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Preface

Safety is an essential requirement for any control system, be it a simple home appliance
that should not overheat or an aircraft that should not place its passengers’ lives at risk.
However, formally guaranteeing safety (which can informally be stated as “something
bad will never happen”) has not been a top requirement for designing controllers as long
as testing for safe operation through prototypes or simulation experiments is practically
feasible. The rapid proliferation of large-scale complex cyber-physical systems over the
past two decades has made such testing infeasible and the emergence of autonomous
systems has further made safety a critical design requirement. The “internet of vehicles,”
envisioned as the next generation of intelligent transportation systems where self-driving
cars cooperate to eliminate accidents (94% of which are due to human error) and to
reduce congestion and harmful emissions, is a prime example of such a large-scale system
consisting of interacting autonomous entities (here, the vehicles, are generically referred
to as “agents”). In fact, in today’s technologically insatiable society, autonomous systems
are fast becoming ubiquitous, from autonomous driving to sophisticated manufacturing
systems and automated delivery of goods or exploration of hazardous environments.

The goal of this book is to contribute to safe autonomy becoming a critical component
of control system design. A central theme in its content is enhancing our understand-
ing of the interplay between safety and the other two critical control design components:
performance and computational complexity. Indeed, one can always design an overly con-
servative safe system, such as a fleet of autonomous vehicles moving at no more than 10
m/h, leading to unacceptably poor system performance. On the other hand, pushing the
limits of safety with a sophisticated controller, such as autonomous vehicles cruising at
100 m/h while ensuring safe operation, would require a prohibitively high computational
cost preventing real-time control operation or an intolerably high economic cost in terms
of the equipment required to guarantee safety.

Vii
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In this book, we present a framework based on Control Barrier Functions (CBFs) that
endows a control system with the ability to guarantee the satisfaction of safety require-
ments as formally specified by the designer in the form of inequalities involving state
variables defined in the model of the dynamic system being controlled. A key attrac-
tive feature of this framework is the ability to transform these inequalities into a new
set of conditions which allow the specification of a set of feedback control laws whose
implementation implies the satisfaction of the original safety requirements. Moreover,
determining these controls is computationally tractable and often quite simple. Ultimately,
we combine the well-established theory of constrained optimal control with CBFs to
achieve near-optimal system performance while also guaranteeing the safety requirements
at all times thanks to a forward invariance property intrinsic in the CBF approach.

Naturally, there is no free lunch in this framework. The formal safety guarantees come
at the price of some conservativeness, setting the stage for the trade-offs discussed earlier
involving safety, performance, and computational complexity. Moreover, the implementa-
tion of a CBF-based controller in real time faces a number of challenges, central among
them being the ability to always determine a feasible control action at any time when the
controller is designed to operate in a discretized time setting. The book explores various
techniques, including the use of novel event-driven methods, to confront this challenge
and largely alleviate it. It also embraces machine learning methods which can further
contribute to addressing the feasible control implementation problem.

The promise of autonomous systems, in terms of their capabilities and societal contri-
butions for this century, is extremely exciting. Their complexity, on the other hand, can be
overwhelming and their deployment is hindered by the need to provide them with guaran-
tees for a safe operation since they directly involve humans, as in transporting passengers
through autonomous vehicles or industrial equipment working cooperatively with human
operators. Powerful new formal methodologies are needed to ensure safe autonomy and
to deliver the full potential of these systems.

About This Book

The majority of this book is based on a series of recent papers published by the authors in
leading journals and conference proceedings within the systems and control community. A
substantial part also comes from the 2021 doctoral dissertation of the first author entitled
“Optimal Control and Learning for Safety-Critical Autonomous Systems.”

The book is intended for an audience of graduate-level students with a mature under-
standing of basic control theory and optimization methods, as well as for researchers who
are concentrating on problems involving autonomous systems and their applications to
areas such as robotics and autonomous vehicles in transportation systems. We also envi-
sion it as a textbook for a graduate course that can provide a first exposure to concepts of
both autonomy and safety, as well as a detailed exposition of the theory of Control Barrier
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Functions (CBFs). Throughout the book, we include examples of how this theory can be
used, including extensive simulations of challenging autonomous systems and compar-
isons with “baseline” controllers that can illustrate the benefits of the specific methods
we develop.

