward via Nikolaus Cusanus to Johannes Kepler 

and the “renewal of Pythagorean motifs”, then continued to Gott- 

fried Wilhelm Leibniz, where he explored a synthesis in which the 

mundus intelligibilis and the mundus sensibilis, i.e. the abstract and 

that which can be experienced with the senses, would be viewed 

together and reshaped into a unified whole. 

Oliver Byrne, for his part, never intended to venture so far 

either from an historical or from a fundamental point of view. His 

intentions remained didactically directed toward the immediate 

understanding and use of mathematics. Nonetheless, his Euclid 

could have led, and indeed must lead, to those fundamental con- 

siderations. Steck was convinced that mathematics, “unlike pure 

logic”, could not be derived from mere concepts and that, instead, 

the following assertion holds true: “The participation of contem- 

plation in its realizations is inarguable because mathemata are not 

possible from concepts, but only from their construction.”3 Steck 

oriented himself according to Andreas Speiser and his Die Mathe- 

matische Denkweise (1932), and with regard to the scientific for- 

mation of concepts (Grenzen der naturwissenschaftlichen Begriffs- 

bildung) also to Heinrich Rickert, who in his day had noted that 

mathematics did not have recourse to previously existing material 

and that mathematics itself must create its material. This, Rickert 

says, is why questions about heuristic definitions of the straight 

line (the “absolutely simple”) are obsolete, just as the attempt “to 

define blue or red” can only be regarded as an “indication”.+ Defi- 

nitions are sufficient unto themselves. In his first chapter, which is 

devoted to “limits”, Andreas Speiser called attention in 1932 to the 

“basis of lawfulness” (“Rechtsgrund”), which is to be found, in all 



conceivable other interests and exuberances, “for mathematics in 

the mathematical insight” > 

Speiser dedicated his Die Mathematische Denkweise to Raoul 

La Roche, who had commissioned the architect Le Corbusier. For 

him, simply because of the verdicts of their scope of applicabil- 

ity, i.e. their “basis of lawfulness”, there could be no doubt about 

the proximity of mathematical and artistic worlds. The sciences 

would be “determined by the basis of their lawfulness, and here 

mathematical and artistic insights belong to the intellectual arena, 

whereas experiment and tradition belong to the external world”.® 

This naturally lends support to the view that mathematical forms 

and figures should be philosophically regarded and evaluated as 

spontaneous human inventions, rather than merely being viewed 

and appraised as the result of scientific requirements. But a more 

comprehensive “system of our knowledge (i.e. the system of total 

experience)”? demands such a “scientific context of achievement”, 

in which the “visible intelligibility of the empirical world” and all 

of psychology insist upon their rights.* In his discussion of Die 

Grenzen der naturwissenschaftlichen Begriffsbildung, Heinrich Rick- 

ert analyses the opposition between the “logical perfection” (of 

a concept) and empirical contemplation, but then immediately 

afterwards blurs this distinction when considering the actual ef- 

ficacy of corporeal worlds. Nothing can circumvent these diffi- 

culties.’ This opposition is further exacerbated by cultural views 

when, for example, the attempt is made to apply mathematical 

statements to aesthetic effects. In his Wiirzburger Dissertation 

(1908), Ernst Bloch cites methodical “deviations” as an essential 

characteristic of Rickert’s philosophy and illustrates this by calling 

attention to the changes and diverging interests that arose around 

1850.'° 

In their specific accentuation and exacerbation, these ques- 

tions thus occupy their own historical space. What began in 1847 
TY 

with the “formal logic”" of Oliver Byrne’s critic Augustus De Mor- 

gan matures into a crisis with Edmund G. Husserl, who situates 

this predicament under the concept of “mathematization” and 

associates it with science’s loss of vital significance.” Rickert states 

in 910-11 that the “objectifying weltanschauung” is incapable of 

grasping the meaning of life."3 Husserl, who was concerned at this 

time with the ideals of a “strict science”, grants that the founda- 

tions and independence of the strict natural sciences and liberal 

arts, “as well as new purely mathematical disciplines”, would be 

achieved as the “only ripe fruit” of efforts conducted “through the 

medium of critical reflection”.'+ For philosophy, which had been 

left out in the cold, so to speak, and building upon the critique 

of the unavoidable “indirect methods” that had been voiced by 

the “most impressive sciences of the modern era, i.e. mathematics 

and physics”, he hoped for a science “which would be free from 

all indirect symbolizing and mathematizing methods, free from 

the apparatus of conclusions and proofs, yet which would gain 

many rigorous insights that would be decisive for all subsequent 

philosophy”.'S This ought to be of service to a “phenomenological 

cognition of the essential” in “the correct sense of philosophical 

intuition”."° 

Viewpoints and interests had long since diverged. Gottlob 

Frege published his Begriffsschrift, eine der arithmetischen nachgebil- 

dete Formelsprache des reinen Denkens in 1879, and Oliver Byrne's 

Euclid justifiably deserves a place, in the broadest sense, in the 

prehistory of Frege’s book. Afterwards, in 1882, Frege noted that 

“a visually comprehensible presentation of the forms of thought” 

would have “a significance that transcends mathematics”.'7 He 

urged philosophers to “grant importance to the topic”. It is 

not surprising that, in his dispute with Husserl, the psychology 

of all perception was paramount for both thinkers. With regard 

to Frege, one should also interpret this as meaning that he wasn’t 

so unphilosophical after all. Just the opposite: his initial and fun- 

damental explications in the first volume of the Grundgesetze der 

Arithmetik (1893) are followed by the footnote: “Mathematicians 

who would prefer not to enter the labyrinthine maze of philosophy 

are politely requested to cease reading the foreword here.”’? He 

then proceeds to explore the question of what can and should be 

thought and represented. Of course, Frege argues against an abu- 

sive “psychological falsification of logic”.*° On the other hand, he 

calls for limiting “arbitrary fabrication” (“Erdichtungswillkiir”).» 

Arithmetic, for him, is undoubtedly a branch of logic.” “I regard 

it as a sure sign of error when logic has need of metaphysics and 

psychology, two sciences that are themselves in need of logical 

underpinnings. Where, then, is the genuine primal foundation 

upon which all else rests? Or is it as it is for Miinchhausen, who 

pulled himself out of the swamp by the hair of his own head?” 

Time and again, the questions that arise revolve around what 

mathematics can and should do, what is permissible and impermis- 

sible for it, and what leads astray into the “imagined”.*4 In criticism 

of Benno Erdmann, Frege asserts that anyone who puts the latter 

into the foreground is an incorrigible idealist.5 At the beginning of 

his An Essay on the Foundations of Geometry (1897), Bertrand A. W. 

Russell remarks: “Geometry throughout the 17th and r8th centur- 

ies remained in the war against empiricism, an impregnable for- 

tress of the idealists.”*° Thus the warring hosts stand in full array 

upon the battlefield. Russell, who follows his scolding of idealism 

with a presentation of the trajectory of geometry’s path since it 

moved away from Euclid, questions the axiom of parallels and 

continues, via Nikolai Ivanovich Lobachevsky and Janos Bolyai, 

onward to untrammelled shores.?7 

Precisely this, the incunabula of non-Euclidian geometry, 
preceded Oliver Byrne’s efforts. Later, by 1854, at least a narrow 
circle of scholars was familiar with Bernhard Riemann’s “Ueber 
die Hypothesen, welche der Geometrie zu Grunde liegen”. Rie- 
mann’s speculations begin with the fact that geometry presup- 

14 
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poses the notion of space and that the reasons underlying the 

axioms are entirely obscure. He therefore recommends that this 

darkness, which neither mathematicians nor philosophers “from 

Euclid to Legendre” have ever elucidated, ought gradually to be 

subjected to work, making use of experiences and facts, with an 

eye toward “the reality underlying space”.** This points toward 

physics. For the ceremony commemorating the founding of the 

Friedrich-Wilhelms-Universitat in Berlin in 1878, Hermann von 

Helmholtz delivered his famous speech entitled Die Thatsachen 

in der Wahrnehmung (The Facts in Perception), in which he ex- 

plained the old and the new contradiction.? He contrasts the 

“older notion of contemplation” (“Anschauung”), which relates 

to that which “immediately comes into consciousness with the 

sense impression”, with his own scientific notion: “To prove that 

something can be experienced, | demand only that the resulting 

sense impressions be unambiguously given for each mode of ob- 

servation; if necessary, by using scientific knowledge of their laws, 

from which, for someone who knows these laws, it would become 

evident that the thing under consideration, or the contemplating 

relationship, is indeed present.”3° 

Helmholtz consciously opts not to include the “lightness, speed 

and sudden self-evidence” which are inherent in the “earlier notion 

of contemplation”, namely, to immediate sense impression" The 

uncoupling has occurred. Helmholtz situates his criticism precisely 

where Immanuel Kant asserted that the Euclidean laws are neces- 

sarily correct and that deviations from them are inconceivable, so 

that he could then clarify and describe the form of contemplation 

in a wholly traditional manner: “Our eye sees all it sees as an ag- 

15) 
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gregate of coloured planes in the field of view; this is its manner 

of viewing.”? But mathematics and Helmholtz explicitly sought 

nothing more than this. Husserl, on the other hand — and also with 

an eye toward the advantages that indwell the sense of sight e.g. 

“sudden self-evidence”, or “blitzahnliche Evidenz”), which were 

now to be done without — accused Frege of straying “into infertile 

hyper-subtleties”,3 whereas Husserl, for his part, calls attention 

to “elementary psychic data”. “No one can define” notions such 

as “quality, intensity, place, time and the like” 3+ Husserl goes on 

to link this with “elementary relations” such as “equality, similar- 

ity, increase, whole and part, multiplicity and unity” 35 Phenomen- 

ology concerns itself with abstract, pure ideas! Husserl, as is well 

known, intends to establish phenomenology as a “fundamental sci- 

ence of philosophy” and to connect phenomenology to the “natu- 

ral knowledge and experience” that he calls “the world” 2° 

The claims of geometry were indeed extensive in bygone 

years. Those “elementary relations” in particular belonged — and 

still belong! — to the domain of geometry. With didactic inten- 

tions, one can still try to understand them in this sense and can 

strive to orient them in this (idealist) direction. Anyone who did 

so around the year 1850 was participating in a tradition that was 

admittedly significant in cultural history, but that is no longer part 

of the scientific community, which is moving toward the “new, 

purely mathematical disciplines”, whose importance, incidentally, 

Husserl had fully recognized. But this cannot expunge the crisis 

as though it had never happened. “What is truth in our contem- 

plation and thought? In what sense do our notions correspond 

to reality? Philosophy and natural science confront this problem 
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from two diametrically opposite sides; it is their mutual task.”37 

This formulation, which Helmholtz penned in 1879, describes the 

double and separate access to the problem. Considering the im- 

possibility of overlooking the fact that the interests and efforts of 

the two disciplines are drifting apart, the appended phrase about 

“their mutual task” sounds as though it were glossing over the 

problem. For Euclidean geometry and its mediating tradition, at 

least in the relevant science, it stands as a valediction.*® 

The anachronistic and eccentric 

mathematician Oliver Byrne 
and his detractor Augustus De Morgan 

“Oliver Byrne’ Euclid in symbols and colored diagrams 
was not taken seriously, but was regarded a curiosity.” 

— Cayort,A History of Mathematical Notations, 1928°° 

With only moderate exaggeration, one can describe the precari- 

ous situation in 1847 as follows. Byrne’s “coloured diagrams” and 

his blind faith in arbitrary forms of representation position him, 

from a mathematical perspective, in the era prior to 1850, while 

simultaneously transporting him, from an artistic viewpoint, dec- 

ades ahead, into modern times. His gaze focuses primarily on the 

ancient intention of the adaequatio rei ac intellectus, i.e. the corre- 

spondence sought between knowledge and its object, as well as the 

corresponding form of perception (“Anschauungsform’”), which is 
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closely related to the senses, through his didactic figures and sym- 

bols, which is the unmistakeable, immediate, and explicit goal of 

his Euclid. It is not coincidental that Byrne’s Euclid is mentioned 

in the grand presentation that Florian Cajori devoted in 1928 to 

the symbols and figures used in mathematics.4° But Cajori men- 

tions Byrne only in passing: “Oliver Byrne’s Euclid in symbols and 

colored diagrams was not taken seriously, but was regarded a curi- 

osity.”*" Byrne’s Euclid was perceived as an oddity — and accord- 

ingly dismissed! But none other than Cajori himself also says that 

the use of colours in the presentation of geometrical problems was 

mentioned by Heron of Alexandria, who claimed that such usage 

follows a Pythagorean tradition.4? Cajori also cites Martianus 

Capella, who correlated plane and colour with one another and 

who is amenable to all aspects of figure formation. Tradition sides 

with Oliver Byrne! 

Cajori believes that the more profound reason for the disin- 

terest in Byrne’s Euclid lies in the opinion that the slightly older 

Augustus De Morgan had expressed, and that he reinforced with 

his full authority, at the time, i.e. in 1849, which was two years after 

the publication of the work: “Those who introduced algebraical 

symbols into elementary geometry, destroyed the peculiar charac- 

ter of the latter to every student who has any mechanical associ- 

ations connected with those symbols; that is, to every student who 

has previously used them in ordinary algebra. Geometrical reasons, 

and arithmetical process, have each its own office; to mix the two 

in elementary instruction, is injurious to the proper acquisition of 

both.”# That’s quite a severe verdict, especially when we consider 
that the interrelationship between arithmetic and geometry was 



frequently the explicit subject of research and served as a useful 
field of observation at this time, not least by Augustus De Morgan 
himself. Was De Morgan’s harsh criticism deliberately aimed at 
Byrne's Euclid? If so, it would primarily target Euclid’s Fifth Book, 
which is devoted to magnitudes and to the relationships between 
numbers. 

A “curiosity”, to repeat the word that Cajori chose to describe 

the (dearth of) appreciation for Byrne’s Euclid, seems instead to 

smack of the deliberate avoidance of a more precise description of 

the quality of the signs and symbols that Byrne had chosen. Does 

Cajori mean their anachronism or their indeterminacy in a wider 

spectrum of pictorial description, as it were, between iconoclasm 

and idolatry? Isn’t Augustus De Morgan’s criticism of the mix- 

ing of geometric and arithmetic languages more likely a pretext 

to conceal his fundamental personal dislike for Byrne? We do not 

know. It is known, however, that De Morgan reviewed The creed 

of St. Athanasius, which Oliver Byrne published in 1839 under the 

pseudonymous anagram E.B. Revilo and which he included in 

his A Budget of Paradoxes, into which he put everything he could 

unearth that he deemed guilty of mathematical, Pythagorean, or 

cabalistic abstruseness. His verdict reads as follows: “This author 

really believed himself, and was in earnest. He is not the only per- 

son who has written nonsense by confounding the mathematical 

infinite (of quantity) with what speculators now more correctly 

express by the unlimited, the unconditional, or the absolute.” In 

the much later treatment by David Eugene Smith, we again find, 

with direct allusion to Byrne’s Euclid, that Byrne is classed among 

the “minor mathematical writers”.#° No one seems to have any- 

thing good to say about Byrne! In its most recent printing (1974), 

Augustus De Morgan’s anthology of marginal mathematical view- 

points and theories appeared under the title The Encyclopedia of 

Excentrics {sic}, and thus Oliver Byrne indeed found his way into 

the fringe of mathematical curiosities and eccentricities! #7 

Byrne is an eccentric, of course, as is Augustus De Morgan, 

about whom it is rumoured that ever since he lost an eye during 

his first year of life in India, he spent the rest of his life with noth- 

ing else but abstract numbers in his mind. Of course, such anec- 

dotes cannot explain the crisis surrounding the issue of pictorial 

presentation in 19th-century mathematics. The fact remains that 

Augustus De Morgan and Oliver Byrne are linked by many of the 

issues that concerned the British world at the time. De Morgan, 

for his part, is especially interested in the problems of didactics 

and teaching. He shares the view that his teacher and friend Wil- 

liam Whewell expressed in 1836 in the title of his book: Thoughts 

on the study of mathematics, as part of a liberal education.** Math- 

ematics serves education and is a discipline that simultaneously 

trains both the moral and the rational capacity. Furthermore, the 

pedagogical orientation shapes mathematics and imbues it with 

societal status. This is meant to be understood quite concretely. 

His Essay on Probabilities (1838), which bears the subtitle On their 

Application to Life Contingencies and Insurance Offices (ill. 6), should 

be taken literally and understood as a contribution toward dispel- 

ling “public ignorance of the principles of insurance”.#? De Mor- 

gan was a prominent member of the Society for the Diffusion of 

Useful Knowledge, which was established in 1826, and he wrote 

more than 700 articles for its organ, the Penny Cyclopedia.° In 

1841 he published in it a short text entitled Proportion, in which he 

discusses Euclid’s Fifth Book." This prompts him to occupy him- 

self all the more with the notions of number, arithmetic, algebra, 

logic, and probability (ill. 7). The same year that Byrne’s Euclid 

appeared, De Morgan published his Formal Logic, which was fol- 

lowed by a series of related research papers.* De Morgan, and 

with him the mathematics leading toward symbolic logic, seem to 

have wanted to exclude precisely that which Byrne and his Euclid 

elevate to a didactic principle: namely, clarification by means of 

figures and symbols. Of course, illustrative elucidation had been 

practised long before Byrne either in kindred manner, differently, 

or at least rudimentarily, so Oliver Byrne was by no means as iso- 

lated as he may seem. Colour, too, soon became more frequently 

used in the context of scientific illustrations.3 Only for mathemat- 

ics did it seem necessary to keep things apart that belong neatly 

separated.*+ What most contributed toward Byrne’s reputation as 

an outsider was probably the fact that the development of geom- 

etry, within the discipline of mathematics, had long since evolved 

away from Euclid and turned its attention toward new problems, 

for example, the questions of formal logic. The topic of symbols 

is comparatively obsolete. Nonetheless, De Morgan seems to use 

every available opportunity to cast his vote against them and to 

serve logic all the more: “Every science that has thriven has thriven 

upon its own symbols: logic, the only science which is admitted to 

have made no improvements in century after century, is the only 

one which has grown no symbols.” 

The degree to which empiricism in general — and also in math- 

ematics — would ultimately assert itself ‘a priori’ against the actual 

or the alleged is an entirely different issue. In his autobiography, 

John Stuart Mill speaks out against “the German, or a priori view 

of human knowledge, and of the knowing faculties” and argues in 

favour of both his System of Logic and his exchange with Whewell: 

“But the ‘System of Logic’ supplies what was much wanted, a text- 

book of the opposite doctrine — that which derives all knowledge 

from experience, and all moral and intellectual qualities princi- 

pally from the direction given to the associations.”*° No place re- 

mains here for the age-old more geometrico, nor is any room left for 

German idealism!” Induction was the order of the day! Whewell’s 

The Philosophy of the Inductive Sciences, founded upon their history 

(1840) not only lastingly influenced his students De Morgan and 

Mill, but also exerted a fundamental and determining effect on the 

new course of scientific development and its moral underpinnings. 
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When Chiswick Press published Byrne’s Euclid in 1847, the second 

edition of Whewell’s Philosophy of the Inductive Sciences was nearly 

simultaneously published. Afterwards, in typical British fashion, it 

was augmented by a Novum Organum Renovatum.® And that added 

the decisive accent! 

Byrne held the outmoded view that the elements of Euclid 

were “by common consent, the basis of mathematical science all 

over the civilized globe”. He thus took a firm stance on the histori- 

cal side of mathematics.° Considering the most recent develop- 

ments, it would seem old-fashioned to position oneself in favour of 

the search for truth and, in the process, to borrow and apply Eu- 

clid’s (old) symbols and figures in order to present mathematical 

laws in a comprehensible way: namely, to leave them in the realm 

of the visible. Byrne, on the other hand, wrote in the introduc- 

tion to his Euclid (1847): “All language consists of representative 

signs, and those signs are the best which effect their purposes with 

the greatest precision and dispatch.”°° The progress of formal 

logic had convinced most logicians that this view was obsolete. 

Cajori, incidentally, notes that all individual approaches toward 

ideographic presentation would be overruled by a consensus that 

pointed in the opposite direction.°! 

With Augustus De Morgan’s seemingly rigid rejection of the 

mixing of geometrical and arithmetical languages or other sym- 

bols, it is clear that here, too, the tradition had long since been 

abandoned which Proclus, as well as Martianus Capella, had ex- 

pounded in all its extremely effective richness. The assertion that 

“geometry teaches how to discover and prove laws which express 

the attributes of figures” had elsewhere been connected for many 

years with the necessary effort, “without which one cannot have 

profit and satisfaction in science or life”.© In 1852 Professor Ar- 

thur Arneth, who taught in Heidelberg, held the achievements of 

geometry in particularly high esteem: “Geometry, among all the 

branches of mathematics, offers us the most instructive picture. 

We see how human beings, from the beginning of pure thought, 

have sought to cling to the singular, wanting only — and being 

solely able — to know this with certainty.”® Byrne, for his part, 

expressly refers to the authority of all those philosophers in the 

Platonic tradition who stood for this history. Now, however, that 

which was thought to be valid was what Max Bense had described 

as the “detachment of mathematics from philosophy” and what he 

had declared with the strenuous articulation of the “discipline’s 

own precise language”.°+ In Bense’s interpretation, this would rec- 

tify the tendency of “mathematical problems and solutions to run 

ahead of their actual mathematical overcoming”.®’ This, however, 

seems more reminiscent of the footrace between Hercules and the 

tortoise! 

The progress of the era pushed Oliver Byrne out of the recent 

history of mathematics and caused the undignified dunce hat of 

‘acuriosity’ to be placed upon his head. One is referred to different 

horizons, to art, for example, where languages and figures and their 

manifold meanings continue to be employed. The less uplifting 

consequence that results from the anachronism of Byrne’s Euclid 

involves the fact that Byrne seems more likely to pique our inter- 
est merely for typographical and aesthetic reasons.°° The typo- 
grapher and designer Ruari McLean, whose work took its cue from 
Jan Tschichold, became aware of Byrne’s Euclid in this way. His 



appraisal, which he expresses in Victorian Book Design and Colour 
Printing (1963), emphasizes just that. He describes Byrne’s book 
as “a decided complication of Euclid” and recalls the triumphal 
presentation at the Great Exhibition in London in 1851 of Charles 
Whittingham’s book, which was published by William Pickering 
in an edition of 1,000 copies. This is connected to the anecdote 

claiming that that lavish book drove its publisher into bankruptcy 
and forced him to abandon the famous Chiswick Press, which had 

been founded by his eponymous uncle.” 

Byrne’s method and argumentation — and the goal 
reached with the ‘colourful’ Euclid of 1847 

“This Work has a greater aim than mere illustration; 

we do not introduce colours for the purpose of entertainment, 
or to amuse by certain combinations of tint and form, but to 
assist the mind in its researches after truth, to increase the 

facilities of instruction, and to diffuse permanent knowledge. 
If we wanted authorities to prove the importance and usefulness 

of geometry, we might quote every philosopher since the 
days of Plato. Among the Greeks, in ancient, as in the 

school of Pestalozzi and others in recent times, geometry 
was adopted as the best gymnastic of the mind.” 

— Byrne, Euclid, 1847 

One simply has no other choice but to come to terms with the 

fact that, together with Byrne, we have arrived in the era of “out- 

moded Euclid”.®? Byrne and his geometric views are, of course, not 

mentioned in the relevant literature on logic, from Augustus De 

Morgan to Willard Van Orman Quine’s Philosophy of Logic (1970). 

But the age-old urge to make our notions visible under the condi- 

tions of plausibility, and the advantages, cited by von Helmholtz, 

of “lightness, speed, sudden self-evidence’, are still on the table. 

Artists should devote their efforts to it! Oliver Byrne and his Ew- 

clid entirely put their trust in the old, outmoded view that holds 

that geometry not only mediates, but also fundamentally assists 

us in the quest for truth, because it is an exercise that strength- 

ens the mind. One must follow Oliver Byrne and Euclid where 

mathematics had not yet pursued the history of the discipline and 

its specialized fields after 1850, where it continues to be devoted, 

or rather, is for the first time truly devoted, to the great cultural 

and historical tradition, to which Max Steck would later add the 

admittedly rather broadly based maxim: “All great mathemati- 

cians were simultaneously also philosophers.””? Steck appends 

to this “universal view” other and no less generalized statements: 

“All great mathematicians had an intimate relationship to art, and 

most of them were also practising artists” and “All great mathema- 
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ticians felt at home in intellectual and art history, especially in that 

of their own people, until the middle of the rth century.” 

Although euphoric judgements of this sort don’t make it any 

easier to assign Byrne’s Euclid to the place it deserves in the long 

history of Euclid’s Elements and the nearly equally lengthy his- 

tory of the tome’s editions, the key questions have been raised 

and now the task is to consider the wider cultural context. This 

is inevitable for Byrne because precisely this consideration sheds 

light on his work’s profounder meaning and greater usefulness. 

Part of this also obliges us to realize that the interconnections be- 

tween geometry, figure, and form merit respect as an effective and 

powerful cultural tradition. Essential to this is the realization that 

contemplation (“Anschauung’) is anchored in sensory perception. 

This lends support to the didactic aspect of Byrne’s Euclid, even 

if this is at first introduced in rather self-effacing and apologetic 

terms: “Illustration, if it does not shorten the time of study, will at 

least make it more agreable [séc}.””* One must follow the thread of 

Byrne's reasoning. 

The didactic introductory notes, which he inserts into his 

books at regular intervals, are sufficiently remarkable on their own. 

Byrne repeatedly emphasizes the distinction between his work and 

the pure science of mathematics: “Much indeed has been written 

by learned and experienced Mathematicians, but their works seem 

rather addressed to the proficient, than to the uninitiated student 

in the science. Their long formulae, complicated rules, and dem- 

onstrations, &c., perplex rather than instruct the beginner, who 

perhaps, terrified at the mass of difficulties before him, gives up in 

disgust the study of a subject, which, treated in a simple manner, 

he had easily acquired.”?3 Byrne recalls his firsthand experience 

with the frightening effects of mathematics, both during his stu- 

dent years and in his role as a teacher, and he wants to improve this 

situation: “I have therefore written in the same manner in which I 

should have explained it by oral communication with my pupils.” 

He intends his prose to be practical and readily understandable 

for classroom use or home study. In 1835 this is the intention with 

which Byrne introduces his spherical trigonometry, the subtitle 

of which expressly alludes to a “few simple rules” and conversely 

promises to avoid major difficulties. 

Analogous statements and recommendations are a recurrent 

theme in Oliver Byrne’s numerous and obviously didactically 

conceived publications. The first sentence of the introduction to 

his Handbook for the artisan, mechanic, and engineer (1853) promises 

its readers that even those who are as yet unacquainted with the 

material will soon be capable of understanding even the most dif- 

ficult problems.”> Byrne also doesn’t shy away from comparison 

with his metier’s leading lights — indeed, he positively invites it. In 

the foreword to his The Young Dual Arithmetician (1866), which 

is lauded as “new art, designed for elementary instruction and 

the use of schools”, he says of the tables of logarithms: “They are 



equal in power to Babbage’s and Collet’s combined, and take up 

less than one eighth part of their space.””° Oliver Byrne’s work on 

logarithms earned him, also in Germany, admiring notice at an 

early date, especially and significantly wherever the “application 

of logarithms in everyday life” was sought. Praise of this sort could 

be read in the subtitle of a publication by the Eisenach school 

director Adolf Lorey: the prologue of Das Neueste und Interes- 

santeste aus der Logarithmotechnik (1852) begins with a reference 

to Byrne and M. Philippe Koralek, and emphasizes the “technical 

skill, especially in the instantaneous calculation of logarithms”.”” 

The introduction begins with a comparison: “The logarithms are 

as powerful and effective for calculations as steam is for machin- 
78 

ery. 

One can see from these testimonies that Byrne was above all 

interested in teaching the subject in the most straightforward and 

effective way. The urge to achieve quick comprehension was para- 

mount. This same intention also guided him in his works on geom- 

etry. Byrne first emphasized this in his The Doctrine of Proportion 

clearly developed, on a comprehensive, original, and very easy system; 

or, The Fifth Book of Euclid simplified, which was published in 1841 

while he was serving as a professor of mathematics at the College 

of Civil Engineers at Putney and which he dedicated to the direc- 

tors, organs, and students of that institution (ills. 8, 9)? The title 

proclaims that this is an “easy system”, in which the Fifth Book of 

Euclid is “simplified”. That same year other publications of Byrne 

were publicized, as was the case of The First Six Books of the Ele- 

ments of Euclid. \n many respects, what follows in the Doctrine of 

Proportion is a prelude to the corresponding parts of his Euclid of 

1847, where some of the symbols introduced in 1841 reappear in 

altered form. Conversely, in 1847, he refers to the preceding pub- 

lication and especially to the algebraic and arithmetic elucidations 

that are explained at length in the earlier book but skimmed over 

in the more recent work.*° 

The starting point of Oliver Byrne’s opus is clear. He regards 

the relevant research as being fraught with lacunae and errors, 

which he traces, by way of Adrien-Marie Legendre, to Isaac New- 

ton. He contrasts this, on the other hand, with the cliché about 

Euclid’s absolutely consistent, error-free logic.™' Byrne is un- 

shakeably convinced that “Euclid’s Fifth Book is a master-piece 

of human reasoning”.** He accordingly devotes his undivided 

attention to the tasks of explaining, elucidating, and presenting, 

for which purposes he relies on symbols, about which he says — in 

contradiction to De Morgan and Cajori’s later view: “The intro- 

duction of symbols into works of geometry is every day becoming 

more general.”*} These symbols and their usefulness are so self- 

evident that he deems no further justifications necessary. In 1841, 

however, he feels obliged to mention, with regard to arithmetical 

and algebraic modes of presentation, that the subject itself ought 

solely to decide “whether the structure be raised upon numbers, 

symbols, or lines, &c.”.+ The doctrine of proportions repeatedly 

made use of all these means in various ways. 

Explanations that follow place geometric symbols beside the 

familiar algebraic formulae and thus compare the “visible symbols 

with the abstractions for which they stand”. Byrne’s interest ul- 

timately lies in the usage “in ordinary language”, a means whose 

success he had discovered during his earlier career as a surveyor. 

The crux of the matter is clearly to discern and understandably to 

convey the differences among symbols; the method must accord- 

ingly be “logical, strict, and convincing ... without being attended 

with that tediousness and circuitous detail which frequently ac- 

company other methods”.** It was already clear to Byrne that dif- 

ferent colours would be helpful in clarifying differentiation.” In 

his foreword (dated 19 November 1840) to the Doctrine of Propor- 

tion, he unmistakeably states that this had been his intention, but 

that he was obliged to abandon his polychrome printing plans by 

then because of the expenses involved.** 

It is obvious that Byrne, long before his Euclid of 1847, had 

acquired specific experience with his method and had accordingly 

earned both praise and criticism. For example, in the fifth defini- 

tion of the Fifth Book, where Euclid discusses the multiplicities 

of magnitudes and their proportional identities, this involved re- 

placing the phrase “any equimultiples”, which Robert Simson had 

used in the edition of Euclid that was most widespread at the time, 

with the phrase “every equimultiples.”*? Even here, Byrne’s didactic 

intention is evident. He didn’t want to follow this with arbitrary — 

and arbitrarily many - tests of this sort, but sought instead to set 

a standard. No one would contradict him that definitions, as well 

as the individual parts and concepts therein, should stand on their 

own without further explanation. This goes hand in hand with his 

didactic objective: teaching must be the highest aim for everyone 

who writes about elementary things.°° But here Byrne also ab- 

stains from a more profound analysis and interpretation of the 

Euclidean definition, which had always been recognized as being 

an especially difficult one. Augustus De Morgan, of all people, de- 

voted his attention to this question and to the significance of ratio 

and proportionality, and published his thoughts about them in the 

Penny Cyclopedia in 1841.9' Unlike Byrne, De Morgan, against his 

usual abstract predilections, had conducted tests to check the us- 

ability and plausibility of the Euclidean formula, and for this proj- 

ect he had made use, of all things, of a colonnade of pillars to aid 

the imagination and visualization.” 

Recognition of Euclid’s fundamental significance was obvi- 
ously a high priority for Oliver Byrne in 1841. His Doctrine of Pro- 
portion was intended to prove that Euclid’s Fifth Book is the only 
legitimate doctrine of geometrical proportion. He also planned to 
show here “that proportions should be treated algebraically and 
arithmetically as well as geometrically, as it equally belongs to 
all”.°3 The symbols that he used to illustrate the Fifth Book of Eu- 

20 



PROBLEM I. 

SxET A and B be two given points ; it is 

®, required to find, by means of compasses 

only, a series of equidistant points in 

** the straight line A B produced. 

The circular arcs traced in é/ack are described 

with the radius marked d/ack; the straight line 

traced in red is the radius of the circular arcs 

marked red; the blve straight line is the radius of 
the dine arcs ; and so on. 

The dlack, red, blue, &c., straight lines are cqual 

and will lie in the same straight line. Mathe- 

matical lines and ares, being without breadth and 

thus indicated, are supposed to divide evenly their 
coloured traces into two equal parts, in the direc- 
tion of their lengths. 

Sojeaoeene) siege Sere 

clid and that reappear in colour and slightly altered in 1847, tread 

a middle path and are most similar to later symbolic writings and 

forerunners of logicians’ “Begriffsschriften”. They clearly differ 

from the geometrical or geometricizing symbols with which Byrne 

illustrated Euclid’s other books. 

Byrne is unquestionably cognizant of the difficulties that 

might arise from this method: “Care must be taken to show that 

colour has nothing to do with the lines, angles, or magnitudes, ex- 

cept merely to name them.”+ But considering these didactic mea- 

sures, which relied specifically on this visual aid, how should one 

understand this caveat? It’s important to note that Byrne symboli- 

cally, i.e. indirectly, depicted points and lines through the overlap- 

ping of coloured planes. To truly discover point, line, and plane, 

one must abstract from the coloured planes that are visible in the 

illustration.2’ This precedes a rather long-winded rendering of the 

old explanation: “A mathematical line, which is length without 

breadth, cannot possess colour yet the junction of two colours on 

the same plane gives a good idea of what is meant by a mathemati- 

cal line; recollect we are speaking familiarly, such a junction is to be 

understood and not the colour, when we say the black line, the red 

line or lines &c.”%° The thing itself is depicted through the touch- 

ing and overlapping of coloured planes. In his Underweysung der 

messung (1525), Albrecht Diirer found an easier and more straight- 

forward way to solve the problem caused by the lack of means of 

depicting an abstract line — he simply drew a thick and therefore 

visible line: “Because through this means, the interior understand- 

ing must be shown in the exterior work.”” Byrne was aware of the 

risks that such indicative methods entail. His colours and coloured 
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Ill. 12 

Oliver Byrne, The Geometry of Compasses, London 

1877 

~ Problem I, with illustration and text. 

~— Problem I, mit Abbildung und Text. 
~ Probléme I, avec illustration et texte. 

diagrams would perhaps initially seem to be “a clumsy method”; 

but then he promised to offer a “means more refined and extensive 

than any that has been hitherto proposed”.* This is undoubtedly 

true. But the “coloured diagrams”, it seems, take on an indepen- 

dent life of their own. One cannot rid oneself of the suspicion that 

Byrne would like to add, to the Euclidean system, a second and 

graphic system, the usefulness of which he never tires of proving. 

“The experience of all who have formed systems to impress facts 

on the understanding, agree in proving that coloured representa- 

tions, as pictures, cuts, diagrams, &c. are more easily fixed in the 

mind than mere sentences unmarked by any peculiarity.” 

“More easily fixed in the mind.” Isn’t that precisely what Byrne 

had been striving for all along? The project that he first announced 

in 1841 ultimately succeeded in 1847 with the publication of a mul- 

ticoloured Euclid, designed so that its contents are most readily 

comprehensible because the visual design takes into account all of 

Byrne's experiences with sense perception. Soon thereafter, poly- 

chrome printing went on to conquer the world of scientific pub- 

lication. To cite only two examples: when Edward L. Youmans’s 

Chemical Atlas was published in New York in 1856, its title alluded 

indirectly to Byrne’s publications and emphasized that it con- 

tains “a series of beautifully colored [sic] diagrams” and that it has 

been expressly “designed for the use of students” (ills. 18-20, 32, 

39). Ezekiel Webster Dimond followed suit in Worcester in 1867 

with his publication of The Chemistry of Combustion “in language as 

simple and definite as possible” and naturally relying on colours to 

take the place of chemical symbols: red for oxygen, yellow for hy 
10¢ drogen, blue for nitrogen, and black for carbon (ills. 21-23, 33). 
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Youmans wrote in his introduction: “It is especially in natural 

science, where definite and exact ideas of properties and relations 

are to be communicated to the mind, that the employment of 

visible diagrams is most useful.”'°' Many years ahead of his time, 

he was aware that illustrations are particularly useful wherever 

the object under consideration cannot be seen.'?? Youmans cites 

geometry as his first example of such a situation. The correspond- 

ing method is to “diagramize geometrical conceptions”, i.e. to trans- 

late geometrical notions into visible diagrams.'® 

Byrne had already joined this discussion in 1841 and had dem- 

onstrated the paramount importance of colour in the illustration 

of scientific subjects. He reached his goal in 1847, when, through 

poetic allusions, he demonstrated the intensity with which he con- 

cerned himself avant la lettre with this psychophysical question. He 

quoted Horace and Aesop to show the superiority of the sense of 

sight. Gustav Theodor Fechner shared this view in 1860 when he 

declared in the foreword to his Elemente der Psychophysik: “Ancient 

with regard to the task at hand”, the novelty lies in the “mathe- 

matical connection of experienced facts”.'°* What could be more 

reasonable than to use these facts for the presentation of scientific 

subjects? This undoubtedly forms the basis of Byrne’s approach. In 

both the act and the fact, interest shifts from the scientific subject 

to its presentation and its didactic communication. It impels him 

to emphasize this in the introduction to his Ewclid and to accentu- 

ate it visually and concretely. Byrne recommends dyed chalks for 

schools and coloured pencils for private use by those who wish to 

intensify their study of his Euclid." 

22 

The didactic impetus and its necessary measures 

‘Among the Greeks, in ancient, as in the school of 

Pestalozzi and others in recent times, geometry was 

adopted as the best gymnastic of the mind.” 
— Byrne, Euclid, 1847'°° 

Byrne mentions Johann Heinrich Pestalozzi right at the start of his 

Euclid. He’s interested here in “the best gymnastic of the mind” ,'°7 

i.e. exercising the cognitive capacity. The didactic principle ori- 

ents itself according to classroom instruction, “oral demonstra- 

tions”, and the optimal interplay of visual and audible impres- 

sions. Comprehension ultimately occurs when “reason, and fact, 

and proof” all conjoin and leave a lasting impression. It is of lesser 

importance whether the indication from the text to the diagram 

runs through colour and form as a sign or whether it runs through 

the corresponding parts of the diagram itself; what matters most is 

the “simplicity” and that it facilitates “concentration”.'° Precisely 

this is what Pestalozzi sought to achieve with his Elementarlehre 

and Anschauungslebre der Zablenverhiltnisse, namely: a method or 

“exercise of the art”, in order to bring the learning of mathemat- 

ics into harmony with the development of the “power of thought” 

(ills. 24, 25). This is exactly what Byrne strives to accomplish by 

means of symbol, figure, and colour, to the advantage of learning 
in and of itself.'°? “For the greater ease of learning” is the ultimate 
aim, and Euclid is a means toward that goal. This is part of a long 



tradition in which mathematics was primarily assigned the role of 
a mediator. Mathematics is not a science per se, wrote Giovanni 
Pico della Mirandola in the first of his theses about mathematics; 
mathematics does not lead directly to happiness; rather, it ranks 
among the helping sciences that pave the way to other sciences."° 
It all depends on the medietas, i.e. the status as a means and medi- 

ator. 