We have made every effort to make the book as self-contained as possible, with the
understanding that the reader has a background on basic dynamic system modeling, con-
trol theory, and essential elements of optimization, including fundamentals of optimal
control theory.

Book Organization
The basic road map and organization approach for the book are briefly described next.

Chapter 1 provides a brief introduction to the concepts of autonomy and safety. It sets
the stage for one of the ultimate goals of the book: controlling autonomous systems so
as to combine safety with application-dependent control objectives. It also places the
design objective of “safety” in the context of inevitable trade-offs with the other two
objectives: performance and computational complexity. Readers familiar with basic
optimal control theory will recognize part of this chapter as reviewing material to
establish key problem formulations and notation to be used throughout the remaining
chapters.

The next nine chapters of the book are logically organized in three parts. First, Chaps. 2
and 3 lay out the basic background material involving barrier functions leading to the def-
initions of Control Barrier Functions (CBFs) and High-Order Control Barrier Functions
(HOCBFs). Next, Chaps. 4-8 address the challenges that the CBF/HOCBF-based control
design must address in order for controllers to be fully implementable and effectively
combined with optimal control theory. Finally, Chaps. 9 and 10 present a variety of appli-
cations of the CBF/HOCBF-based method for designing safe controllers for autonomous
systems encountered in traffic networks and in robotics.

Chapter 2 introduces Control Barrier Functions (CBFs) in the context of control
systems, tracing back the history of CBFs to the barrier functions used in classical
mathematical optimization. These can be extended to Lyapunov-like barrier functions
and ultimately adapted to the control of dynamical systems in the presence of con-
straints. Formal definitions of all the concepts used in the rest of the book are provided
in detail. A first explanation of how CBFs can be combined with constrained opti-
mal control problems introduced in Chap. 1 is also presented, along with the formal
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general-purpose solution methodology that will be used for such problems through-
out the book. In particular, it is shown how these problems can be converted into a
sequence of Quadratic Programs (QPs) once the time line is appropriately discretized.
Chapter 3 is motivated by a potential limitation in the definition of a CBF: the function
capturing the safety requirement we are interested in may have a relative degree greater
than one (i.e., its first derivative may be independent of the control variables). This
limitation is relaxed by a more general definition which leads to High-Order Control
Barrier Functions (HOCBFs). These are even further generalized to include integral
HOCBFs (iHOCBFs).

It is recommended that Chaps. 2 and 3 form the content of a course that introduces
the theory of safe autonomy using CBFs. By the end of these two chapters, the reader
will have grasped the basic concepts and methodologies involved in designing CBFs (or
HOCBFs, as needed) and solving constrained optimal control problems where the con-
straints are in the specific form of CBF/HOCBF-based inequalities. The reader will also
have gained an appreciation of the power of this methodology (illustrated through several
examples), but also the technical challenges it entails, specifically the potential conserva-
tiveness that CBFs may bring to control design and the issue of always finding a feasible
control action when implementing CBF-based controllers. The second part of the book,
consisting of Chaps. 4-8, addresses these two main challenges.

Chapter 4 addresses the crucial issue of whether feasible solutions can be found when
deriving an explicit solution of an optimal control problem through a sequence of QPs
as explained in Chap. 2. The problem of feasibility stems from the potential conflict
between a CBF/HOCBF-based constraint and control limits that are unavoidable in
practice. It also comes from the inter-sampling effect due to the time discretization,
as there are rarely reliable guidelines for the choice of the time step used in any such
process. Two methods are presented, one based on assigning adjustable penalties to
the CBF/HOBF-based constraints and the other on designing a special additional CBF,
which leads to a sufficient condition for feasibility.