When one approaches the subject in this way, the uncertain- 

ties associated with Euclid and the obscuritas ascribed to him be- 

come less important. In his discussion of Euclid’s postulate of par- 

allels, Giovanni Alfonso Borelli says that the reason why everyone 

says this is so difficult to grasp is because they lack the requisite 

foundations, namely: understanding infinity.’ But this doesn’t 

make him abandon hope. He, too, claims that new insights can be 

acquired through the (classical) progress of the intellect from the 

known to the unknown,'” and he published his Euclides restitutus 

accordingly. 

One comes to terms with this situation and searches for aids. 

In 1684, i.e. long before Oliver Byrne, St. George Ashe wrote an 

article about Euclid for the Philosophical Transactions of the Royal 

Society of London, entitling it “A new and easy way of demon- 

strating some propositions of Euclid”."3 In it, he orients himself 

on the “pre-eminence of Mathematical knowledge”, subsequently 

and all the more clearly insisting upon the importance and reli- 

ability of the mathematical method. The foreground is occupied 

by the few axioms and postulates that ought to be kept separate 

from all trifling and lack of precision."4 In a letter that he wrote 

in 1686, we learn that Ashe had consulted John Pell’s Az Introduc- 

tion to Algebra for assistance with his own efforts to present Eu- 

clid’s Second and Fifth Books." To what degree these efforts are 

connected with The Elements or Principles of Geometrie, which was 

anonymously published in London in 1684, must remain an un- 

answered question (ills. 26-28)."° The fact is that this textbook 

of geometry, which is clearly a successor of Borelli’s work, is fol- 

lowed by an introduction with definitions, axioms, and an explana- 

tion of the subsequently used signs, some of which are similar to 

those that Oliver Byrne used in 1847. The intentions are similar. 

The fastest and most efficient route toward an adequate under- 

standing is sought, which benefits everyone who wants to arrive, 

with the greatest possible speed, at the practical questions of this 

examination."” Such people will find the introductory defini- 

tions useful, although they must bear in mind that points, lines, 

and angles are immaterial things, and their inherent immateriality 

justifies the use of symbols. But the author is not yet satisfied with 

this explanation; he therefore appends another, in which he even 

more clearly emphasizes the value of demonstration: “Demonstra- 

tion is the highest degree of Proof that any matter admits of.”"* 

He stresses the fundamental use of geometry and the indirect use 

of Euclid’s methods, both of which train the mind and protect it 

against error and misapprehension."? The didactic usefulness is 

immediately noted.'° That’s why it is also necessary to create the 

clarifying preconditions, to which also ultimately belong, alongside 

the definitions, the tables with the “Explication of the Notes”, in 

which there is a list of the graphic symbols representing functions 

or meanings such as “equal to” or “like” or “continued proportion”, 

as well as the figures of triangle or circle.”! 

The didactic objectives, along with a corresponding method 

of presentation, seem to have long since taken possession of Eu- 

clid. Indeed, they would appear to have been inherent in Euclid 

through and through. Oliver Byrne’s evocative words in the in- 

troduction to his Euclid resound in our ears: the colours aren't 

intended for purposes of entertainment, but to “assist the mind 

in its researches after truth” and to clear the path toward long- 

lasting knowledge.'* One could also say that the more Euclid’s 

infamous obscuritas continues to exert its after-effects, the more 

important are the methods of presentation, demonstration, and 

a didactic approach.'8 The more clearly the application occupies 

the foreground, the greater is the need for appropriate models. “A 

teacher of mathematics should elucidate all equations by means of 

models or, when he doesn’t have them at his disposal, he should try 

to augment his lecture with clear and complete diagrams.”'*+ This 

ranks among the absolutely indispensable preconditions, Peter 

Heinrich Christoph Brodhagen writes in 1792 in his Anleitung zum 

gemeinniitzigen Unterricht, which is expressly intended for artisans, 

artists, and mechanics. 

With Pestalozzi, to whom Byrne refers, these interests are 

strengthened, the methods undergo greater refinement, and espe- 

cially the question of the senses that come into play is raised more 

frequently. The adaptation to the senses ceases to be merely an ac- 

companiment and soon becomes paramount. The illustration sep- 

arates itself out and comprises a new logic in itself or, to speak of 

it in modern terms, it becomes a pictorial discourse. This process 

can be observed in Byrne’s writing. The intentions of his Ewclid are 

in harmony with the efforts of his era. For example, Johann Georg 

Heinrich Feder declared in 1793 that “in cognition, much depends 

upon the quality of the signs” and this statement, of course, builds 

upon Johann Heinrich Lambert’s Newes Organon (1764),' which 

was also well known in Great Britain, and ultimately prompted 

Byrne to state that all languages consist of representative signs.'*° 

The senses are granted even greater importance, as Byrne affirms 

by repeatedly expressing his preference for oral teaching. For Hein- 

rich Stephani, the contrast between the “heard language” and the 

“seen language” forms the starting point for his research, which 

he published in Erlangen in 1814 under the title Ausftihrliche Be- 

schreibung meiner einfachen Lese-Methode.'” In Stephani’s view, the 

letters of the alphabet are essentially “only for the eye, which they 

serve as arbitrarily chosen signs of the various spoken sounds”, but 

he nevertheless wanted them to be understood as “the real notes 



Prostem XVII. 

On a given line PQ to deseribe a regular octagon. 

Fig. 27. 
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Ill. 15 

Oliver Byrne, The Young Geometrician, London 1865, 
p. 26 

~ Problem XVII. Ona given line PQ to describe a regular 
octagon. 

~ Problem XVII. Auf einer gegebenen Linie PQ ein 
regelmifiges Achteck beschreiben, 

— Probléme XVII. Tracer un octogone régulier sur une 

ligne donnée PQ. 

of our speaking instrument”.'8 To speed up this process, he calls 

upon the memory, which can take note of things and, as it were, 

mechanically recall them more quickly and not only letter by al- 

phabetical letter, but from the letter to the syllable and from the 

syllable to the entire word, which ought to be recognizable “at a 

glance”.’?? Stephani builds upon Pestalozzi, but also abides by 

ancient mnemonic techniques that enable us to deduce the letter 

from the word, e.g. to move from “tulip” to “p” and from “fir” to 
» 
r”. It soon becomes apparent that the entire project isn’t quite as 

simple as the book’s title promises. One still finds oneself in the 

state of experimentation. 

Nevertheless, one cannot doubt the earnestness of the didac- 

tic promises. The principle of “at a glance”, which Alfred North 

Whitehead (1927) describes with regard to an optimization of 

“sense-perception” as “presentational immediacy”, is neither 

easily achieved nor can its effects be readily guaranteed.¥° Inci- 

dentally, scepticism with regard to unconventional visual aids was 

part of the order of the day. Johann Wolfgang von Goethe, in the 

foreword to his Farbenlehre (1812), questions the fashion of adding 

illustrative plates to works of natural history: 

“Highly unsatisfactory surrogates here are the plates that are 

customarily included in such publications. An autonomous physi- 

cal phenomenon that is effective on all fronts cannot be captured 

in lines, nor can it be indicated by averages. No one has the idea 

of elucidating chemical experiments with the aid of figures; but 

such illustrations are commonplace for the closely related physical 

experiments because such visual aids can accomplish the one and 

the other equally well. But these figures very often represent mere 
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concepts; they are symbolic aids, hieroglyphic modes of communi- 

cation, which gradually insinuate themselves into the place of the 

phenomenon and the place of nature, and which obstruct genuine 

understanding rather than encourage it.”3! 

Goethe, too, was aware of the danger that ensues when such 

symbols become autonomous, and he could not imagine that 

they could be truly useful, for example, in the field of chemistry. 

Nonetheless, in the next sentence, he concedes that such plates 

and symbols do indeed have a certain degree of usefulness: “We 

also cannot entirely dispense with illustrative plates; but we have 

tried to arrange them so that one can readily take them in hand for 

didactic and polemical use, and regard them as a part of the neces- 

sary apparatus.”'3* Goethe, too, excuses himself by citing didactic 

expedience. 

Finally, Kant also expresses his views on this matter when he 

seeks an answer to the question “What is the meaning of: to orient 

oneself in thought?” Kant says, “We can elevate our ideas as high 

as we wish, and we can abstract from the senses as far as we wish, 

but visual conceptions still cling to them, and their real purpose is 

to make them, which are otherwise not derived from experience, 

capable of experiential use (‘Erfahrungsgebrauch’).”"33 Kant thus 

comes to speak of contemplation (“Anschauung”) and finds, as a 

minimal condition, “a certain guiding medium”+ for what he and 

Moses Mendelssohn would like to assign to the “evidence of de- 

monstration” or to orientation. Kant, too, is interested in the ques- 

tion of how we assign our concepts to experiential use. 



From signs and symbols 
to mathematical philosophy 

“Such for all common purposes are the audible signs 
called words, which are still considered as audible, whether 
addressed immediately to the ear, or through the medium 

of letters to the eye. Geometrical diagrams are not signs, 
but the materials of geometrical science, the object of which 

is to show the relative quantities or their parts by a 
process of reasoning called Demonstration.” 

— Byrne, Euclid, 1847 

“The concept of reflection is thus also 

the concept of reproduction.” 

— Wacner, Mathematische Philosophie, 1851 (a)'3° 

“Experiential use”, “symbolic aids”, or generally simply “guiding 

medium”! One wants to know how these affect the imagination 

and contemplation (“Anschauung’), and one seeks in this demon- 

stration the benefits of precision and the shortest route. These are 

the linguistic problems of great interest during this era. The train 

of thought that Oliver Byrne began when he declared that lan- 

guage is a system of signs, leads to the conviction that, in his case, 

the use of coloured symbols, signs, and diagrams could increase the 

precision and speed of the cognitive process.'37 

The theme is in the air and working on language is de rigueur. 

Among the Germans, Karl Philipp Moritz devoted himself to 

what he would describe in a speech to the Royal Academy of Sci- 

ences in Berlin as “the educability (Bildsamkeit’) of the German 

language”.'3° He decries, for example, the “lack of German neolo- 

gisms (‘Kunstwérter’) in the theory of proportions”."? Friedrich 

Adolf Trendelenburg, who championed the idea of a ingua ratio- 

nalis, writes: “When the life we live together sprouts new twigs, it 

naturally also sprouts new words.”'#° The researcher extracts “the 

lasting character for his result of language”.'4! Because “even the 

most abstract thinking exists with and in language” and because 

of the urge to “return to a simple concept through a simple de- 

scription”, the comprehension and the concept should be brought 

together in this “ascending line” from the “self-motivation of inner 

contemplation”! 

Oliver Byrne discovered the advantages of geometric, figura- 

tive — and colour-assisted — language, and was able to demonstra- 

bly quantify the time saved through quicker perception." There 

is no shortage of attempts to compare and to merge the various 

languages, each with its own advantages. Johann Jakob Wagner 

writes in his Philosophie der Erziehungskunst (1803) about the “ease 

of translating mathematics into philosophy”.'++ Logic had always 
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seemed insufficient to him and he “had always searched in math- 

ematics for the architecture of the world and of knowledge”.'* In 

mathematics, he saw “the form of objectifying the intellectual, 

i.e. language”. Finally, the “dualism” of arithmetic and geometry 

prompted him to assume the existence, on a higher plane, of some- 

thing that both have in common, namely: “contemplation” (“An- 

schauung”).'4° In his Organon, which was first published in 1830 and 

appeared in a second edition in 1851, Wagner presents the entire 

spectrum of different languages and linguistic forms.'#” He distin- 

guishes numerical and linear writing, which includes lines, figures, 

“trigonometry, i.e. interrelationships”, “bodies, i.e. gestalts”, and 

the compounding of lines and figures.'** He calls geometry, which 

provides the “basics of a theory of gestalts”, a “relational writing”, 

and an “abstraction from pictorial writing”.'4? He believes that the 

schema of word-number-figure-image underlies the “construction 

of language”, and from this he draws analogies to poetry-music- 

painting-sculpture or man-beast-plant-mineral.’° He refers to 

the “parallel series” of idea~-concept-perception-imagination or 

symbol-example-sign-picture.'" Furthermore, his Mathematische 

Philosophie places all this in an historical perspective, according 

to which “speculative knowledge” is presented in a Pythagorean 

manner as number and figure, which, under the dominance of the 

word, became translated into a “mechanical” thing “called math- 

ematics”.'* The image, he laments, has declined to the status of 

“an arbitrary game”, and “our art produces only appearances”.'3 

The interrelationship among word-number-figure thus remains 

the focus of interest with regard to the scientific question. This 

particularly occupies Wagner’s attention in his attempt to trans- 

late mathematics into philosophy. He wants to revive mathematics 

from its status as a “dead mechanism” and to rehabilitate it as “the 

natural language of ideas or the language of the mind” and as “the 

sole universal science or philosophy”.'5+ 

It behoves us to follow the characteristic line of this presen- 

tation — language! — according to this mathematical-philosophical 

understanding. The first example, which Wagner symbolically 

chooses in his Philosophie der Erziehungskunst in 1803, is Pythag- 

oras’s geomtrical figure that also appeared on the title page of Oli- 

ver Byrne's Euclid in 1847: “Every line is the expression of motion, 

the path of a moving body, determined in space from the viewpoint 

of external observation, but constructible only by the inner power 

of reasoning, and mobile in time.” Now the figure is constructed: 

“Let there be given a line as a path; and let another line approach 

this one along the same path but in the opposite direction; in this 

instance, both lines ... will meet, and if their forces are equal, they 
shall reduce to a point of zero motion.” A discussion of this sort 
requires a certain effort, so Wagner adds visual and physical exam- 
ples (e.g, the comparison of a line with a “lever” or with a “pendu- 
lum”), which he hopes will facilitate the process, so that “our pupil 
can become acquainted with the reciprocal reflections between 



mind and nature”.'” The “explanation by means of things” (“Sach- 
erklarung”) has long since become an “explanation by means of 
words” (“Worterklarung”), “according to which concepts are first 
formed”, as Ephraim Salomon Unger stated in 1833 in his introduc- 
tion to the body of Euclid’s teachings.'®* Didactic intentions have 
caught up with explanations, which also serve as their basis. 

In this way, Wilhelm von Tiirk, a follower of Pestalozzi, cre- 

ated a more comprehensive “doctrine of forms”, which he styled, 
in accordance with the prevailing fashion and with clear didactic 

intentions, as a Socratic dialogue between teacher and pupils.’ 

“Teacher: (drawing a point, a straight line, and a curved line on 

the blackboard and pointing to 1) What is the name of 

this sign here? 

Children: 

Teacher: 

Children: 

A point. 

(pointing to 2 and 3) And these two signs here? 

Lines.” 

One after another, these exercises were conducted with all five 

senses and were designed to include form, colour, and direction. 

The ultimate goal was to find and form a “language for inner 

contemplation”.'°° Everything came together again in the recom- 

mendations that Oliver Byrne later combined with his “oral dem- 

onstrations”, which simultaneously prioritized both the eye and 

the ear.'*' As Wilhelm von Tiirk explicitly stated in the title of his 

handbook, sense perceptions were the point of departure and thus 

also the central theme of the discussion. After all, also in times of 

enlightenment, and if one follows the Allgemeine Theorie des Den- 

kens und Empfindens with which Johann August Eberhard won the 

prize of the Royal Academy of Sciences in 1776, the “discoveries in 

the theory of perception” would be especially recognized as pro- 

gress within the “new speculative philosophy”. Eberhard empha- 

sized this in a special first point, citing “the discoveries made about 

the nature of several derived characteristics ... of bodies, namely: 

the colours”.'? In harmony with so many other efforts, the mis- 

sion was “to pull knowledge of the world down from the celestial 

firmament of the schools and bring it into human society” .'4 

Byrne’s Euclid — a work of art after all! 

“La logique veut que lart soit 

lexpression plastique de tout notre étre.” 
— MonpriAn, Neéo-Plasticisme, 1920'° 

Following Pestalozzi and his Anschauungslebre der Zahlenverhalt- 

nisse, everything — including the most abstract things — was moving 

back into the physical, three-dimensional, or “plastic” world. Oli- 
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ver Byrne’s opinion of Euclidean geometry as “the best gymnastic 

of the mind” indicates this motion involuntarily and with exagger- 

ated clarity. This, too, corresponds to an old insight. Isaac New- 

ton wrote on 8 May 1686 in the introduction to his Philosophiae 

Naturalis Principia Mathematica that the descriptions of straight 

and curved lines, on which geometry rests, belong to mechanics." 

Furthermore, geometry postulates; explanations must be sought 

elsewhere.'*” On the other hand, geometry needs augmentations of 

all sorts in order to become accessible and understandable. New- 

ton calls for this with his remark that geometry is only one part of 

a much more comprehensive mechanica universalis. One can arrive 

empirically at such a “physical geometry”, just as one can arrive 

at laws through observation.'® It would not be out of place here 

to recall Albert Einstein and his famous lecture “Geometry and 

Experience”, in which he regards “practical geometry” as a natural 

science and as the oldest branch of physics.'°? This was preceded 

by his statement that it is “nonetheless certain that mathematics in 

general and geometry in particular owe their existence to the need 

to learn something about the existence of real things”.'7° This 

doesn’t detract one iota from the high value of the axioms, which 

he hails as “those independent creations of the human mind”, al- 

though he adds, with regard to developments in the handling of 

symbols: “Terms in axiomatic geometry such as ‘point’, ‘line’ and 

so forth should be understood only as conceptual schemata, and 

these are devoid of content.”"”! This is not a satisfactory situation, 

and a connection to reality is expressly needed. The explosiveness 

lies in the connection, to which each of these thinkers — every one 

with a different emphasis — has devoted his attention. 

Mathematicians and artists meet here. Clear contours sep- 

arating the two metiers disappear from time to time through their 

reciprocal interest and usage of means. After all, why should one 

ascribe less creativity to a mathematician than to an artist and vice 

versa? Mystical darkness is not less alien to Euclid than to mod- 

ern inventors of images, especially when one considers the begin- 

nings of the great tradition of creating figures and symbols. In r901 

Max Simon answered the question raised by Hubert Miiller in his 

publication Besitzt die heutige Schulgeometrie noch die Vorziige des 

Euclid- Originals? (Does Geometry, as Taught in Today’s Schools, 

Still Possess the Advantages of Euclid’s Original Geometry?): 

“Geometry as taught in German schools never possessed those 

advantages.”"7* Much is wishful thinking and an idealized notion 

of a mathematically rigorous way of thinking. The call for an exact 

science, which penetrates deep into the liberal arts,’ and the need 

for a “sharp-edged tool” repeatedly led people to forget the ac- 

tual physical difficulties. This view, which credits all precision to 

geometry and blames all deviations from precision on mechanics, 

i.e. praxis, is neatly summarized in Newton’s words: “The error lies 

not in the thing itself, but in the user” (“Attamen errores non sunt 

artis, sed artificum’).'7 



If one now looks to art, on the other hand, one cannot talk 

about a “gestalt crisis” of the sort that Max Steck espoused in 

1942 with regard to mathematics.'”° Rather, it seems that Leib- 

niz’s motto that he had chosen — Mathesis est scientia imaginabilium, 

i.e. mathematics is a science of the imagination — acquires a much 

wider scope of meaning than had perhaps been suspected. Math- 

ematical aspects at this time had long since entered, as they never 

had in the past, not only the realm of the imagination, but also the 

visible realm of the actually physical and mechanical, and their in- 

troduction came about not as a result of genuine need, but with 

enthusiastic intentions. Beginning with Mondrian, afterwards 

discussed by Amedée Ozenfant and Le Corbusier and later trans- 

ferred to architecture, the notion of the sculptural (“plastique”), 

which is similar in some respects to the idea of gestalt, describes 

that which powerfully forces itself out of the intellectual insight 

into an outwardly visible form. This involves fundamentals and 

not merely formal analogy or the quest for forms on the basis of 

geometry or stylization. Neither does the mere allusion to cleans- 

ing and simplicity suffice “because the abstract remains the plastic 

functional expression of the universal: it is the most profound in- 

teriorization of the exterior and the purest exteriorization of the 

interior”.'77 In 1920 Piet Mondrian expressed this uncompromis- 

ing rejection of all merely superficial geometrisms — which would 

only be ignored anyway. Only when they are most profoundly 

understood and comprehended can the abstract, the mathemat- 

ical, and the geometric be drawn into reality and — by necessity — be 

brought into an artistic form. It’s clear that connections are most 

likely to result where this necessary relationship to perception, in 

the sense of physical geometry, is viewed as a problem and where, 

for the purpose of demonstration, it is expressly sought, as it was 

by Oliver Byrne. Only now — a posteriori — can one become genu- 

inely conscious of the remarkable status and uniqueness of Byrne’s 

Euclid. 

The statement that Byrne’s wrote in 1847 in the introduction 

to his Euclid, where he makes it quite clear that he is interested not 

in pleasant entertainments but in the search for truth and know- 

ledge, neatly accords with analogous assertions such as those voiced 

by Mondrian,'”* for whom the issue was the quest for a universal 

plastic medium. Leading the reader into his manifesto Le Néo- 

Plasticisme (ill. 42), Mondrian advocates that an artist achieves 

three-dimensional expression by way of the consciously known. 

Accordingly, the appearance of art is the overall plastic expression 

of the unconscious and the conscious mind; art reveals the rela- 

tionship between the two and it undergoes changes, but art per se 

remains immutable.'”? At the same time, the aspects of didactically 

conveying and making visible, which Byrne included in his Euclid 

of 1847, are clarified, and the corresponding objectives explained in 

anew view of art. For Mondrian, too, the highest priority is not the 

(apparent) form that arises as a result of this process. Conversely, 
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form as a general and fixed appearance in a picture ought to be 

avoided and, in its place, the focus should be in the process that 

leads to precision and abstraction as universal plastic means.'*° To 

make this clearer, Mondrian expressly criticizes the (merely exter- 

ior) process of cleansing and simplification, which could also oc- 

casionally be seen in the architecture of his day. Only a select few 

individuals would achieve the plastic effect of the abstract." 

The modern age proclaims itself from atop the new and the 

old pedestal of the controversial body-mind conflict, and a new 

quest for the raison gets underway. In the first issue of L Esprit Nou- 

veau, Paul Dermée wrote that, as far as intelligence is concerned, 

everything occurs in consciousness and in a brightly lit room.'* 

Light! In spite of this, he saw the necessary counterweight and the 

desirable balance between intelligence and the fashionable new 

buzzword lyrisme. Léonce Rosenberg contributed two formula- 

tions to the discussion, quoting the first from Georges Braque and 

modifying the other himself: “J’aime la regle qui corrige I’émotion” 

(I love the rule that rectifies emotion), followed by Rosenberg’s 

humanized version: “J’aime le sentiment qui humanise la Regle” 

(I love the sentiment that humanizes the Rule)."*3 Ethics and mor- 

als in particular had sought to discover the deeper meaning of 

mathematics in Oliver Byrne’s Great Britain, but now psychology 

was paying its courtesy call, striving to bring pure thought into the 

world. Restraint was needed. To the erstwhile order of the day, i.e. 

to “rebuter l’intelligence” (away with intelligence), Paul Dermée 

added his own recommendation: “pas de logique apparent” (no os- 

tentatious logic).'*+ The inclination toward lawfulness should not 

be permitted to express itself too obviously. Amedée Ozenfant 

and Charles-Edouard Jeanneret (later known as Le Corbusier) — 

who, on the next page of the first issue of L'Esprit Nouveau, would 

seek to derive reliability, constants, and universality for their art- 

istic work from the mechanical origin of sculptural (“plastique”) 

sensitivity — soon realized that this could no longer serve as the 

basis and starting point.'®s 

Communication, clarification, and mindfulness of the essen- 

tials were again necessary. The first sentence in Oliver Byrne’s 

Euclid, here admittedly divorced from its context, declares: “The 

arts and sciences have become so extensive, that to facilitate their 

acquirement is of as much importance as to extend their boundar- 

ies.”'"°° In his La pensée mathématique pure, which is based on the 

lectures he delivered at the Collége de France in 1914-15 and 

1918-19, Edouard Le Roy undertakes to characterize his notion of 

pure mathematics as imaginative and to link the sensory perspec- 
tive with the intellectual point of view."*” This relates particularly 
to geometry, for which reason he talks about the specific “intu- 
ition géométrique”. Geometry repeatedly forces itself into reality 
and the perceptible world.'** Le Roy thus takes into account the 
interaction and the fact of a physical geometry. Geometry seems 
to him to be a sort of mathematics that has become discernible 



Ill. 16 

Oliver Byrne, The First Six Books of the Elements of 
Euclid, London 1847, p. 158 

~ Anillustrated and multicoloured text to eluci- 
date Euclid’s Fifth Book. 
~ Figiirliche und farbige ,,Begriffsschrift* zur 
Erlauterung des fiinften Buchs Euklids. 
~ «Idéographie » figurée et coloriée expliquant le 
Livre V des Eléments d’Euclide. 

Ill. 17 

Johann Andreas Christian Michelsen, Euclides 

Elemente, fiir den gegenwiirtigen Zustand der Mathe- 

matik bearbeitet, erweitert und fortgesetzt, Berlin 

1791, p. 193 
~ Presentation of the identical Euclidean theorem 

about the “equimultiples”. 

— Darstellung des identischen euklidischen Lehr- 
satzes zu den ,,Gleichvielfachen*. 
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to the senses; it is of this world.'*? He finds pure mathematics in 

analysis and thus, either consciously or unconsciously, he follows 

in Leibniz’s footsteps.'”° 

Geometry and Euclid are thus more strongly exposed to 

compromise with the sensibly perceptible. This has long since 

become part of their history and culture. De Stijl and Mondrian 

were accordingly closer to the subject than were mere daubers and 

picture-makers. As Léonce Rosenberg succinctly put it: painting 

is the means, not the goal.'?' Even if a painter's intention is colour 

and paint, Oliver Byrne’s reasoning seems comparable to the ideas 

expressed by Ozenfant and Le Corbusier. The programmatic text 

about Purisme unequivocally asserts: “Quand on parle peinture, 

on parle forcément couleur” (when one talks about painting, one 

necessarily talks about colour). This text commences at the point 

where logic, at the beginning of the train of thought, is derived 

from human constants and installed to guard against the some- 

times implausible roaming of intuition.'?* Taken by themselves, 

colours would be risky and downright dangerous.'3 They ought to 

serve the task at hand and they should be used constructively.'°* A 

few pages later in Purisme one reads that “a painting is the linkage 

of purified, associated, and ‘architecturalized’ elements”."* The 

parallels to Byrne are impossible to overlook.'°° Even the greater 

speed with which human vision recognizes colours is mentioned, 

a fact that Byrne had explicitly emphasized. Colour, with regard 

to its priority in human perception, is akin to shock: because of 

its immediate visual perception, the awareness of colour precedes 

the recognition of form, which is at least partly a creation of the 

brain.'97 
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If one considers how much importance Byrne placed on the 

didactic aspect of his Ewclid, one finds even clearer parallels in the 

writing of Gyorgy Kepes, who published his Language of Vision in 

1944 in the tradition of De Stijl and under the direct influence of 

Gestalt psychology (ill. 34, 35, 37, 41).'° The viewpoint of language 

and communication has come home to roost. In the footsteps of 

Mondrian, Kepes talks about plastic organization, clarifying his 

description as “the shaping of sensory impressions into unified, 

organic wholes”.'? The process of form-giving takes precedence, 

but “visual representation” and the created picture naturally also 

feature prominently. It’s nonetheless astonishing to see how much 

importance Kepes grants to the overlapping of coloured planes. 

This no longer serves to depict fundamental geometric shapes, as 

it had for Byrne, but is now put at the service of the “colour bal- 

ance” and the visual phenomena in general.?°° 

Kepes’s historical retrospective acknowledges Helmholtz, 

fleetingly mentions Leonardo da Vinci and Goethe, and recalls 

Arthur Schopenhauer. In the first sentence of his early study 

Ueber das Sehn und die Farben (1816), Schopenhauer describes 

the larger context and the inherent problems: “All contemplation 

is intellectual in nature, because without reason, we would never 

again arrive at contemplation, perception, and the apprehension 

of objects, but would remain with mere sensations, which, as a feel- 

ing of pain or a sense of wellbeing, could possibly have meaning in 

relation to volition, but would otherwise be only an alternation 

of meaningless conditions and would not be anything that bears a 

similarity to knowledge.”*°' Schopenhauer neither wanted to, nor 

could he, grant Goethe's Zur Farbenlehre the status of a theory. On 
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the other hand, his thoughts would provide psychophysics with 

decisive arguments. 

In Great Britain during the time of Oliver Byrne and Augus- 

tus De Morgan, every attempt and every need to venture beyond 

the narrow limits of mathematics seemed to lead toward ethics 

and morals. In the modern era psychology devotes attention to 

the borderline areas and to the many difficulties associated with 

the body-mind problem. Psychophysics directly affected the arts 

at precisely the moment when the latter began to recall invariable 

laws, firm rules, and naturally also geometry in a particular way. 

It’s understandable that Gestalt psychology takes a special inter- 

est in questions concerning a focusing of the senses (“Pragnanz- 

momenten”), or the ways in which people are affected by colours. 

All of this had already played an important part in Oliver Byrne's 

Euclid. 

Wilhelm Wundt dedicates his introduction to Beitrdge zur 

Theorie der Sinneswabrnehmung (1862) to questions of method: 

“The attempt to erect psychological facts atop a metaphysical 

foundation is inherently allied with psychology’s mathematical 

way of handling things. This is an almost unavoidable consequence 

of the fact that metaphysical psychology includes the deductive 

method.”?° In a downright imperative way, this indicates the de- 

gree to which geometry and its sensualization (“Versinnlichung”) 

can be and are subjected to questioning. Wundt continues: “When 

a science derives a large number of facts from its own axioms 

through a series of more or less tangled conclusions, without the 

simple methods of formal logic being sufficient to arrive at this 

derivation, then that science is forced to require assistance from 

Edward L. Youmans, Chemical Atlas; or, The 

Chemistry of Familiar Objects: Exhibiting the 

General Principles of the Science in a Series of 

Beautifully Colored Diagrams ...., New York 1856 

Ill. 19 

Edward L. Youmans, Chemical Atlas, New 

York 1856, plate II 
~ Metals and their Compounds with Oxygen. 
The colours represent the chemical elements; 
the figures visually convey the quantities in 
their appropriate proportions. 

Metalle und ihre Sauerstoffverbindungen. Die 
Farben stehen fiir die chemischen Elemente, 

die Figuren fiir die dem Auge proportional 
mitgeteilten Quantitaten. 

- Les métaux et leurs composés oxygéneés. Les 
couleurs représentent les éléments chimiques, 

les figures les quantités transmises propor- 

tionnellement a l’ceil. 

the language of mathematical signs.”*°+ Kant postulated that na- 

ture, sometimes, would have to be forced to answer to the ques- 

tions of reason.?° It needs the support of the human capacity for 

knowledge. Wundt accordingly states: “This {language of signs} is 

only an effective aid for thought, merely a multiple application of 

logical laws that determine, through certain signs, the results of 

thought at each step along a series of conclusions.”*°° 

Wundt added at this juncture a footnote containing his ap- 

praisal of the developmental status of mathematics in this regard: 

“Mathematicians might well object that this definition goes too far, 

because mathematics to date has indeed not yet discovered such 

a generalized application. But it seems to me to be impossible to 

deny that all of the more recent efforts in mathematics strive to- 

ward this generalization of calculus, which makes it merely an ex- 

panded logic.” 207 

The paths of development frequently pursued separate routes 

from this point onward. The extent to which Byrne’s “Mondrianic” 

Euclid matches this development, or one of these developments, 

is a question that may remain unanswered. In any event, those 

mathematicians showed little or no interest in Byrne. Not even 

the Euclideans took much notice of him. On the other hand, each 

of the various sciences has always been preoccupied with itself, and 

has all too eagerly wielded its “incisive principles and methods” 

against the less potent philosophy in its own circle, whatever “phil- 
osophy” was thought to mean.?°8 Fechner’s psychophysics, too, a 
new branch of science that is grafted onto an ancient bough and 
that begins with such wide-ranging questioning, ought, according 
to an initial definition proposed in 1860, “to briefly {offer} an exact 



METALS AND THEIR COMPOUNDS WITH OXYGEN. 

Elementary Substances. Binary Compounds, 

‘ Z 
Porasu, K O 

( 

POTASSIUM, ioe 
K Sopa, Na O 

SODIUM; Linz, Ca O 
Na 23 

‘O- 
Macnesia, Mg O 

(om 
Sinica, (Sand,) Si Og 

‘Ooo 
ALUMINA, (Clay,) Al Os 

MAGNESIUM, [| 
Mg 12 

SILICON, 

PLATE Ii. 

Mineral Consti- 
tuents of Soils. 

) 

| Alkalies. 

Pn a 

L. 
es | ProroxiDE oF Iron, Fe O 

ALUMINUM, an” 
A SESQUIOXIDE OF IRON, Fee Og 

IRON, a 

Fe 

MANGANESE, | 
Mn 28 bers, and represent to the eye proportional quantities by weight. Mn Oz 

The areas of the squares correspond to the equivalent num- PEROXIDE OF MANGANESE, 

PROTOXIDE OF MANGANESE, 
Mn O 

Alkaline 

earths. 

Earths. 

Metallic 

oxides. 



doctrine of the relationships between body and soul”.?°? Indeed, it 

ought to become precise and scientific! 

Oliver Byrne’s Euclid remains unique, but the book’s sheer sol- 

itariness makes it all the more interesting and heuristic to search 

for potential connections to Pestalozzi, to the mathematical phil- 

osophy of a thinker such as Wagner, to the viewpoint of language, 

or the perspective of geometry. Byrne’s Euclid is more closely akin 

to the ‘facts’ espoused by a scientist such as Helmholtz than one 

would suspect at first glance. “Geometry always involves ideal fig- 

ures, whose physical depictions are really nothing but approaches 

to the needs of the concept; whether or not a body is solid, its 

surfaces are even, and its edges are straight will be decided only 

by means of the same statements whose actual correctness would 

need to be shown by empirical testing.””"° These are approaches to 

the universal truths that attracted the mathematician Byrne just 

as strongly as they appealed to the artist Piet Mondrian. Perhaps 

geometry really isn’t the unshakeable, conclusively described edi- 

fice that, for lack of other secure foundations, is typically credited 

to Euclid; perhaps it is actually more Pythagorean, a conception 

of the world in forms and figures, admittedly less conclusive from 

this viewpoint, yet capable of being experienced at a single glance. 

Oliver Byrne imbued this notion with colour and thus anticipated 

a language that would become known, in the modern period, by 

the phrase Neue Gestaltung, which is also the title of Theo van 

Doesburg’s well-known book. 

Theodor W. Adorno prefaced his Negative Dialektik with 

Walter Benjamin’s pronouncement: “... one must cross the icy 

32 

wasteland of abstraction to succinctly arrive at concrete phil- 

osophizing”*" This terrain is abstract, but it is by no means a 

frozen wilderness that one would like to put behind oneself as 

quickly as possible! In any case, everything for Byrne and Mon- 

drian revolves around this abstraction and how it forces itself into 

the visible world. One doesn’t want to give it up, but to make it 

visible! “Liabstrait reste l'expression plastique en fonction de 

l'universel: c’est l’intériorisation la plus approfondie de l’extérieur 

et l'extériorisation la plus pure de l’intérieur.”””” In this sentence, 

which was published in Le Néo-Plasticisme in 1920, Mondrian al- 

luded to “De Nieuwe Beelding in de Schilderkunst”, i.e. to the 

third part of remarks that he had published in De Stijl, where 

he had devoted himself in particular to the relationship between 

the abstract and the mathematical.*3 The corresponding equiva- 

lence can be traced as far back as Aristotle. In fact and in truth, 

Mondrian still stands here most clearly in that tradition, which 

was especially conveyed to him by Mathieu Schoenmaekers."4 It 

is a tradition in which interest is kept alive in universal concepts. 

Geometry has always served as its starting point and Euclid has 

always been its key witness. And it is even more comprehensively 

expressed in Oliver Byrne’s words: “If we wanted authorities to 

prove the importance and usefulness of geometry, we might quote 

every philosopher since the days of Plato.”*5 
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1929, foreword, p. ili. 
Cf. Isaac Newton’s foreword of 8 
May 1686 to his Philosophiae 
Naturalis Principia Mathematica. 
Cf. Steck 1942, p. 13 seqq. 
Cf. Mondrian 1920, p. 5: “car 
labstrait reste l'expression plas- 
tique en fonction de l’universel: 
cest l'intériorisation la plus ap- 
profondie de l'extérieur et 
lextériosiration la plus pure de 
lintérieur”. 
Cf. Byrne 1847, p. vii. 
Cf. Mondrian 1920, p. 1: “Il at- 

teint son expression plastique 
par le conscient. Par cela, l’appa- 
rition de l'art est expression 

plastique de l’inconscient et du 
conscient. Elle montre le rapport 
de l'un et de l'autre: elle change, 
mais l’art reste immuable.” 
Id., p.s. 
Ibid. 
Cf. Dermée n.d., p. 29 seqq., 
eSp.p. 30. 
Cf. Rosenberg 1921, p. 1. 
Cf. Dermée n.d., p. 37, “De 
méme, pas de logique apparente, 
afin de rebuter les efforts de 
lintelligence pour mordre sur le 
poeéme. Mot dordre: rebuter 
Vintelligence.” 
Cf. Ozenfant/Jeanneret n.d. (a), 

p. 38 seqq, 
Cf. Byrne 1847, p. vii. 
Cf. Le Roy 1960, p. 17. 
Id., p. r9 (with regard to Kant). 
Also cf. the formulation: “La 
pensée géométrique ainsi consi- 

dérée n'est donc pas la pensée 
mathématique pure, mais la pen- 
sée mathématique tendant a 
s'incarner dans un corps d’intui- 
tion imaginative, bref la pensée 
mathématique au seuil immédiat 
de l’'applicaton.”; id., p. 21) 
Gerhardt explains Leibniz’s di- 
dactic orientation on the basis of 
the frustration Leibniz experi- 
enced with regard to the possi- 
bility of comprehension: “In 
Leipzig, wo Leibniz seine akade- 
mischen Studien begann, las ein 

gewisser Joh. Kithn tiber die Ele- 
mente Euclid’s; die Vortrage des- 
selben waren aber so dunkel, dass 
aufer Leibniz keiner der Zuh6- 
rer folgen konnte. Es wird er- 
zahlt, dass er allein sich mit dem 
Docenten in Discussionen iiber 

den Vortrag einliess und alsdann 
seinen Mitzuhérern die Lehr 
sitze verstandlich machte ...”; 
cf. Gerhardt 1848, p. 7. 
Cf. Rosenberg 1921, p. 1: “La 
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peinture est le moyen et non le 
but.” 

Cf. Ozenfant/Jeanneret n.d. (b), 
p. 369 seqq., esp. p. 382: “marche 

parfois fantasque de l’intuition”. 
Ibid. 
Ibid. 

Id., p. 379. 
Cf. Byrne 1847, p. vii. 
Cf. Ozenfant/Jeanneret n.d. (b), 
p. 382. 

Cf. Kepes (1944) 1951. 

Id., p. 5. 

Id., p. 35 seqq. 
Cf. Schopenhauer 1816, p. 11 

(Chapter 1: “Vom Sehn’): “Alle 
Anschauung ist eine intellektu- 
ale. Denn ohne den Verstand 
kame es nimmermehr zur An- 
schauung, zur Wahrnehmung, 
Apprehension von Objekten, 
sondern es bliebe bei der blo&en 
Empfindung, die allenfalls, als 
Schmerz oder Wohlbehagen, 
eine Bedeutung in Bezug auf den 
Willen haben kénnte, tibrigens 
aber ein Wechsel bedeutungslo- 
ser Zustande und nichts einer 
Erkenntnif$ Aehnliches ware.” 
Cf. above and Oechslin 2005, 

p. 176 seqq. 

Cf. Wundt 1862, p. xix. 

Ibid. 
Cf. Kant 1787, preface to second 
edition, p. xiii. 
Ibid. 
Ibid. 
Cf. Fechner 1860, p. 1: Here the 
“more unfavourable conditions” 
that interested him at the time: 
“Einleitendes. I. Allgemeinere 
Betrachtung tiber die Beziehung 
von Leib und Seele. Indess die 
Lehre von der K6rperwelt in den 
verschiedenen Zweigen der 
Naturwissenschaft zu einer gros- 
sen Entwicklung gediehen ist, 
und sich scharfer Principien und 
Methoden erfreut, welche ihr 
einen erfolgreichen Fortschritt 
sichern, indess die Lehre vom 
Geiste in Psychologie und Logik 
wenigstens bis zu gewissen Gran- 

zen feste Grundlagen gewonnen 
hat, ist die Lehre von den Bezie- 
hungen zwischen Kérper und 
Geist und Geist oder Leib und 
Seele bis jetzt fast blos ein Feld 
philosophischen Streites ohne 
festes Fundament und ohne si- 
chere Principien und Methoden 
fiir den Fortschritt der Unter- 
suchung geblieben.” 
Id., foreword, p. v. 
Cf. Helmholtz 1968, p. 38: “in 
der Geometrie stets mit idealen 

211 

212 

213 

214 

215 

35 

Gebilden zu tun ... deren kérper- 
liche Darstellung in der Wirk- 
lichkeit immer nur eine An- 
naherung an die Forderungen 
des Begriffes ist, und wird 
dariiber, ob ein Kérper fest, ob 
seine Flachen eben, seine Kanten 
gerade sind, erst mittels dersel- 

ben Satze entscheiden, deren 
tatsichliche Richtigkeit durch 
die Priifung zu erweisen ware.” 
Cf. Adorno 1966, preface, p. 7. 
Cf. Mondrian 1920, p. 5; cf. p. 30, 
note 177. 
Cf. Mondrian r918 (reprint, Am- 
sterdam 1968), p. 29 seqq. 
Cf. Oechslin 2009. 
Cf. Byrne 1847, p. vii. 
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» Lo facilitate 
their acquirement* 

Oliver Byrnes The First Six Books of the Elements of Euclid 

~ didaktisch, farbig und exzentrisch 

Was treibt und bringt einen Surveyor of her Majesty's Settle- 

ments in the Falkland Islands dazu, die attraktivste Euklidaus- 

gabe aller Zeiten zu erfinden und veréffentlichen zu lassen? In 

mondrianschen Farben kommt sie uns, gleichsam avant la lettre, 

modern entgegen. Niemand, der dieses Buch in den Handen hilt, 

kann sich der Faszination entzichen, die von diesen ,Bildern‘ aus- 

geht, gerade weil damit das Verstehen schwierigster abstrakter 

mathematischer Gesetzmafigkeiten auf einfachste Weise, wie es 

vorerst scheint, suggeriert und ganz konkret ad oculos demonst- 

riert wird. 

Die Crux mit der ,,anschaulichen 

Darstellung der Denkformen“ 

»Mathematiker, die sich ungerne in die Irrgdnge 

der Philosophie begeben, werden gebeten, hier 
das Lesen des Vorworts abzubrechen. “ 

~ Frece, Grundgesetze der Arithmetik, 1893' 

Die Nachwelt ist mit Oliver Byrne eher unbarmherzig umgegan- 

gen. Das betrifft in erster Linie die Wissenschaft Mathematik 

und ihr Verhiltnis zur eigenen Geschichte. Byrne kommt dort so 

gut wie gar nicht vor. Man sucht die spektakulare Euklidausgabe 

vergebens in der Bibliographia Euclideana von Max Steck, obwohl 

doch gerade er sich der ,mathematischen Gestalt“ zugewandt und 

schon bei Proklus im Euklidkommentar die ,Schaufahigkeit* aus- 

37. 

gemacht hatte, um dann von hier aus tiber Nikolaus Cusanus zu Jo- 

hannes Kepler, ,,unter Erneuerung pythagoraischer Motive“, und 

zu Gottfried Wilhelm Leibniz einer Synthese nachzuforschen, bei 

der der mundus intelligibilis und der mundus sensibilis, das Abstrak- 

te und das sinnlich Erfahrbare, zusammen gesehen und wieder zu 

einer Ganzheit geformt wiirden.? 

So weit, weder in geschichtlicher noch in grundsatzlicher Hin- 

sicht, wollte Byrne selbst allerdings nicht ausgreifen; seine Zielset- 

zung blieb didaktisch dem unmittelbaren Verstehen und Nutzen 

der Mathematik zugewandt, glaubte er. Und doch hatte sein Eu- 

clid zu jenen grundsatzlicheren Uberlegungen fiihren konnen und 

miissen. Steck war davon iiberzeugt, dass sich die Mathematik 

,nicht gleich der reinen Logik“ auf blofe Begriffe zuriickfiihren 

liefSe und dass stattdessen gelte: ,, Die Beteiligung der Anschauung 

an thren Erkenntnissen lafst sich nicht bestreiten, weil die Mathe- 

mata eben nicht aus Begriffen, sondern nur durch deren ,Konst- 

ruktion moglich sind‘.“3 Steck orientierte sich an Andreas Speiser 

und seiner Mathematische[n] Denkweise (1932) und — bezogen auf 

die wissenschaftliche Begriffsbildung — auch an Heinrich Rickert, 

der seinerseits darauf verwies, dass der Mathematik vorerst gar 

kein gegebenes Material vorliege und dass sie dieses selbst zu er- 

schaffen habe. Das ist — gemaf$ Rickert — der Grund, weshalb sich 

Fragen nach weiterreichenden Definitionen der Geraden etwa 

(des absolut Einfachen*) als obsolet erweisen, so wie man mit den 

Versuchen, ,blau oder rot definieren zu wollen“, nur eine ,Auf- 

weisung“ vornehmen wiirde.t Definitionen geniigen sich selbst. 

Speiser verwies 1932 in seinem den ,Abgrenzungen“ gewidmeten 

ersten Kapitel auf den ,,Rechtsgrund*, der bei allen denkbaren an 
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Edward L. Youmans, Chemical Atlas, 

New York 1856, plate XI 
— Chemistry of Combustion and Illumination; 

Structure of Flame. 
~ Verbrennungschemie und Lichtstarke: Struktur 

der Flamme. 

— Chimie de la combustion et intensité lumineuse : 

structure de la flamme. 

derweitigen Interessen und Ausuferungen ,,fiir die Mathematik in 

der mathematischen Einsicht“ lige.» 

Speisers Mathematische Denkweise war 1932 Raoul La Roche, 

dem Bauherrn Le Corbusiers, gewidmet. Fiir ihn steht die Nahe 

mathematischer und kiinstlerischer Welten allein schon aufgrund 

der Beurteilungen ihrer Zustandigkeiten, ihrem ,Rechtsgrund*, 

auBer Zweifel. Die Wissenschaften wiirden ,durch ihre Rechts- 

griinde bestimmt und hier gehdren die mathematische und die 

kiinstlerische Einsicht dem geistigen Gebiet an, dagegen das Ex- 

periment und die Ueberlieferung der déusseren Welt“.° Das be- 

fordert natiirlich die Ansicht, die mathematischen Formen und 

Figuren sollten spontanen menschlichen Erfindungen gleich — und 

nicht blof als Resultat wissenschaftlicher Erfordernisse — philoso- 

phisch angesehen und beurteilt werden. Ein umfassenderes ,,Sys- 

tem unsers Wissens (d.h. das System der gesamten Erfahrung)“? 

verlangte jedoch nach einem solchen ,,wissenschaftlichen Leis- 

tungszusammenhang™, bei dem die ,,Anschaulichkeit der empiri- 

schen Welt“ und insgesamt die Psychologie ihr Recht einfordert. 

Rickert hat in seiner Erérterung der Grenzen der naturwissenschaft- 

lichen Begriffsbildung den Gegensatz von ,logischer Vollkommen- 

heit“ (eines Begriffes) und empirischer Anschauung herausgestellt, 

um ihn dann gleich in Anbetracht der tatsichlichen Wirksamkeit 

der Kérperwelten wieder aufzuweichen. Nichts fiihrt an diesen 

Schwierigkeiten vorbei.? Die kulturellen Aussichten, wenn etwa 

die mathematischen Feststellungen in Asthetische Wirksamkei- 

ten hinein verlangert werden sollen, verscharfen den Gegensatz 

zusitzlich. Ernst Bloch hat schon 1908 — in seiner Wiirzburger 

Dissertation — bei Rickert methodische ,,Schwankungen“ als We- 

senszug seiner Philosophie ausgemacht und das auch just mit den 

um 1850 einsetzenden Veranderungen und divergierenden Inter- 

essen illustriert.’° 

Diese Fragen besitzen also in der spezifischen Akzentuierung 

und Zuspitzung ihren historischen Raum. Was bei Oliver Byrnes 

Kritiker Augustus De Morgan 1847 mit der ,formal logic“ be- 

gann", ist bei Edmund G. Husserl zur Krise ausgereift, die er unter 

den Begriff der , Mathematisierung* stellt und mit dem Verlust der 

Lebensbedeutsamkeit der Wissenschaft verbindet.!* 1910/11 hatte 

Rickert festgestellt, die ,objektivierende Weltanschauung* verm6- 

ge den Sinn unseres Lebens nicht zu deuten.3 Husserl, damals mit 

den Idealen einer ,strengen Wissenschaft* befasst, gestand sich ein, 

dass als ,,einzige reife Frucht* der ,durch das Medium kritischer 

Reflexion” erfolgten Bemiithungen die Begriindung und Verselb- 

stiindigung der strengen Natur- und der Geisteswissenschaften 

sowie neuer rein mathematischer Disziplinen* erreicht worden 

sei.'t Fiir die dabei auf$en vorgebliebene Philosophie wiinschte 

er sich — durchaus auf der Kritik der bei den ,eindrucksvollsten 

Wissenschaften der Neuzeit, den mathematisch-physikalischen* 

unvermeidbaren ,,indirekten Methoden* aufbauend — eine Wis- 

senschaft, ,die ohne alle indirekt symbolisierenden und mathe- 

matisierenden Methoden, ohne den Apparat der Schliisse und 

Beweise, doch eine Fiille strengster und fiir alle weitere Philoso- 

phie entscheidender Erkenntnisse gewinnt*.’ Sie sollte ,im rech- 

ten Sinne philosophischer Intuition* einer ,,phanomenologischen 

Wesenserfassung™ dienen."° 

Die Gesichtspunkte und Interessen hatten sich lingst ausein- 

anderdividiert. Gottlob Frege hatte 1879 seine Begriffsschrift, eine 
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Ezekiel W. Dimond, The Chemistry of Combus- 
tion, applied to the Economy of Fuel with Special 
Reference to the Construction of Fire Chambers, 
for Steam Boilers, Worcester 1867 
~ Diagram 2. Representing the Chemical Union 
and Combustion of an Atom of Carburetted 
Hydrogen and Atmospheric Air. 

~ Diagramm 2. Darstellung der chemischen Ver- 
bindung und Verbrennung eines Kohlenwasser- 
stoffatoms mit atmospharischer Luft. 
~ Diagramme 2. Représentation de la combinaison 
chimique et de la combustion d'un atome dbydro- 
gene carburé avec de lair atmosphérique. 
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der arithmetischen nachgebildete Formelsprache des reinen Denkens 

publiziert, in deren Vorgeschichte im weitesten Sinne Byrnes Eu- 

clid durchaus einen Platz einnimmt. Frege hatte 1882 selbst die Be- 

merkung hinterhergeschickt, ,eine anschauliche Darstellung der 

Denkformen* hatte eine ,iiber die Mathematik hinausreichende 

Bedeutung*.'7 Und er bat darum, Philosophen méchten doch ,,der 

Sache einige Bedeutung schenken*.'* Dass im Streit mit Husserl 

das Psychologische aller Wahrnehmung — beidseits — im Vorder- 

grund stand, verwundert kaum. Man muss das bezogen auf Frege 

auch dahingehend lesen, dass er so unphilosophisch gar nicht war. 

Ganz im Gegenteil. Seinen ersten grundsatzlichen Erérterungen 

folgt 1893 im ersten Band der Grundgesetze der Arithmetik die Fuls- 

note: ,,Mathematiker, die sich ungerne in die Irrgange der Philo- 

sophie begeben, werden gebeten, hier das Lesen des Vorworts ab- 

zubrechen.“'? Danach geht es durchaus um die Frage, was gedacht 

und was dargestellt werden kann und soll. Natiirlich argumentiert 

Frege gegen eine missbrauchliche ,psychologische Verfalschung 

der Logik*.° Er fordert andererseits Grenzen der ,,Erdichtungs- 

willkiir*." Und Arithmetik ist fiir ihn unzweifelhaft ein Zweig 

der Logik.” ,,Ich halte es fiir ein sicheres Anzeichen eines Fehlers, 

wenn die Logik Metaphysik und Psychologie néthig hat, Wissen- 

schaften, die selber der logischen Grundsatze bediirfen. Wo ist 

denn hier der eigentliche Urboden, auf dem Alles ruht? oder ist 

es wie bei Miinchhausen, der sich am eigenen Schopfe aus dem 

Sumpfe zog?“¥ 

Es geht immer wieder darum, was die Mathematik kann und 

soll, darf und nicht darf, was davon zum ,,Vorgestellten“ gerat.*4 

Wer Letzteres in den Vordergrund riickt, sei ein unverbesserlicher 

oy 

Idealist, so Frege gegen Benno Erdmann gerichtet.*> Man erinnert 

sich, dass Bertrand A. W. Russell zu Beginn seines An Essay on the 

Foundations of Geometry (1897) bemerkte, die Geometrie wire im 

17. und 18. Jahrhundert im Kampf gegen den Empirizismus eine 

,impregable fortress of the idealists“ geblieben.”* So also sind die 

Fronten aufgebaut. Was bei Russell auf die Idealismus-Schelte 

folgt, ist die Darstellung der Wegentwicklung der Geometrie von 

Euklid, die mit der Infragestellung des Parallelenaxioms ansetzt 

und tiber Nikolai Iwanowitsch Lobatschewski und Johann Bolyai 

zu neuen Ufern fiihrt.?7 

Gerade dies ging den Bemiihungen Byrnes zeitlich voraus. Und 

spater, 1854, waren zumindest einem engeren Zirkel Bernhard Rie- 

manns Ueber die Hypothesen, welche der Geometrie zu Grunde legen 

bekannt. Dessen Uberlegungen gingen bekanntlich davon aus, dass 

die Geometrie den Begriff des Raumes voraussetzt und insgesamt 

die Begriindungen der Axiome im Dunkeln blieben. So empfahl er, 

dass diese ,,von Euklid bis auf Legendre“ weder von den Mathema- 

tikern noch von den Philosophen gelichtete Dunkelheit im Blick 

auf ,das dem Raume zugrundeliegende Wirkliche*, Erfahrungen 

und Tatsachen nutzend, allmahlich umgearbeitet werde.** Das 

wies in die Physik. 1878 hielt Hermann von Helmholtz zum Stif- 

tungsfest der Friedrich-Wilhelms-Universitat in Berlin die Rede 

Die Thatsachen in der Wabrnehmung und erklarte den alten und 

neuen Widerspruch.”? Dem , alteren Begriff der Anschauung*, der 

sich auf das beziehe, was ,sogleich mit dem sinnlichen Eindruck 

zum Bewusstsein kommt“, stellte er seinen wissenschaftlichen Be 

griff entgegen: ,,Ich verlange fiir den Beweis der Anschaubarkeit 

nur, dass fiir jede Beobachtungsweise bestimmt und unzweideutig 
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die entstehenden Sinneseindriicke anzugeben seien, ndthigenfalls 

unter Benutzung der wissenschaftlichen Kenntniss ihrer Gesetze, 

aus denen wenigstens fiir den Kenner dieser Gesetze hervorgehen 

wiirde, dass das betreffende Ding oder anzuschauende Verhiltniss 

thatsichlich vorhanden sei.“3° 

Helmholtz verzichtet bewusst auf jene ,Leichtigkeit, Schnel- 

ligkeit, blitzahnliche Evidenz*, die dem ,ilteren Begriff der An- 

schauung”, dem unmittelbaren Sinneseindruck namlich, zu eigen 

sind3' Die Abkoppelung ist erfolgt. Helmholtz hatte ja mit seiner 

Kritik schon dort angesetzt, wo Immanuel Kant die euklidischen 

Satze als notwendig richtig und Abweichungen als gar nicht vor- 

stellbar taxierte, um dann insofern klarend und ganz traditionell 

die Anschauungsform zu beschreiben. Unser Auge sieht alles, was 

es sieht, als ein Aggregat farbiger Flachen im Gesichtsfeld; das ist 

seine Anschauungsform.“}* Aber darum ging es nun der Mathema- 

tik und Helmholtz erklartermaf$en gar nicht mehr. Husserl hatte 

spater andererseits — durchaus auch mit Blick auf jene dem Seh- 

sinn innewohnenden Vorziige, wie dem der ,,blitzahnlichen Evi- 

denz”™, auf die nun verzichtet werden sollte — Frege vorgeworfen, er 

wiirde sich ,,in unfruchtbare Hypersubtilitaten“3 hineinbegeben, 

wogegen er selbst nun auf die ,elementaren psychischen Daten“ 

verweist. Begriffe wie ,Qualitat, Intensitat, Ort, Zeit u.dgl. kann 

Niemand definiren“2+ Und das bezieht Husserl weiter auf ,ele- 

mentare Relationen“ wie ,Gleichheit, Aehnlichkeit, Steigerung, 

Ganzes und Theil, Vielheit und Einheit* > Die Phinomenologie 

bemiiht sich um die abstrakten, reinen Vorstellungen! Husserl will 

sie bekanntlich als eine ,Grundwissenschaft der Philosophie“ eta- 

blieren und so (wieder) bei der ,natiirlichen Erkenntnis und Er- 

fahrung™, das was er ,,die Welt“ nennt, anschliefSen.3° 

So weit reichte vormals der Anspruch der Geometrie. Jene 

,elementaren Relationen“ gehérten insbesondere — gehéren (!) — 

zur Domine der Geometrie. Man kann sie weiterhin und in didakti- 

scher Absicht in diesem Sinne verstehen und in jene (idealistische) 

Richtung hinein orientieren wollen. Wer das um 1850 tut, befindet 

sich insofern in einer kulturgeschichtlich bedeutsamen Tradition, 

ist aber nicht mehr Teil der scientific community, die sich auf dem 

Weg zu jenen ,neuen rein mathematischen Disziplinen* befindet, 

deren Bedeutung ja Husserl durchaus anerkannt hat. Aber das 

macht die Krise nicht ungeschehen. ,,Was ist Wahrheit in unserm 

Anschauen und Denken? In welchem Sinne entsprechen unsere 

Vorstellungen der Wirklichkeit? Auf dieses Problem stossen Phi- 

losophie und Naturwissenschaft von zwei entgegengesetzten Sei- 

ten; es ist eine gemeinsame Aufgabe.“” Diese Formulierung Helm- 

holtz’ bezeichnet 1879 den langst Tatsache gewordenen doppelten, 

getrennten Zugang zum Problem. Der Nachsatz zur ,,gemeinsa- 

men Aufgabe“ klingt in Anbetracht des unverkennbaren Ausein- 

anderdriftens der Interessen und Bemiihungen beschénigend. Fiir 

die euklidische Geometrie und ihre vermittelnde Tradition war es, 

zumindest in der einschlagigen Wissenschaft, ein Abschied.3* 
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Oliver Byrne, der unzeitgemafe und 
exzentrische Mathematiker, 

und sein Kontrahent Augustus De Morgan 

, Oliver Byrne’s Euclid in symbols and colored diagrams 
was not taken seriously, but was regarded a curiosity.” 
—Cayort, A History of Mathematical Notations, 1928°° 

Man kann die Situation etwas zugespitzt auch so beschreiben: 

Byrne befindet sich 1847 mit seinen Farbdiagrammen (,,coloured 

diagrams“) und dem blinden Zutrauen zu willkiirlichen Darstel- 

lungsformen mathematisch in der Zeit vor 1850 und, wenn man 

will, kiinstlerisch in der Moderne. In jedem Fall steht ihm die alte 

Zielsetzung der adaequatio rei ac intellectus, der gesuchten Uber- 

einstimmung von Erkenntnis und Sache, und die entsprechende 

sinnennahe Anschauungsform in erster Linie vor Augen. Dem will 

Byrne mit seinen didaktischen Mitteln von Figuren und Symbo- 

len dienen, und das ist auch in seinem Euclid, unmissverstandlich 

und unmittelbar ersichtlich, das erklarte Ziel. Erwahnung findet 

Byrnes Euclid deshalb nicht zufallig in der grofSartigen Darstel- 

lung, die Florian Cajori 1928 den in der Mathematik verwende- 

ten Symbolen und Figuren gewidmet hat.#° Doch tut er dies eher 

beilaufig und notiert, Byrnes Ewclid sei mit seinen Symbolen und 

farbigen Diagrammen nicht ernst genommen und als Kuriosi- 

tat gehandelt worden.*' Als Kuriositat also wurde Byrnes Euclid 

wahrgenommen — und abgetan! Dabei hat gerade Cajori bemerkt, 

dass die Verwendung von Farbe bei der Darlegung geometrischer 

Probleme schon bei Heron von Alexandrien erwahnt ist, der sei- 

nerseits auf eine pythagoraische Tradition verweist.#? Und er zi- 

tiert desweiteren Martianus Capella, der Flache und Farbe einan- 

der zuordnet und der natiirlich allen Aspekten der Figurenbildung 

gegeniiber ohnehin offen ist. Die Tradition steht auf der Seite von 

Oliver Byrne. 

Den tieferen Grund des Desinteresses an Byrnes Euclid sieht 

Cajori denn auch ganz offensichtlich in der Ansicht begriindet, die 

gerade damals — 1849, zwei Jahre nach Erscheinen des Werkes — 

der wenig altere Augustus De Morgan mit seiner ganzen Autoritit 

vertrat. Die, die algebraische Symbole in die elementare Geome- 

trie einfiihrten, zerstérten deren eigentiimlichen Charakter fiir 

jeden Studenten, der eine mechanische Beziehung zu jenen Sym- 

bolen besafe; fiir jeden, der jene aus der iiblichen Algebra kennt. 
»Geometrical reasons, and arithmetical process, have each its own 

office; to mix the two in elementary instruction, is injurious to the 

proper acquisition of both.“# Ein strenges Urteil, in Anbetracht 
der Tatsache, dass damals natiirlich der Zusammenhang Arithme- 
tik-Geometrie vielerorts sogar ausdriicklich Thema von Unter- 
suchungen war und als niitzliches Feld der Beobachtung diente, 
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Ezekiel W. Dimond, The Chemistry of Combus- 
tion, Worcester 1867 

~ Diagram 6. Representing the Combustion of a 
given Volume of Carburetted Hydrogen and its 
equivalent of Oxygen. 

~ Diagramm 6. Darstellung der Verbrennung 
einer gegebenen Menge Kohlenwasserstoff und 
ibres Aquivalents an Sauerstoff, 
~ Diagramme 6. Représentation de la combustion 
dun volume donné dhydrogéne carburé et de son 
equivalent doxygene. 

nicht zuletzt bei De Morgan selbst. Ob dieser mit seiner harschen 

Kritik gar Byrnes Euclid im Visier hatte? Dann wiirde dies wohl in 

erster Linie das den Gréfen und Zahlenverhaltnissen gewidmete 

fiinfte Buch Euklids betreffen.+4 

»Curiosity”, Cajoris fiir die (mangelnde) Wertschatzung von 

Byrnes Euclid verwendete Umschreibung, gemahnt cher an ein 

bewusstes Ausweichen vor einer genaueren Bezeichnung der Qua- 

litét der von Byrne gewahlten Zeichen und Symbole. Meint Cajori 

deren Unzeitgemafheit oder Unbestimmtheit in einem weiteren 

Spektrum der Bildbeschreibung, gleichsam zwischen Ikonoklas- 

mus und Idolatrie? Ist andererseits De Morgans Kritik der Ver- 

mengung geometrischer und arithmetischer Sprachen nicht eher 

ein Vorwand, um die grundsitzliche Abneigung auch gegen die 

Person zu kaschieren? Wir wissen es nicht. Immerhin ist bekannt, 

dass De Morgan Byrnes — unter dem Anagramm E. B. Revilo pub- 

liziertes — The creed of St. Athanasius von 1839 rezensiert und in sein 

A Budget of Paradoxes aufgenommen hat, in dem alles, was fiir ihn 

an mathematischen, pythagoraischen und kabalistischen Abwe- 

gigkeiten aufzuspiiren war, Eingang fand. Das Urteil liest sich so: 

» This author really believed himself, and was in earnest. He is not 

the only person who has written nonsense by confounding the ma- 

thematical infinite (of quantity) with what speculators now more 

correctly express by the unlimited, the unconditionel, or the ab- 

solute.“# In der spateren Bearbeitung durch David Eugene Smith 

findet sich dann auch noch, mit direktem Bezug auf den Euclid, die 

Zuordnung Byrnes zu den ,minor mathematical writers*.4° Man 

lasst kein gutes Haar an Byrne! Die Anthologie randstandiger ma- 

thematischer Ansichten und Theorien von Augustus De Morgan 
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Ezekiel W. Dimond, The Chemistry of Combus- 
tion, Worcester 1867 

~ Diagram 7. Representing the Combustion of a 
given Volume of Hydrogen and its equivalent of 
Atmospheric Air. 
~— Diagramm 7. Darstellung der Verbrennung 
einer gegebenen Menge Wasserstoff und ibres 
Aquivalents an atmosphirischer Luft. 
~ Diagramme 7. Représentation de la combustion 
dun volume donné dhydrogene et de son équiva- 
lent en air atmosphérique. 

hat in einer jiingsten Ausgabe (1974) den Titel The Encyclopedia 

of Excentrics erhalten, und so hat Byrne nun in der Tat den Weg 

in die Rubrik mathematischer Kuriositdéten und Exzentrizitaten 

gefunden!#7 

Byrne ist natiirlich Exzentriker, genauso wie De Morgan, dem 

man nachsagte, er hatte wegen seiner schon im ersten Lebensjahr 

in Indien erlittenen Behinderung (Einaugigkeit) Zeit seines Le- 

bens nichts anderes als abstrakte Zahlen im Sinn gehabt. Aber na- 

tiirlich reichen solche anekdotischen Hinweise nicht aus, um die 

Krise der Bildvorstellung in der damaligen Mathematik und bei 

De Morgan zu erklaren. Vorerst aber gilt, dass Augustus De Mor- 

gan und Oliver Byrne sehr vieles, was die britische Welt bewegte, 

verband. De Morgan war seinerseits den Problemen von Didaktik 

und Unterricht ganz besonders zugetan. Er teilte die Ansicht, die 

sein Lehrer und Freund William Whewell 1836 schon im Buchtitel 

vertrat: Thoughts on the study of mathematics, as part of a liberal edu- 

cation.’ Mathematik dient der Erziehung und ist eine gleicherwei- 

se moralische wie Vernunft befordernde Disziplin. Und es ist die 

padagogische Ausrichtung, die die Mathematik formt und ihr auch 

einen gesellschaftlichen Status verleiht. Das ist durchaus konkret 

gemeint. De Morgans Essay on Probabilities von 1838 tragt den 

Untertitel On their application to Life Contingencies and Insurance 

Offices (Abb. 6) und soll auch konkret als MafSnahme gegen die all- 

gemeine [gnoranz in Sachen Versicherungswesen verstanden und 

gelesen werden.#? De Morgan war ein prominentes Mitglied der 

1826 gegriindeten Society for the Diffusion of Useful Knowledge 

und hat iiber 700 Beitrage fiir deren Organ, die Penny Cyclopedia, 

verfasst.° 1841 hat er dort einen kurzen Beitrag, Proportion, publi 
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ziert und sich dabei mit Euklids fiinftem Buch befasst.™ Allein, es 

drangte ihn vermehrt zur Zahl, zur Arithmetik und Algebra, zur 

Logik und zu den Fragen der Wahrscheinlichkeit (Abb. 7). In dem 

Jahr, in dem Byrnes Euclid erschien, publizierte De Morgan seine 

Formal Logic, der eine ganze Reihe einschlagiger Untersuchungen 

folgte5* De Morgan und mit ihm die in die symbolic logic einmiin- 

dende Mathematik scheinen ausschliefSen zu wollen, was Byrne mit 

seinem Euclid gerade umgekehrt zu seinem didaktischen Prinzip, 

namlich der Erlauterung mittels Figuren und Symbolen, erhob. 

Das war natiirlich lange vor ihm so oder anders oder zumindest im 

Ansatz praktiziert worden. So ganz isoliert war Oliver Byrne kei- 

neswegs. Auch die Farbe fand bald vermehrt in der wissenschaftli- 

chen Illustration Verwendung. Fiir die Mathematik soll gelten, es 

muss sauber getrennt werden, was getrennt sein will.+ Fiir Byrnes 

Aufenseitertum war wohl insgesamt ausschlaggebend, dass sich 

die Entwicklung der Geometrie — innerhalb der mathematischen 

Disziplin — langst von Euklid weg zu neuen Fragen wie gerade der 

formalen Logik hin entwickelte. Die Frage der Symbole ist dann 

vergleichsweise obsolet. Trotzdem scheint De Morgan jede sich 

ihm bietende Gelegenheit zu nutzen, um dagegen zu votieren und 

umso mehr der Logik zuzudienen. Jede sich entwickelnde Wissen- 

schaft erschaffe ihre eigenen Symbole; und die Logik, die einzige 

Wissenschaft, die zugegebenermafsen tiber Jahrhunderte keinen 

wirklichen Fortschritt erzielt habe, sei die einzige, die keine Sym- 

bole in die Welt gesetzt hatte.» 

Wie sehr hier letztlich generell Empirie — auch in der Mathe- 

matik! — gegen jegliches tatsachliche oder vermeintliche a priori 

durchgesetzt werden soll, steht noch auf einer ganz anderen Seite. 

John Stuart Mill aufsert sich in seiner Autobiography in diesem Sinn 

und gegen die deutsche a-priori-Sicht menschlichen Wissens zu 

seinem System of Logic und dem Austausch mit Whewell: Dieses 

Buch hatte das geliefert, was sehr gefragt war, ein Textbuch der 

umgekehrten Auffassung, die alles Wissen aus der Erfahrung ab- 

leitet und alle moralischen und intellektuellen Qualititen in erster 

Linie den damit verkniipften Ausrichtungen entnimmt.° Kein 

Platz fiir das alte more geometrico und auch nicht fiir deutschen 

Idealismus!” Induktion war das Gebot der Stunde! Whewells 

Philosophy of the Inductive Sciences, founded upon their history (1840) 

hat nicht nur seine Schiiler De Morgan und Mill nachhaltig beein- 

flusst, es hat den neuen Kurs der wissenschaftlichen Entwicklung 

mitsamt seiner moralischen Grundlegung wesentlich bestimmt. 

Als Byrnes Euclid 1847 aus der Chiswick Press kam, erschien ge- 

rade die zweite Auflage von Whewells Philosophy of the Inductive 

Sciences, der dann spater, ganz britisch, auch noch ein Novum Or- 

ganum Renovatum hinzugegeben wurde.® Das setzte die Akzente! 

Mit der tiberkommenen Ansicht, die Elemente Euklids waren 

gemaf allgemeiner Uberzeugung die Grundlage aller mathemati- 

scher Wissenschaft auf der ganzen Welt geworden, stand dagegen 

Byrne gleichsam auf der historischen Seite der Mathematik.? In 

Anbetracht der jiingsten Entwicklungen erschien es riickstindig, 

hier zugunsten der Wahrheitssuche anzusetzen und dabei auch 

noch die (alten) Symbole und Figuren aus Euklid zu gewinnen 

und einzusetzen, um so die mathematischen Gesetze einsichtig zu 

gestalten, naimlich im Bereich der Sichtbarkeit zu belassen. Byrne 

dagegen schrieb in der Einleitung zu seinem Euclid 1847, jede 

Sprache bestiinde aus reprisentativen Zeichen, und jene Zeichen 

wiren die besten, die ihr Ziel mit der gréf8ten Prazision und Efh- 

zienz erreichen wiirden.°° Das galt mit der formal logic als iiberholt. 

Cajori stellte iibrigens fest, dass in der Folge insgesamt individuelle 

Ansitze ideographischer Darstellungen von einem in umgekehrte 

Richtung weisenden Konsens tiberrollt worden seien.*' 

Mit der scheinbar so rigiden Absage De Morgans an die Ver 

mengung geometrischer und arithmetischer Sprachen oder an 

derweitiger Symbole ist klar, dass hier auch lingst jene Tradition 

verlassen ist, die bei Proklus genauso wie bei Martianus Capella 

in ihrem ganzen, duferst wirksamen Reichtum ausgebreitet war. 

Die Aussage, ,,Die Geometrie lehrt Satze entdecken und bewei 

sen, welche Eigenschaften der Figuren ausdriicken*, verband 

man anderorts allerdings noch lange mit der notwendigen Miihe, 

,ohne welche man weder in der Wissenschaft noch in dem Leben 

Gewinn und Befriedigung hat*.*? Jemand wie der Heidelberger 

Professor Arthur Arneth setzte 1852 die Verdienste der Geome- 

trie besonders hoch an: ,,Die Geometrie bietet uns unter allen 

Zweigen der Mathematik das lehrreichste Bild. Wir sehen, wie 

die Menschen vom Anfange des reinen Denkens an das Einzelne 

zu fassen suchten, und nur dieses mit Sicherheit erkennen wollten 

und konnten.“® Byrne bezieht sich seinerseits ausdriicklich auf 

die Autoritat all jener Philosophen in der Tradition Platos, die fiir 

diese Geschichte standen. Nun aber galt wohl, was Max Bense als 

»Ablésung der Mathematik von der Philosophie“ beschrieb und 

mit der angestrengten Ausbildung der ,,facheigenen Prizisions- 

sprache* erklarte.°t Damit sollte, so die Deutung Benses, das , Vo- 

rauslaufen der mathematischen Probleme und Lésungen vor der 

eigentlichen mathematischen Bewaltigung*® korrigiert werden; 

aber das ahnelt wohl eher dem Paradox vom Wettlauf des Herku- 

les mit der Schildkréte! 

Dieser zeitgebundene Fortschritt hat Byrne also offensicht- 

lich aus der neueren Geschichte der Mathematik hinausgedriingt 

und dazu gefiihrt, dass ihm das Hiitchen der Kuriositit aufge- 

setzt wurde. Man sei auf andere Horizonte, auf die Kunst etwa, 

verwiesen, wo die Sprachen und die Figuren und deren vielfiltige 

Bedeutungen weitergefiihrt werden. Die weniger erbauliche Kon- 

sequenz, die sich aus der Unzeitgematheit des Euclid ergibt, be- 

trifft die Tatsache, dass Byrne scheinbar gerade noch aus typogra- 

phischen und asthetischen Griinden unser Interesse erregt.°° Der 

Typograph und Designer Ruari McLean, der bei seiner Arbeit von 

Jan Tschichold ausging, ist auf diesem Weg auf den Euclid Byrnes 
aufmerksam geworden. Sein Urteil in seiner Darstellung Victorian 
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Book Design and Colour Printing (1963) setzt die Akzente in diesem 
Sinne: Er nennt das Buch eine absichtliche Komplizierung Euklids 
und weist andererseits den Triumph des 1851 auf der Great Exhi- 
bition in London gezeigten Buches Charles Whittingham zu, der 
es bei William Pickering in einer Auflage von 1000 Exemplaren 
erscheinen lief. Daran kniipft sich dann auch noch die Anekdote, 

das aufwendige Buch hatte seinen Verleger in den Bankrott, zur 

Aufgabe der berithmten, von seinem gleichnamigen Onkel ge- 

griindeten Chiswick Press getrieben.” 

Byrnes Weg und Argumentation — 
und das mit dem ,farbigen‘ Euclid von 1847 

erreichte Ziel 

, [his Work has a greater aim than mere illustration; 

we do not introduce colours for the purpose of entertainment, 
or to amuse by certain combinations of tint and form, but to 
assist the mind in its researches after truth, to increase the 

facilities of instruction, and to diffuse permanent knowledge. 
If we wanted authorities to prove the importance and usefulness 

of geometry, we might quote every philosopher since the 
days of Plato. Among the Greeks, in ancient, as in the 

school of Pestalozzi and others in recent times, geometry 

was adopted as the best gymnastic of the mind.” 
~ Byrne, Euclid, 1847% 

Damit muss man sich abfinden, wir sind mit Byrne in den Zeiten 

des ,iiberholten Euklid“°? angekommen. Byrne und seine geomet- 

rischen Ansichten kommen in der einschlagigen logischen Litera- 

tur von Augustus De Morgan bis zu Willard Van Orman Quines 

Philosophy of Logic (1970) natiirlich nicht vor. Aber das alte Be- 

diirfnis vom Sichtbarmachen unserer Vorstellungen zu den Bedin- 

gungen von Plausibilitat und der von Helmholtz entlassenen Vor- 

ziige von ,,Leichtigkeit, Schnelligkeit, blitzahnlicher Evidenz* ist 

nicht vom Tisch. Sollen sich Kiinstler ihrer annehmen! Fiir Byrne 

und seinen Euclid gilt, dass er noch ganz der alten tiberkommenen 

Ansicht vertraut, wonach hier nicht nur Geometrie vermittelt, 

sondern im Sinne einer Denkschule Hilfeleistung bei der Wahr- 

heitssuche, und zwar in grundsatzlicher Hinsicht, geboten wird. 

Man muss also Oliver Byrne und Euklid dort nachgehen, wo 

die Mathematik gleichsam noch nicht der einschlagigen Geschich- 

te der Disziplin und ihren Spezialisierungen nach 1850 folgt, son- 

dern sich weiterhin, oder vielmehr erst recht, der grofen kulturge- 

schichtlichen Tradition verpflichtet zeigt, wonach die spater von 

Max Steck bemiihte, zugegebenermafgen sehr pauschal gefasste 

Maxime passt: ,Alle grof’en Mathematiker waren auch gleich- 

zeitig Philosophen.‘”° Dieser ,universellen Sicht“ fiigte Steck 

noch weitere, nicht minder allgemeine Satze hinzu: ,Alle grofen 

Mathematiker hatten ein inniges Verhiltnis zur Kunst und waren 

meist auch ausiibende Kiinstler*, und , Alle grof&{en Mathematiker 

waren in der Geistes- und Kulturgeschichte, besonders in der ihres 

Volkes bis in die Mitte des 19. Jahrhunderts hinein, eigentlich zu 

Hause.*7! 

Solche euphorischen Urteile machen es allerdings nicht leich- 

ter, Byrnes Unternehmung des Euclid einen angemessenen Platz 

in der langen Geschichte und Editionsgeschichte der Elemente Eu- 

klids zuzuweisen. Aber im Kern sind die Fragen gestellt. Es geht 

darum, den gréferen kulturellen Zusammenhang zu bedenken. 

Fiir Byrne ist das unabdingbar, weil sich gerade daraus der tiefere 

Sinn und der gréfSere Nutzen erhellen. Und dazu gehort, dass der 

Zusammenhang Geometrie-Figur-Form als eine wirkungsmachti- 

ge kulturelle Tradition respektiert wird. Dass dabei die Veranke- 

rung der Anschauung in der sinnlichen Wahrnehmung garantiert 

bleibt, ist wesentlich. Es stiitzt die didaktische Absicht seines Eu- 

clid, auch wenn dies vorerst eher in entschuldigender Weise vor- 

gebracht wird. Bebilderung, wenn sie denn die Zeit des Lernens 

nicht verkiirzt, ist so doch wenigstens unterhaltsam.7* Man muss 

Byrnes eigenen Argumenten nachgehen. 