Chapter 5 is a continuation of Chap. 4’s effort to address the feasibility challenge
in implementing CBF/HOCBF-based controllers. Machine learning methodologies are
utilized to take advantage of actual data that are generally available from the operation
of an autonomous system. A “feasibility robustness” metric is introduced to measure
the extent to which the feasibility problem we are concerned with is maintained in the
presence of time-varying and unknown unsafe sets. The main idea rests on parameter-
izing the CBFs/HOCBFs involved in a safe-critical control problem and then learning
the parameter values that maximize this feasibility robustness metric. The reader is
expected to possess a basic knowledge of machine learning algorithms for classification
problems.
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Chapter 6 focuses on the issue of conservativeness which may be introduced when a
CBF/HOBF-based controller is designed. To deal with this issue, we introduce adaptive
CBFs (aCBFs) to guarantee safety and feasibility under time-varying control bounds,
as well as potentially noisy dynamics. Two different forms of aCBFs are described:
parameter-adaptive CBFs and relaxation-adaptive CBFs. Although there is a remote
connection of aCBFs to traditional adaptive control methods, the reader is not expected
to have any knowledge of such methods since this chapter considers only parameter
uncertainties rather than unknown system dynamics, a topic studied in the next chapter.
Chapter 7 considers systems with unknown dynamics, including the case of noise
present in the system. Here, we introduce an event-driven (or event-triggered) frame-
work that also deals with the same feasibility problem studied in Chaps. 4 and 5. It is
shown that this approach can almost entirely eliminate the feasibility issues of concern
by selecting specific events to trigger the execution of a QP that leads to a control
action update, hence eliminating the need for specifying a time step value needed in
the time-driven controller implementation.

Chapter 8 presents a two-step procedure that combines traditional optimal control and
CBF/HOCBF methods to achieve both optimality and guaranteed safety in real-time
control. This can be viewed as a way to bridge the gap between planning a trajectory
and actually executing it in the presence of noise and model uncertainties. The key
idea is to first generate trajectories by solving a tractable optimal control problem
and then track these trajectories using a controller that simultaneously ensures that all
constraints are satisfied at all times. This is termed an Optimal control with Control
Barrier Functions (OCBF) controller. This chapter may be read after Chaps. 2 and 3
and does not require a deep understanding of Chaps. 4-7. It does, however, require a
basic knowledge of constrained optimal control theory.

The last part of the book, consisting of Chaps. 9 and 10, is intended to provide the reader
with specific applications of the CBF/HOCBF methodology developed throughout the
earlier chapters. These last two chapters heavily rely on the OCBF approach presented in
Chap. 8.

Chapter 9 considers safety-critical optimal control problems encountered in the
next-generation intelligent transportation systems that have started to emerge. In par-
ticular, these problems involve the cooperative coordination of Connected Autonomous
Vehicles (CAVs) in traffic networks. Three specific applications are presented in
detail: traffic merging, traffic control in roundabouts, and traffic control in multi-lane
signal-free intersections.
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Chapter 10 looks at three applications of the use of the CBF/HOCBF methodology
encountered in robotics: a ground-robot executing typical two-dimensional navigation
tasks where obstacle avoidance is crucial, autonomous driving where a vehicle must
satisfy complex traffic law specifications, and safe navigation tasks for an aerial vehicle
(quadrotor).

Cambridge, MA, USA Wei Xiao
Boston, MA, USA Christos G. Cassandras
January 2023 Calin Belta
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Introduction to Autonomy and Safety

Autonomous systems have emerged as a consequence of multiple technological develop-
ments including (i) ubiquitous wireless networking capabilities allowing a multitude of
agents (ranging from miniature sensing devices to large vehicles) to share information reli-
ably and efficiently, (ii) sensors with different possible modalities that can be placed on board
the agents giving them unprecedented environment perception capabilities, and (iii) smaller
and faster processors capable of on-board computational tasks that were unimaginable a
couple of decades ago.

What exactly do we mean when we refer to a system as autonomous? The answer largely
depends on the application domain, but there are some characteristics of autonomy that
one can identify in terms of the goals that the system aims to achieve, the information
that its control actions are based on, and its relationship to the humans who have designed
it and expect a certain type and level of operational performance. Thus, for starters, an
autonomous system is designed to achieve a given set of goals which may vary over time,
partly based on how the environment within which the system operates changes. To do so,
the components of such a system (which we will generically refer to as agents) must be
able to sense and collect information from the environment and possibly share it. It follows
that an important feature of an autonomous system is that each agent has the ability to both
operate separately from others but also cooperate with them in terms of information sharing,
goal setting and control action execution. Finally, it is expected that an autonomous system
operate over long periods of time unattended, i.e., without human intervention. An example
of an autonomous system is the so-called “internet of vehicles” consisting of self-driving
cars which can deliver passengers (or goods) to specific destinations by controlling their
routes as well as their powertrains in a way that does not conflict (and in fact cooperates)
with other vehicles, as illustrated in Fig. 1.1. Other examples include teams of mobile robots
that cooperate to carry out various tasks such as performing fundamental storage-retrieval
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operations in a warehouse, monitoring an environment to detect different types of events
such as fires in wooded areas, seeking for faults in a bridge, etc.

Fig.1.1 Autonomy in the form
of vehicles employing
connectivity, sensing, and
automatic control

While an autonomous system is an exciting prospect for 21st century technology, ensur-
ing that it always operates as “intended” poses significant challenges. At a minimum, one
expects that such a system is always guaranteed a minimum level of performance that
includes some quantifiable metrics of safety. For example, if we are to trust a self-driving
vehicle, we need to be absolutely certain that it does not violate the basic driving rules that
a reasonable human driver would always obey. Beyond that, we also expect the vehicle
to be able to outperform a human driver in terms of accident prevention, such as detect-
ing and avoiding obstacles faster and more effectively than any human driver. Given the
sensing capabilities, high-speed processing of information, and intelligent decision making
potential of an autonomous system agent, we should expect that it can easily outperform its
human counterpart operator. However, we first need to develop a rigorous framework that
can provide such safety guarantees.

The traditional setting for studying dynamic systems subject to constraints while aiming
to achieve the best possible performance is provided by optimal control theory. This has
been extensively developed for both discrete and continuous time models. In a continuous
time setting, the performance of the system is measured through a scalar function

1
J:/fL[x(l),u(l),l]dl+¢[x(lf),tf], (1.1)
1

0
where x (t) is the state of the system, which evolves over the time interval [#o,  r] according
to

x = flx@®), u(),1] (1.2)

with a given initial condition x (fp). In the above equation, (') denotes differentiation with
respect to time and f is a function describing the (possibly time-varying) dynamics of the
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system. The problem is to determine functions u(¢) (i.e., the controls) that minimize (or
maximize) J. Usually, the state and control are subject to various constraints of the general
form

glx(@),u®),t] <0 Vt €t tr] (1.3)

or possibly

glx (@), u(te), ]l <0 1 € [0, t7], (1.4

where #; can be an isolated time instant or can belong to subintervals of [#9, 7 s ]. The constraint
in (1.4) includes the case of specified terminal states, i.e., x(ts) — x s = 0. It is worth noting
that in many cases these constraints do not explicitly include any control component. For
example, maintaining a minimum distance from the side of the road in autonomous driving
can be written as an inequality over the vehicle’s position, which is part of the vehicle’s
state, and does not explicitly involve controls, such as acceleration.

The constraints in (1.3) or (1.4) can be hard or soft. Hard constraints (e.g., “avoid colli-
sions with other traffic participants” in autonomous driving) are usually referred to as safety
constraints, with the understanding that the solution u(¢) to the problem needs to strictly
enforce them. Soft constraints (e.g., “stay in lane” in autonomous driving) can be slightly
violated, even though this should be avoided if possible. This can be handled in a number of
different ways. If, for example, there are state constraints to be satisfied only at the terminal
time 77, then they can be incorporated in ¢[x(¢7), t¢] in (1.1). Alternatively, they can be
expressed in the “softer form™:

glx@®),u®),t] <8 Vt €[t tr], (1.5)

where § > 0 is an additional parameter to be minimized alongside the original cost.

In this book, we deal with both hard and soft constraints, but we often focus on the
hard safety constraints that must always be satisfied if we are to design safe autonomous
systems. For multi-agent autonomous systems, the state x (¢) is usually expressed as a vec-
tor [x1(¢), ..., xn(t)] where x;(¢),i = 1,..., N is the state (generally, also a vector) that
corresponds to the ith agent in the system. In other words, the system possesses a structure
consisting of multiple interacting agents. Consequently, many of the constraints apply to
individual agents or to subsets of agents. Along the same lines, the function L[x(t), u(¢), t]
in (1.1) is usually expressed as a weighted sum of performance metrics for individual agents;
alternatively, one needs to solve multiple optimal control problems with costs of the form
(1.1).