Die didaktischen Vorbemerkungen, die Byrne in regelma- 

Kiger Abfolge in seinen Biichern anbringt, sind auffallig genug. 

Dabei wird die Abgrenzung gegeniiber der reinen Wissenschaft 

Mathematik stets betont. Viel sei von gelehrten und erfahrenen 

Mathematikern geschrieben worden; doch das richte sich mehr 

an die Fortgeschrittenen und Eingeweihten als an den noch uner- 

fahrenen Studenten. Langliche Formeln, komplizierte Regeln und 

Beweisfithrungen wiirden den Anfanger eher verwirren als unter- 

richten, der dann enttauscht das Erlernen jener Dinge aufgabe, die 

er, wenn auf einfache Art zur Darstellung gebracht, schnell erwor- 

ben hatte. Byrne beruft sich auf seine eigene Erfahrung mit der 

abschreckenden Wirkung der Mathematik im eigenen Studium 

und in der Funktion des Vermittlers. Er will diese Situation korri- 

gieren und verbessern. Er hatte deshalb seine Erklarungen in der- 

selben Weise verfasst, wie er sie beim miindlichen Unterricht mit 

seinen Schiilern verwendet hatte.7+ Unterrichtsnah, verstandlich 

soll auch das Geschriebene sein. Mit dieser Absicht leitet Byrne 

1835 die spharische Trigonometrie ein, deren Untertitel auf die 

wenigen Regeln (,few simple rules*) und umgekehrt auf das Ver- 

meiden groferer Schwierigkeiten ausdriicklich verweist. 

Entsprechende Feststellungen und Empfehlungen ziehen sich 

wie ein roter Faden durch die zahlreichen, so deutlich didaktisch 

angelegten Publikationen Oliver Byrnes. Das Handbook for the 

artisan, mechanic, and engineer verspricht schon im ersten Satz der 

Einleitung, dass auch der noch nicht Eingeweihte binnen kiirzes- 

ter Zeit die schwierigsten Probleme verstehe.* Byrne scheut auch 

nicht den Vergleich mit den bekanntesten Grofen seines Faches, 

ja fordert diese sogar heraus. Zu den Logarithmen-Tafeln im An 
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hang zu seiner als ,new art, designed for elementary instruction 

and the use of schools“ (neue, fiir die Grundlagenbildung und 

den Schulgebrauch entwickelte Kunst) angepriesenen Publika- 

tion The Young Dual Arithmetician (1866) meinte er im Vorwort, 

sie waren ebenso effizient wie diejenigen von Babbage und Collet 

zusammen und bendtigten weniger als ein Achtel von deren bean- 

spruchtem Platz.”° Immerhin haben Byrnes Bemiihungen um die 

Logarithmen schon friih auch in Deutschland Beachtung gefun- 

den, bezeichnenderweise dort, wo insbesondere der Nutzen oder 

gar die , Anwendung der Logarithmen auf das Leben* im Vorder- 

grund standen. Solches las man im Untertitel zur Ubernahme und 

Veréffentlichung des Eisenacher Schuldirektors Adolf Lorey, Das 

Neueste und Interessanteste aus der Logarithmotechnik (1852), deren 

Vorrede mit einem Verweis auf Oliver Byrne und M. Philippe Ko- 

ralek begann und den Akzent auf die ,,technische Fertigkeit, be- 

sonders im augenblicklichen Berechnen der Logarithmen* legte.”” 

Die Einleitung setzte mit dem Vergleich an: ,Die Logarithmen 

sind eben so machtig und wirksam in der Rechnung, als der Dampf 

in der Mechanik.*” 

Man erkennt in diesen Zeugnissen, dass Byrne zuvorderst 

die Vermittlung zu einfachsten Bedingungen angelegen war. Die 

Sehnsucht nach schnellem Verstehen steht im Vordergrund. Das 

hat ihn natiirlich insbesondere auch in seinen geometrischen Ar- 

beiten gelenkt. Den ersten wichtigen Akzent legt Byrne diesbe- 

ziiglich mit seiner The Doctrine of Proportion clearly developed, on a 

comprehensive, original, and very easy system; or, The Fifth Book of Eu- 

clid simplified, die er als Mathematikprofessor des College of Civil 

Engineers in Putney 1841 vorlegt und den Leitern, Organen und 
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Ill. 24 
Johann Heinrich Pestalozzi, Anschauungslehre 
der Zahlenverhiltnisse, Zurich/Berne and 
Tiibingen 1803, first booklet (Pestalozzis 

Elementar-Biicher) 

Il. 25 

Johann Heinrich Pestalozzi, Anschauungslehre 
der Zablenverhaltnisse, Zurich/Berne and 
Tiibingen 1803, p. 1 
~ Table of units. First exercise. 
~ Tabelle der Einheiten. Erste Uebung. 
— Table des unités. Premier exercice. 

Studenten dieser Institution widmet (Abb. 8, 9).”? Das ,,einfache 

System* und das auf das fiinfte Buch Euklids bezogene Wértchen 

,vereinfacht* stehen hier schon im Titel. Dort wird, schon 1841, in 

iiblicher Manier neben anderen Werken des Autors auch The First 

Six Books of the Elements of Euclid angezeigt. Was in der Doctrine of 

Proportion folgt, ist denn auch in mancher Hinsicht ein Vorabdruck 

der entsprechenden Teile des Euclid von 1847, wobei dann die 1841 

eingefiihrten Symbole teilweise in veranderter Form erscheinen. 

1847 wird umgekehrt auf die vorausgegangene Publikation, ins- 

besondere auf die dort ausgebreiteten und jetzt vernachlassigten 

algebraischen und arithmetischen Ausfiihrungen verwiesen.°° 

Der Ausgangspunkt fiir Byrnes Werk ist klar. Er halt die ein- 

schligige Forschung fiir liicken- und fehlerhaft und verfolgt dies 

iiber Adrien-Marie Legendre zuriick bis zu Isaac Newton. Dem 

setzt er andererseits den alten Topos der in sich absolut stimmi- 

gen, fehlerfreien Logik Euklids gegeniiber.*' Fiir Byrne gilt dies 

insbesondere und uneingeschrankt fiir Euklids fiinftes Buch, das 

er zum Meisterwerk menschlicher Vernunft erklirt.** Also gilt 

seine ganze Aufmerksamkeit dem Erklaren und Darstellen, wobei 

er nun Symbole zur Hilfe nimmt, von denen er — im Widerspruch 

zu De Morgan und zur spiteren Einschatzung Cajoris — sagt, die 

Einfihrung von Symbolen in geometrischen Abhandlungen wiirde 

mit jedem ‘Tag gebriauchlicher.*3 Und weil dies und der Nutzen so 

evident seien, bediirfe es gar keiner weiteren Begriindungen. 1841 

ist es ihm allerdings noch ein Anliegen, die arithmetischen und al- 

gebraischen Darstellungsweisen mitzufiihren; die Sache allein ent- 

scheide, ob man die Probleme auf Zahlen, Symbolen oder Linien 
aufbauen wolle.*# Die Proportionslehre hat sich all dieser Mittel 
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in unterschiedlicher Weise und Verbindung ja immer wieder be- 

dient. 

Was folgt, sind Erklarungen, die die geometrischen Symbo- 

le an die Seite der bekannten algebraischen Formeln stellen und 

somit die sichtbaren Zeichen mit den entsprechenden Abstrahie- 

rungen vergleichen. Schlieflich interessiert die Verwendung der 

Umgangssprache, was Byrne ja schon friiher als Gradmesser einer 

erfolgreichen Methode angenommen hat.*’ Es kommt darauf an, 

die Unterschiede von Symbolen klar erkennen und mitteilen zu 

koénnen; die Methode muss dementsprechend logisch, knapp 

und tiberzeugend ausfallen und den lastigen Ballast ausfiihrlicher 

Details, der haufig anderen Methoden anhangt, vermeiden.** Es 

ist Byrne jetzt schon klar, dass farbliche Differenzierung diese 

klarende Unterscheidung unterstiitzen wiirde.*” In seinem vom 

19. November 1840 datierten Vorwort der Doctrine of Proportion 

wird dazu klar gesagt, es ware dies beabsichtigt, jedoch aus Kos- 

tengriinden verworfen worden." 

Byrne hat ganz offensichtlich schon damals Erfahrungen mit 

seiner Methode gesammelt, Zuspruch und Kritik erhalten. Es ging 

etwa darum, in der fiinften Definition des ftinften Buches, dort wo 

Euklid von den Vielfachen von Gréfen und deren proportionalen 

Identitaten handelt, das in der damals gebrauchlichsten englischen 

Euklidausgabe von Robert Simson verwendete ,any equimultiples* 

(irgendein ,Gleichvielfaches’) durch ,every equimultiples* (jedes 

,Gleichvielfache’) zu ersetzen.*? Die didaktische Absicht Byrnes 

ist selbst hier zu sptiren. Er wolle nicht beliebige — und beliebig 

viele — Tests dieser Art folgen lassen, sondern einen Standard set- 

zen. Niemand wiirde ihm widersprechen, dass Definitionen und 

auch einzelne ihrer Teile und Begriffe ohne weitere Erklarungen 

auskommen miissten. Das geht mit der didaktischen Zielsetzung 

einher, das Unterrichten miisse fiir jeden, der tiber elementare 

Dinge schreibt, das héchste Ziel sein.°° Aber damit hatte Byrne 

sich auch einer eingehenderen Analyse und Deutung dieser schon 

immer als besonders schwierig erkannten euklidischen Definition 

enthalten. Es war ausgerechnet De Morgan, der sich damals mit 

dieser Frage und der Bedeutung von ratio und Proportionalitat 

befasste und seine Uberlegungen just 1841 in der Penny Cyclopedia 

publizierte.?' Anders als Byrne hatte De Morgan Tests angesetzt, 

um so die Brauchbarkeit und Plausibilitat der euklidischen Formel 

zu tiberpriifen, und er hatte sich zudem ausgerechnet der Vorstel- 

lung und Verbildlichung einer Séulenkolonnade bedient.% 

Oliver Byrne war 1841 offensichtlich die Einsicht in die 

grundsitzliche Bedeutung Euklids vordringlich. Seine Doctrine 

of Proportion soll beweisen, dass Euklids fiinftes Buch die einzig 

legitime Lehre geometrischer Proportionierung sei. Zudem will 

er an dieser Stelle auch aufzeigen, dass die Proportionen ebenso 

algebraisch, arithmetisch und geometrisch abgehandelt werden 

kénnen, da sie ja in gleicher Weise diese Bereiche betreffen.°3 Die 

fiir die Illustration des fiinften Buches Euklids gewahlten — und 
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1847 leicht verindert und nunmehr farbig gestalteten — Symbo- 

le verfolgen einen Mittelweg und ahneln in der Tat am ehesten 

spateren Begriffsschriften. Sie heben sich von den geometrischen 

oder geometrisierenden Symbolen deutlich ab, mit denen Byrne 

die tibrigen Biicher Euklids illustriert. 

Byrne sieht durchaus die Schwierigkeiten, die bei diesem 

Vorgehen entstehen kénnen. Vorsicht sei deshalb geboten, weil 

Farbe fiir sich genommen nichts zu tun habe mit Linien, Win- 

keln und Groen, auf er diese zu benennen.?+ Wie soll man das in 

Anbetracht der doch gerade auf diese Hilfsmittel ausgerichteten 

didaktischen Mafnahmen erkennen respektive unterscheiden? 

Byrne stellt Punkt und Linie durch die Uberlappung von Farbfla- 

chen symbolisch, auf Umwegen, muss man feststellen, dar. Man 

muss also gleichsam von den ins Bild gesetzten farbigen Flachen 

abstrahieren, um dann Punkt, Linie und Flache zu entdecken.° Es 

geht dem in eher umstandlicher Fassung die alte Erklarung voraus: 

Eine mathematische Linie ist Lange ohne Breite, deshalb kénne 

sie keine Farbe besitzen, jedoch wiirde die Uberlappung oder die 

Naht zweier Farbflachen eine gute Vorstellung davon geben, was 

mit einer mathematischen Linie gemeint sei. Wenn man gemeinhin 

von einer schwarzen oder roten Linie oder Linien sprechen wiirde, 

meine man eigentlich eine solche Nahtstelle.®° Die Sache selbst 

findet sich also in der Beriihrung und Uberlappung der Farbfla- 

chen dargestellt. Albrecht Diirer hatte in seiner Underweysung 

der messung 1525 die Not mangelnder Darstellungsméglichkeit der 

abstrakten Linie durch das ReifSen einer dicken, somit sichtbaren 

Linie auf direktere Weise gelindert, , Dann durch solche wey muf 

der innerliche verstand im eussern werck angetzeigt werden“.°” 

Byrne sieht durchaus die Risiken solcher Verweismethoden ein. 

Seine Farben und farbigen Diagramme wiirden vielleicht vorerst 

als eine etwas unbeholfene Methode erscheinen; dann aber ver- 

spricht er Vorkehrungen, die raffinierter und ausfiihrlicher als alle 

je zuvor vorgestellten seien.® Das trifft zweifelsohne zu. Aber die 

,coloured diagrams", so scheint es, machen sich dabei selbstindig. 

Man kann den Verdacht nicht ablegen, Byrne hatte zu dem eukli- 

dischen noch ein zweites, graphisches System hinzugegeben, des- 

sen Nutzen zu beweisen, er nicht miide wird, indem er insbesonde- 

re darauf verweist, dass Farben sich weit besser einpragen wiirden 

als blofe, ohne besondere Merkzeichen versehene Sitze.2? 

»More easily fixed in the mind“, besser einpragsam! Das also ist 

es, worauf es Byrne wirklich ankommt. Schon 1841 angekiindigt, ist 

es ihm jetzt, 1847, gelungen, seinen Euclid farbig, merkfahig, allen 

Erfahrungen der Sinneswahrnehmung entsprechend zu gestalten. 

Das wird bald tiberall mit Erfolg praktiziert. 1856 wird, um nur 
zwei Beispiele zu nennen, in New York der Chemical Atlas von Ed- 

ward Livingston Youmans publiziert, in dessen Titel ganz analog 
zu Byrnes Veréffentlichungen, die Darstellungsweise ,ina series of 
beautifully colored diagrams“ und auch die Intention ,designed for 
the use of students“ hervorgehoben erscheint (Abb. 18-20, 32, 39). 



In Worcester veréffentlicht Ezekiel Webster Dimond 1867 The 
Chemistry of Combustion in einer moglichst einfachen und prazisen 
Sprache und natiirlich unter Einsatz von Farbe an Stelle von che- 
mischen Symbolen: Rot fiir Sauerstoff, Gelb fiir Wasserstoff, Blau 

fiir Stickstoff und Schwarz fiir Kohlenstoff (Abb. 21-23, 33).!°° 

Youmans schrieb seinerseits in seiner Einleitung, dass gerade in 

den Naturwissenschaften, da dort der Anspruch exakter Darstel- 

lung von Eigenschaften und Beziehungen besonders gefragt sei, die 

Verwendung sinnenhafter Diagramme ihren besonderen Nutzen 

unter Beweis stellen kénnte.'°! Und er sah — heutigen Gewohnhei- 

ten weit vorauseilend — einen erhdhten Nutzen bildhafter Darstel- 

lung gerade dort, wo der Gegenstand erst gar nicht gesehen werden 

kénne.'” Als erstes Beispiel, das diese Bedingung erfiillt, zitiert er 

die Geometrie und umschreibt den entsprechenden Vorgang mit 

,diagramize geometrical conceptions“, mit dem Umsetzen geome- 

trischer Vorstellungen in Diagramme.'% 

Byrne hatte diese Diskussion schon 1841 aufgenommen und 

die besondere Bedeutung von Farbe bei der Illustration wissen- 

schaftlicher Sachverhalte angezeigt. 1847 ist er ans Ziel gekom- 

men. Wie sehr er sich mit dieser psychophysischen Frage avant 

la lettre befasst, belegt er 1847 mit Hinweisen aus der Poesie. Er 

zitiert Horaz und Aesop, um die Uberlegenheit des Sehsinns zu 

dokumentieren. ,Der Aufgabe nach uralt*, lage das Neue nun 

eben in der ,mathematischen Verkniipfung erfahrungsmassiger 

Thatsachen*, wird Gustav Theodor Fechner 1860 im Vorwort 

zu Elemente der Psychophysik schreiben.'°+ Was also liegt niher, 

als diese Tatsachen fiir die Darstellung wissenschaftlicher Sach- 

verhalte einzusetzen. Solches liegt Byrnes Vorgehen zweifelsohne 

zugrunde. In Tat und Wahrheit verschiebt sich aber das Interesse 

vom wissenschaftlichen Gegenstand zu dessen Darstellung und 

didaktischer Vermittlung. Es drangt ihn, das in seiner Einleitung 

des Euclid zu betonen und genauso bildhaft und konkret heraus- 

zustreichen. Byrne empfiehlt farbige Kreide und fiir den privaten 

Gebrauch Farbstifte, um seinen Euclid lernend zu vertiefen.'® 

Der didaktische Impetus und 
die dazu notwendigen MafSnahmen 

Among the Greeks, in ancient, as in the school of 

Pestalozzi and others in recent times, geometry was 

adopted as the best gymnastic of the mind.“ 
~ Byrne, Euclid, 1847'°° 

Byrne erwahnt Johann Heinrich Pestalozzi gleich zu Beginn der 

Einleitung zu seinem Euclid. Es geht ihm um the best gymnastic 

of the mind“’”, um eine Denkschule. Das didaktische Prinzip ori- 

entiert sich am Unterricht, an den ,oral demonstrations“ und am 
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idealen Zusammenspiel von optischen und akustischen Eindrii- 

cken. Verstehen stellt sich ein, wenn letztendlich , reason, and fact, 

and proof“ zusammenkommen und einen bleibenden Eindruck 

hinterlassen. Ob nun der Verweis vom Text zum Diagramm tiber 

Farbe und Form als den Zeichen oder iiber die entsprechenden 

Teile des Diagramms selbst verlauft, ist weniger wichtig, es zihlt 

die Einfachheit, und es dient allemal der Zielstrebigkeit.'° Mit 

seiner Elementarlehre und Anschauungslehre der Zahlenverhiltnisse 

wollte Pestalozzi genau das erreichen, eine Methode oder , Kunst- 

iibung“, um die Mathematik im Gleichgang mit der Entwicklung 

der ,, Denkkraft* zu erlernen (Abb. 24, 25). Und genau das strebte 

Byrne mittels Symbol, Figur und Farbe und zum Vorteil des Ler- 

nens an und fiir sich an.'°? ,,For the greater ease of learning“ (Das 

Lernen zu erleichtern) ist also der Zweck, der letztlich Euklid un- 

terlegt wird. Das steht in einer langen Tradition, in der der Mathe- 

matik in erster Linie eine Mittlerrolle zugewiesen wurde. Mathe- 

matik selbst wire keine Wissenschaft, sagte Giovanni Pico della 

Mirandola in der ersten seiner eigenen Thesen zur Mathematik; 

sie fihre nicht direkt zum Gliick; sie sei eine Hilfswissenschaft, 

bilde den Weg, der zu anderweitigen Wissenschaften fiihrt.""° Es 

kommt auf die medieras, die Mittel- und Mittlerstellung an. 

Wenn man die Dinge so angeht, so treten die mit Euklid ver- 

bundenen Unsicherheiten, die ihm zugeschriebene obscuritas zu- 

riick. Alle beschrieben dies rundum als aufserst dunkel, sagt Gio- 

vanni Alfonso Borelli zu Euklids Parallelenpostulat, weil ihm dazu 

die Grundlage, das Verstandnis von Unendlichkeit, fehle.'"" Aber 

das lasst ihn nicht verzagen. Auch er beansprucht, neue Einsichten 

durch den — klassischen — Schluss von Bekanntem auf Unbekann- 

tes zu gewinnen.'? Und so publiziert er seinen Euclides restitutus. 

Man richtet sich in dieser Situation ein und sucht nach Hilfs- 

mitteln. Lange vor Oliver Byrne, 1684, hat St. George Ashe einen 

Beitrag zu Euklid fiir die Philosophical Transactions der Royal Soci- 

ety of London verfasst, dem er den Titel ,A New and Easy Way of 

Demonstrating some Propositions in Euclid“ gab."'3 Darin orien- 

tierte er sich am Vorrang des mathematischen Wissens, der ,,pre- 

eminence of Mathematical knowledge“, um dann umso deutlicher 

auf der Bedeutung und Verlasslichkeit der mathematischen Me- 

thode zu insistieren. Im Vordergrund stehen die wenigen Axiome 

und Postulate, von denen jegliche Spielerei und mangelnde Prazi- 

sion ferngehalten werden sollen."'+ Aus einem Brief von 1686 er- 

fahren wir, dass er sich bei seinen Bemiihungen der Darstellung des 

zweiten und fiinften Buches Euklids der Methode aus John Pells 

An Introduction to Algebra bediente."'’ Wieweit diese Bemithungen 

mit dem 1684 in London anonym erschienenen The Elements or 

Principles of Geometrie zuasammenhingen, muss offenbleiben (Abb. 

26~28).'"° Tatsache ist, dass diesem in der Nachfolge Borellis ver 

fassten Geometrie-Lehrbuch eine Einleitung mit Definitionen 

und Axiomen mitsamt der Erklarung der in der Folge verwendeten 

Zeichen folgt, wie sie teilweise Byrne noch 1847 benutzt. Die Ziel 
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setzungen sind ahnliche. Es geht um den schnellsten, effizientesten 

Weg, zu einem adaquaten Verstandnis zu kommen, zum Vorteil all 

derer, die méglichst schnell zu den praktischen Fragen dieser Un- 

tersuchung gelangen mochten."” Dem sollen die einleitenden De- 

finitionen dienen, wohl wissend, dass es sich natiirlich bei Punkten, 

Linien und Winkeln um immaterielle Dinge handelt. Die Symbole 

erhalten umso mehr ihre Berechtigung. Aber die Erklarung reicht 

noch nicht aus; eine ausfiihrlichere wird nachgereicht, in der der 

Akzent noch deutlicher auf den Wert der Demonstration gelegt 

wird: , Demonstration is the highest degree of Proof that any mat- 

ter admits of.“ (Die Demonstration ist die héchste Beweisstufe, 

die ein jeder Gegenstand zulasst.)'"™ Der grundsatzliche Nutzen 

der Geometrie, und mittelbar der Methode Euklids, zur Denkun- 

terstiitzung und als Schutz gegen Irrtum und Tauschung wird her- 

vorgehoben."? Der didaktische Nutzen wird umgehend notiert.'”° 

Deshalb ist es auch notwendig, die klarenden Voraussetzungen zu 

schaffen, zu denen letztlich nebst den Definitionen eben auch die 

Tabelle mit der Erklarung der Zeichen geh6rt, in der die graphi- 

schen Symbole fiir Funktion oder Bedeutungen wie equal to“ oder 

ylike* oder continued proportion" sowie fiir die Figuren von Drei- 

eck oder Kreis aufgelistet sind.” 

Die didaktischen Zielsetzungen scheinen, mitsamt den Be- 

miihungen um entsprechende Methoden der Darstellung, von Eu- 

klid langst Besitz ergriffen zu haben. Ja, das scheint Euklid durch 

und durch inharent zu sein. Byrnes beschw6rende Worte in sei- 

ner Einleitung zum Euclid klingen nach, wonach die Farben eben 

nicht der Belustigung, sondern der Erleichterung auf dem Weg zur 

Wahrheit und zu nachhaltigem Wissen dienen sollen.'*? Man kann 

Ill. 27 

The Elements or Principles of Geometrie, 

London 1684, fol. B4 verso 
- Explication of the Notes. 

~ Erlduterung der Anmerkungen. 
br ; ae i , ae Explication des notes. 
dy, hs 

© AF. 
fLXXPUL Ill. 28 
ee The Elements or Principles of Geometrie, 
a London 1684, p. 79 

: Example of the use of the symbolic script. 
| ~ Beispiel der Anwendung der Symbolschrift. 

-Exemple de l'utilisation de l’écriture sym- 
bolique. 

Myer. 
i: 

iXCHIIL 
ee 
2 
a 

ee 
a 

Seas 

es auch so sagen: Je mehr die sprichwortliche obscuritas Euklids 

nachwirkt, desto wichtiger sind die Fragen der Methoden des Auf- 

zeigens, der Demonstration und der didaktischen Mittel.'3 Und 

je deutlicher die Anwendung im Vordergrund steht, desto gréfer 

das Bediirfnis nach entsprechenden Modellen. ,,ln der Mathema- 

tik muf der Lehrer alle Satze durch Modelle erlautern, oder, wenn 

er diese nicht hat, den Vortrag durch deutliche und vollstandige 

Zeichnungen zu erginzen suchen.“'*4 Das gehort, wie Peter Hein- 

rich Christoph Brodhagen in seiner Anleitung zum gemeinniitzigen 

Unterricht, an Handwerker, Kiinstler und Fabrikanten gerichtet, 

1792 schreibt, zu den absolut unverzichtbaren Voraussetzungen. 

Mit Pestalozzi, auf den sich Byrne beruft, werden diese Anlie- 

gen verstirkt, die Methoden verfeinert und insbesondere die Frage 

der beteiligten Sinne vermehrt ins Auge gefasst. Ja, die Anpassung 

an die Sinne ist alsbald nicht nur begleitend, sondern sie diktiert. 

Das Angeschaute lést sich dann und bildet fiir sich selbst eine neue 

Logik, modern gesagt, einen Bilddiskurs. Das lasst sich bei Byrne 

durchaus beobachten. Sein Euclid richtet sich nach den Bemithun- 

gen seiner Zeit. , Auf die Beschaffenheit der Zeichen kommt beim 

Denken viel an“, halt beispielsweise 1793 Johann Georg Heinrich 

Feder fest und beruft sich natiirlich auf Johann Heinrich Lamberts 

Neues Organon'* (1764), das auch in Grofbritannien bestens be- 

kannt war und letztlich auch Byrne den Satz, dass alle Sprachen aus 

reprasentativen Zeichen bestehen, formulieren lisst.'*° Und noch 

mehr geht es jetzt um die Sinne, wie Byrne mit seiner wiederholt 
geaufserten Vorliebe fiir den miindlichen Unterricht bezeugt. Fiir 
Heinrich Stephani bildet der Kontrast zwischen der ,Gehérspra- 
che“ und der ,,Gesichtssprache* den Ausgangspunkt seiner Be- 
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mithungen, die er 1814 unter dem Titel Ausfihrliche Beschreibung 

meiner einfachen Lese-Methode in Erlangen erscheinen lief.'7 Die 

Buchstaben seien eigentlich ,,nur fiir das Auge willkiirlich ange- 

nommene Zeichen der verschiedenen Sprachlaute*; er méchte sie 

jedoch als ,die eigentlichen Noten fiir unser Sprachinstrument“ 

verstehen.'* Um das zu befliigeln, bemiiht er das Gedachtnis, das 

schneller und nicht nur buchstabenweise, sondern vom Buchsta- 

ben zur Silbe zu ganzen Wortern die Dinge einpragen und gleich- 

sam mechanisch abrufen lasst. , Auf einen Blick“ erkennbar soll es 

sein.2? Stephani beruft sich zwar auf Pestalozzi, folgt aber auch 

noch alten mnemotechnischen Vorgehensweisen, bei denen man 

iiber den Laut, von Tul(pe) auf das ,p° und von Fich(te) auf das 

tt‘ schlieRen soll. Rasch fallt auf, dass das Ganze weniger einfach 

ist, als der Titel des Buches verspricht. Man befindet sich noch im 

Stadium des Experimentierens. 

Aber an der Ernsthaftigkeit der didaktischen Versprechungen 

kann man nicht zweifeln. Das Prinzip ,auf einen Blick“, das was 

beispielsweise Alfred North Whitehead (1927), auf eine Optimie- 

rung der Sinneswahrnehmung (,sense-perception") bezogen, mit 

der Unmittelbarkeit des Vorzeigens (,,presentational immediacy*) 

bezeichnet, ist gar nicht so einfach zu bewerkstelligen und in sei- 

ner Wirkung zu garantieren.3° Skepsis gegeniiber unkonventio- 

nellen optischen Hilfsmitteln ist tibrigens durchaus an der Tages- 

ordnung. Johannn Wolfgang von Goethe wundert sich im Vorwort 

zu seiner Farbenlehre (1812) iiber die Manier, naturgeschichtlichen 

Werken Tafeln hinzuzufiigen: 

Ein héchst unzulangliches Surrogat sind hierzu die Tafeln, 

die man dergleichen Schriften beyzulegen pflegt. Ein freyes phy- 
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sisches Phanomen, das nach allen Seiten wirkt, ist nicht in Linien 

zu fassen, und im Durchschnitt anzudeuten. Niemand fillt es ein, 

chemische Versuche mit Figuren zu erlautern; bey den physischen 

nah verwandten ist es jedoch hergebracht, weil sich eins und das 

andre dadurch leisten lafst. Aber sehr oft stellen diese Figuren nur 

Begriffe dar; es sind symbolische Hiilfsmittel, hieroglyphische 

Ueberlieferungsweisen, welche sich nach und nach an die Stelle 

des Phainomens, an die Stelle der Natur setzen und die wahre Er- 

kenntnis hindern, anstatt sie zu befordern.“3! Auch Goethe sieht 

also die Gefahr der Verselbstandigung solcher Symbole und kann 

sich den Nutzen, etwa fiir den chemischen Bereich, gar nicht erst 

vorstellen. Und doch konzediert er im nichsten Satz aus gege- 

benem Anlass einen gewissen Sinn solcher Tafeln und Symbole: 

Entbehren konnten auch wir der Tafeln nicht; doch haben wir sie 

so einzurichten gesucht, daf§ man sie zum didaktischen und pole- 

mischen Gebrauch getrost zur Hand nehmen, ja gewisse dersel- 

ben als einen Theil des nothigen Apparats ansehen kann.“"3* Auch 

Goethe redet sich also mit didaktischen Argumenten heraus. 

SchlieBlich lasst sich auch Kant zu diesem Sachverhalt ver- 

nehmen, als er die Frage ,, Was heifst: sich im Denken orientieren?“ 

zu beantworten suchte: ,,Wir mégen unsre Begriffe noch so hoch 

anlegen, und dabei noch so sehr von der Sinnlichkeit abstrahiren, 

so hangen ihnen doch noch immer bildliche Vorstellungen an, 

deren eigentliche Bestimmung es ist, sie, die sonst nicht von der 

Erfahrung abgeleitet sind, zum Erfahrungsgebrauche tauglich zu 

machen.“'3 Kant kommt auf diese Weise auf die Anschauung zu 

sprechen und findet fiir das, was auch er mit Moses Mendelssohn 

der ,Evidenz der Demonstration“ zuordnen oder auch nur einer 



Orientierung zuweisen méchte, gleichsam als minimale Bedin- 

ung ,ein gewisses Leitungsmittel*.34 Wie wir unsere Vorstellun- 
co} ro) 

gen dem Erfahrungsgebrauche zuweisen, treibt auch ihn um. 

Zeichen und Symbole zu einer 
mathematischen Philosophie 

,Such for all common purposes are the audible signs 
called words, which are still considered as audible, whether 
addressed immediately to the ear, or through the medium 

of letters to the eye. Geometrical diagrams are not signs, 
but the materials of geometrical science, the object of which 

is to show the relative quantities or their parts by a 
process of reasoning called Demonstration.“ 

— Byrne, Euclid, 1847 

Das Schema der Reflexion ist also auch 

Schema der Reproduktion.“ 

~ Wacner, Mathematische Philosophie, 1851 (a) 3° 

Zeichen zum ,,Erfahrungsgebrauche’, ,symbolische Hiilfsmittel* 

oder auch generell nur ,,Leitungsmittel*! Man will wissen, wie es 

sich mit den Vorstellungen und mit der Anschauung verhalt, und 

man sucht nach den Vorteilen der Prizision in der Demonstrati- 

on und nach dem kiirzesten Weg. Das sind die Sprachprobleme, 

fiir die das Interesse in der Zeit grof ist. Die Uberlegung, die 

Oliver Byrne mit der Feststellung der Sprache als Zeichensystem 

beginnt, beendet er in der Uberzeugung, dass in seinem Fall die 

Verwendung von farbigen Symbolen, Zeichen und Diagrammen 

die Denkprozesse praziser und schneller mache.'7 

Es liegt in der Luft, man muss an der Sprache arbeiten. Auf 

deutscher Seite bemiiht sich Karl Philipp Moritz um das, was er 

in einer Rede in der K6niglichen Akademie der Wissenschaften in 

Berlin ,die Bildsamkeit der Deutschen Sprache* nennt.3* Es fallt 

dort beispielsweise auf, dass ,,Mangel an deutschen Kunstwortern 

in der Gréssenlehre* herrscht."? ,,Wenn das gemeinsame Leben 

neue Zweige treibt, so treibt es auch neue Worte", schreibt Fried- 

rich Adolf Trendelenburg, der Verfechter einer lingua rationalis.'4° 

Der Forscher ringt ,,das bleibende Geprige fiir sein Ergebnis der 

Sprache ab“.'#' Und da ja gilt, dass ,auch das abstracteste Denken 

mit und in der Sprache ist“, und es zudem drangt, die ,Zuriick- 

fiihrung auf einen einfachen Begriff durch eine einfache Bezeich- 

nung* zu leisten, soll in dieser ,aufsteigenden Linie“ und aus der 

,Selbstbewegung der inneren Anschauung* heraus das Begreifen 

und der Begriff zusammengefiihrt werden.'” 

Oliver Byrne hat fiir sich die Vorteile der geometrischen, 

figiirlichen — und farbgestiitzten — Sprache entdeckt und so bei- 

spielsweise den Zeitgewinn bei der Wahrnehmung demonstrativ 

quantifiziert.'8 Es fehlte nicht an Versuchen, die unterschiedli- 

chen Sprachen mit ihren je eigenen Vorteilen zu vergleichen und 

zusammenzufiihren. Johann Jakob Wagner sprach schon 1803 in 

seiner Philosophie der Erziehungskunst von der ,Leichtigkeit, Ma- 

thematik in Philosophie zu itbersetzen*.'++ Die Logik ware ihm 

dagegen schon immer als ungeniigend erschienen, und er ,,suchte 

die Architektur der Welt und der Erkenntnis immer in der Ma- 

thematik“."5 In ihr erkannte er ,die Form der Objektivierung des 

Geistigen d.h. die Sprache*. Schlieflich hatte ihn der , Dualismus* 

von Arithmetik und Geometrie dazu gebracht, von einem héher 

liegenden Gemeinsamen ~ der ,Anschauung* — auszugehen."4° In 

seinem erstmals 1830 und 1851 neu erschienenen Organon breitet 

Wagner das ganze Spektrum unterschiedlicher Sprachen und 

Sprachformen aus.'#” Er unterscheidet Zahlen- und Linienschrift, 

die Linien, Figuren, ,/Trigonometrie d.h. Wechselbeziehungen“, 

»Korper d.h. Gestalten“ und auch noch die Zusammensetzung 

von Linien und Figuren umfasst.'4* Er nennt die Geometrie, die ja 

die ,Grundziige zu einer Theorie der Gestalten* liefere, eine ,,Be- 

ziehungsschrift* und eine ,Abstraktion von der Bilderschrift*.'4? 

Er legt der ,Construktion der Sprache“ das Schema Wort-Zahl- 

Figur-Bild zugrunde und bildet daraus Analogien zu Poesie-Mu- 

sik-Malerei-Plastik oder Mensch-Tier-PAlanze-Mineral.'° Und 

er verweist auf die ,,Parallelreihe* Idee-Begriff-Wahrnehmung- 

Vorstellung respektive Symbol-Exempel-Zeichen-Bild.'" Zudem 

stellt er das Ganze in seiner Mathematische[n] Philosophie in eine 

historische Perspektive, wonach sich das ,,spekulative Wissen* py- 

thagoriisch als Zahl und Figur darstellte, die dann, unter der Do- 

minanz des Wortes, in ein ,mechanisches* Wesen tiberfiihrt wur- 

den ,und Mathematik genannt werden*.'* Das Bild hingegen sei 

,zum zufalligen Spiele” herabgesunken; ,unsere Kunst producirt 

nur den Schein.“'S So bleibt im Hinblick auf die wissenschaftliche 

Fragestellung das Verhaltnis Wort-Zahl-Figur im Mittelpunkt des 

Interesses stehen. Und das beschaftigt Wagner insbesondere bei 

seinem Vorhaben, Mathematik in Philosophie zu tibersetzen. Aus 

dem Zustand eines ,todten Mechanismus* will er die Mathematik 

herausholen und als ,die natiirliche Ideensprache oder Sprache 

des Geistes* sowie als ,die einzige allgemeine Wissenschaft oder 

Philosophie“ rehabilitieren.'5+ 

Man muss dem Duktus der Darstellung — der Sprache! — 

gemifs diesem mathematisch-philosophischen Verstindnis folgen. 

Als erstes Beispiel wahlt Wagner 1803 in der Philosophie der Er- 

xiehungskunst symbolhaft den Pythagorassatz, der ja auch 1847 auf 

dem Titel von Byrnes Euclid erscheint. ,Jede Linie ist Ausdruck 

von Bewegung, Bahn eines bewegten K6rpers, zwar fixirt im 
Raume ftir die aufgere Anschauung, aber doch nur construirbar 
durch den innern Sinn und in der Zeit beweglich.“'5 Nun wird 
die Figur konstruiert: ,Es sey nun eine Linie als Bahn gegeben; 
es komme dieser Linie von einer andern Seite auf gleichem Wege 



aber in entgegengesetzter Richtung eine andere entgegen, so wer- 
den beide Linien ... sich treffen, und falls ihre Kraft gleich ist, sich 
in einem Punkte aufs Zero der Bewegung reduciren.“'%* Solcherlei 
Darlegung bedarf eines gewissen Aufwandes; es sind ja bildliche 
Vorstellungen, Erweiterungen ins Physikalische (des Vergleichs 
einer Linie mal mit Hebel“, mal mit ,,Pendul*), die den Vorgang 

unterstiitzen sollen, auf dass ,unser Zégling Geist und Natur in 

ihrer gegenseitigen Spiegelung kennen lernen* kann.'” Die ,Sach- 

erklarung* ist langst in eine ,Worterklarun e*, ,durch welche Be- 

griffe erst gebildet werden’, iiberfiihrt worden, so wie das Eph- 

raim Salomon Unger 1833 in seiner Einfhrung zum Lehrgebiude 

Euklids vorsieht.'® Die Erklarungen sind durch die didaktischen 

Absichten eingeholt, wodurch sie auch begriindet sind. 

Auf diese Weise entsteht bei Wilhelm von Tiirk, dem Anhiin- 

ger Pestalozzis, umfassender eine ,Formen-Lehre*, die im Stile 

der Zeit, in klar didaktischer Ausrichtung in einem Frage- und 

Antwortspiel zwischen Lehrer und Schiiler ausgebreitet wird.’ 

»Lehrer: (Indem er einen Punkt, eine gerade Linie, und eine 

krumme Linie an die Tafel zeichnet.) 

Wie nennt man (auf 1 zeigend) dies Zeichen hier? 

Kinder: — Einen Punkt. 

Lehrer: (auf 2 und 3 zeigend) Und diese beide Zeichen hier? 