The optimal control framework provides a complete and elegant treatment of problems
formulated so as to achieve the best possible system performance while satisfying con-
straints, which can be expressed in the form (1.3) or (1.4). Unfortunately, obtaining explicit
solutions to such problems is the exception rather than the rule. Even when this is possible,
it may require a prohibitively expensive computational effort for any applications of these
solution techniques to be used on line. In the case of autonomous systems that consist of
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multiple interconnected networks, the dimensionality of the problems rapidly increases with
the inclusion of more agents and one confronts the common non-scalability challenge. In
fact, since optimal control problems can always be solved (in principle) through dynamic
programming techniques, one quickly has to confront the familiar “curse of dimensionality”
coined by Bellman.

It is for these reasons that optimal control theory [12] alone cannot provide us with the
means for practically addressing problems of this type. One can of course forego the goal
of optimality and compromise by simply seeking feasible solutions that only satisfy (1.3) or
(1.4) subject to the system dynamics (1.2). Alternatively, one can seek to derive approximate
solutions to the optimization problems while still ensuring that all constraints are satisfied
[5]. A popular approach is Model Predictive Control (MPC) [51], in which the optimization
is iteratively performed over short receding horizons. MPC has also been shown to work in
the presence of uncertainties, while ensuring constraint satisfaction [28, 32, 35, 60].

Safety, which can informally be stated as “something bad will never happen,” can be
formally expressed as a formula in a rich temporal logic, such as Linear Temporal Logic
(LTL) [6, 16] or Signal Temporal Logic (STL) [37]. Such logics also allow us to express
specifications such as liveness “something good will eventually happen,” and, in principle,
any natural language statement that can be translated into Boolean and temporal statements
over features of interest [8, 40, 59]. In principle, at the expense of significantly increasing
the complexity of the optimization problem, such rich specifications can be mapped onto
safety-like requirements [7]. For this reason, and to keep the exposition simple, here we
only focus on safety.

In this book, we present a framework that guarantees the satisfaction of a set of safety
requirements by an autonomous system, while at the same time involving a reasonable com-
putational effort for online implementations. Central to our approach are Control Barrier
Functions (CBFs) as outlined in Fig. 1.2. We combine optimal control techniques with the
theory of CBFs. We will see, for example, that we can seek simple and efficient solutions

System dynamics

State space l State-feedback control space
CBFs
- [
[trajectory)
~"Safe sets | .
Forward invariance L~

Fig.1.2 Schematic representation of how CBFs allow us to perform real-time convex optimization,
as they map safety constraints from the state space to the control space combining system dynamics.
The system trajectory will always stay within the safe green area (a subset of the intersection of safe
sets) in the state space due to the forward invariance property of the CBF method. Control subject to
CBFs is guaranteed to be safe at the expense of potential suboptimality and conservativeness
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Fig. 1.3 The focus of this book
with respect to classical control
problems

COMPUTATIONAL
COMPLEXITY

PERFORMANCE

SAFETY
(CONSERVATIVENESS)

of optimal control problems that ignore safety constraints, just to establish lower (or upper)
bounds to what is achievable by the system as it stands. We can then combine these (gen-
erally infeasible) solutions with CBF-based methods to get as close as possible to these
unconstrained solutions, while at the same time guaranteeing the satisfaction of all safety
constraints. Naturally, this approach is valuable only if it can be implemented in a real-time
context and with relatively limited inter-agent communication.

Finally, Fig. 1.3 places the focus of this book in perspective relative to classical control
problems in which we seek to design control systems that achieve a desired behavior without
excessive computational complexity that would prohibit their use in real-time applications.
Clearly, there is a trade-off between these two objectives which we must constantly take
into account. However, in autonomous systems, safety becomes such a crucial objective
that we are often willing to sacrifice performance for the sake of safety, thus sometimes
designing the system in an over-conservative manner. Therefore, in addition to trading
off performance with computational complexity, the inclusion of hard constraint (safety)
guarantees creates a new dimension in control design: the level of conservativeness in the
control which also depends on the computational complexity we are willing to tolerate to
achieve better performance and less conservativeness.
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Control Barrier Functions

2.1 Barrier Functions
2.1.1 Barrier Functions in Optimization

In the field of mathematics known as constrained optimization [44] [9], a barrier function
is a continuous function whose value increases to infinity at the boundary of the feasible
region (i.e., the set of states that satisfy the constraints) in a given optimization problem.
Such functions are used to replace inequality constraints by a term in the objective function
that incurs a penalty that is easier to handle, typically by requiring only standard calculus-
based methods. To see how this is accomplished, consider the following scalar constrained
optimization problem:
minimize h(x)
xeR (21)
subjectto: x < a

where a € R is a constant, x € R is a decision variable, and 4 : R — R is continuously
differentiable. If we wish to remove the above inequality constraint, with the help of an
additional function d : R — R, we can reformulate the problem as:

minimize [A(x) + d(x)],
xeR (2.2)
whered (x) = 0ifx < a, andd(x) = oo otherwise.