Kinder: — Linien.“ 

Der Reihe nach werden diese Ubungen an den fiinf Sinnen erprobt 

und auf Form, Farbe und Richtung ausgelegt; es soll letztlich die 

Sprache fiir die innere Anschauung* gefunden und gebildet wer- 

den.'©° Es trifft sich alles wieder mit den Empfehlungen, die spater 

auch Oliver Byrne mit seiner Privilegierung der Auge und Ohr 

gleichzeitig bemithenden miindlichen Demonstrationen verbin- 

det.'*' Und unter dem Strich sind es, wie im Titel des Handbuches 

von Tiirk, die sinnlichen Wahrnehmungen, die als Ausgangspunkt 

im Zentrum der Diskussion stehen. Schlieflich galt ja auch in auf- 

klarerischen Zeiten, folgt man der Al/gemeine[n] Theorie des Den- 

kens und Empfindens, mit der Johann August Eberhard 1776 den 

Preis der Kéniglichen Akademie der Wissenschaften gewann, dass 

in der ,neuesten spekulativen Philosophie“ die ,Entdeckungen in 

der Theorie der Empfindungen* insbesondere als Fortschritt auf- 

gefallen waren.’ Eberhard hob das in einem besonderen ersten 

Punkt hervor und zitiert ,die Entdeckungen, die man iiber die 

Natur einiger abgeleiteter Eigenschaften ... der Kérper namlich 

der Farben, machte*."3 Es ging damals, in Ubereinstimmung mit 

so vielen anderen Bemiihungen, darum, ,,die Weltweisheit aus dem 

Himmel der Schulen herabzuziehen, und in die menschliche Ge- 

sellschaft einzufiihren*.'°+ 

Byrnes Euclid — doch ein Kunstwerk! 

La logique veut que lart soit 

Lexpression plastique de tout notre étre.“ 
— Monprian, Néo-Plasticisme, 1920! 

In der Nachfolge Pestalozzis und seiner Anschauungslehre der 

Zablenverhiltnisse dringt ohnehin alles, auch das Abstrakteste, 

in die physische, in die plastische Welt zuriick. Byrnes Bild der 

euklidischen Geometrie als Gehirngymnastik deutet dies ebenso 

unfreiwillig wie tiberdeutlich an. Auch das entspricht einer alten 

Einsicht. In der Einleitung zu den Philosophiae Naturalis Principia 

Mathematica schreibt Isaac Newton am 8. Mai 1686, die Beschrei- 

bungen der geraden und krummen Linien, auf denen die Geomet- 

'66 Zudem, die Geometrie setze rie beruht, gehérten zur Mechanik. 

voraus; man miisse anderweitig nach Erklaérung suchen.'” Und 

andererseits bedarf die Geometrie der Erweiterungen jeglicher 

Art, um einsehbar und verstanden zu werden. Newton fordert das 

mit seinem Verweis, die Geometrie sei ja nur ein Teil einer sehr 

viel umfassenderen mechanica universalis, geradezu heraus. Man 

gelangt empirisch zu einer solchen ,,physischen Geometric“, so 

wie man aus der Beobachtung heraus zu Satzen gelangen kann.'** 

Man darf auch Albert Einstein mit seinem berithmten Vortrag zur 

»Geometrie und Erfahrung“ bemiihen, der seinerseits die ,,prak- 

tische Geometrie* als eine Naturwissenschaft, ja als den altesten 

Zweig der Physik betrachtet.’* Dem ging die Feststellung voraus, 

es sei ,doch sicher, dass die Mathematik tiberhaupt und im spe- 

ziellen auch die Geometrie ihre Entstehung dem Bediirfnis ver- 

dankt, etwas zu erfahren tiber das Verhalten wirklicher Dinge*.'”° 

Das mindert nichts am hohen Wert jener freien Schépfungen 

des menschlichen Geistes", als die Einstein die Axiome erinnerte, 

wobei er dann — dem Entwicklungsgange im Umgang mit Symbo- 

len entsprechend — beifiigt: Unter ,Punkt’, ,Gerade* usw. sind in 

der axiomatischen Geometrie nur inhaltsleere Begriffsschemata 

zu verstehen.'! Ein befriedigender Zustand ist das nicht und der 

Zusammenhang mit der Wirklichkeit ausdriicklich gefragt. Die 

Brisanz liegt in der Verbindung, worauf sie es alle — mit unter- 

schiedlicher Akzentuierung — abgesehen haben. 

Hierin treffen sich der Mathematiker und der Kiinstler. Und 

beim wechselseitigen Interesse und Einsatz der Mittel verschwin- 

det von Zeit zu Zeit die eindeutige Kontur. Doch, weshalb sollte 

man dem Mathematiker weniger Kreativitaét zugestehen als dem 

Kiinstler und umgekehrt? Das mystische Dunkel ist Euklid nicht 

weniger fremd als dem modernen Bilderfinder, zumal wenn man 

sich der Anfinge der grofSen Tradition der Figuren- und Sym 

bolbildung besinnt. Max Simon hatte 1901 auf die vorausgegan 

gene Frage und Publikation Hubert Miillers Besirze die heutige 



@Apertiffima huiusloci enarratio. Cap. XI. 
Riangulum nang five difcretam, five continuam {pectes quantitatem, figue 
rarumeft omnium principium. ideo in ipfam certe omnes refoluuntur,, cum 

ipfanon inalia quamin fefe redeat.Cum ergo quadrangula fequatur ftatim trians 
lam, in Pe chonphacss refoluatur necefle eft. cum@ triangulumtres haz 
tangulosequales duobus rectis, quadrangulum quippe(quodin bina trians 

Saban) quatuor angulos quatuor rectis equales habeat necefle eft, hoc 
modoabangulo ad angulum ducta diagono, five parallelogramum,fluend. nam 
ny trapezoides,parallelogrammumnon eft.nempe huiufmodi. 
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ll. 31 
Giorgio Valla, Aristotelis Magnorum Moralium 
Liber primus, from: Ethicorum Aristotelis ad Nico- 
machum Libri Decem: Et Tres eorundem Conver- 
siones, Freiburg im Breisgau 1541, fol. 121 recto 
— Geometric figures according to size and number. 
~ Geometrische Figuren nach Grofge und Zahl. 
~ Figures géométriques selon leur grandeur et leur 

nombre. 

Ill. 32 

Edward L. Youmans, Chemical Atlas, New York 
1856, plate V 
~ Examples of Isomerism. ANDIDA\ 

¢c 
trianguli.B quadrati. lelogrammis. F crapezion.G trapezoides, Trianguli.Q uadrati | 

t = a ental fimile méfz. in difcretis.in difcretis. Trigonus ¢d diagonus. alterapartelégior menfula 

— Beispiele fur Isomerien. 
~ Exemples disoméres. 

CTriangulum in magnitudinibus , figuram planam appellamus cribus lineis rectis contentam , Ku 
woque generetriangulus & trtangulum dicimus. 
CTrégulus in numeris,numerus eft q per fuas unitates defcriptus eria latera poffider gqlia,ut 15.9.6.8 

poflider aqualia, CQuadratum, quatuor angulos & quatuor lacera 

Schulgeometrie noch die Vorzige des Euclid- Originals? geantwortet: 

»Die deutsche Schulgeometrie hat sie nie besessen.“'” Vieles ist 

Wunschdenken, idealtypische Vorstellung mathematisch strin- 

genter Denkweise. Der Ruf nach einer strengen Wissenschaft, 

weit in die Geisteswissenschaften hineinreichend,’3 und das 

Bediirfnis eines ,scharfen Werkzeuges“'+ hat immer wieder die 

tatsichlichen physischen Schwierigkeiten vergessen lassen. Dass 

nach dieser Matigabe alles Prizise der Geometrie und alle Abwei- 

chung davon der Mechanik, gleichbedeutend mit Praxis, zugewie- 

sen wiirde, hat Newton mit der Feststellung quittiert: Die Fehler 

liegen nicht in der Sache, sondern beim Nutzer. (,,Attamen errores 

non sunt artis, sed artificum.*)'75 

Blickt man nun andererseits auf die Kunst, so kann von jener 

,Gestalt-Krise“, die Steck 1942 bezogen auf die Mathematik be- 

'*° Es scheint schon eher, dass dem von ihm schwor, keine Rede sein. 

gewahlten Motto von Leibniz, Mathesis est scientia imaginabilium, 

der Mathematik als Wissenschaft von den Vorstellungen, eine noch 

viel weitere Bedeutung, als vielleicht vermutet, zukommt. Das 

Mathematische ist zu diesem Zeitpunkt langst und wie nie zuvor 

in den Bereich nicht nur der Vorstellungen, sondern in denjenigen 

des Sichtbaren, des tatsichlichen Physischen und Mechanischen 

getreten, und diesmal nicht aus Not, sondern in tiberzeugter Ab- 

sicht. Seit Piet Mondrian, und darin von Amedée Ozenfant und Le 

Corbusier gefolgt und in die Architektur tibertragen, ist im Begriff 

des Plastischen, demjenigen der Gestalt in mancher Hinsicht ahn- 

lich, umschrieben, was aus dem entsprechenden Verstandnis und 

aus der Einsicht heraus mit Macht in ein Auferes dringt. Es geht 

dabei um Grundsitzliches, nicht blof§ um Formanalogie oder um 
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geometrisierende und stilisierende Formfindung. Auch reicht der 

blof&e Hinweis auf Reinigung und Einfachheit nicht aus, denn das 

Abstrakte soll der plastische Ausdruck des Universellen bleiben, 

gemafs jenem Wechselspiel von innen und aufsen, bei dem die tiefs- 

te Verinnerlichung des Auferen sich mit der reinsten Verauferli- 

chung des Innern trifft (,,car l’'abstrait reste expression plastique 

en fonction de l’universel: c'est l’intériorisation la plus approfondie 

de l'extérieur et l'extériosiration la plus pure de l’intérieur.*)'”7 Es 

ist Mondrian, der 1920 diese dezidierte Absage an alle blof§ ober- 

flachlichen Geometrismen, die doch nur aufgen vor bleiben, trifft. 

Nur im tiefsten Verstehen und Begreifen lasst sich das Abstrakte, 

das Mathematische und Geometrische, an die Wirklichkeit zie- 

hen und ~ notgedrungen - in eine kiinstlerische Form bringen. Es 

ist klar, dass sich die Verbindungen dort am ehesten ergeben, wo 

dieser notwendige Bezug zur Wahrnehmung im Sinne einer physi- 

kalischen Geometrie als Problem gesehen und wo er — zwecks De- 

monstration — ausdriicklich angestrebt, gesucht wurde, wie auch 

bei Oliver Byrne. Insofern wird die Sonderstellung und Einzigar- 

tigkeit des Byrne’schen Euclid erst — a posteriori — richtig bewusst. 

Byrnes 1847 an den Anfang seiner Einleitung zum Euclid 

gestellte Prizisierung, es ginge ihm eben nicht um irgendwelche 

angenehmen Unterhaltungen, sondern um Wahrheitssuche und 

Wissen, trifft sich mit den analogen Aussagen eines Mondrian.'78 

Mondrian geht es um ein universelles plastisches Mittel. Einlei- 
tend zu seinem Manifest Le Néo-Plasticisme (Abb. 42) unter- 
streicht er seine Auffassung, wonach der Kiinstler den plastischen 
Ausdruck tiber das Bewusste erreiche. Die Erscheinung der Kunst 
sei so insgesamt der plastische Ausdruck des Unbewussten und 
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des Bewussten; sie zeige die Beziehung zwischen den beiden auf, 

andert sich, aber die Kunst selbst bleibt unveranderlich.'”? So wird 

gleichsam die didaktisch vermittelnde, sichtbar machende Seite, 

wie sie dem Euclid von 1847 beigegeben war, in der neuen Kunst- 

auffassung in vergleichbarer Weise verdeutlicht, und die entspre- 

chende Zielsetzung erklart. Auch bei Mondrian geht es nicht 

primar um die bei diesem Prozess entstehende (Erscheinungs-) 

Form. Form als generelle Festlegung einer Erscheinung im Bild 

soll, umgekehrt, vermieden werden und stattdessen der Prozess 

hin zu Prizision und Abstraktion als universales plastisches Mit- 

tel im Vordergrund stehen.'*° Um dies zu verdeutlichen, kritisiert 

Mondrian ausdriicklich den — blof§ auferlichen — Reinigungs- und 

Vereinfachungsprozess, der sich in der Architektur zuweilen be- 

obachten liefSe. Nur wenige wiirden die plastische Wirkung des 

Abstrakten erreichen.'*! 

Die Moderne kiindigt sich auf dem neuen und alten Sockel des 

umstrittenen Leib-Seele-Konfliktes an. Man sucht die razson neu. 

Paul Dermée schreibt im ersten Heft von L'Esprit Nouveau, in Sa- 

chen Intelligenz geschehe alles im Bewusstsein und in einem hellen 

Zimmer.'* Licht! Und gleichwohl sieht er den notwendigen Aus- 

gleich und das erstrebte Gleichgewicht von Intelligenz und , lyris- 

me“, wie das neue Stichwort nun lautet. Léonce Rosenberg bringt 

dazu zwei Formeln ins Gesprach, eine von Georges Braque zitierte 

und eine veranderte eigene: ,,J’aime la régle qui corrige |’émotion.* 

(Ich liebe die Regel, die die Emotion korrigiert.) und Rosenbergs 

humanisierte Version: ,,]’aime le sentiment qui humanise la Regle.“ 

(Ich liebe das Gefiihl, das die Regel humanisiert.)'*3 Waren es frii- 

her im Grofbritannien Byrnes insbesondere Ethik und Moral, die 

der Mathematik ihren tieferen Sinn erschliefSen sollten, so macht 

jetzt die Psychologie ihre Aufwartung, immer im Bestreben, die 

reinen Gedanken in die Welt zu bringen. Doch Zuriickhaltung 

war gefordert. Zum Gebot der Stunde, ,,rebuter l’intelligence* 

(weg mit der Intelligenz), setzte Dermée auch die Empfehlung 

»pas de logique apparente* (keine Vorzeigelogik).'*+ Nein, allzu 

offensichtlich sollte sich der neue Hang zur Gesetzmaftigkeit nicht 

4uern. Und Amedée Ozenfant und Charles-Edouard Jeanneret, 

der spatere Le Corbusier, die auf der nachstfolgenden Seite des 

ersten Heftes von L'Esprit Nouveau vom mechanischen Ursprung 

der plastischen Empfindung, Verlasslichkeit, Konstanten und Uni- 

versalitét fiir ihre kiinstlerische Arbeit ableiten wollten, kamen 

sehr schnell zur Einsicht, dass das nicht mehr als Grundlage und 

Ausgangspunkt sein konnte.'® 

Vermittlung und Klarung und die Besinnung auf das We- 

sentliche sind allerdings wieder einmal notwendig. Die Kiinste 

und die Wissenschaften waren so sehr angewachsen, dass die Er- 

leichterung ihres Erwerbs nunmehr genauso wichtig sei wie deren 

Wachstum, so der erste, hier aus dem Zusammenhang gerissene 

Satz aus Byrnes Euclid."° Edouard Le Roy unternimmt es in La 

pensée mathématique pure, die auf seinen in den Jahren 1914/15 und 
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1918/19 am Collége de France gehaltenen Vorlesungen beruht, 

seine Vorstellung der reinen Mathematik als imaginative, das 

Sinnliche mit dem Intellektuellen verbindende Sichtweise zu cha- 

rakterisieren.'8’ Und das bezieht sich insbesondere auf die Geo- 

metrie, weshalb er von der spezifischen intuition géométrique” 

spricht. Immer wieder drangt die Geometrie zur Wirklichkeit und 

in die sensible Welt hinein."*’ Le Roy tragt so der Wechselwirkung 

und der Tatsache einer physischen Geometrie Rechnung. Die 

Geometrie erscheint ihm als eine sensibilisierte Mathematik; sie 

ist von dieser Welt.'*? Die eigentliche reine Mathematik findet er 

in der Analyse. Das war schon Leibniz’ Weg.'?° 

Die Geometrie und Euklid sind dem Kompromiss mit dem 

Sinnlichen also stirker ausgesetzt. Und dies ist langst Teil ihrer 

Geschichte und Kultur. De Stijl und Mondrian waren diesbe- 

ziiglich naher an der Sache, als die blof§en Bildermacher. Die 

Malerei ist das Mittel und nicht das Ziel, schrieb auch Léonce 

Rosenberg.'” Und selbst, wenn es um die Farbe geht, scheinen die 

Argumente bei Byrne und bei Ozenfant und Le Corbusier ver- 

gleichbar. ,Quand on parle peinture, on parle forcément couleur* 

(Wer Malerei sagt, meint zwangslaufig Farbe), liest man im pro- 

grammatischen Text zum Purisme, der dort ansetzt, wo zu Beginn 

der Argumentation Logik aus den menschlichen Konstanten abge- 

leitet und als Kontrollinstanz gegen den zuweilen phantastischen 

Gang der Intuition eingesetzt erscheint.'” Fiir sich allein genom- 

men, waren Farben riskant, ja gefahrlich.'?3 Sie miissten der Sache 

dienen, sie sollen im Wesentlichen konstruktiv sein.'9+ Malerei, so 

liest man weiterhin zum Purisme, sei die Verbindung gereinigter, 

angeordneter und architektonisierter Elemente.'?’ Die Parallelen 

e'°° sind nicht zu iibersehen. Selbst die schon von ihm be- zu Byrn 

tonte gréfere Geschwindigkeit bei der optischen Aufnahme von 

Farben ist hier mitgedacht. Der Farbe sei gemafS der Ordnung in 

der Wahrnehmung die Eigenschaft von Schock eigen, indem sie 

dank der unmittelbaren optischen Wahrnehmung der Erkenntnis 

der Form, die zumindest teilweise bereits eine Kreation des Ge- 

hirns sei, vorangehe.'9” 

Nimmt man hinzu, wieviel Gewicht Byrne der didaktischen 

Seite seines Euclid zukommen lief, so findet sich eine noch deut- 

lichere Parallele bei Gyorgy Kepes, der in der Tradition von De 

Stijl und unter dem direkten Einfluss der Gestaltpsychologie 1944 

sein Language of Vision publizierte (Abb. 34, 35, 37, 41).'°% Der 

Gesichtspunkt der Sprache, der Vermittlung, ist hier gleicherma- 

fen eingekehrt. In der Nachfolge Mondrians spricht Kepes von 
plastischer Organisation, wobei er zur Klarung die Umschreibung 
der Formung von Sinneseindriicken zu organischem Ganzen ver- 
wendet."? Der Gestaltungsprozess steht im Vordergrund, aber 
natiirlich geht es hier vermehrt auch um visuelle Darstellung 
und natiirlich um das geschaffene Bild. Gleichwohl ist verbliif- 
fend, wie sehr auch Kepes der Uberlappung von Farbflachen 
seine Beachtung schenkt. Das dient nicht mehr der Darstellung 
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Ezekiel W. Dimond, The Chemistry of Combustion, 
Worcester 1867 

~ Diagram 1. Elements employed and compounds 
formed in the process of Combustion. 
~ Diagramm 1. Im Verbrennungsprozess entstehende 
Verbindungen und verwendete Elemente. 
~ Diagramme 1. Eléments employés et composés formés 
dans le proces de la combustion. 
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Gyorgy Kepes, Language of Vision, Chicago 1944, 
p.51 
~ Illustration of the “laws of visual organization”. 
— Illustration zu den ,Gesetzen der Wahrneh- 

mungsorganisation”. 

~ Illustration des « lois de organisation visuelle ». 
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geometrischer Grundformen, wie bei Byrne, dafiir umso mehr 

der Farbabgleichung und generell den visuellen Phanomenen.?° 

Kepes’ historischer Riickblick reicht bis zu Helmholtz, er erwahnt 

fliichtig Leonardo da Vinci, natiirlich Goethe, aber auch Arthur 

Schopenhauer. Der hatte in seiner frithen Studie Ueber das Sehn 

und die Farben 1816 schon im ersten Satz den gréfSeren Rahmen 

mitsamt den inharenten Problemen beschrieben: ,,Alle Anschau- 

ung ist eine intellektuale. Denn ohne den Verstand kéime es nim- 

mermehr zur Anschauung, zur Wahrnehmung, Apprehension von 

Objekten, sondern es bliebe bei der blof&{en Empfindung, die allen- 

falls, als Schmerz oder Wohlbehagen, eine Bedeutung in Bezug auf 

den Willen haben kénnte, tibrigens aber ein Wechsel bedeutungs- 

loser Zustinde und nichts einer Erkenntnifg Aehnliches ware.“?” 

Goethes Farbenlehre wollte und konnte er nicht den Status einer 

Theorie zuweisen. Andererseits werden seine Uberlegungen der 

Psychophysik die entscheidenden Argumente liefern. 

In Grofbritannien schien — zu Byrnes und De Morgans Zei- 

ten — jeder Versuch und jede Notwendigkeit, die engeren Grenzen 

der Mathematik zu verlassen, in die Ethik und die Moral zu fiih- 

ren. In modernen Zeiten ist es die Psychologie, die sich insbeson- 

dere der Grenzbereiche und aller mit dem Leib-Seele-Problem 

verbundenen Schwierigkeiten annimmt. Die Psychophysik hat 

die Kiinste gerade in jenem Moment direkt betroffen, als sie sich 

nach festen Gesetzen und Regeln — auch in besonderer Weise der 

Geometrie — entsann.? Und natiirlich zeigt sich die Gestaltpsy- 

chologie an Fragen wie derjenigen von den sensorischen Pragnanz- 

momenten oder an den Wirkungsweisen der Farbe besonders inte- 

ressiert. Alles hat in Byrnes Euclid eine wichtige Rolle gespielt. 
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In seiner den Methoden gewidmeten Einleitung zu Beétrdge 

zur Theorie der Sinneswahrnehmung schreibt Wilhelm Wundt 1862: 

»Der Versuch die psychologischen Thatsachen auf metaphysi- 

schem Grund aufzubauen, hangt auf’s innigste zusammen mit der 

mathematischen Behandlungsweise der Psychologie. Diese ist eine 

fast nothwendige Folge davon, dass die metaphysische Psycholo- 

gie die deduktive Methode in sich einschliesst.“?°3 Das weist in ge- 

radezu imperativer Weise darauf hin, wie sehr auch die Geometrie 

und deren Versinnlichung gefragt sein kénnte und ist. Wundt fahrt 

fort: ,,Wo in einer Wissenschaft eine gréssere Zahl von Thatsa- 

chen aus einigen Axiomen durch eine Reihe mehr oder minder 

verwickelter Schliisse sich ableiten lasst, ohne dass doch zu dieser 

Ableitung die einfachen Verfahrungsweisen der formalen Logik 

geniigen, da wird die Wissenschaft gendthigt die mathematische 

Zeichensprache zu Hiilfe zu nehmen.“?°4 Dass die Natur zuweilen 

genétigt werden miisse, auf die Fragen der Vernunft zu antworten, 

hatte schon Kant postuliert.2° Es bedarf solcher Unterstiitzung 

menschlicher Erkenntnisméglichkeit. Nach dieser MafSgabe for- 

mulierte Wundt: ,,Diese (-Zeichensprache) ist nur ein wirksames 

Hiilfsmitel des Denkens, nur eine vervielfaltigte Anwendung der 

logischen Gesetze, welche die Denkresultate auf jeder einzelnen 

Stufe der Schlussreihe durch bestimmte Zeichen fixirt.“?°° 

An dieser Stelle hatte Wundt noch eine Fu note hinzuge- 

setzt, die seine Einschatzung vom diesbeziiglichen Entwicklungs- 

stand der Mathematik enthielt: , Der Mathematiker diirfte diese 

Definition leicht zu weit finden, weil die Mathematik in der That 

bis jetzt eine so allgemeine Anwendung noch nicht gefunden hat. 

Aber es lasst sich, wie mir scheint, nicht verkennen, dass die ganze 



neuere Mathematik dieser Verallgemeinerung des Calkiils, die sie 

lediglich zu einer erweiterten Logik macht, zustrebt.“7°7 

Von hier aus sind die Entwicklungsstrange haufig genug 

getrennte Wege gegangen. Man kann es offenlassen, wie genau 

Byrnes mondrianscher Euclid zu dieser Entwicklung oder zu einer 

dieser Entwicklungen passt. Jene Mathematiker haben sich fiir 

ihn jedenfalls sehr wenig oder tiberhaupt nicht interessiert, nicht 

einmal die Euklidianer. Andererseits haben sich die Wissenschaf- 

ten schon immer vornehmlich mit sich selbst beschaftigt und ihre 

,scharfen Principien und Methoden“ nur allzu gerne gegen die 

weniger potente Philosophie (in ihrem eigenen Kreis), was immer 

man darunter verstand, ausgespielt.?°* Auch die Fechner’sche Psy- 

chophysik, jene auf eine uralte Sache gesetzte neue Wissenschaft, 

die mit so umfassender Fragestellung ansetzte, sollte gemaf einer 

ersten Definition von 1860 , kurz eine exacte Lehre von den Bezie- 

hungen zwischen Leib und Seele“ bieten.?°? Exakt, wissenschaft- 

lich sollte es werden! 

Oliver Byrnes Euclid bleibt ein Solitar. Deshalb sind die po- 

tentiellen Verbindungen zu Pestalozzi oder zur mathematischen 

Philosophie eines Wagner, zum Gesichtspunkt der Sprache genau- 

so wie zu dem der Geometrie umso interessanter und aufschluss- 

reicher. Byrne stand den Tatsachen eines Helmholtz niaher, als 

man vielleicht auf den ersten Blick vermutet. Man habe es ,,in der 

Geometrie stets mit idealen Gebilden zu tun ... deren kérperliche 

Darstellung in der Wirklichkeit immer nur eine Annaherung an 

die Forderungen des Begriffes ist, und wird dariiber, ob ein K6rper 

fest, ob seine Flachen eben, seine Kanten gerade sind, erst mittels 

derselben Satze entscheiden, deren tatsachliche Richtigkeit durch 

die Priifung zu erweisen ware*.”’° Annaherungen an jene univer- 

salen Wahrheiten sind es, zu denen es Byrne, den Mathematiker, 

genauso hinzog wie Mondrian, den Kiinstler. Vielleicht ist Geo- 

metrie gar nicht jenes, mangels anderweitiger sicherer Grundlagen 

als unerschiitterlich und konklusiv beschriebene Gebilde, dessen 

Erfindung man Euklid zuschreiben will, sondern doch vielmehr 

pythagoraischer, eine Vorstellung der Welt in Formen und Figu- 

ren, die nach dieser MafSgabe weniger konklusiv, stattdessen auf 

einen Blick erfahrbar sind. Oliver Byrne hat dieser Vorstellung 

Farbe verlichen und damit einer Sprache vorgegriffen, die sich in 

moderner Zeit Neue Gestaltung, so der bekannte Titel eines Bu- 

ches von Theo van Doesburg, nannte. 

Theodor W. Adorno setzte seiner Negative[n] Dialektik cin 

Diktum Walter Benjamins voran. ,,... man miisse durch die Eiswiiste 

der Abstraktion hindurch, um zu konkretem Philosophieren biin- 
coy 

dig zu gelangen.“*"' Eine Eiswiiste, die man schnellstmoglich hin- 

ter sich lassen méchte, ist das keineswegs! Alles dreht sich um diese 

Abstraktion und deren Drangen hinein in die sichtbare Welt, bei 

Byrne und Mondrian in jedem Falle. Man will sie nicht aufgeben, 

sondern sichtbar machen! ,,abstrait reste lexpresssion plastique 

en fonction de l’universel: c'est lintériorisation la plus approfondie 
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de l'extérieur et l'extériorisation la plus pure de l’intérieur.*** Bet 

diesem Satz aus dem Manifest Le Néo-Plasticisme von 1920 hatte 

Mondrian sich auf den dritten Teil seiner im De Stijl publizierten 

Bemerkungen ,,De Nieuwe Beelding in de Schilderkunst“ berufen, 

wo er sich dem Verhiltnis ,abstrakt/mathematisch* in besonderer 

Weise gewidmet hatte.” Auf Aristoteles ginge die entsprechende 

Gleichsetzung zuriick. In Tat und Wahrheit steht hier Mondrian 

noch ganz deutlich in jener, ihm insbesondere auch von Mathieu 

Schoenmaekers vermittelten?'+ Tradition, in der das Interesse an 

universalen Vorstellungen lebendig gehalten wurde, und der die 

Geometrie schon immer als Ausgangspunkt und Euklid als Kron- 

zeuge diente, noch viel umfassender in den Worten Oliver Byrnes: 

Lf we wanted authorities to prove the importance and usefulness 

of geometry, we might quote every philosopher since the days of 

Plato.“25 
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Vel. Steck 1946, S. 17. 
Ibidem. 
Vel. Byrne 1847, Einleitung, 
S. vii. 

Vel. Byrne 1835, 2002, Vorwort. 
Ibidem. 
Vel. Byrne 1853, Vorwort, S. vii: 

Although this work is written to 
guide the experienced and ac- 
complished artisan, yet the de- 
scriptions and directions are of 
so practical a nature, that any 
mechanic or amateur, previously 
unacquainted with the subjects 
treated of, may, by following its 
pages as a text-book, succeed in 
his earliest attempts to accom- 

plish even the most difficult pro- 
cesses inscribed.“ 
Vel. Byrne 1866, Vorwort, S. vi: 
» They are equal in power to 

Babbage’s and Collet’s com- 
bined, and take up less than one 
eighth part of their space.“ 
Vel. Lorey 1852, S. tii. 
Id., Einleitung, S. 1. 
Vel. Byrne 1841. 
Vel. Byrne 1847, S. 210. 
Vel. Byrne 1841, S. viii: ,... while 
there is not one mistake, over- 

sight, or logical objection in the 
whole of Euclid’s Fifth Book.“ 

Ibidem: ,,... in fact, Euclid’s Fifth 
Book is a master-piece of human 
reasoning.” 

Id., S. xv. 

Id., S. xiv: whether the struc- 
ture be raised upon numbers, 

symbols, or lines, &c.". 
Vel. Anm. 74. 
Vel. Byrne 1841, S. xvi: logical, 
strict, and convincing [...] with 
out being attended with that 
tediousness and circuitous detail 
which frequently accompany 
other methods". 
Ibidem. 
Ibidem. 

Vel. dazu die spiitere Uberset- 
zung bei der ,,the same equimul- 
tiples* zur Klarung herangezo- 

90 

99 

100 

IOI 

102 

103 

104 

105 

106 

gen wird. Heath 1956, S. 120. 
Vel. Byrne 1841, S. xviii: , To 
teach should be the highest aim 
of a writer on elementary sub- 
jects, and not to adopt (which is 
too often the case) that stiff and 

formal manner so prejudicial to 
and inconsistent with the ideas 
of a learner; every thing likely to 
embarrass should be explained, 
and that authorial kind of scien- 
tific dignity should be set aside 
when the object is to instruct 
others.“ 
Vel. oben. 
Vel. Heath 1956, S. 122. 
Byrne 1841, S. xviii. 
Byrne 1847, S. xili. 

Die entsprechenden beweisftih- 
renden Darstellungen: Id., S. xiii 

UL XIV. 

Id., S. xiii. 

Vel. Diirer 1525, fol. A ij recto. 

Vel. Byrne 1847, S. xiii: a clumsy 
method [...] means more refined 
and extensive than any that has 
been hitherto proposed*. 
Id., S. xit: , The experience of all 

who have formed systems to im- 
press facts on the understanding, 
agree in proving that coloured 

representations, as pictures, cuts, 
diagrams, &c. are more easily 
fixed in the mind than mere sen- 
tences unmarked by any pecu- 
liarity.* 

Dazu der Kommentar im Vor- 

wort: ,, Technical terms always 
present a formidable obstacle to 
practical men in the investiga- 
tion of any scientific subject.” 
Vel. Dimond 1867, S. vi. 

Vel. Youmans 1856, Einleitung, 
S. 9: ,It is especially in natural 
science, where definite and exact 

ideas of properties and relations 
are to be communicated to the 
mind, that the employment of 
visible diagrams is most useful.” 
Ibidem: ,, Whenever the object to 
be contemplated cannot itself be 
seen, and consists of such fixed 
elements or qualities as are cap- 

able of being represented or deli- 
neated to the eye, pictorial illus- 
trations become indispendable.* 
Ibidem. 

Vel. Fechner 1860, Vorwort, S. v. 

Vgl. Byrne 1847, S. xvii: ,For 
schools and other public places 
of instruction, dyed chalks will 
answer to describe diagrams, &c. 
for private use coloured pencils 
will be found very convenient.“ 
Byrne 1847, Einleitung, S. vit: 

Unter den alten Griechen wie 
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auch bei Pestalozzi und anderen 
Schulen der jiingeren Zeit galt 
die Geometrie als die beste 
Geistesiibung.* 

Id., S. vii. 

Id., S. xi. 
Vgl. Pestalozzi 1803, Vorrede, 
S. v: ,Die Anschauungslehre der 
Zahlenverhaltnisse ist, als ein 
Theil der Methode, eine Kunst- 
iibung, den Menschen auf eine, 
mit der Natur seines Geistes und 
mit der Art, wie sich seine Denk 
kraft in ihm entwickelt, tiberein- 
stimmende Weise zahlen und 
rechnen zu lehren.* 
Val. Pico della Mirandola 1532, 
S. 137: ,Conclusiones de mathe- 
maticis secundum opinionem 

propriam numero Ixxxv*. 

Vel. Borelli 1679, Ad lectorem 
geometram™ (Einleitung), o. S. 
[bidem: ,,progressus Intellectua- 
lis ex notis ad ignota™. 
Vel. Ashe 1684, S. 672 ff. 
Ibidem: , it rejects all trifling in 
words and Rhetorical schemes, 
all conjectures, authorities, pre- 
judices and passion”. 
Vel. Early Letters of the Royal 

Society EL/A/36 (St. George 
Ashe, 27. April 1686); vgl. AHRB 
Centre for Editing Lives and 
Letters, 2005. Vel. Pell 1668. 
Pells Algebra ist eine erweiterte 
ver’inderte Ubersetzung der Al- 
gebra von Johann Heinrich 
Rahn, Landvogt zu Kyburg. 

Vel. The Elements or Principles of 
Geometrie, London 1684. Das 

Exemplar der Trinity College 
Library in Dublin weist die Sig- 
natur von St. George Ashe auf, 
zur Online-Ausgabe (Ann 

Arbor) wird wohl aus diesem 

Grunde eine Beteiligung postu- 
liert. Unser Exemplar weist Ab- 
weichungen auf. 
Id., , Advertisement’, fol. A3 

recto und verso. 

Das kurze ,,Advertisement* 

endet mit der Feststellung: ,, This 
Summary was thought sufficient 
for an Introduction.* Unserem 
Exemplar ist jedoch eine zusitz- 
liche Einleitung mit eigener, un- 
abhingiger Blattfolge, A-(A4) 
verso, eingertickt. 
Id., fol. Ar recto: ,And by conse- 
quence nothing is so apt to 

strengthen our Reason to give us 
clear notion of things, and secure 
us from being imposed upon fal- 
lacies or shadows of proof, as 
conversing herein.“ 

Id., fol. Ar recto: ,Demonstra- 
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tion therefore serving (as we 
said) to enlighten the mind.“ 
Vel. The Elements or Principles of 
Geometrie, London 1684, fol. B4 
verso. 
Vel. Byrne 1847, S. vii. 
Man sollte , Wissenschaft’ und 
,Didaktik’ nicht so sehr trennen, 
wie das hier eben geschehen ist. 
In alter Tradition, so bei Duns 
Scotus, ist scientia gemafs seinem 
Verstindnis von Aristoteles allen 
andern Uberlegungen voran ein 
medium demonstrationis. (Hier zit. 

nach: Duns Scotus (oder: Johan- 

nes de Cornubia?) 1512, fol. a 2 
verso.) 

Vel. Brodhagen 1792, S. vii. 
Vel. Lambert 1764. 
Vel. Feder 1793, S. 70. 
Vel. Stephani 1814, S. 9. Unter 
»Gesichtssprache* fallen bei Ste- 
phani die Piktogramme, also bei- 
spielsweise — vor Champollion — 
die agyptischen Hieroglyphen. 
Id Sek 
Vel. Oechslin 2007, S. 62 ff. 
Vel. Whitehead 1927, S. 21. 
Vel. Goethe 1812, S. xxi. 
Ibidem. 
Vel. Kant 1793, S. 104 ff. 
Id., S. 105. 
Byrne 1847, S. ix: ,Dergestalt 
sind die akustischen Zeichen fiir 
den allgemeinen Gebrauch, die 

wir Worter nennen, dass sie stets 

als hérbar aufgefasst werden, ob 
nun direkt an das Ohr gerichtet 
oder, tiber den Umweg der 
Buchstaben, an das Auge. Geo- 
metrische Diagramme sind keine 
Zeichen, sondern Rohstoffe der 
geometrischen Wissenschaft, 
deren Ziel es ist, die relativen 
Gréfen oder ihre Teile durch 
den Denkprozess der Demonst- 
ration sichtbar zu machen.“ 

Wagner 1851 (a), S. 124. 
Vel. Byrne 1847, S. ix: ,,... renders 
the process of reasoning more 

precise, and the attainment more 
expeditious ...“ 

Vel. Moritz 1794, S. 87 ff. 
Vel. Burja 1794, S. 265 ff. 

Vel. Trendelenburg 1828, S. 457 
Eon sia 
Id., S. 457. 

Id., S. 458 u. 473 f. 
Vel. Byrne 1847, S. ix. 
Vel. Wagner 1803, S. 148. Im 
Riickblick schreibt Wagner, diese 
Aufgabe hatte er sich schon als 
Jiingling vorgenommen, um sie 

dann in der Mathematische[n] 
Philosophie erstmals 1811 zu reali- 
sieren. Vel. Wagner 1851 (b), S. xl 
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u. xxi. — Vel. zu Wagner: Stock 
1982, S. 262 ff. 

Vel. Wagner 1851 (b), S. xli. 
(Riickblick auf das Organon von 
1830). 

Ibidem. 
Vgl. Wagner 1851 (b), S. 207 ff. 
(III. Sprachsystem). 
Id., S. 244 (§ 325). 
Id., S. 243 (§ 324) und S, 244 

(§ 326). 
Id., S. 214 (§ 292) und S. 260 

(§ 342). 
Id., S. 337 (Anhang, ¢ 24). 
Vel. Wagner 1851 (a), S. rf. 
Itoh Sea. 
Vgl. Wagner 1839, S. 312 ff: 
S. 313 f. 
Vel. Wagner 1803, S. 149. 
Ibidem. 
Id., S. 155. 
Vel. Unger 1833, S. 6. Unger geht 
dann allerdings so weit festzu- 
stellen, es kame ,hier nicht da- 
rauf an, mit philologischer Ge- 
nauigkeit die Worte-des Euklid 
wieder zu geben, sondern nur 
der Geist desselben soll beibe- 
halten“ werden; id., S. 11. 

Vel. Tiirk 1811. Eine vergleichba- 
re, dem Zeichenunterricht ge- 
widmete Formenlehre hat der 
Berner Zeichenlehrer Gustav 
Adolf Tobler 1836 veréffentlicht. 
Das Zitat nach: Tiirk 1830, S. 1. 

Vel. Tiirk 1811, Vorrede, S. vii. 
Vel. Byrne 1847, S. xi f. 
Vel. Eberhard 1776, S. s. 
Id., S. 8. 
Id., S. 4. 

Mondrian 1920, S. 1: ,Die Logik 
will, dass die Kunst der plastische 
Ausdruck unseres gesamten Da- 
seins sei.” 
Vel. Koyré/Cohen 1972, S. 15. 
Ibidem: ,,Has lineas describere 
geometria non docet, sed postu- 
lat.“ 
Vel. oben und: Hélder 1900, S. 6. 
Vel. Einstein 1921, S. 3. 

Id., S. 2f. 
IdeS52: 
Vel. Simon 1901, S. 19. Simon 
beginnt sein Vorwort (S. v) mit 
dem Hinweis auf seinen prakti- 
schen Beitrag zur mathemati- 
schen Erziehungs- und Unter- 
richtslehre. 
Zu den Wortchen ,streng* und 
sexakt' vgl. Oechslin 2009, 
S. 363 ff. 
Das hat der ,andere Strang geo- 
metrischen Denkens'’, die Logis- 
tik, deren Urspriinge in die Zeit 
Oliver Byrnes und Augustus De 
Morgans! zuriickreichen (vgl. 
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oben) auch noch 1929 als seine 
Errungenschaft reklamiert: 
» Wenn jemand auf irgend einem 

Gebiet der Philosophie oder der 
Einzelwissenschaften sich um 
eine exakte Analyse der Aussa- 
gen und Begriffe bemiiht, so sol- 
len ihm hier die logistischen und 
insbesondere die relationstheo- 
retischen Hilfsmittel als ein 
scharfes Werkzeug in die Hand 
gegeben werden. Diese Hilfs- 
mittel sind bisher, besonders in 
Deutschland, noch sehr wenig 
bekannt; nur in logisch-mathe- 
matischen Untersuchungen 
werden sie zuweilen angewen- 
det.“ Vel. Carnap, 1929, Vorwort, 
S. iii. 

Vel. Vorwort vom 8. Mai 1686 zu 
den Philosophiae Naturalis Princi- 
pia Mathematica von Isaac New- 
ton. 
Vel. Steck 1942, S. 13 ff. 
Vel. Mondrian 1920, S. 5. 
Vel. Byrne 1847, S. vii. 
Vel. Mondrian 1920, S. 1: , II 
atteint son expression plastique 
par le conscient. Par cela, l’ap- 
parition de lart est l’expres- 
sion plastique de l’inconscient 
et du conscient. Elle montre le 
rapport de l'un et de l'autre: 
elle change, mais l'art reste im- 

muable.“ 
Id., S. 5. 

Ibidem. 
Vel. Dermée o.J., S. 29 ff, S. 30: 
Dans l’intelligence, tout se 
passe avec l'accompagnement de 
conscience, dans une chambre 

claire.“ 
Vel. Rosenberg 1921, S. 1. 
Vel. Dermée o.J., S. 37: ,De 
méme, pas de logique apparente, 
afin de rebuter les efforts de 
l'intelligence pour mordre sur le 
poéme. Mot dordre: rebuter 
lintelligence.* 
Vel. Ozenfant/Jeanneret o.J. (a), 
S. 38 ff. 
Vel. Byrne 1847, S. vii: , The arts 
and sciences have become so ex- 
tensive, that to facilitate their 
acquirement is of as much im- 
portance as to extend their 
boundaries.“ 
Vel. Le Roy 1960, S. 17. 
Id., S. 19 (mit Bezug auf Kant). 
Vel. auch die Formulierung: La 
pensée géométrique ainsi consi- 

dérée n'est donc pas la pensée 
mathématique pure, mais la pen- 
sée mathématique tendant a 
s'‘incarner dans un corps 
d'intuition imaginative, bref la 
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pensée mathématique au seuil 
immédiat de l’applicaton.“ (Id., 
S21) 

Gerhardt erklart den Bildungs- 
gang Leibniz’ gleichsam aus der 
erlebten Frustration beziiglich 
der Mésglichkeit des Verstehens: 
,In Leipzig, wo Leibniz seine 

akademischen Studien begann, 
las ein gewisser Joh. Kithn tiber 
die Elemente Euclid’s; die Vor- 
trage desselben waren aber so 
dunkel, dass auSer Leibniz kei- 
ner der Zuhérer folgen konnte. 
Es wird erzahlt, dass er allein 
sich mit dem Docenten in 
Discussionen iiber den Vortrag 
einliess und alsdann seinen Mit- 
zuhorern die Lehrsatze verstand- 
lich machte ...“. Vgl. Gerhardt 
1848, S. 7. 

Vel. Rosenberg 1921, S. 1. 

Vel. Ozenfant/Jeanneret o.J. (b), 
S. 369 ff., S. 382: ,marche parfois 
fantasque de l’intuition“. 
Ibidem. 
Ibidem. 
Id., S. 379. 

Vel. Byrne 1847, S. vii. 
Vgl. Ozenfant/Jeanneret o.J. (b), 
S. 382: ,,Mais la couleur a des 
propriétés de choc (ordre senso- 
riel) précédant optiquement 
celui de la forme (qui est une 
création déja partiellement céré- 
brale).“ 
Vel. Kepes (1944) 1951. 
Id., S. 15. 

Id., S. 35 ff. 
Vel. Schopenhauer 1816, S. 1 
(Erstes Kapitel: , Vom Sehn*). 
Vel. oben und: Oechslin 2005, 
S. 176 ff. 

Vel. Wundt 1862, S. xix. 

Ibidem. 
Vel. Kant 1787, Vorrede zur 

2. Aufl, S. xiii. 
Ibidem. 
Ibidem. 
Vel. Fechner 1860, S. 1: Hier die 

Darstellung der ,ungiinstigeren 

Verhaltnisse“, die sich seinen In- 
teressen vorerst boten: ,,Ein- 
leitendes. I. Allgemeinere Be- 
trachtung tiber die Bezichung 
von Leib und Seele. Indess die 
Lehre von der K6rperwelt in 
den verschiedenen Zweigen der 
Naturwissenschaft zu einer gros- 
sen Entwicklung gediehen ist, 
und sich scharfer Principien und 
Methoden erfreut, welche ihr 

einen erfolgreichen Fortschritt 
sichern, indess die Lehre vom 
Geiste in Psychologie und Logik 
wenigstens bis zu gewissen Gran- 
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zen feste Grundlagen gewonnen 
hat, ist die Lehre von den Bezie- 
hungen zwischen Kérper und 
Geist und Geist oder Leib und 
Seele bis jetzt fast blos ein Feld 
philosophischen Streites ohne 
festes Fundament und ohne si- 
chere Principien und Methoden 
fiir den Fortschritt der Untersu- 
chung geblieben.* 
Id., Vorwort, S. v. 

Vgl. Helmholtz 1968, S. 38. 
Vel. Adorno 1966, Vorrede, S. 7. 
Vgl. Mondrian 1920, S. 5: ,,Das 
Abstrakte bleibt plastischer Aus- 
druck nach Mafgabe des Uni- 
versellen: die tiefgreifendste Ver- 
innerlichung des Auferen und 
die reinste Verauferlichung des 
Inneren.* 

Vel. Mondrian 1918 (Nachdruck, 
Amsterdam 1968), S. 29 ff. 
Vel. Oechslin 2009. 
Vel. Byrne 1847, S. vii: , Brauch- 
ten wir Autoritaten, um die 
Wichtigkeit und Niitzlichkeit 
der Geometrie zu beweisen, 

kénnten wir jeden Philosophen 
seit Plato zitieren.* 
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« To facilitate 

their acquirement » 
The First Six Books of the Elements of Euclid d’ Oliver Byrne 

— didactique, coloré et excentrique 

Qu’est-ce qui peut inciter un Surveyor of her Majesty’s Settle- 

ments aux iles Malouines a inventer I’édition d’Euclide la plus 

séduisante de tous les temps et a la publier? Avec ces couleurs a 

la Mondrian elle nous semble moderne avant la lettre. Celui qui 

tient ce livre entre ses mains ne peut se soustraire a la fascination 

quexercent ses «images» et ce, justement, parce que la compré- 

hension des régles mathématiques abstraites les plus difficiles y 

est suggérée, comme il y parait un temps, le plus simplement du 

monde, et démontrée tout a fait concrétement ad oculos. 

Le point sensible : 
La «représentation parlante des formes de pensée » 

« Les mathématiciens qui entrent de mauvaise 

grace dans les labyrinthes de la philosophie sont priés 
dabandonner ict la lecture de lavant-propos. » 

~ Frece, Grundgesetze der Arithmetik, 1893' 

La postérité s'est montrée plutdt féroce avec Oliver Byrne. Cela 

concerne en premier lieu la science des mathématiques et sa rela- 

tion avec sa propre histoire. Oliver Byrne n’y apparait pratique- 

ment pas. On cherche vainement la spectaculaire édition d’Euclide 

dans la Bibliographia Euclideana de Max Steck, bien que celui-ci se 

soit justement intéressé a la « forme mathématique » (« mathema- 

tische Gestalt ») et qu'il ait déja découvert la « qualité visible » de 

l'interprétation d’Euclide de Proclus, passant ensuite par Nicolas 
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de Cuse pour aller 4 Johannes Kepler, «en renouvelant les motifs 

pythagoriciens», et 4 Gottfried Wilhelm Leibniz, a la recherche 

dune synthése dans laquelle le mundus intelligibilis et le mundus 

senstbilis, Vabstraction et la perception a travers les sens, seraient 

vus ensemble et formeraient 4 nouveau un tout. 

Oliver Byrne lui-méme ne voulait toutefois pas aller aussi 

loin, ni au point de vue historique ni fondamentalement: son ob- 

jectif, croyait-il, restait de maniére didactique orienté vers la com- 

préhension immédiate et l’utilité des mathématiques. Et pourtant 

son Euclid aurait pu et di mener a ces réflexions fondamentales. 

Steck était convaincu que les mathématiques, «ce qui n'est pas 

le cas de la pure logique », ne se laissaient pas ramener a de sim- 

ples concepts et qu'il convenait de dire: « La participation de la 

contemplation a ses connaissances ne peut étre contestée, parce 

que les mathématiques ne sont justement pas possibles d’aprés des 

concepts mais seulement <par leur construction >.» Steck s’ali- 

gnait sur Andreas Speiser et sa Mathematische Denkweise (1932) et, 

en relation avec la formation des concepts scientifiques, aussi sur 

Heinrich Rickert qui fit remarquer de son c6té qu’aucun matériau 

donné n’existait pour le moment pour les mathématiques et qu’el- 

les devaient le créer elles-mémes. Selon Rickert, c’est la raison 

pour laquelle des questions touchant par exemple a des défini- 

tions plus larges des lignes droites (I’«absolument simple ») s’ave- 

rent obsolétes, tout comme on ne ferait qu'une «monstration » 

si l'on tentait de « définir le bleu ou le rouge ».* Les définitions se 

suffisent a elles seules. En 1932, dans son premier chapitre consa- 

cré aux « Délimitations », Andreas Speiser fit référence au « fon- 

dement de droit» qui existerait quels que soient tous les autres 



intéréts et ce qui va au-dela « dans l’intuition mathématique pour 

les mathématiques ».° 

Publiée en 1932, Die Mathematische Denkweise de Speiser était 

dédiée 4 Raoul La Roche, un amateur dart qui se fit construire 

une villa par Le Corbusier. Pour lui, il ne fait aucun doute que le 

monde mathématique et le monde artistique sont proches, rien 

quen raison des appréciations de leurs spheres de compétence, de 

leur «fondement de droit ». Les sciences seraient « définies de par 

leurs fondements de droit, et intuition mathématique et artisti- 

que appartient ici au domaine mental, en revanche l’expérience et 

la transmission au monde extérieur ».° Cela nourrit évidemment 

lidée selon laquelle les formes et figures mathématiques devraient 

étre considérées et jugées philosophiquement comme des inven- 

tions humaines spontanées — et non seulement comme le résultat 

dexigences scientifiques. Un «systéme de notre savoir» (cest-a 

dire le systeme de l'expérience totale) plus complet 7 demandait 

cependant une telle «relation d’accomplissement» («wissen- 

schaftlicher Leistungszusammenhang») dans laquelle |’«intelli- 

gibilité du monde empirique », et la psychologie dans l'ensemble, 

réclame son di.* Dans son livre Grenzen der naturwissenschaftlichen 

Begriffsbildung ov il étudie les limites de la conceptualisation dans 

les sciences de la nature, Heinrich Rickert a mis en évidence l’op- 

position entre la « perfection logique » (d'un concept) et l’intuition 

empirique, pour l’atténuer d’emblée en considération de leffet réel 

des mondes des corps. Impossible de faire impasse sur ces diffi- 

cultés.? Les perspectives culturelles, lorsque les constatations ma- 

thématiques doivent étre prolongées dans des effets esthétiques 

par exemple, ne font qu’accentuer opposition. Dés 1908, dans sa 

Dissertation de Wurtzbourg, Ernst Bloch a identifié chez Rickert 

des «fluctuations » méthodiques caractérisant sa philosophie, ce 

qu'il a aussi illustré précisément avec les changements intervenant 

vers 1850 et des intéréts divergents."° 

Accentuées de maniére spécifique et précisées, ces questions 

possedent donc leur espace historique. Ce qui a commencé avec 

la «logique formelle » chez le critique d’Oliver Byrne, Augustus 

De Morgan en 1847 "', a mari chez Edmund G. Husserl jusqu’a at- 

teindre le point critique qu'il associe au concept de « mathémati- 

sation » et qu'il relie a la perte de signification vitale de la science.” 

En 1910/1911, Rickert avait constaté que la «conception objecti- 

visante du monde » n’était pas susceptible d’expliquer le sens de 

notre vie.3 Husserl, qui se penchait a |’époque sur les idéaux d'une 

«science rigoureuse », dut admettre que le «seul fruit mar » des ef- 

forts faits « par le médium de la réflexion critique » n’aurait été que 

la justification et l’autonomisation des rigoureuses sciences natu- 

relles et humaines «ainsi que de nouvelles disciplines purement 

mathématiques ».'+ Pour la philosophie restée ce faisant ignorée, 

il désirait — se basant sur la critique des « méthodes indirectes » 

inévitables dans le cas des «sciences impressionnantes de l’ére 

moderne, les sciences mathématiques-physiques» — une science 

qui, «dénuée de toutes les méthodes symbolisant indirectement 

et mathématisant, sans l'appareil des conclusions et des preuves, 

acquiert une profusion de connaissances les plus rigoureuses et 

décisives pour le reste de la philosophie ».'* Elle devait servir une 

«saisie de lessence phénoménologique » dans le «sens de Pintui- 

tion philosophique »."° 

Les points de vue et les intéréts divergeaient depuis longtemps. 

En 1879, Gottlob Frege avait publié Lidéographie (Begriffsschrift, 

eine der arithmetischen nachgebildete Formelsprache des reinen Den- 

Rens), dans Vantécédent de laquelle, au sens large, |’ Euclid d’Oli- 

ver Byrne a sa place. Frege avait lui-méme fait remarquer en 1882 

qu’«une représentation parlante des formes de pensée» aurait 

une «signification dépassant les mathématiques ».'” Et il pria les 

philosophes « d’accorder quelque importance a la chose »."* II nest 

pas étonnant que dans la dispute qui loppose a Husserl, l'aspect 

psychologique de toute perception ait été des deux cétés au pre- 

mier plan. En ce qui concerne Frege, il faut le lire en se disant qu'il 

n’était au fond pas si aphilosophique. Au contraire. Ses premiers 

propos fondamentaux sont suivis en 1893, dans le premier volume 

des Fondements de larithmétique (Grundgesetze der Arithmetik), de 

la note en bas de page suivante: « Les mathématiciens qui entrent 

de mauvaise grace dans les labyrinthes de la philosophie sont priés 

dabandonner ici la lecture de l'avant-propos. »'? Ensuite il se pen- 

che sur la question de savoir ce qui peut et doit étre pensé, ce qui 

peut et doit étre représenté, apportant évidemment des arguments 

pour lutter contre une « falsification psychologique de la logique » 

abusive.”° I] réclame d’un autre cdté que des limites soient impo- 

sées au « despotisme de la fiction ».?' Et l’'arithmétique est pour lui 

indubitablement une discipline relevant de la logique.” « Cela re- 

présente pour moi un signe certain derreur, lorsque la logique a 

besoin de la métaphysique et de la psychologie, des sciences qui 

nécessitent elles-mémes les principes logiques. Ow est donc ici le 

sol véritablement premier sur lequel tout repose ? Ow bien est-ce 

que c'est comme chez Miinchhausen qui s‘extirpa du marécage en 

se tirant par les cheveux ? »3 

Il est sans cesse question de ce que les mathématiques sont ca- 

pables et doivent faire, de ce qui leur est permis ou non, de ce qui 

se retrouve « présenté ».*4 Celui qui place ce dernier point au pre- 

mier plan, serait un incorrigible idéaliste, dixit Frege, a l’adresse de 

Benno Erdmann. On se souvient qu’au début de son Essai sur les 

fondements de la géométrie (An Essay on the Foundations of Geometry, 

1897) Bertrand A. W. Russell remarquait qu’au XVII¢ et au XVII 

siecle, durant le combat contre lempirisme, la géométrie serait 

restée une «forteresse imprenable des idéalistes ».2° C'est donc 

ainsi que les fronts sont édifiés. Russell fait suivre la semonce sur 
lidéalisme de la représentation du développement de la géométrie 

se distanciant d’Euclide qui commence avec la remise en question 
de l'axiome des paralléles et méne a de nouveaux rivages en passant 
par Nikolai Ivanovitch Lobatchevski et Johann Bolyai.” 
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Ceci précédait justement dans le temps les études d’Oliver 

Byrne. Et plus tard, en 1854, un cercle étroit connaissait au moins 

lexposé Sur les hypothéses sous-jacentes a la géométrie (Ueber die Hy- 

pothesen, welche der Geometrie zu Grunde liegen) de Bernhard Rie- 

mann. On sait que le point de départ de ses réflexions était que la 

géométrie présuppose le concept d’espace et que, dans l'ensemble, 

les fondements des axiomes restaient dans lombre. Il recomman- 

dait que cette obscurité que n’ont éclairée ni les mathématiciens ni 

les philosophes «d’Euclide 4 Legendre » soit progressivement re- 

maniée en regard du « réel sous-jacent a espace », en utilisant des 

expériences et des faits.** Cela allait en direction de la physique. 

En 1878, a l'occasion de la fete commémorative de la fondation de 

l'université Friedrich-Wilhelm 4 Berlin, Hermann von Helmholtz 

fit une conférence intitulée Les facts dans la perception (Die That- 

sachen in der Wahrnehbmung) et expliqua lancienne et la nouvelle 

contradiction.?? Au «concept plus ancien d’intuition » qui se rap- 

porterait 4 «ce qui arrive immédiatement a la conscience par l’im- 

pression des sens », il oppose son concept scientifique: « Je réclame 

seulement comme preuve de la représentation intuitive (« An- 

schaubarkeit ») que les impressions des sens émergeant soient 

précisées, de maniére certaine et sans équivoque, pour chaque 

mode dobservation en utilisant si c'est nécessaire la connaissance 

scientifique de leurs lois, desquelles ressortiraient, au moins pour 

le connaisseur de ces lois, que la chose en question ou la relation a 

examiner existe effectivement. »3° 

Helmholtz renonce consciemment a cette «facilité, vitesse, 

évidence fulgurante » propres a |’« ancien concept d’intuition », a 

savoir l’impression immédiate des sens." Le décrochage a eu lieu. 

69 

236 BOOK VI, PROP. XVJ. THEOR. 

PART I 
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La critique de Helmholtz s‘amorcait a vrai dire déja 1a ot Imma- 

nuel Kant estimait les propositions euclidiennes nécessairement 

exactes et les divergences inimaginables, pour décrire ensuite, dans 

cette mesure de maniére clarifiante et tout a fait traditionnelle, la 

forme dintuition (« Anschaungssform ») . « Notre oeil voit tout ce 

qu'il voit comme un agrégat de surfaces colorées dans le champ vi- 

suel; cest sa forme d’intuition. »3* Mais il ne s’agissait plus du tout 

de cela pour les mathématiques et Helmholtz, ainsi qu’il l’explique. 

D’un autre cété, Husserl avait plus tard — et aussi en considération 

de ces qualités, telle celle de l’ « évidence fulgurante », qui habitent 

le sens visuel, a laquelle il fallait maintenant renoncer — reproché 

a Frege de s’égarer «dans des hypersubtilités stériles »33, alors que 

lui-méme renvoie maintenant aux «données psychiques élémen- 

taires». «Nul ne peut définir» des concepts comme «la qualité, 

lintensité, le lieu, le temps et d’autres choses semblables »3+ Et 

Husserl continue de rapporter cela a des « concepts élémentaires » 

comme «|’égalité, ’analogie, la gradation, le tout et les parties, la 

quantité et P'unité»3° La phénoménologie étudie les notions abs- 

traites et pures! On sait que Husserl veut l’établir comme une 

«science fondamentale de la philosophie » et ainsi enchainer (une 

fois encore) avec la « cognition et expérience naturelles », ce qu'il 

nomme «le monde ».3° 

Le champ d'action de la géométrie était jadis aussi vaste. Ces 

«relations élémentaires» faisaient notamment partie — font par- 

tie (!) 
didactique, a les comprendre dans ce sens et vouloir les orienter 

~ de son domaine. On peut continuer, et dans une intention 

dans cette direction (idéaliste). Celui qui procede ainsi vers 1850 

fait partie sur ce point d’une tradition significative sur le plan 



historico-culturel mais il n’est plus membre de la communauté 

scientifique qui se trouve sur la voie de ces « nouvelles disciplines 

mathématiques pures» dont Husserl a reconnu l’importance. II 

n’empéche que la crise a eu lieu. « Qu’est-ce que la vérité dans notre 

regard et notre pensée ? En quel sens nos idées correspondent-elles 

ala réalité? La philosophie et les sciences naturelles butent sur ce 

probléme de deux cé6tés opposés; c'est une tache commune. »*” 

Formulée par Helmholtz en 1879, cette phrase désigne l’acces 

double, dissocié, au probleme, devenu un fait depuis longtemps. 

La remarque sur la « tache commune » semble euphémique face a 

cet éloignement progressif des intéréts et des efforts, sur lesquels il 

était impossible de se méprendre. Pour la géométrie euclidienne et 

sa tradition de transmission, il s'agissait d'un adieu, du moins dans 

la science correspondante.*® 

Oliver Byrne, le mathématicien dont 
les idées insolites ne sont pas en phase avec son époque, 

et son adversaire Augustus De Morgan 

« Oliver Byrne’s Euclid in symbols and colored diagrams 
was not taken seriously, but was regarded a curiosity. » 
—Cayort, A History of Mathematical Notations, 19283? 

En forcant un peu le trait, on peut décrire ainsi la situation: en 

1847, avec ses «diagrammes colorés» et sa confiance aveugle 

dans les formes de représentations arbitraires, Byrne se trouve, 

mathématiquement parlant, dans les années avant 1850 et, si l'on 

veut, dans l’ére moderne sur le plan artistique. En tout cas, il vise 

en premier lieu l’ancien objectif de l'adaequatio rei ac intellectus, 

la conformité de la compréhension avec le fait, et la correspon- 

dance de la forme intuitive avec la perception a travers les sens. 

Cest a cette fin qu’il crée ses figures et symboles didactiques et 

cest aussi, de maniére immédiatement visible et sans ambiguité, le 

but déclaré dans son Euclid. Ce rest pas un hasard si louvrage est 

mentionné dans I’ceuvre magistrale que Florian Cajori a consacrée 

en 1928 aux symboles et aux figures utilisés en mathématiques.4° 

Mais il le fait plutét incidemment et note qu’avec ses symboles et 

ses diagrammes colorés, |’ Euclid de Byrne n’a pas été pris sérieuse- 

ment mais regardé comme une curiosité.*' Ainsi I’ Euclid de Byrne 

a été percu comme une bizarrerie — et nul n’en a fait cas! Ceci dit, 

cest justement Cajori qui fait remarquer qu’ Héron d’Alexandrie 

mentionne déja l'utilisation de la couleur pour exposer des proble- 

mes géométriques, renvoyant de son c6té a une tradition pytha- 

goricienne.® Et il cite par ailleurs Martianus Capella qui associe 

surface et couleur et dont l’esprit est de toute facon ouvert a tous 

les aspects de la formation de figures. Oliver Byrne a la tradition 

de son cété. 

Cajori voit manifestement aussi la raison plus profonde du 

manque d’intérét suscité par |’Euclid dans le point de vue que 

soutenait justement avec toute son autorité en 1849, deux ans 

apres la parution de louvrage, Augustus De Morgan a peine plus 

Agé que Byrne. Selon lui, ceux qui introduisent des symboles al- 

gébriques dans la géométrie élémentaire détruiraient ce qu'elle a 

de particulier pour l’étudiant qui posséde une relation mécanique 

avec ces symboles ; pour celui qui les connait de l'algebre courante. 

«La pensée géométrique et les méthodes arithmétiques ont cha- 

cune leurs fonctions propres. Mélanger les deux dans l’instruction 

primaire nuit a l'acquisition correcte des deux. »#? Un jugement 

sévere si lon considére qu’a cette époque la relation entre l'arith- 

métique et la géométrie était le theme explicite de recherches en 

de nombreux endroits et servait de précieux champ dobservation, 

Augustus De Morgan lui-méme n’étant pas le dernier a utiliser. 

De Morgan visait-il I’ Euclid de Byrne en formulant cette dpre 

critique? Alors cela concernerait probablement en premier lieu 

le Livre V des Eléments d’Euclide consacré aux grandeurs et aux 

proportions arithmétiques. 

En utilisant le terme «curiosity», pour montrer le manque 

de considération dont jouissait |’ Euclid de Byrne, Cajori semble 

plutét éluder consciemment la question de la caractérisation 

exacte de la qualité des signes et symboles choisis par celui-ci. 

Cajori veut-il parler de leur caractére inactuel ou indéterminé 

dans un spectre plus vaste de la description de l'image, pour ainsi 

dire entre l'iconoclasme et l’idolatrie ? D’un autre cété, la critique 

que fait De Morgan du mélange des langages de la géométrie et 

de larithmétique n’est-elle pas plutot un prétexte qui dissimule 

une aversion fondamentale et aussi personnelle ? Nous l’ignorons. 

Nous savons toutefois que De Morgan a critiqué The creed of St. 

Athanasius écrit par Byrne en 1839 sous le pseudonyme anagram- 

matique d’E. B. Revilo, et qu’il 'a incorporé a son livre A Budget 

of Paradoxes dans lequel il a recensé tout ce qu'il a pu découvrir 

dabsurdités mathématiques, pythagoriciennes et cabalistiques. 

La sentence tombe: «Cet auteur croit vraiment a ce qu’il dit, et 

il est trés sincére. II n’est pas le seul A avoir écrit des absurdités 

en confondant l’infini mathématique (notion de quantité) avec 

ce que les spéculateurs appellent maintenant plus correctement 

Pillimité, Pinconditionnel ou labsolu. »# Sans compter que dans 

l'édition ultérieure revue par David Eugene Smith, il est méme 

fait mention de Byrne dans la rubrique « minor mathematical wri- 

ters», en relation directe avec |’ Euclid° Décidément, on ne passe 

rien a Byrne! Lédition la plus récente (1974) de l'anthologie des 

théories et points de vue marginaux d’Augustus De Morgan a été 

intitulée The Encyclopedia of Excentrics, et Oliver Byrne est ainsi 

effectivement entré dans la rubrique des curiosités et excentricités 

mathématiques !47 

Bien sir que Byrne est un excentrique, exactement comme 
Augustus De Morgan dont on disait qu'il n’aurait eu de toute sa 
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vie rien d’autre en téte que des chiffres abstraits, et ce 4 cause de 
son infirmité — il avait perdu l'usage d'un ceil alors qu’il n’avait 
que quelques mois. Mais de telles mentions anecdotiques ne suf- 
fisent évidemment pas a expliquer la crise de la représentation en 
mathématiques a I’époque et chez De Morgan. On considérera 
pour le moment que nombre de choses qui intéressaient le monde 

britannique reliaient Augustus De Morgan et Oliver Byrne. De 

Morgan était tout particulitrement attaché aux problémes de 

la didactique et de lenseignement et partageait les idées que son 

professeur et ami William Whewell soutenait déja en 1836 dans le 

titre de louvrage: Thoughts on the study of mathematics, as part of a 

liberal education. Les mathématiques servent a éduquer, elles sont 

une discipline a la fois morale et contribuant au développement de 

la raison. Et c'est lorientation pédagogique qui forme les mathé- 

matiques et leur préte aussi un statut social. I] s’agit d'une pensée 

absolument concréte. En 1838, son Essay on Probabilities porte le 

sous-titre On their application to Life Contingencies and Insurance 

Offices (ill. 6) et doit aussi étre lu et compris concrétement comme 

une mesure contre l’ignorance généralisée en matiére d’assuran- 

ces.4? De Morgan était un membre éminent de la Society for the 

Diffusion of Useful Knowledge fondée en 1826 et il a rédigé plus 

de sept cents contributions pour leur organe, la Penny Cyclopedia®, 

y publiant en 1841 un court article intitulé Proportion qui traite du 

Livre V d’Euclide.* II portait néanmoins une attention accrue au 

nombre, a l’arithmétique et l’algébre, a la logique et aux questions 

de probabilité (ill. 7) qui l'attiraient. Lannée ot parut |’ Euclid de 

Byrne, De Morgan publie sa Formal Logic, qui sera suivie de toute 

une série de recherches correspondantes.* De Morgan — et avec 

lui les mathématiques débouchant sur la logique symbolique - 

semble vouloir exclure ce que Byrne a élevé justement dans son 

Euclid en principe didactique, notamment l’explication a l’aide de 

figures et de symboles. 
Cela avait évidemment été pratiqué ainsi ou autrement long- 

temps avant lui, ou du moins on sen était approché. Oliver Byrne 

n’était en aucun cas complétement isolé. La couleur trouva bien- 

tot, elle aussi, une utilisation plus poussée dans l’illustration scien- 

tifique.® Il n’y a que pour les mathématiques que l'on considére 

qu'il faut séparer proprement ce qui veut étre séparé.*+ Ce qui a 

probablement été dans l'ensemble décisif pour le caractere margi- 

nal de Byrne, c'est que la géométrie — a l’intérieur de la discipline 

mathématique — évoluait depuis longtemps, s’éloignant d’Euclide 

pour aborder de nouvelles questions telles, justement, celle de la 

logique formelle. En comparaison, la question des symboles est 

alors obsolete. Il n’empéche que De Morgan semble profiter de 

toute occasion qui se présente pour s’y opposer et servir d’autant 

plus la logique: chaque science en développement ¢laborerait ses 

propres symboles; et la logique, la seule science dont il faut bien 

avouer qu'elle n’a fait aucun progrés réel au cours des siécles, serait 

la seule qui n’aurait pas généré de symboles.* 

A quel point finalement lempirisme en général — et méme en 

mathématiques! — doit étre imposé contre tout a priori réel ou 

présumé, cest une tout autre histoire. Dans son autobiographie, 

John Stuart Mill s‘exprime en ce sens et contre le savoir allemand 

ou a priori, se pronongant pour son System of Logic et |’échange 

avec Whewell: cet ouvrage aurait fourni ce qui était tres demandé, 

un livret d'une conception inverse, qui déduit tout savoir de l'expé- 

rience et puise toutes les qualités morales et intellectuelles en pre- 

mier lieu dans les orientations qui y sont attachées.° Pas de place 

ici pour ancien more geometrico et pour lidéalisme allemand non 

plus!” Linduction est a ordre du jour! La Philosophy of the Induc- 

tive Sciences, founded upon their history (1840) de Whewell n’a pas 

seulement influencé durablement ses éléves De Morgan et Mill, 

elle a défini de maniére essentielle la nouvelle direction du déve- 

loppement scientifique, y compris son fondement moral. C'est au 

moment ot I’ Euclid de Byrne sortait de la Chiswick Press en 1847 

quapparut la seconde édition de la Philosophy of the Inductive 

Sciences de Whewell — plus tard, de maniére bien britannique, on 

lui ajouta encore un Novum Organum Renovatum.® Voila qui don- 

nait le ton! 

En revanche, ayant adopté l’idée traditionnelle selon laquelle 

les Eléments d’Euclide seraient devenus selon la conviction géné- 

rale le fondement de toute science mathématique de par le monde, 

Byrne se trouvait pour ainsi dire du c6té historique des mathé- 

matiques.® Face aux développements récents, il semblait arriéré 

de tenter ici une approche au profit de la quéte de la vérité et, ce 

faisant, de puiser en plus dans Euclide les figures et symboles (an- 

ciens) et de les employer pour présenter les lois mathématiques 

de maniére évidente, en les laissant dans le domaine de la visibi- 

lité. Byrne écrit en revanche dans introduction de son Euclid en 

1847: «Chaque langue est composée de signes représentatifs et 

les meilleurs signes sont ceux qui atteignent leur but avec la plus 
60 grande précision et la plus grande efficience. »°° Avec la logique 

formelle, ceci était considéré comme dépassé. D’ailleurs Cajori 

constata que des approches individuelles de représentations idéo- 

graphiques auraient par la suite généralement été submergées par 

un consensus orienté dans le sens contraire.*' 

Ce refus apparemment si rigide du mélange de langages 

géométriques et arithmétiques ou d'autres symboles de la part 

d’Augustus De Morgan montre clairement que cette tradition qui, 

chez Proclus autant que chez Martianus Capella se déployait dans 

toute sa richesse et son extréme vigueur, est ici aussi révolue depuis 

longtemps. Toutefois on associa encore un long moment ailleurs 

lassertion «La géométrie apprend a découvrir des propositions 

et a prouver quelles qualités les figures expriment» avec l'effort 

nécessaire «sans lequel on ne trouve profit et satisfaction ni dans 

la science ni dans la vie ».°? En 1852, un homme comme le profes- 

seur Arthur Arneth de Heidelberg plagait particuli¢rement haut 

les mérites de la géométrie: « De toutes les branches des mathé 
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Oliver Byrne, The First Six Books of the Elements 
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BOOK IV, PROP. VIII, PROB, 

HO infcribe a circle in a 

| given fquare. 

~ Exemple de couleur et de forme, composition: 
Etude des qualités des couleurs qui semblent avancer 
et reculer. 

matiques, la géométrie nous offre l'image la plus instructive. Nous 

voyons comment les hommes, dés le départ de la pensée pure, ont 

tenté d'appréhender le particulier, et ne pouvaient et voulaient 

reconnaitre avec certitude que celui-ci». De son cdté, Byrne se 

réfere expressément a l’autorité de tous les philosophes de la tra- 

dition platonicienne, qui représentaient cette histoire. Mais ce qui 

avait cours maintenant, c'est ce que Max Bense décrivait comme le 

« détachement des mathématiques de la philosophie » et expliquait 

avec la formation assidue du «langage de précision spécifique ».°+ 

I] était ainsi possible, selon l’interprétation de Bense, de corriger le 

fait que les « problémes et solutions mathématiques devancaient la 

véritable maitrise mathématique >® ; mais cela ressemble plut6t au 

paradoxe d’Hercule et de la tortue! 

Ce progrés lié a l’époque a donc manifestement écarté Oliver 

Byrne de histoire plus récente des mathématiques et lui a valu 

d’étre regardé comme une béte curieuse. On est renvoyé a d'autres 

domaines, l'art par exemple, qui continue de traiter les langages et 

les figures et leurs multiples significations. La conséquence moins 

édifiante du manque d’actualité de |’ Euclid était en rapport avec 

le fait que Byrne semble n’éveiller notre intérét que pour des 

raisons typographiques et esthétiques.°° C'est de cette maniére 

que |’Euclid a attiré attention du typographe et designer Ruari 

McLean, qui avait pris Jan Tschichold comme point de départ de 

son travail. Le jugement qu'il émet dans sa description Victorian 

Book Design and Colour Printing (1963) va dans ce sens: il esti- 

me que le livre complique volontairement Euclide et attribue d’un 

autre cété le triomphe de louvrage présenté en 1851 a Exposition 

universelle de Londres 4 Charles Whittingham, qui le fit paraitre 

os (hyp-) 

*s ie is equilateral (B. 1, pr. 34.) 

In like manner, it can be fhown that 

i = ce are equilateral parallelograms ; 

. = = a ee ry _ c 

and therefore if a circle be defcribed from the concourfe 

of thefe lines with any one of them as radius, ic will be 

infcribed in the given (quare. (B. 3. pr. 16.) 

Q.B.D. 
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en mille exemplaires chez William Pickering. Et puis le bruit cou- 

rut que les frais de publication du livre auraient acculé Whittin- 

gham a la ruine, lobligeant a céder la célébre imprimerie Chiswick 

Press, fondée par son oncle qui portait le méme nom.” 

La démarche et l’argumentation de Byrne - 
et le but atteint avec I’ Euclid «en couleur » de 1847 

« This Work has a greater aim than mere illustration; 

we do not introduce colours for the purpose of entertainment, 
or to amuse by certain combinations of tint and form, but to 
assist the mind in its researches after truth, to increase the 

facilities of instruction, and to diffuse permanent knowledge. 

[f we wanted authorities to prove the importance and usefulness 
of geometry, we might quote every philosopher since the 
days of Plato. Among the Greeks, in ancient, as in the 

schoolof Pestalozzi and others in recent times, geometry 

was adopted as the best gymnastic of the mind. » 

~ Byrne, Euclid, 1847 

Il faut donc se faire une raison: avec Byrne nous entrons dans 

l’époque ott Euclide est « dépassé ».°° Byrne et ses représentations 

géométriques n/apparaissent évidemment pas dans la littérature 

correspondante, des travaux de logique d’Augustus De Morgan a 

la Philosophy of Logic (1970) de Willard Van Orman Quine. Mais le 

besoin de rendre visibles nos conceptions de maniére plausible et la 



«facilité, la rapidité, l’év1 gurante » décrites par Helmholtz 

reste bien vivace. Aux artistes de prendre les choses en main! 

Pour ce qui est d’Oliver Byrne et de son Euclid, on considere 

qu'il fait encore entiérement confiance al’idée traditionnelle selon 

laquelle ce n'est pas seulement la géométrie qui sert d’intermédiaire 

ici, mais que, dans le sens d’une école de la pensée, une assistance 

est proposée dans la recherche de la vérité, et ce fondamenta- 

lement. 

Il faut donc se pencher sur Oliver Byrne et Euclide, la oti les 

mathématiques ne suivent pour ainsi dire pas encore l’histoire de 

la discipline et ses spécialisations aprés 1850 mais oW elles conti- 

nuent de se montrer, ou méme se montrent plus que jamais, tri- 

butaires de la grande tradition historico-culturelle, la maxime for- 

mulée plus tard par Max Steck, de maniére trés générale il est vrai, 

étant parfaitement adaptée ici: « Tous les grands mathématiciens 

étaient aussi en méme temps des philosophes. »7° A cette vision 

universelle, Steck ajoute d'autres formules, non moins générales: 

« Tous les grands mathématiciens entretenaient avec l'art une rela- 

tion fervente et étaient aussi la plupart du temps des artistes en ac- 

tivité > et « Tous les grands mathématiciens étaient a vrai dire chez 

eux dans histoire culturelle et histoire des idées, et particuli¢re- 

ment dans celle de leur peuple jusqu’au milieu du XIX siécle. >”! 

Ces jugements optimistes ne nous aident néanmoins pas a as- 

signer a lentreprise de Byrne une place adéquate dans la longue 

histoire et histoire de l’édition des Eléments d’Euclide. Mais fon- 

damentalement les questions sont posées. II s’agit d’examiner le 

contexte culturel plus étendu, ce qui est indispensable pour Byrne, 

parce que cest a partir de cela que l'on peut éclaircir le sens plus 

profond et lutilité plus grande de lceuvre. Et le fait que le rap- 

port géométrie-figure-forme soit respecté comme une tradition 

de grande influence en fait partie. I] est essentiel ici que l’ancrage 

de l'intuition dans la perception des sens reste garantie afin de sou- 

tenir l’intention didactique de son Euclid, méme si ceci est en un 

premier temps présenté comme pour sexcuser: « Si l’illustration 

ne raccourcit pas le temps d’apprentissage, elles le rend au moins 

plus agréable. »” I] faut se pencher sur les propres arguments de 

Byrne. 