The above problem is equivalent to (2.1), while eliminating the inequality constraint.
However, the objective function becomes discontinuous (d is not continuous at a), which
prevents us from using standard calculus techniques to solve it.
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In order to bypass the discontinuity issue, we may approximate the function d(x) in
(2.2) by using a properly chosen, continuously differentiable function c¢(x). Then, we can
reformulate the optimization problem (2.2) as:

mir}cigéize [h(x) + pe)], (2.3)

where u > 0 is a free parameter. The function c is called a barrier function. There are
several choices for ¢(x) in the literature. Here, we limit ourselves to two such functions.
First, a logarithmic function c¢(x) = —log(a — x) can be used. In this case, c(x) is called a
“logarithmic barrier function”. Note that c(x) — oo as a — x — 0 from the positive side.
An alternative common choice is c(x) = aTlx Note that the resulting optimization prob-
lems are not equivalent to the original one (2.1), but, as © — 0, they provide increasingly
better approximations. Such constraints that are included in the cost function are sometimes
referred to as “soft” constraints, and are also used in optimization and learning for dynamical

systems [10].

2.1.2 Barrier Functions for Safety Verification

We now consider the case where x € R” is the state of a dynamical system, i.e., its time
evolution satisfies the following differential equation:

X = f(x), (2.4)

where [ : R" — R”" is assumed to be locally Lipschitz continuous in order to ensure the
existence and uniqueness of a solution. Moreover, as is often the case, we wish to ensure
that the state of (2.4) always satisfies a safety constraint (specification):

b(x) >0, (2.5)

where b : R" — R is continuously differentiable.

At this point, we introduce a fundamental result known as Nagumo’s theorem [42]. This
theorem states that if system (2.4) is initially safe, i.e., b(x(0)) > 0, then it is always safe,
ie., b(x(t)) > 0,Vr > 0, if and only if

b(x) > 0, whenever b(x) = 0. (2.6)

If b(x) satisfies this condition, then we call b(x) a barrier function for system (2.4). In the
special case where B(x) = 0 when b(x) = 0, the system state x evolves on the boundary of
what we shall henceforth call the safe set defined by {x € R : b(x) > 0}.

The safety condition (2.6) in Nagumo’s theorem is widely used in safety verification and
referred to as a certificate [48] [ 70] for dynamical system (2.4). It is also used in a stochastic
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setting [49], where the system state is treated as a random process. This verification method
generally yields what is usually referred to as a barrier certificate.

Such barrier certificates can also be used to verify the safety of control systems of the
form:

x = f(x,u), 2.7)

where f : R" x R? — R" islocally Lipschitz, and u € RY is the control input. Given a state
feedback controller # = k(x), where k : R” — RY, observe that the control system (2.7)
can be written in closed form as x = f(x, k(x)), which is similar to (2.4). Then, we can use
the same safety condition (2.6) in Nagumo’s theorem to check whether the control system
(2.7) under the controller u = k(x) is safe. However, one obvious problem with barrier
certificates is that we still do not know how to explicitly find such safe controllers. This can
be addressed by using a Lyapunov-like barrier function and subsequently a Control Barrier
Function (CBF). These are introduced in the following sections, along with the foundations
of what constitutes the CBF method.

2.2  Lyapunov-Like Barrier Functions

The safety condition (2.6) in Nagumo’s theorem is only defined at the boundary of the safe
set. This means that the condition might be discontinuous, analogous to what we saw with
the barrier function in the optimization problem (2.2). This discontinuity could prevent us
from finding a safe controller.