Les remarques préliminaires que Byrne formule a intervalles 

réguliers dans ses livres sont suffisamment frappantes. Il y souligne 

toujours la distinction avec la pure science mathématique. Beau- 

coup de choses auraient été écrites par des mathématiciens éru- 

dits et expérimentés; mais ces travaux s’adresseraient davantage 

aux étudiants avancés et aux initiés qu’aux étudiants manquant 

encore d'expérience. Les longues formules, les régles compliquées 

et les démonstrations rebuteraient le débutant plus qu’elles ne 

l'instruiraient et celui-ci, décu, cesserait d’apprendre ces choses 

qu'il aurait vite acquises si elles avaient été représentées avec sim- 

plicité’? Byrne se référe 4 son expérience personnelle de effet 

dissuasif des mathématiques durant ses propres études et dans sa 
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fonction d’intermédiaire. II veut corriger cette situation et 'amé- 

liorer, C'est pour cette raison qu’il aurait formulé ses explications 

de la méme maniére que dans le cours oral avec ses éleves.# Lécrit 

doit lui aussi étre proche de la pratique et compréhensible. C’est 

l'intention de Byrne lorsqu’il introduit en 1835 la trigonométrie 

sphérique, dont le sous-titre renvoie expressément aux quelques 

regles simples («few simple rules ») et, inversement, a l’évitement 

de difficultés plus grandes. 

Des observations et recommandations correspondantes s’éti- 

rent comme un fil rouge & travers les nombreuses publications, 

agencées de maniére clairement didactiques, d’Oliver Byrne. La 

premiére phrase de l’introduction du Handbook for the artisan, 

mechanic, and engineer promet que méme le non-initié compren- 

dra les problémes les plus ardus en moins de temps qu'il n’en faut 

pour le dire.> Byrne ne craint pas non plus la comparaison avec 

les plus grands noms de sa discipline, on peut méme dire qu'il les 

défie. A propos des tables de logarithmes dans l’annexe de sa publi- 

cation The Young Dual Arithmetician (1866), vantée comme «new 

art, designed for elementary instruction and the use of schools » 

(un art nouveau, créé pour l’instruction élémentaire et l’usage 

dans les écoles), il écrira dans l'avant-propos qu'elles seraient aussi 

efficaces que celles de Babbage et Collet prises ensemble et ne 

nécessiteraient que moins d’un huitiéme de la place que celles-ci 

exigeaient.”° Quoi qu'il en soit, l’'attention que Byrne portait aux 

logarithmes a suscité de bonne heure un vif intérét et ce aussi en 

Allemagne, 1a ot primait l’avantage ou méme |’«< application des 

logarithmes a la vie», ce qui est révélateur. On pouvait lire ceci 

dans le sous-titre de la publication intitulée Das Neueste und In- 

teressanteste aus der Logarithmotechnik (1852) du directeur d’école 

d Eisenach, Adolf Lorey, dont la préface s‘ouvrait sur une référen- 

ce a Byrne et M. Philippe Koralek et soulignait la « dextérité tech- 

nique, particuli¢rement en ce qui concerne le calcul instantané des 

logarithmes ».”” Lintroduction s‘ouvre sur une comparaison: « Les 

logarithmes sont aussi puissants et efficaces en calcul que la vapeur 

en mécanique. »78 

Ces témoignages indiquent que pour Byrne il y va en premier 

lieu de la transmission dans les conditions les plus simples. Le désir 

d'une compréhension rapide est au premier plan. Cela I’a évidem- 

ment aussi particuli¢rement guidé dans ses travaux géométriques. 

Byrne pose le premier accent important a ce sujet avec The Doc- 

trine of Proportion clearly developed, on a comprehensive, original and 

very easy system; or, The Fifth Book of Euclid simplified, qu'il soumet 

en 1841 tant que professeur de mathématiques du College of Civil 

Engineers 4 Putney et dédie aux directeurs, organes et étudiants 

de cette institution (ill. 8, 9).7° Le titre de louvrage évoque déa 

le «systéme trés commode» et le mot «simplifié> se référant au 
Livre V d’Euclide. Dés 1841, The First Six Books of the Elements of 

Euclid y est aussi indiqué, comme cela se fait couramment, a coté 
d'autres ouvrages de l'auteur. Ce qui suit dans la Doctrine of Pro- 



portion est donc aussi, a plus d'un point de vue, une pré-impression 
des parties correspondantes de I’ Euclid de 1847, les symboles in- 
troduits en 1841 apparaissant en partie sous une forme modifiée. 
Inversement, en 1847, il est fait mention de la publication précé- 
dente, en particulier des explications algébriques et arithmétiques 
qui y sont présentées et sont maintenant négligées.*° 

Le point de départ de Vouvrage d’Oliver Byrne est clair. 

Pour auteur, la recherche correspondante est lacunaire et pleine 

d’'inexactitudes et il observe ceci jusqu’a Isaac Newton en passant 

par Adrien-Marie Legendre.*' II lui oppose le vieux topique selon 

lequel la logique d’Euclide est absolument cohérente et exempte 

derreurs. Pour Byrne ceci vaut en particulier et sans réserve pour 

le Livre V d’Euclide qu'il déclare étre le chef-d’ceuvre de la rai- 

son humaine. I] concentre donc son attention sur explication 

et Villustration, s'appuyant sur des symboles dont il dit — ce qui 

est en contradiction avec De Morgan et lestimation ultérieure de 

Cajori — que leur introduction dans les traités géométriques serait 

chaque jour plus usitée.3 Face a I’évidence de ceci et l’utilité de la 

méthode, d’autres raisons ne seraient pas nécessaires. En 1841, tou- 

tefois, son objectif est encore de conserver les modes de représen- 

tation arithmétiques et algébriques; selon le cas on peut décider si 

la structure peut étre édifiée sur des nombres, des symboles ou des 

lignes.*+ Ne sest-on pas toujours servi de ces moyens de maniére 

diverse et dans d’autres relations pour calculer les proportions ? 

Suivent alors des explications qui placent les symboles géomé- 

triques aux c6tés des formules algébriques connues et comparent 

ainsi les signes visibles aux abstractions correspondantes (« visible 

symbols with the abstractions for which they stand»). Finalement 

on remarque l'utilisation du langage familier, ce qu'il considérait 

déja autrefois comme I’indicateur d'une méthode portant ses 

fruits.* II s'agit de pouvoir reconnaitre clairement et de transmet- 

tre les différences des symboles; en conséquence, la méthode doit 

étre logique, stricte et convaincante et éviter ces détails ennuyeux 

et interminables qui accompagnent souvent d’autres méthodes.*° 

Byrne a déja compris que la différenciation par les couleurs ap- 

puierait cette distinction qui cherche a rendre les choses plus clai- 

res.87 Dans son avant-propos & la Doctrine of Proportion, daté du 19 

novembre 1840, il dit clairement a ce sujet que cela était intention 

a laquelle il a fallu renoncer pour des raisons financiéres.* 

Byrne a manifestement déja expérimenté sa méthode a l’épo- 

que, il a recu des encouragements et des critiques. II s'agissait par 

exemple, dans la cinquiéme définition du Livre V des Eléments, la 

ou Euclide traite des multiples de grandeurs et de leurs identités 

proportionnelles, de remplacer la notion de «any equimultiples » 

(n'importe quels équimultiples) utilisée par Robert Simson dans 

l’édition d’Euclide anglaise la plus courante par «every equimul- 

tiples» (tous les équimultiples).*” Méme ici on remarque l’inten- 

tion didactique de Byrne. II ne cherche pas a faire suivre des tests 

quelconques et en quantité illimitée de ce genre mais a établir une 
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norme. Personne ne le contredirait s'il déclarait que les définitions 

et aussi quelques-uns de leurs parties et concepts doivent se passer 

dexplications supplémentaires. Cela est inséparable de lobjectif 

didactique ; pour celui qui écrit sur des choses élémentaires, ensei- 

gner doit étre le but le plus élevé.°? Mais en procédant ainsi, Byrne 

sétait aussi abstenu doffrir une analyse plus détaillée et d’expli- 

quer cette définition euclidienne jugée particuliérement difficile 

depuis toujours. Et c'est Augustus De Morgan, qui s’intéressait a 

cette époque a cette question et a la signification du ratio et de la 

proportionnalité, qui publia ses réflexions justement en 1841 dans 

la Penny Cyclopedia?’ Contrairement a Byrne, De Morgan avait 

mis au point des tests visant 4 controler l’utilité et la plausibilité de 

la formule euclidienne et il s’était en outre précisément servi d'une 

colonnade pour représenter et visualiser.? 

En 1841, la connaissance de la signification fondamentale 

d’Euclide ne souffrait manifestement aucun retard pour Oliver 

Byrne. Sa Doctrine of Proportion doit prouver que le Livre V des 

Eléments dEuclide représente le seul enseignement légitime de 

la proportionnalisation géométrique. Il veut en outre montrer a 

cet endroit que les proportions peuvent étre traitées aussi bien 

de maniére algébrique, arithmétique et géométrique vu quelles 

concernent pareillement ces domaines.?3 Les symboles choisis 

pour illustrer le Livre V des Eléments d’Euclide — ils seront modi- 

fiés légerement en 1847 et sont désormais en couleur — emprun- 

tent la voie intermédiaire et ressemblent effectivement plutét aux 

idéographies ultérieures. Ils se démarquent clairement des symbo- 

les géométriques ou géométrisants avec lesquels Byrne illustre les 

autres Livres des Eléments d’ Euclide. 

Byrne voit trés bien les difficultés que peut générer cette 

approche: «La prudence est de régle parce que la couleur prise 

isolément n’a rien a voir avec les lignes, les angles et les grandeurs, 

sinon le fait de les nommer. »°+ Comment reconnaitre voire distin- 

guer cela face aux mesures didactiques orientées justement sur ces 

aides? Byrne représente le point et la ligne symboliquement, in- 

directement ainsi qu’on le constate, par des surfaces coloriées qui 

se chevauchent. II faut donc pour ainsi dire «soustraire » quelque 

chose aux surfaces de couleur montrées dans l'illustration pour 

découvrir le point, la ligne et la surface.» Lancienne explication 

mene la marche sous une forme plutét compliquée: « Une ligne 

mathématique qui est une longueur sans largeur ne peut posséder 

de couleur, néanmoins le chevauchement de deux surfaces de cou- 

leur donne une bonne idée de ce qu’on entend par ligne mathéma- 

tique... Lorsqu’on parle couramment de ligne noire ou rouge ou de 

lignes noires ou rouges, on pense en général a un tel accolage. »”* 

On peut donc représenter la chose en question par le contact ou le 

chevauchement de surfaces colorées. Dans son Underweysung der 

messung (Instructions pour la mesure a la regle et au compas; titre 

de l’édition francaise «art de la mesure» ou «Géométrie ») de 

1525, Albrecht Diirer avait éludé plus directement la difficulté de la 
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Ill. 39 

Edward L. Youmans, Chemical Atlas, New York 

~ Exemple de surface de couleur et de ligne: 
Représentation de la ligne (sans largeur) par le 

= Eee an, 1856, plate VI chevauchement de surfaces de couleur. 

a, a, ~ Example of colour and form, pictorial design: 

Illustration of the Theory of Compound Radicals. Ill. 41 

+4 aeen ~ Beispiel von Farbe und Form, Bildgestaltung: Gyorgy Kepes, Language of Vision, Chicago 1944, 

me Bildliche Darstellung der Radikaltheorie. p- 35 
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représentation de la ligne abstraite en tracant une ligne plus épais- 

se et ainsi visible, «car de cette maniére, la raison intérieure doit 

étre montrée dans l’ceuvre extérieure > .°” Byrne est bien conscient 

des risques que présentent de telles méthodes référentielles. Ses 

couleurs et ses diagrammes colorés sembleraient peut-étre d’abord 

un peu maladroits; mais il promet ensuite des garanties plus afh- 

nées et détaillées que toutes celles proposées a ce jour.?* Ce qui est 

sans nul doute exact. Mais il semble que, ce faisant, les «coloured 

diagrams» s’émancipent. On ne peut s‘empécher de penser que 

Byrne a ajouté au systéme euclidien un second systéme, graphique 

celui-la, dont il ne se lasse pas de prouver l'utilité en indiquant en 

particulier que les couleurs se laisseraient beaucoup mieux mémo- 

riser que de simples phrases dénuées de particularités.” 

«More easily fixed in the mind»! Voila donc ce qui importe 

vraiment 4 Byrne. I] a maintenant réussi en 1847 ce qu'il a an- 

noncé en 1841: agencer son Euclid en couleur, facile a retenir, et 

adapté a toutes les expériences de la perception sensible. Ceci est 

bient6t pratiqué partout avec succes. En 1856, pour ne citer que 

deux exemples, est publié 4 New York le Chemical Atlas d Edward 

Livingston Youmans, dans le titre duquel, de maniére tout a fait 

comparable aux publications de Byrne, le mode de représentation 

«in a series of beautifully colored diagrams » et aussi l’intention, 

« designed for the use of students » semblent mis en avant (ill. 18— 

20, 32, 39). A Worcester, Ezekiel Webster Dimond publie en 1867 

The Chemistry of Combustion dont la langue est la plus simple et la 

plus précise possible et évidemment en utilisant des couleurs au 

lieu de symboles chimiques: rouge pour loxygene, jaune pour l’hy- 

drogéne, bleu pour l’azote et noir pour le carbone (ill. 21-23, 33).!°° 

~Exemple de couleur et de forme: /d/ustration 
de la théorie des radicaux composes. 

Oliver Byrne, The First Six Books of the Elements 
of Euclid, London 1847, p. xiv 

~ Example of coloured plane and line: Depiction 
of a line (without breadth) by overlapping col- 
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Example of coloured planes, adjacency, and 
effects: Adjacent color surfaces modify each other in 
hue and brightness. 

Beispiel von Farbflachen, Berithrung und Effek- 
ten: Benachbarte Farbflichen modifizieren einander 
in Farbton und Helligkeit. 

~ Exemple de surfaces de couleur, contact et 
effets: Des surfaces de couleur adjacentes se modifient 
mutuellement sur le plan de la teinte et de la clarté. 

~ Beispiel von Farbflache und Linie: Darstellung 
der Linie (ohne Breite) durch Uberlappung von 

Dans son introduction, Youmans écrit que c'est justement dans le 

domaine des sciences naturelles ot la présentation exacte des pro- 

priétés et des relations est indispensable, que l'utilisation de dia- 

grammes lisibles s’avére la plus profitable.'*' Et il voit — précédant 

de loin les habitudes d’aujourd’hui — une utilisation accrue de la re- 

présentation par l’image 1a ot l'objet ne peut pas étre vu du tout." 

A titre dexemples remplissant ces conditions, il cite en premier la 

géométrie et décrit lopération correspondante comme « diagra- 

mize geometrical conceptions », la transformation de conceptions 

géométriques en diagrammes.'%3 

Byrne avait entamé cette discussion dés 1841 et montré l’im- 

portance particuliére de la couleur lorsqu’il s‘agit d’illustrer des 

faits scientifiques. II atteint son but en 1847. La méme année, des 

allusions qu'il fait ala poésie montrent combien il s'intéresse a cette 

question psychologique avant la lettre. Il cite Horace et Esope 

pour documenter la supériorité du sens visuel. « Vieux comme le 

monde si l'on consideére la tache », le nouveau se trouverait main- 

tenant dans la « combinaison mathématique de faits empiriques », 

écrira Gustav Theodor Fechner en 1860 dans son avant-propos 

aux Elemente der Psychophysik.'°+ \| semble bien que le plus simple 

soit d'utiliser cela pour représenter des faits scientifiques. Et c'est 

sans aucun doute ce qui est sous-jacent a la démarche de Byrne. 

Dans les faits et en vérité, l'intérét se déplace de l'objet scientifique 

a sa représentation et a sa transmission didactique. II se sent pous- 

sé a souligner cela dans son introduction d’ Euclid et ale mettre en 
avant de maniére aussi imagée et concréte. Byrne recommande la 
craie de couleur et, pour l’usage privé, des crayons de couleur pour 
approfondir son Euclid en |’ étudiant.% 
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tion of three colours on a plane, gives a good idea of a 

mathematical point, 
A line is length without breadth. With the affiftance 

of colours, nearly in the fame manner as before, an idea of 

a line may be thus given :— 
Let two colours meet and cover a portion of the paper; 

where they meet is not red, nor is it 

blue; therefore the junétion occu- 

pies no portion of the plane, and 

therefore it cannot have breadth, but 

only length: from which we can 
readily form an idea of what is meant by a mathematical 
line. For the purpofe of illuftration, one colour differing 
from the colour of the paper, or plane upon which it is 
drawn, would have been fufficient; hence in future, if we 

fay the red line, the blue line, or lines, &c. it is the junc- 

tions with the plane upon which they are drawn are to be 
underftood. 

Surface is that which has length and breadth without 
thicknefs. 

When we confider a folid body 
P (PQ), we perceive at once that it 

has three dimenfions, namely :— 
length, breadth, and thicknefs; 
fuppofe one part of this folid (PS) 
to be red, and the other part (QR) 
yellow, and that the colours be 

diftiné without commingling, the 
blue furface (RS) which feparates 
thefe parts, or which is the fame 

2 thing, that which divides the folid 
without lofs of material, muft be 

without thicknefs, and only poffeffes length and breadth ; 
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Limpetus didactique et les mesures 
qui lui sont nécessaires 

«Among the Greeks, in ancient, as in the school of 

Pestalozzi and others in recent times, geometry was 
adopted as the best gymnastic of the mind. » 

— Byrne, Euclid, 1847'°° 

Byrne mentionne Johann Heinrich Pestalozzi dés le début de son 

introduction a Euclid. Il y est question de la « meilleure gymnasti- 

que de lesprit »'°”, d'une école de la pensée. Le principe didactique 

est orienté sur lenseignement, les « démonstrations orales » et sur 

l'interaction idéale des impressions visuelles et acoustiques. La 

compré¢hension apparait quand «la raison et le fait et la preuve » 

sont finalement réunis et laissent une impression durable. Lim- 

portant n'est pas de savoir si la référence du texte au diagramme 

passe en tant que signe par la couleur et la forme ou si elle passe 

elle-méme par les parties correspondantes du diagramme, c'est la 

simplicité qui compte et tout ce qui favorise la détermination.'* 

Crest exactement cela que Pestalozzi voulait atteindre avec son 

Elementarlebre et son Anschauungslehre der Zahlenverhdltnisse, une 

méthode ou un «exercice artistique» («Kunstiibung») pour ap- 

prendre les mathématiques au méme rythme que les «capacités 

cognitives» se développent (ill. 24, 25). Et c'est précisément cela 

quambitionnait Byrne au moyen du symbole, de la figure et de la 

couleur et pour rendre l'étude plus facile.'°? « For the greater ease 

of learning » — voila donc en fin de compte la visée de l’auteur. Cela 

fait partie d’une longue tradition dans laquelle on a attribué en pre- 

mier lieu un réle d’intermédiaire aux mathématiques. Les mathé- 

matiques elles-mémes ne sont pas une science, écrivait Jean Pic de 

la Mirandole dans la premiére de ses théses sur les mathématiques ; 

elles ne ménent pas directement au bonheur; elles sont des scien- 

ces auxiliaires, créent la voie qui méne a d’autres sciences."° Tout 

dépend de la medietas, de la position moyenne et intermédiaire. 

Si on aborde les choses ainsi, on voit réapparaitre les incerti- 

tudes liées a Euclide, lobscurité qu’on lui attribuait. Tout le monde 

trouverait ceci extrémement obscur, dit Giovanni Alfonso Borelli, 

évoquant le cinquiéme postulat d’Euclide, l’'axiome des paralle- 

les, parce qu’il lui manquerait les fondements, la compréhension 

de l’infini."" Mais il ne se laisse pas abattre. Lui aussi demande a 

acquérir de nouvelles connaissances — de maniére classique — en 

déduisant ce qui est inconnu de ce qui est connu."” Et cest ainsi 

qu'il publie son Euclides restitutus. 

On s‘arrange avec cette situation et on cherche des instru- 

ments susceptibles de rendre la tache plus aisée. Longtemps avant 

Oliver Byrne, en 1684, St. George Ashe avait écrit pour les Philo- 

sophical Transactions de la Royal Society of London un article sur 

Euclide qu'il avait intitulé «A New and Easy Way of Demonstra- 

ting some Propositions in Euclid »."3 II s'y oriente sur la préémi- 

nence du savoir mathématique, «preeminence of Mathematical 

knowledge», pour insister d’autant plus clairement sur l'impor 

tance et la fiabilité de la méthode mathématique. Au premier 

plan, on trouve les quelques rares axiomes et postulats desquels 

il faut loigner tout ce qui pourrait étre ludique et toute absence 



de précision."+ Une lettre de 1686 nous apprend que pour tenter 

de représenter le Livre II et le Livre V des Eléments d'Euclide, il 

sest servi de la méthode préconisée par John Pell dans Ax /utro- 

duction to Algebra."’ On ignore dans quelle mesure ses efforts sont 

en relation avec The Elements or Principles of Geometrie, un ouvrage 

anonyme paru en 1684 (ill. 26-28).'"° Ce qui est certain, c'est que 

ce manuel de géométrie rédigé postérieurement a Borelli suit une 

introduction avec des définitions et des axiomes accompagnés de 

l'explication des signes utilisés ensuite, signes en partie identiques 

a ceux qu Oliver Byrne utilisait encore en 1847. Les objectifs sont 

similaires. I] s’agit de trouver la voie la plus rapide et la plus eff- 

ciente menant a une compréhension adéquate, pour le profit de 

tous ceux qui désireratent arriver le plus promptement possible 

aux questions pratiques de cette recherche.'” C'est 4 cela que doi- 

vent servir les définitions de l’introduction, étant bien entendu 

que les points, les lignes et les angles sont des choses immatérielles. 

Les symboles en conservent d’autant plus leur légitimité. Mais l’ex- 

plication ne suffit pas; elle est suivie d’une autre explication plus 

détaillée, dans laquelle l'accent est mis encore plus distinctement 

sur la valeur de la démonstration: « Demonstration is the highest 

degree of Proof that any matter admits of» (la démonstration 

est le plus haut degré de preuve admise par une matiére quelcon- 

que)."* Lavantage fondamental de la géométrie, et indirectement 

de la méthode d’Euclide, est mis en évidence, pour aider homme 

4 réAéchir et a le protéger de erreur et de lillusion."? Lavantage 

didactique est noté sur le champ."*° Cest la raison pour laquelle il 

est aussi nécessaire de créer les conditions préalables visant plus de 

clarté, dont fait aussi partie finalement, a cdté des définitions, le 

tableau expliquant les signes, dans lequel les symboles graphiques 

indiquant la fonction ou les significations de « equal to » ou «like » 

ou «continued proportion » ainsi que des figures du triangle ou du 

cercle sont présentés dans une liste." 

Il semble que les objectifs didactiques, et avec eux les tenta- 

tives de trouver les méthodes correspondantes de représentation, 

aient depuis longtemps pris possession d’ Euclide. Oui, cela semble 

étre complétement inhérent 4 Euclide. Les mots formulés avec 

insistance par Oliver Byrne dans son introduction a Euclid, selon 

lesquels le but des couleurs n’était pas d’amuser ou de divertir mais 

de faciliter la recherche de la vérité et de propager un savoir dura- 
[22 ble, sonnent a nos oreilles.’* On peut aussi le dire ainsi: plus l’effet 

de l’obscuritas proverbiale d’Euclide se prolonge, plus les questions 

de l'indication, de la démonstration et des instruments didactiques 

sont importantes.’ Et plus l'utilisation est mise au premier plan, 

plus le besoin de modéles correspondants est grand. « En mathé- 

matiques, l’enseignant doit expliquer toutes les propositions par 

des modeles ou, s'il ne dispose pas de ceux-ci, chercher 4 complé- 

ter ce quil énonce par des dessins clairs et complets. »'*4 Cela fait 

partie des conditions absolument indispensables, ainsi que l’écrit 

Peter Heinrich Christoph Brodhagen en 1792 dans son Anleitung 

zum gemeinnitzigen Unterricht, destinée aux artisans, aux artistes 

et aux fabricants. 

Avec Pestalozzi, auquel Byrne se référe, ces demandes sont 

renforcées, les méthodes affinées et la question de la participation 

des sens est examinée de plus prés. Oui, l'adaptation aux sens nest 

bientdt plus accessoire mais essentielle. Ce qui est regardé se dé- 

tache alors et construit pour lui-méme une nouvelle logique, ou 

exprimé de maniére moderne, un discours imagé. On lobserve 

tres bien chez Byrne. Son Euclid est orienté vers les préoccupa- 

tions de son temps. Ainsi Johann Georg Heinrich Feder constate 

en 1793: « Beaucoup de choses dépendent de la configuration des 

signes lorsque l'on pense» et se réfere évidemment au Neues Or- 

ganon de Johann Heinrich Lambert'* (1764), qui était aussi tres 

connu en Grande-Bretagne et qui est aussi finalement a lorigine 

de la phrase de Byrne selon laquelle toutes les langues seraient 

composées de signes représentatifs.'”° Et les sens sont plus que ja- 

mais au centre de l’attention, ainsi qu’en témoigne Byrne avec sa 

prédilection maintes fois exprimée pour lenseignement oral. Pour 

Heinrich Stephani, le contraste entre la «langue entendue » et la 

«langue regardée » est le point de départ d’études qu’il publie en 

18144 Erlangen sous le titre Ausfiihrliche Beschreibung meiner einfa- 

chen Lese-Methode.'” Les lettres seraient a vrai dire « des signes des 

divers sons vocaux acceptés arbitrairement seulement pour ceil > ; 

il désirerait cependant les considérer comme «les véritables notes 

de notre instrument linguistique »."8 Pour le stimuler, il a recours a 

la mémoire qui peut retenir et consulter quasi mécaniquement de 

maniére plus rapide les choses, et pas seulement les lettres, mais les 

lettres en syllabes et les mots entiers. Cela doit étre reconnaissable 

du premier coup del.” Si Stephani se référe 4 Pestalozzi, il reste 

néanmoins fidéle aux anciennes méthodes mnémotechniques dans 

lesquelles on peut déduire la fin du mot — par exemple le « p» de 

Tul(pe), la tulipe, et le « t» de Fich(te), I’épicéa. On remarque vite 

que tout cela est moins simple que ne le laisse supposer le titre du 

livre. On en est encore au stade de l'expérimentation. 

Mais nul ne peut douter du sérieux des promesses didactiques. 

Le principe «au premier coup d'ceil », ce que par exemple Alfred 

North Whitehead (1927), en relation avec une optimisation des 

perceptions des sens («sense-perception»), appelle l’immédiateté 

de la présentation («presentational immediacy »), n'est pas si sim- 

ple a mettre en ceuvre et son effet nest pas garanti.3° Il n’empéche 

que face aux aides visuelles non-conventionnelles, un certain scep- 

ticisme est tout a fait a lordre du jour. 

Dans l'avant-propos de son Traité des couleurs (Farbenlebre, 

1812), Johann Wolfgang von Goethe s’étonne de la maniére qui 

consiste a ajouter des planches aux ouvrages d’histoire naturelle: 
«Les planches que l'on a l’habitude de joindre a ce genre d’écrits 
sont un substitut extrémement insuffisant. On ne peut cerner par 
des lignes ni esquisser en coupe un phénoméne naturel qui exerce 
ses effets en tous sens. Il ne vient a l’idée de personne d’expliquer 



des expériences de chimie avec des figures; pour tout ce qui est 
physiquement proche, c'est cependant I’usage parce qu'une chose 
ou autre peut étre ainsi expliquée. Mais trés souvent ces figures 

ne représentent que des concepts; ce sont des moyens de fortune 

symboliques, des modes de transmission hiéroglyphiques qui peu a 

peu prennent la place du phénoméne et de la nature, et entravent 

la véritable connaissance au lieu de la favoriser. »'3! Goethe voit 

donc aussi le danger de lautonomisation de tels symboles et qu’ils 

puissent étre utiles, par exemple en chimie, ne lui vient méme pas 

a lesprit. Et pourtant il leur accorde en l’occurrence dans la phrase 

suivante un certain sens: « Nous ne pouvions nous non plus nous 

passer des planches; mais nous avons tenté de les agencer de telle 

maniére que l'on puisse assurément s‘en servir de maniére didac- 

tique et polémique et méme en regarder certaines comme faisant 

partie de l'appareil nécessaire. »'3? Ot l'on voit que Goethe lui aussi 

se sert d’arguments didactiques pour se dérober. 

Finalement Kant lui aussi s’intéresse a la thématique lorsqu’il 

tente de répondre a la question « Qu’est-ce que s’orienter dans la 

pensée?»: « Nous pouvons placer nos concepts aussi haut et les 

abstraire autant que nous voulons des sens, il n’en reste pas moins 

que des idées figuratives leur restent attachées, dont la véritable 

détermination est de rendre aptes 4 l’usage empirique ceux qui 

ne se sont pas écartés de l’expérience. »'3 Kant en arrive de cette 

maniere a parler de l’intuition (« Anschauung») et trouve pour ce 

quiil attribue, a l’instar de Moses Mendelssohn, a |’« évidence de 

la démonstration » ou a quoi il voudrait seulement donner une di- 

rection, pour ainsi dire en tant que condition minimale, « une cer- 

taine orientation ».34 La maniére dont nous attribuons nos idées a 

lusage empirique le hante lui aussi. 

Signes et symboles d’une philosophie mathématique 

« Such for all common purposes are the audible signs 
called words, which ave still considered as audible, whether 

addressed immediately to the ear, or through the medium 
of letters to the eye. Geometrical diagrams are not signs, 

but the materials of geometrical science, the object of which 
is to show the relative quantities or their parts by a 

process of reasoning called Demonstration. » 
~ Byrne, Euclid, 1847' 

« Le schéma de la réflexion est donc aussi 
le schéma de la reproduction. » 

~ Wacner, Mathematische Philosophie, 1851 (a)'°° 

« Usage empirique », « aides symboliques » ou en général seulement 

«orientation » ! On veut savoir ce qu'il en est des idées et de l'intut- 
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tion (« Anschauung») et on cherche les avantages de la précision 

dans la démonstration et la voie la plus courte. Ce sont les pro- 

blemes linguistiques auxquels on s'intéresse beaucoup a l’époque. 

La réflexion amorcée par Oliver Byrne lorsqu’il identifie la langue 

4 un systeme de signes s'achéve dans la conviction que, dans son 

cas, l'utilisation de symboles colorés, de signes et de diagrammes 

rendrait les processus cognitifs plus précis et plus rapides."37 

Crest dans I’air du temps, il faut travailler la langue. Du c6té al- 

lemand, Karl Philipp Moritz consacre ses efforts 4 ce qu’il appelle, 

dans un discours a Académie royale des Sciences de Berlin , «la 

formabilité (« Bildsamkeit ») de la langue allemande ».'38 On est 

par exemple frappé par le fait qu'il regne un « manque de termes 

artificiels allemands dans la théorie des grandeurs »."3? «Quand 

la vie commune fait pousser de nouvelles branches, elle fait aussi 

pousser de nouveaux mots », écrit Friedrich Adolf Trendelenburg, 

le défenseur d’une Lingua rationalis.'4° Le chercheur arrache «a la 

langue l'empreinte permanente pour son résultat »'4'. Et comme 

on considére que, «la pensée la plus abstraite est aussi avec et dans 

la langue» et qu’il est en outre urgent de «revenir 4 un concept 

simple en passant par une désignation simple », il faut, dans cette 

«ligne ascendante » et a partir de I’« auto-mouvement de l’intui- 

tion intérieure, réunir le concevoir et le concept ».'7 

Oliver Byrne a découvert les avantages du langage géométri- 

que figuratif — en s'appuyant sur la couleur — et a ainsi par exem- 

ple quantifié de maniére démonstrative le temps gagné pendant 

la perception.'# Les essais visant 4 comparer les langues diverses 

avec leurs qualités particuliéres et a les réunir ne manquaient pas. 

Johann Jakob Wagner évoquait dés 1803 dans sa Philosophie der 

Erziehungskunst la «facilité de traduire les mathématiques en phi- 

losophie ».'44 En revanche, la logique lui aurait toujours semblé in- 

suffisante et c'est dans les mathématiques qu'il a « toujours cherché 

l'architecture du monde et la connaissance ».'45 I] a reconnu en elles 

«la forme de lobjectivisation du mental, c’est-a-dire le langage ». 

Finalement, le «dualisme» de l’arithmétique et de la géométrie 

l'aurait conduit a prendre comme point de départ un élément 

commun situé plus haut, I’« intuition » (« Anschauung »).'*° Dans 

son Organon paru pour la premiere fois en 1830 et réédité en 1851, 

Wagner déploie toute la gamme des différentes langues et formes 

linguistiques.'” II distingue l’écriture des nombres et l’écriture des 

lignes qui comprend les lignes, les figures, « la trigonométrie c'est-a- 

dire les relations réciproques », «les corps c’est-a-dire les formes » 

et en plus la configuration de lignes et de figures.'#* I] nomme la 

géométrie qui livrerait les « traits fondamentaux d'une théorie des 

formes », une «écriture de relations » et une « abstraction de |’écri- 

ture imagée ».'4? II prend pour base de la «construction de la lan- 

gue» le schéma mot-nombre-figure-image, créant a partir de cela 

des analogies 4 poésie-musique-peinture-sculpture ou étre hu- 

main-animal-plante-minéral.'’° Et il renvoie a la «série parallele » 

idée-concept-perception-représentation respectivement symbole- 



exemple-signe-image.'' En outre, dans sa Mathematische Philoso- 

phie, il place le tout dans une perspective historique, selon laquelle 

le « savoir spéculatif» pythagoricien était représenté sous forme de 

nombre et de figure, lesquels, sous la domination du mot, ont en- 

suite été transformés en une entité « mécanique », «et sont nommés 

mathématiques ».'? Limage, en revanche, serait tombée enl’état de 

«jeux fortuits»; «notre art ne produit que du paraitre. »'3 Au re- 

gard du questionnement scientifique, la relation mot-nombre-fi- 

gure reste donc au centre de l’intérét. Et cela le préoccupe, en parti- 

culier dans son projet de traduire la mathématique en philosophie. 

I] veut sortir les mathématiques de |’état de « mécanisme mort » et 

les réhabiliter en tant que « langage naturel des idées ou langue de 

lesprit » ainsi qu’« unique science générale ou philosophie ».'54 

II faut suivre les traits caractéristiques de la représentation — 

du langage! — en vertu de cette compréhension mathématico-phi- 

losophique. Dans sa Philosophie der Erziehungskunst de 1803, Wag- 

ner choisit de maniére symbolique le théoréme de Pythagore, qui 

apparait d’ailleurs aussi en 1847 sous forme de figure sur la page- 

titre de I’ Euclid d’Oliver Byrne. «Toute ligne est lexpression du 

mouvement, la trajectoire d’un corps en déplacement, fixée il est 

vrai dans l'espace pour étre vue de l'extérieur mais qui ne peut étre 

construite que par le sens intérieur et se meut dans le temps. »'% 

Maintenant on construit la figure: « Soit une ligne donnée comme 

trajectoire; qu'une autre ligne vienne vers elle d'un autre cété, 

sur la méme voie mais en sens inverse, les deux lignes vont alors 

[...} se rencontrer, et si leur force est identique se réduire en un 

point, au zéro du mouvement. »'%° Ce genre d’énoncé demande un 

certain travail; nous avons affaire ici 4 des représentations figura- 

Ill. 42 
Piet Mondrian, Le Néo-Plasticisme. Principe 
général de léquivalence plastique. Aux hommes 
futurs, Paris 1920 

tives, des extensions dans le domaine de la physique (la compa- 

raison d’une ligne, ici avec une «poulie», la avec un « pendule »), 

qui doivent soutenir lopération afin que «notre éléve apprenne 

4 connaitre l’esprit et la nature dans le reflet quelles se donnent 

l'une de l'autre ».'7 La « définition réelle » («Sacherklarung ») a été 

transformée depuis longtemps en « définition nominale » (« Wort- 

erklarung») a travers laquelle les concepts sont formés, ainsi que 

lobserve Ephraim Salomon Unger en 1833 dans son introduction 

au systéme théorique d’Euclide.'® Les explications sont rattrapées 

par les intentions didactiques, ce qui les justifie aussi. 

De cette maniére voit le jour chez Wilhelm von Tiirk, disci- 

ple de Pestalozzi, un « enseignement des formes » plus détaillé, qui, 

dans le style de l’époque et orienté de maniére clairement didacti- 

que, est déployé sous forme de jeu de questions-réponses entre le 

maitre et l’éléve.' 

«Le maitre: (II dessine un point, une droite, une courbe sur le ta- 

bleau.) 

Comment nomme-t-on (désignant 1) ce signe ? 

Un point. 

(désignant 2 et 3) Et ces deux signes-ci? 

Des lignes. » 

Les enfants: 

Le maitre: 

Les enfants: 

Ces exercices sont expérimentés a tour de rdle aux cing sens et 

étendus a la forme, la couleur et lorientation; il s’agit en fin de 

compte de trouver et de former le «langage pour lobservation 

intérieure » («Sprache fiir die innere Anschauung»).'©° Tout cela 

rejoint de nouveau les recommandations qu’Oliver Byrne associe 
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Ill. 43 

Theo van Doesburg / Cornelis van Eesteren, 
Color Construction, 1922 

~ Cover of the bulletin of the Museum of Modern 
Art, New York, De Stijl, 1952/53 
~ Umschlag zum Bulletin des Museum of Modern 
Art, New York, De Stijl, 1952/53 

~ Couverture du bulletin du Museum of Modern 
Art, New York, De Stijl, 1952/53 

Ill. 44 

Oliver Byrne, The First Six Books of the Elements 
of Euclid, London 1847, p. 259 
— “Color constructio” ante litteram. 

— ,Farbkonstruktionen* ante litteram. 

— «Constructions de couleur » ante litteram. 

plus tard aussi a ses démonstrations orales privilégiant simultané- 

ment la vue et louie!” En fin de compte ce sont, comme I’indique 

le titre du manuel de Wilhelm von Tiirk, les perceptions des sens 

qui sont le point de départ au coeur de la discussion. Finalement, 

si lon en croit la Allgemeine Theorie des Denkens und Empfindens 

qui a valu a Johann August Eberhard le prix de [Académie royale 

des sciences de Berlin en 1776, on considérait aussi a l’époque des 

Lumiéres que dans la «plus récente philosophie spéculative », les 

« découvertes dans la théorie des sensations » auraient été remar- 

quées en particulier comme un progreés.'® Eberhard le souligne 

dans un premier point particulier et cite «les découvertes que l'on 

a faites sur la nature de quelques qualités dérivées {...] des corps, 

notamment des couleurs ».'® II s’agissait a l’époque, en accord avec 

tant d'autres études, «de faire descendre la sagesse universelle du 

ciel des écoles et de l’introduire dans la société humaine ».'°4 

L Euclid de Byrne - si, c’est une ceuvre d'art! 

«La logique veut que lart soit lexpression plastique 
de tout notre étre. » 

~Monprian, Néo-Plasticisme, 1920'® 

A la suite de Pestalozzi et de son Anschauungslehre der Zahlenver- 

hiltnisse, tout, méme le plus abstrait, est repoussé dans le monde 

physique, le monde des formes. Limage que donne Oliver Byrne 

de la géométrie euclidienne qu'il voit comme une gymnastique 

BOOK VI, PROP. XXXI. THEOR. 259 

IF any fimilar reétilinear 

Sigures be fimilarly deferibed 
on the fides of a right an- 

gled triangle ( f~ ), the figure 
deferibed on the fide ( 

tending the right angle is equal to the 
Jum of the figures on the other fides. 

From the right angle draw perpendicular 

> ee 

(B. 6. pr. 8). 

(B. 6. pr. 20). 
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(B. 6, pr. 20) 

mentale l’indique, aussi involontairement que trés distinctement. 

Cela aussi correspond a une interprétation ancienne. Dans I’in- 

troduction a la Philosophiae Naturalis Principia Mathematica, Isaac 

Newton écrit le 8 mai 1686 que les descriptions des lignes droites 

et courbes sur lesquelles repose la géométrie feraient partie de la 

66 Te plus, la géométrie postulant, il faudrait chercher mécanique. 

ailleurs une explication.” Et d’un autre cété, la géométrie a besoin 

dexpansions en tout genre pour étre accessible et étre comprise. 

Et Newton de faire remarquer que la géométrie ne serait qu’une 

partie d’une mechanica universalis beaucoup plus vaste. On atteint 

empiriquement une telle « géométrie physique » de la méme facon 

que l'on peut arriver aux phrases a partir de lobservation.'* On 

peut aussi avoir recours 4 Albert Einstein et son célébre exposé 

intitulé « Géométrie et expérience ». Lui consideére la « géométrie 

pratique» comme une science de la nature, et méme comme la 

‘69 _ i] avait constaté plus branche la plus ancienne de la physique 

haut qu'il n’était « pas moins sir que les mathématiques en général 

et tout particuliérement la géométrie sont nées de notre besoin 

d'apprendre quelque chose sur le comportement des choses réel- 

les ».'7° Cela ne diminue en rien la valeur de ces «créations libres 

de lesprit humain» que sont les axiomes ainsi qu’il le rappelle, 

ajoutant alors — ce qui correspond a |’évolution dans le maniement 

des symboles: « Par <point>, «droite», etc., il ne faut entendre en 

géométrie axiomatique que des schemes conceptuels vides de tout 

contenu. »'7' Ce n'est pas une situation satisfaisante et le rapport 

avec la réalité est expressément demandé. Cest la relation, sur la- 

quelle — avec une accentuation différente — ils ont tous des vues, 

qui recéle la force explosive. 



Crest ici que se croisent le mathématicien et l'artiste. Et les 

contours s'estompent de temps en temps avec les intéréts mu- 

tuels et l'emploi des moyens. Mais pourquoi devrait-on accorder 

moins de créativité au mathématicien qu’a l'artiste et vice-versa? 

Lobscurité mystique n’est pas moins étrangére a Euclide qu’a ’in- 

venteur d'images moderne, surtout si lon se souvient des débuts 

de la grande tradition de la création des figures et des symboles. 

En rgot, Max Simon avait répondu a la question précédente et a 

la publication de Hubert Miiller, Besttze die heutige Schulgeometrie 

noch die Vorziige des Euclid- Originals? (La géométrie scolaire alle- 

mande possede-t-elle encore les qualités de loriginal d’Euclide ?) : 

«La géométrie scolaire allemande ne les a jamais possédées. »'7? On 

voit beaucoup d’illusions, un type idéal de pensée mathématique 

stricte. La demande d'une science rigoureuse, allant loin dans les 

sciences humaines,'? et le besoin d’un «outil tranchant »'7 ont 

sans cesse fait oublier les difficultés physiques effectives. Que 

tout ce qui était précis ait été attribué a la géométrie et tout ce qui 

sen écartait 4 la mécanique, synonyme de pratique, Newton en a 

pris connaissance en constatant que les erreurs ne sont pas dans la 

chose mais chez l'utilisateur (« Attamen errores non sunt artis, sed 

artificum »).'75 

D’un autre cété, si on regarde ce qui se passe dans le domaine 

de l'art, il ne peut étre question de cette « crise de la forme » (« Ge- 

stalt-Krise ») que Max Steck invoquait en 1942 en ce qui concerne 

les mathématiques.'”° Il semble plutét que la devise choisie par lui, 

Mathesis est scientia imaginabilium (Leibniz), qui considére les ma- 

thématiques comme une science des choses imaginables, ait une 

signification beaucoup plus large qu’on ne le supposerait. A ce mo- 

ment-la, les mathématiques ont pénétré depuis longtemps, et plus 

que jamais auparavant, dans le domaine non seulement des idées 

mais dans celui du visible, du physique et du mécanique, et cette 

fois non par nécessité mais intentionnellement. Depuis Mondrian, 

et suivi en cela par Amédée Ozenfant et Le Corbusier et trans- 

posé dans larchitecture, est réécrit dans le concept « plastique », 

semblable a maints point de vue a celui de la forme, ce qui, issu de 

la compr¢hension correspondante et du discernement, est poussé 

avec force vers l'extérieur. II s'agit ici de choses fondamentales, pas 

seulement d’analogie formelle ou de recherches tendant a géomé- 

triser et styliser les formes. La seule indication d’épuration et de 

simplicité ne suffit pas non plus, «car l'abstrait reste l’expression 

plastique en fonction de l'universel: c’est l’intériorisation la plus 

approfondie de lextérieur et l'extérioration la plus pure de l'inté- 

rieur ». '77 Cest Piet Mondrian qui, en 1920, rejette ainsi résolu- 

ment tous les géométrismes purement superficiels qui resteraient 

de toute facon al’écart. Seule une prise de conscience et une com- 

prchension profondes permettent de tirer l'abstrait, le mathémati- 

que et le géométrique vers la réalité et — par nécessité — de le mettre 

dans une forme artistique. II va de soi que les rapports apparaissent 

le plus la ot cette référence nécessaire a la perception, dans le sens 

d'une géométrie physique, a été vue comme un probleme et 1a ot 

— dans le but de la démonstration — elle a été expressément visée, 

recherchée, comme c'est aussi le cas chez Oliver Byrne. Dans cette 

mesure, on ne prend vraiment conscience qu’a posteriori de la po- 

sition particuliére et du caractére unique de I’ Euclid de Byrne. 

La précision que donne Byrne en 1847 au début de son intro- 

duction a Euclid — Youvrage n’aurait pas pour but l'agréable diver- 

tissement mais la quéte de la vérité et le savoir — rejoint les propos 

similaires de Mondrian.'”* Celui-ci est a la recherche d’« un moyen 

plastique universel ». En préliminaire 4 son manifeste intitulé Le 

Néo-Plasticisme (ill. 42), il souligne sa fagon de voir selon laquelle 

lartiste « atteint son expression plastique par le conscient. Par cela, 

lapparition de l'art est l'expression plastique de l’inconscient et du 

conscient. Elle montre le rapport de l’un et de l'autre: elle change, 

mais l’art reste immuable. »'7 Cest ainsi que l'aspect de transmis- 

sion didactique, la maniére de rendre visible, que possédait l Euclid 

de 1847 est quasiment mis en lumiére par la comparaison dans la 

nouvelle conception de l'art et lobjectif correspondant expliqué. 

Chez Mondrian non plus il ne s’agit pas en premier lieu de la 

forme qui apparait lors de ce processus. I] faut, au contraire, éviter 

la forme en tant que fixation générale d’une apparence dans une 

image et mettre au premier plan le processus vers la précision et 

l'abstraction en tant que «moyen plastique universel »."*° Afin de 

rendre ceci explicite, Mondrian critique expressément le proces- 

sus de simplification et de purification — purement extérieur — que 

l'on peut observer parfois dans le domaine de larchitecture. Rares 

seraient ceux qui atteindraient l’effet plastique de l’abstrait."™! 

Leére moderne s'annonce sur le fondement ancien et actuel du 

conflit entre le corps et l’Ame, qui fait lobjet d'une controverse. 

On cherche a nouveau la raison. Paul Dermée écrit dans le premier 

cahier de L'Esprit Nouveau: « Dans l’intelligence, tout se passe avec 

l'accompagnement de conscience, dans une chambre claire. »'*? 

Lumiere! I] voit néanmoins l'ajustement nécessaire et |’équilibre 

recherché d’intelligence et de «lyrisme», le nouveau mot-clé. 

Léonce Rosenberg apporte ici deux formules qui vont animer les 

débats, une de Georges Braque qu’il cite: «J’aime la régle qui cor- 

rige ’émotion », et une autre, modifiée, qui lui est propre: «J’aime 

le sentiment qui humanise la régle. »'®3 Si autrefois, en Grande- 

Bretagne, l’éthique et la morale d’Oliver Byrne, en particulier, 

devaient aider 4 comprendre le sens profond des mathématiques, 

cest maintenant la psychologie qui offre ses services, toujours dans 

le souci d’apporter au monde les pensées pures. Mais la réserve est 

de rigueur. Au mot dordre qui est de « rebuter l’intelligence », Paul 

Dermée joint la recommandation « pas de logique apparente ».'*4 
Non, le nouveau penchant au conformisme ne devait pas trop 

se manifester. Et Amédée Ozenfant ainsi que Charles-Edouard 
Jeanneret, futur Le Corbusier, qui, sur la page suivante du premier 
cahier de L'Esprit Nouveau voulaient faire dériver de I’« origine 
mécanique de la sensation plastique » la fiabilité, les constantes et 
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Puniversalité pour leur travail artistique, comprendront trés vite 
que cela ne pouvait étre plus que fondement et point de départ.'*5 

La transmission et I’élucidation et un retour a l’essentiel sont 
assurément une fois de plus nécessaires. Les arts et les sciences 

auraient pris tant d’ampleur que faciliter leur acquisition serait 

maintenant aussi important que faire reculer leurs limites — ainsi 

la premiere phrase, 6tée de son contexte, de |’ Euclid de Byrne.'*° 

Edouard Le Roy entreprend dans La pensée mathématique pure qui 

repose sur les cours magistraux qu’il a donnés au Collége de France 

au cours des années 1914/15 et 1918/19, de caractériser son idée de 

mathématique pure de «vue imaginative intermédiaire entre le 

sensible et l’intellectuel »."*” Et ceci se référe particuli¢rement a la 

géométrie, raison pour laquelle il parle de I’« intuition géométri- 

que» spécifique. La géométrie s'immisce sans cesse dans la réalité 

et le monde sensible.'** C'est ainsi que Le Roy prend en compte 

l'interaction et la réalité d'une géométrie physique. La géométrie 

lui apparait comme une « mathématique sensibilisée » ; elle est de 

ce monde.'*? Cest dans I’analyse qu'il trouve la mathématique vrai- 

ment pure. Leibniz avait lui aussi emprunté cette voie.'%° 

La géométrie et Euclide sont donc exposés plus massivement 

au compromis avec le monde sensible, ce qui fait depuis longtemps 

partie de leur histoire et de la culture. De Stijl et Mondrian étaient 

acet égard plus proches de la chose que les simples créateurs d’ima- 

ges. « La peinture est le moyen et non le but », écrivit aussi Léonce 

Rosenberg.'” Et méme lorsqu’il s’agit de la couleur, les arguments 

qu utilisent Oliver Byrne, Ozenfant et Le Corbusier semblent 

comparables. « Quand on parle peinture, on parle foreément cou- 

leur», peut-on lire dans le texte programmatique du Purisme qui 

commence 1a ot, au début de l’argumentation, la logique apparait, 

dérivée des « constantes humaines », et utilisée en tant qu’instance 

de contréle contre la « marche parfois fantasque de l’intuition ».'9” 

Prises isolément, les couleurs seraient problématiques, voire dan- 

gereuses.'3 Elles devraient servir la cause, elles doivent étre « es- 

sentiellement constructives».'°* «Une peinture est l'association 

d’éléments épurés, associés, architecturés ».' Impossible de ne pas 

remarquer les paralléles 4 Byrne'?°. Méme la plus grande rapidité 

de la perception visuelle des couleurs, qu'il soulignait déja, est prise 

en compte ici: « Mais la couleur a des propriétés de choc (ordre 

sensoriel) précédant optiquement la connaissance de la forme (qui 

est une création déja partiellement cérébrale). »'” 

Si l'on considére en outre le poids que Byrne a donné a I’'as- 

pect didactique de son Euclid, on observe un paralléle encore plus 

net chez Gyorgy Kepes qui, dans la tradition de De Stijl et sous 

l'influence directe de la Gestalt, a publié en 1944 son Language of 

Vision (ill. 34, 35, 37, 41).'°° Laspect de la langue, de la transmission, 

est ici rétabli de la méme facon. A la suite de Mondrian, Kepes 

parle dorganisation plastique, utilisant a des fins explicatives la 

paraphrase du modelage d’impressions des sens devenant des touts 

organiques.'®? Le processus de formation est au premier plan mais 
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il s'agit ici aussi évidemment de maniére accrue de présentation 

visuelle et évidemment de l'image créée. On est néanmoins stu- 

péfait lorsqu’on remarque a quel point Kepes accorde lui aussi de 

l'attention au chevauchement des surfaces de couleur. Celui-ci ne 

sert plus la représentation de formes géométriques élémentaires 

comme chez Byrne mais d’autant plus |’équilibre chromatique et 

en général les phénoménes visuels.*°° La rétrospective historique 

de Kepes va jusqu’a Helmholtz, il mentionne bri¢vement Léonard 

de Vinci, Goethe bien stir mais aussi Arthur Schopenhauer qui, 

dans la premiére phrase de son étude de 1816 intitulée De la vue 

(Ueber das Sehn und die Farben), avait déa décrit le cadre plus large 

avec les problemes inhérents: « Toute intuition (< Anschauung > ) 

est intellectuelle. Car sans l'entendement (« Verstand >), on ne par- 

viendrait jamais a l’intuition, a la perception, a l'appréhension des 

objets; mais on en resterait a la simple sensation qui tirerait bien 

quelque signification de son rapport a la volonté, comme douleur 

ou plaisir, mais qui nen demeurerait pas moins un changement 

d’états vides de sens et non pas quelque chose qui ressemblerait 

a une connaissance. »?* II ne voulait et ne pouvait pas accorder au 

Traité des couleurs (Zur Farbenlehre) de Goethe le statut de théorie. 

D’un autre cété, ses réflexions livreront les arguments décisifs a la 

psychophysique. 

En Grande-Bretagne — du temps d’Oliver Byrne et d’Augustus 

De Morgan -, toute tentative visant a sortir des limites plus étroi- 

tes des mathématiques semblait mener a |’éthique et 4 la morale. 

A l’époque moderne, celles-ci ont cédé la place a la psychologie 

qui se charge en particulier des zones limitrophes et de toutes les 

difficultés associées au probléme corps-Ame. C’est au moment ow 

elle se souvenait des lois et des régles fixes — et aussi en particu- 

lier de celles de la géométrie — que la psychophysique a concerné 

les arts.2°? Et évidemment la psychologie gestaltienne s’intéresse 

particuli¢rement 4 des questions comme celles des moments de 

prégnance sensorielle ou au mode d'action de la couleur. Tout cela 

ajoué un réle important dans I’ Euclid d Oliver Byrne. 

En 1862, dans son introduction aux Beitrdége zur Theorie der 

Sinneswabrnehmung, consacrée aux méthodes, Wilhelm Wundt 

écrit: « La tentative de construire des faits psychologiques sur une 

base métaphysique, est trés étroitement attachée au traitement 

mathématique de la psychologie. Celle-ci est une conséquence 

presque nécessaire du fait que la psychologie métaphysique englo- 

be la méthode déductive. »*° Cela indique quasi impérativement 

combien la géométrie, et sa transposition sensible, pourrait, elle 

aussi, étre demandée et l’est. Wundt poursuit: «Si, dans une scien 

ce, les simples procédures de la logique formelle ne suffisent pas a 

faire dériver un nombre plus élevé de faits de quelques axiomes, a 

travers une série de conclusions plus ou moins compliquées, le lan 

gage des signes mathématique devra venir a l’aide de la science. » 7°4 

Kant avait déa postulé que, de temps a autre, la nature devrait étre 

forcée de répondre aux questions de la raison.*°> Un tel soutien 



de l’intelligibilité humaine est nécessaire. Et Wundt de formuler 

apres cette demande: «Ce [langage des signes] n’est qu'une aide 

efficace de la pensée, il n’est qu'une utilisation multipliée des lois 

de la logique, qui fixe les résultats de la pensée sur chaque degré de 

la série de conclusions a l'aide de signes déterminés. »7°° 

Waundt avait ajouté a cet endroit une note en bas de page in- 

diquant ce qu'il pensait du stade de développement des mathé- 

matiques 4 cet égard: «Le mathématicien devrait trouver cette 

définition un peu trop vaste, parce que les mathématiques n’ont 

effectivement pas encore trouvé jusqu’ici une utilisation aussi 

générale. Mais il me semble qu'il est impossible de méconnaitre 

que les toutes nouvelles mathématiques aspirent 4 cette nouvelle 

généralisation du calcul qui fait seulement d’elles une logique élar- 

gie. »2°7 
A partir d'ici, les choses ont assez souvent évolué dans des 

voies différentes. La question de savoir avec quelle précision 

l’Euclide mondrianesque de Byrne est adapté 4 ce développement, 

ou al'un de ces développements, reste ouverte. Ce qui est stir, c'est 

que les mathématiciens se sont trés peu ou pas du tout intéressés a 

lui, méme les euclidiens. D’un autre cété, le domaine des sciences 

est depuis toujours un domaine fermé sur lui-méme et les scien- 

tifiques nont que trop volontiers fait jouer leurs «principes et 

méthodes précis» contre la philosophie moins puissante (dans ses 

propres cercles), quoi que cela ait pu signifier.°® Nouvelle science 

basée sur une chose fort ancienne, la psychophysique de Fechner 

qui commengait avec un questionnement si complet, devait offrir, 

elle aussi, selon une premiére définition de 1860 «briévement un 

enseignement exact des relations entre le corps et I’Ame».?°? De 

l'exactitude, un caracteére scientifique, voila ce qu’on attendait! 

L’ Euclid d’ Oliver Byrne reste unique en son genre. C'est la rai- 

son pour laquelle les relations potentielles avec Pestalozzi ou avec 

la philosophie mathématique de Wagner, que ce soit sous l’aspect 

du langage ou de la géométrie, n’en sont que plus intéressantes et 

révélatrices. I] était plus proche des faits de Helmholtz qu'il n’y 

parait peut-étre de prime abord. On aurait «constamment affaire 

en géométrie a des figures idéales [...} dont la représentation phy- 

sique nest en réalité toujours qu'une approche des exigences du 

concept, et on ne décidera si un corps est solide, si ses surfaces sont 

planes, si ses angles sont droits qu’a l'aide des mémes propositions 

dont la justesse effective resterait 4 prouver par l’examen. »?!° Ap- 

procher ces vérité universelles, voila ce qui a attiré Byrne, le ma- 

thématicien, autant que Piet Mondrian, l’artiste. Peut-étre que la 

géomé¢trie nest pas du tout ce que l'on décrit, en l'absence d’autres 

bases stires, comme une structure inébranlable et conclusive dont 

on veut attribuer l’invention a Euclide, mais bien davantage une 

création pythagoricienne, une représentation du monde en formes 

et en figures qui sont conformément a ceci moins conclusives mais 

au lieu de cela appréhensibles au premier coup d’ceil. Oliver Byrne 

a habillé cette idée de couleurs et anticipé ainsi un langage qui sera 
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nommé a l’époque moderne Neue Gestaltung, ainsi le titre connu 

d'un livre de Theo van Doesburg. 

Theodor W. Adorno a précédé sa Dialectique négative (Nega- 

rive Dialektik) dune sentence de Walter Benjamin: «... II faut tra- 

verser les déserts glacés de l'abstraction pour parvenir au point ou il 

est possible de philosopher concrétement. » *"' II ne s’agit en aucun 

cas d'un désert glacé que l'on désirerait quitter le plus vite possi- 

ble! Tout tourne autour de cette abstraction et de sa pénétration 

dans le monde visible, en tout cas chez Byrne et Mondrian. II nest 

pas question de l’abandonner mais de la rendre visible! « Labstrait 

reste l’expression plastique en fonction de l’universel: c'est Pinté- 

riorisation la plus approfondie de l’extérieur et lextériorisation 

la plus pure de l’intérieur. »”"? Dans cette phrase du manifeste Le 

Néo-Plasticisme de 1920, Mondrian s était référé a la troisieme par- 

tie de ses remarques « De Nieuwe Beelding in de Schilderkunst » 

publiées dans De Szzjl, ob il concentrait son attention sur la rela- 

tion « abstraite/mathématique ».73 L-équation correspondante re- 

monterait a Aristote.74 En vérité et concrétement, Mondrian se 

trouve ici encore clairement dans la tradition qui lui a été en par- 

ticulier transmise aussi par Mathieu Schoenmaekers, dans laquelle 

lintérét porté aux idées universelles était maintenu vivace et dans 

laquelle la géométrie servait depuis toujours de point de départ et 

Euclide de témoin capital. Pour le formuler plus globalement avec 

les mots d’Oliver Byrne: «Si nous avions besoin d’autorités pour 

prouver l’importance et l'utilité de la géométrie, nous pourrions 

citer chaque philosophe depuis l’époque de Platon. » 75 
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Citation d’aprés Knittermeyer 
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Id., p. xxv. 
Id., p. 3. 
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Cf. Russell 1897, p. 1. 
Id., p. 10 et suiy. 
Cf. Riemann 1892, p. 272 et suiv.: 
p. 272 et 286. La critique de la 
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Ibidem. 
Cf. Cajori 1928, p. 431: « Indivi- 
dual workers who in elementary 
fields proposed to express prac- 
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concerne l'utilisation de symbo- 
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flexions de manieére sibylline: 
« The problem requires a 
consensus of opinion, the wis- 
dom of many minds. That wis- 
dom discloses itself in the history 
of science. The judgement of the 
past calls for moderation. » 
Cf. Hesse 1865, préface. 
Cf. Arneth 1852, p. 288. 
Cf. Bense 1946, p. 53. 
Ibidem. 

Ce qui est probablement la seule 
étude récente de quelque impor- 
tance sur |’ Euclid de Byrne ne va 
pas beaucoup plus loin: cf. Tufte 
1990, p. 84 et sulv. 

Cf. Casselman 2000. 
Byrne 1847, introduction, p. vii, 
«Le but de cet ouvrage est plus 
que l'illustration; nous n’utili- 
sons pas les couleurs pour diver- 
tir ou pour amuser avec certaines 

combinaisons de couleur et de 
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forme, mais pour aider ‘esprit 
dans sa recherche de vérité, ac- 
croitre les facilités de l’instruc- 
tion et diffuser un savoir durable. 
Si nous avions besoin d’autorités 
pour prouver l’importance et 
Putilité de la géométrie, nous 
pourrions citer chaque philoso- 
phe depuis |’époque de Platon. 
Chez les anciens Grecs comme a 
lécole de Pestalozzi et d’autres 
plus récentes, la géométrie était 
considérée comme la meilleure 
gymnastique de l'esprit. » 
Le mot-clé chez: Krbek 1954, 
p. 205 et suiv. Ici en sous-titre la 
devise: « La forme est la soeur 
visible du nombre. » 
Cf. Steck 1946, p. 17. 
Ibidem. 
Cf. Byrne 1847, introduction, 
p. Vil. 

Cf. Byrne 1835, 2002, avant-pro- 
pos. 
Ibidem. 
Cf. Byrne 1853, avant-propos, 
p. vii: « Although this work is 
written to guide the experienced 
and accomplished artisan, yet 
the descriptions and directions 
are of so practical a nature, that 
any mechanic or amateur, pre- 
viously unacquainted with the 
subjects treated of, may, by fol- 
lowing its pages as a text-book, 
succeed in his earliest attempts 
to accomplish even the most dif- 
ficult processes inscribed. » 
Cf. Byrne 1866, avant-propos, 
p. vi, « They are equal in power 

to Babbage’s and Collet’s com- 
bined, and take up less than one 
eighth part of their space. » 
Cf. Lorey 1852, p. iil. 

Id., introduction, p. r. 

Cf. Byrne 1841. 
Cf. Byrne 1847, p. 210. 
Cf. Byrne 1841, p. viii, «...while 
there is not one mistake, over- 
sight, or logical objection in the 
whole of Euclid’s Fifth Book. » 
Ibidem. «...in fact, Euclid’s Fifth 
Book is a master-piece of human 
reasoning. » 

Id., p. xv. 

Id., p. xiv, «whether the struc- 
ture be raised upon numbers, 
symbols, or lines, &c. ». 

Cf. Ci-dessus note 74. 
Cf. Byrne 1841, p. xvi, «logical, 
strict, and convincing... without 

being attended with that tedious- 
ness and circuitous detail which 
frequently accompany other 
methods ». 
[bidem. 
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Ibidem. 
Cf. la traduction ultérieure qui 
met a contribution « the same 
equimultiples » a des fins explica- 
tives. Heath 1956, p. 120. 

Cf. Byrne 1841, p. xviii: « To 
teach should be the highest aim 
of a writer on elementary sub- 
jects, and not to adopt (which is 
too often the case) that stiff and 
formal manner so prejudicial to 
and inconsistent with the ideas 
of a learner; every thing likely to 
embarrass should be explained, 
and that authorial kind of scien- 
tific dignity should be set aside 
when the object is to instruct 
others. » 
Cf. ci-dessus. 
Cf. Heath 1956, p. 122 et suiv. 
Byrne 1841, p. xviii. 
Byrne 1847, p. xiii. 

Les démonstrations correspon- 

dantes: id., p. xiii et xiv. 

Id., p. xiii. 
Cf. Diirer 1525, fol. A ij recto: 
«Dann durch solche weyf$ muf 
der innerliche verstand im eus- 
sern werck angetzeigt werden. » 
Cf. Byrne 1847, p. xiii, «a clumsy 
method... means more refined 
and extensive than any that has 
been hitherto proposed ». 
Id., p. xii, « The experience of all 
who have formed systems to im- 
press facts on the understanding, 
agree in proving that coloured 
representations, as pictures, cuts, 

diagrams, &c. are more easily 
fixed in the mind than mere 
sentences unmarked by any 
peculiarity. » 
A ce sujet, le commentaire dans 

l'avant-propos: « Technical 
terms always present a formid- 
able obstacle to practical men in 
the investigation of any scientific 
subject. » Cf. Dimond 1867, p. vi. 
Cf. Youmans 1856, introduction, 

p. 9, «It is especially in natural 
science, where definite and exact 
ideas of properties and relations 
are to be communicated to the 
mind, that the employment of 
visible diagrams is most useful. » 
Ibidem. « Whenever the object 
to be contemplated cannot itself 
be seen, and consists of such fixed 
elements or qualities as are capa- 
ble of being represented or deli- 
neated to the eye, pictorial illus- 
trations become indispendable. » 
Ibidem. 
Cf. Fechner 1860, introduction, 

p.v. 
Cf. Byrne 1847, p. xvii, « For 
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schools and other public places 
of instruction, dyed chalks will 
answer to describe diagrams, &c. 
for private use coloured pencils 
will be found very convenient. » 
Byrne 1847, introduction, p. vii, 

«Chez les anciens Grecs comme 
al’école de Pestalozzi et d’autres 
plus récentes, la géométrie était 
considérée comme la meilleure 
gymnastique de l’esprit. » 
Id., p. vii. 

Id., p. xi. 
Cf. Pestalozzi 1803, préface, p. v: 
«La théorie des rapports arith- 
métiques est, en tant que partie 

de la méthode, un exercice artis- 
tique visant a enseigner a |hom- 

me a compter et a calculer, d’une 
maniére correspondant a la na- 

ture de son esprit et a la maniére 
dont sa force mentale se déve- 
loppe en lui. » 
Cf. Pic de la Mirandole 1532, 
p. 137; «Conclusiones de mathe- 
maticis secundum opinionem 

propriam numero lxxxv. » 
Cf. Borelli 1679, « Ad lectorem 
geometram » (introduction), s. p. 

Ibidem: « progressus Intellec- 
tualis ex notis ad ignota. » 
Cf. Ashe 1684, p. 672 et suiy. 
Ibidem: «it rejects all trifling in 
words and Rhetorical schemes, 
all conjectures, authorities, pre- 
judices and passion. » 
Cf. Early Letters of the Royal 
Society EL/A/36 (St. George 

Ashe, 27 avril 1686) ; Cf. AHRB 
Centre for Editing Lives and 
Letters, 2005. Cf. Pell 1668. 
LAlgebre de Pell est une traduc- 
tion élargie et modifiée de lAl- 
gebre de Johann Heinrich Rahn, 
bailli de Kyburg. 
Cf. The Elements or Principles of 
Geometrie, Londres 1684. 

Lexemplaire de la Trinity Col- 
lege Library 4 Dublin montre la 
signature de St. George Ashe, 
cest sans doute la raison pour la- 
quelle une participation est pos- 

tulée dans |’édition en ligne (Ann 
Arbor). Notre exemplaire pré- 
sente des divergences. 
Id., « Advertisement », fol. A3 
recto et verso. 
Le bref « Advertisement » s’ache- 
ve sur la constatation: « This 

Summary was thought sufficient 
for an Introduction ». Une intro- 
duction supplémentaire présen- 

tant une succession de feuilles 
indépendantes A-(A4) verso, est 

pourtant insérée dans notre 

exemplaire. 
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Id., fol. Ar recto: « And by 
consequence nothing is so apt to 

strengthen our Reason to give us 
clear notion of things, and secure 
us from being imposed upon fal- 
lacies or shadows of proof, as 
conversing herein. » 

Id., fol. Ar recto: « Demonstra- 
tion therefore serving (as we 
said) to enlighten the mind. » 
Cf. The Elements or Principles of 
Geometrie, Londres 1684, fol. B4 
verso. 
Cf. Byrne 1847, p. vii. 
On de devrait pas séparer la 
«science » et la « didactique » 
comme cela vient d’étre le cas ici. 
Dans l'ancienne tradition, chez 
Jean Duns Scot par exemple, la 
«scientia » est, selon sa compré- 

hension d’Aristote, avant toutes 

les autres réflexions un medium 
demonstrationis. (Cité ici d’apres : 
Jean Duns Scot (ou: Johannes de 
Cornubia ?) 1512, fol. a 2 verso.) 
Cf. Brodhagen 1792, p. vii. 
Cf. Lambert 1764. 
Cf. Feder 1793, p. 70. 

Cf. Stephani 1814, p. 9. Pour 
Stephani les pictogrammes, par 
exemple — avant Champollion - 
les hiéroglyphes égyptiens, font 
partie du «langage regardé ». 
Id., p. 12 et suiv. 

Cf. Oechslin 2007. p. 62 et suiv. 
Cf. Whitehead 1927, p. 21. 
Cf. Goethe 1812, p. xxi. 
Ibidem. 
Cf. Kant 1793, p. 104 et suiv. 
Id., p. 105. 
Byrne 1847, p. ix, « Tels les signes 
acoustiques d’usage courant que 
nous nommons mots, toujours 

considérés comme audibles qu’ils 
soient immédiatement adressés a 
loreille, ou a Voeil par le biais des 
lettres. Les diagrammes géomé- 
triques ne sont pas des signes 

mais des matériaux de la science 
géométrique dont le but est de 
montrer les grandeurs relatives 
ou leurs parties par un processus 
de raisonnement nommé Dé- 

monstration. » 

Wagner 1851 (a), p. 124. 
Cf. Byrne 1847, p. ix. («... renders 

the process of reasoning more 
precise, and the attainment more 

expeditious... ») 
Cf. Moritz 1794, p. 87 et suiv. 
Cf. Burja 1794, p. 265 et suv. 
Cf. Trendelenburg 1828, p. 457 et 
SUIV. : Pp. 457. 

Id., p. 457. 

Id., p. 458 et 473 et sulv. 
Cf. Byrne 1847, p. Ix. 
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Cf. Wagner 1803, p. 148. Wagner 
écrit rétrospectivement, qu’ado- 
lescent il se serait déja promis 
dentreprendre cette tache, qu'il 
réalisera pour la premiére fois en 
1811 dans la Mathematische[n]} 
Philosophie: cf. Wagner 1851 (b), 
p. xl et xxxi. — Cf. pour Wagner: 
Stock 1982, p. 262 et suiv. 
Cf. Wagner 1851 (b), p. xli. (Vue 
rétrospective sur I’ Organon de 

1830). 

Ibidem. 

Cf. Wagner 1851 (b), p. 207 et 

suiv. (III. Systéme linguistique). 

Id., p. 244 (§ 325). 
Id., p. 243 (§ 324) et p. 244 
(§ 326). 
Id., p. 214 (§ 292) et p. 260 

(§ 342). 
Id., p. 337 (annexe, § 24). 
Cf. Wagner 1851 (a), p. 1 et suiv. 
Id., p. 2. 
Cf. Wagner 1839, p. 312 et suiv.: 

p. 313 et suiv. 

Cf. Wagner 1803, p. 149. 
Ibidem. 
Id., p. 155. 

Cf. Unger 1833, p. 6. Unger va 

néanmoins jusqu’a constater 

qu'il ne «s‘agirait pas ici de ren- 
dre avec une exactitude philolo- 
gique les mots d’Euclide mais 
seulement de conserver leur es- 
prit. >; id., p. 11. 
Cf. Tiirk r81r. Le professeur de 
dessin bernois Gustav Adolf To- 
bler a publié en 1836 une étude 
des formes similaire, consacrée a 
l'enseignement du dessin. Cita- 
tion dans: Tiirk 1830, p. 1. 

Cf. Tiirk 1811, préface, p. vii. 
Cf. Byrne 1847, p. xi et suiv. 
Cf. Eberhard 1776, p. s. 
Id., p. 8. 
Id., p. 4. 

Mondrian 1920, p. 1. 
Cf. Koyré/Cohen 1972, p. 5. 
Ibidem: « Has lineas describere 
geometria non docet, sed postu- 
lat. » 
Cf. Halder rgoo, p. 6. — Cf. 

ci-dessus. 
Cf. Einstein 1921, p. 3. 
Id., p. 2 et suiv. 
Id., p. 2. 

Cf. Simon 1901, p. 19. Simon 

ouvre son avant-propos (p. v) en 
signalant sa contribution prati- 
que a la théorie de l'enseigne- 
ment et la théorie de l'éducation 
mathématiques. 
A propos des mots «strict » et 
«exact», cf.: Oechslin 2009, 
p. 363 et suiv. 

Lautre «ligne de pensée géomé- 
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trique », la logistique, dont les 
origines remontent a l’époque 

d Oliver Byrne et Augustus De 
Morgan (cf. ci-dessus), l’a encore 
réclamé en 1929 comme son ac- 

quis: « Lorsque, dans un domaine 
quelconque de la philosophie ou 
des sciences, quelqu’un cherche a 
analyser exactement les déclara- 
tions et les concepts, il faut lui 
donner ici les instruments logis- 
tiques et relevant en particulier 
de la théorie des relations, qui lui 
serviront doutil tranchant. Ces 
instruments sont jusqu’ici encore 

trés peu connus, en particulier 

en Allemagne; ils ne sont utilisés 
de temps 4 autre que pour des 
recherches logico-mathémati- 
ques. » Cf. Carnap, 1929, avant- 

propos, p. iil. 

Cf. avant-propos du 8 mai 1686 
aux Philosophiae Naturalis Princi- 
pia Mathematica @ \saac Newton. 
Cf. Steck 1942, p. 13 et suiv. 
Cf. Mondrian 1920, p. 5. 
Cf. Byrne 1847, p. vii. 
Cf. Mondrian 1920, p. 1. 
Id., p. 5. 
Ibidem. 
Cf. Dermée non daté, p. 29 et 
SUIV. : P. 30. 

Cf. Rosenberg 1921, p. 1. 
Cf. Dermée non daté, p. 37, «De 
méme, pas de logique apparente, 
afin de rebuter les efforts de l’in- 
telligence pour mordre sur le 
poeme. Mot dordre: rebuter 
Vintelligence. » 
Cf. Ozenfant/Jeanneret, non 
daté (a) p. 38 et suiv. 

Cf. Byrne 1847, p. vii, «The arts 
and sciences have become so ex- 
tensive, that to facilitate their 
acquirement is of as much im- 
portance as to extend their 
boundaries ». 
Cf. Le Roy 1960, p. 17. 
Id., p. 19 (avec référence a Kant). 
Cf. aussi la formulation: « La 
pensée géométrique ainsi consi- 

dérée nest donc pas la pensée 
mathématique pure, mais la pen- 

sée mathématique tendant a s’in- 
carner dans un corps d’intui- 

tion imaginative, bref la pensée 
mathématique au seuil immédiat 
de lapplication. » (id., p. 21.) 
Gerhardt explique la formation 
de Leibniz pour ainsi dire par la 
frustration qu’il a connue en ce 

qui concerne la possibilité de 
comprendre les cours: «A Leip- 

zig, ou Leibniz commenga ses 

études universitaires, un certain 

Joh. Kithn commentait les Elé- 
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ments d’Euclide; ses conférences 
étaient si obscures qu’aucun des 
auditeurs ne pouvait suivre hor- 
mis Leibniz. On raconte qu'il fut 
le seul a s'engager dans des dis- 
cussions avec le professeur a pro- 
pos de cette conférence et qu'il 
rendit ensuite les enseignements 
compré¢hensibles aux autres 
membres de l’auditoire » . 
Cf. Gerhardt 1848, p. 7. 
Cf. Rosenberg 1921, p. I. 
Cf. Ozenfant/Jeanneret non 
daté (b), p. 369 et suiv.: p. 382. 
Ibidem. 
Ibidem. 

Id., p. 379. 
Cf. Byrne 1847, p. vii. 
Cf. Ozenfant/Jeanneret non 
daté (b), p. 382. 
Cf. Kepes (1944) 1951. 
Id., p. 15. 

Id., p. 35 et suty. 
Cf. Schopenhauer 1816, p. 11 
(premier chapitre: De la vue) : 
«Alle Anschauung ist eine intel- 
lektuale. Denn ohne den Ver- 
stand kame es nimmermehr zur 
Anschauung, zur Wahrnehmung, 

Apprehension von Objekten, 
sondern es bliebe bei der blofen 
Empfindung, die allenfalls, als 

Schmerz oder Wohlbehagen, 
eine Bedeutung in Bezug auf den 
Willen haben kénnte, tibrigens 
aber ein Wechsel bedeutungslo- 
ser Zustinde und nichts einer 
Erkenntnif§ Achnliches ware. » 
Cf. Ci-dessus et: Oechslin 2005, 
p. 176 et suiv. 

Cf. Wundt 1862, p. xix. 
Ibidem. 
Cf. Kant 1787, préface a la secon- 
de édition, p. xiii. 
Ibidem. 
Ibidem. 

Cf. Fechner 1860, p. 1: Ici la de- 
scription de la « situation défavo- 
rable », qui se présenta d’abord a 

lui: « Introduction. I. Observa- 
tion générale de la relation entre 
l’'Ame et le corps. Alors que l’en- 
seignement du monde physique 
sest bien développé dans les dif- 
férentes branches de la science et 
sest doté de principes stricts et 
de méthodes lui assurant un pro- 
gres promis au succes, alors que 

lenseignement de l'esprit en psy- 
chologie et en logique a obtenu 
des bases solides, du moins 
jusqu’a certaines limites, l’ensei- 
gnement des relations entre le 
corps et esprit et l'esprit ou le 
corps et l’Ame nest resté jusqu’ici 

qu'un champ de débats philoso- 
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phiques sans fondement solide et 
sans principes ou méthodes assu- 

rant le progrés de la recherche. » 
Id., avant-propos, p. v. 
Cf. Helmholtz 1968, p. 38: «in 
der Geometrie stets mit idealen 
Gebilden zu tun ... deren kér- 
perliche Darstellung in der 
Wirklichkeit immer nur eine 
Annaherung an die Forderungen 
des Begriffes ist, und wird darii- 
ber, ob ein Kérper fest, ob seine 
Flachen eben, seine Kanten gera- 
de sind, erst mittels derselben 
Satze entscheiden, deren tat- 
sachliche Richtigkeit durch die 
Priifung zu erweisen wire. » 

Cf. Adorno 1966, préface, p. 7. 
Cf. Mondrian 1920, p. 5. 
Cf. Mondrian 1918 (réimpres- 
sion Amsterdam 1968), p. 29 et 
suiV. 

Cf. Oechslin 2009. 
Cf. Byrne 1847, p. vii, «If we 
wanted authorities to prove the 
importance and usefulness of 
geometry, we might quote every 
philosopher since the days of 
Plato. » 
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