Example 2.1 Consider an Adaptive Cruise Control (ACC) problem, where an autonomous
vehicle, called ego, must maintain a safe distance from its preceding vehicle. The ego’s
dynamics are defined as

I=v,—v, V=u, (2.8)

where z € R denotes the along-lane distance between the ego vehicle along-lane location
x € R and its preceding vehicle along-lane location x, € R such that z = x, — x, and
v > 0, v, > 0 denote the velocities of the ego and its preceding vehicle (the latter assumed
to move with constant speed), respectively; # € R denotes the control (acceleration) of the
ego vehicle.

The safety constraint between the ego and its preceding vehicle requires the distance
z to be no less than [y > 0, i.e., z > ly. We then define b(x) = z — Iy, where x = (z, v).
Nagumo’stheoremrequiresthatb(x) =Z=vp,—v>0whenb(x) =0@(e,z=x, —x =
lp) in order to guarantee safety. In other words, the speed of the ego vehicle should not be
higher than its preceding vehicle when z = Iy. This is obviously impossible in most cases, as
we cannot instantaneously change the speed of the ego vehicle when the distance between
it and its preceding vehicle is /p. This sudden speed change requirement corresponds to
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the discontinuity in finding a safe controller for ACC. This discontinuity is equivalent to a
change in speed within an infinitely small time interval, and, therefore, requires infinitely
large deceleration, which is practically impossible. |

In order to address this discontinuity problem, we may strengthen the safety condition
(2.6) in Nagumo’s theorem, in a manner similar to what we did for the optimization prob-
lem (2.3). This is fully described in [2] [21]. In short, we modify (2.6) into the following
strengthened safety condition:

b(x) 4+ eb(x) > 0, (2.9)

where € > 0 is a constant. It is clear from the above equation that whenever b(x) = 0, we
recover the original condition l§(x) > 0. Note that (2.9) allows b(x) to decrease inside the
safe set so that B(x) > —eb(x) when b(x) > 0. This means that B(x) could be negative
inside the safe set. Returning to the above ACC example, the strengthened safety condition
is v, — v +€(z — lp) = 0, which is a continuous speed requirement for the ego vehicle,
hence tractable in terms of finding a safe controller; we will return to this example and make
this point explicit in subsequent chapters.

Clearly, the safety condition (2.9) is not equivalent to the safety condition (2.6) in
Nagumo’s theorem, and it is only a sufficient condition for safety, i.e., b(x(¢)) > 0, Vt > 0.
This means that this strengthening introduces a measure of conservativeness, which could
limit the system performance (such as optimality). One of the goals of this book is to
address this conservativeness problem. Nevertheless, the strengthened safety condition (2.9)
is extremely useful in helping us find a safe controller. This will be further discussed in the
next section.

Another way to look at the safety condition (2.9) is from a Lyapunov perspective by
letting V (x) = —b(x). Then, the safety condition (2.9) can be rewritten as:

V(x)+eV(x) <O. (2.10)

The above constraint is exactly the Lyapunov condition for stability [26] [1]. This is the
reason why we call a function b(x) that satisfies (2.9) a Lyapunov-like barrier function.

For the Lyapunov constraint (2.10), suppose that b(x(0)) < 0, i.e., the system state is
initially outside the safe set. Therefore, V (x(0)) = —b(x(0)) > 0. Following standard Lya-
punov stability theory, this means that the system state will be stabilized to the safe set
(specifically, the safe set boundary b(x) = 0) if the system is initially unsafe. In this case,
a Lyapunov-like barrier function becomes a Lyapunov function if we shrink the safe set to
a point. Further, if we choose b(x) in (2.9) as a power function with power less than 1, we
can find some finite time convergence Lyapunov-like barrier functions [57] [76]. In other
words, if (2.9) is satisfied, the system state will be stabilized to the safe set within a specific
time bound determined by how we choose the power function.
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2.3 Control Barrier Functions

In this section, we formally introduce a Control Barrier Function (CBF) by considering
Lyapunov-like barrier functions in a general setting for control systems. We begin with the
following definition:

Definition 2.1 (Class IC and extended class K functions [26]) A Lipschitz continu-
ous function « : [0, a) — [0, 00), @ > 0 is said to belong to class K if it is strictly
increasing and «(0) = 0. Moreover, « : [—b, a) — [—00, 00),a > 0, b > 0 belongs
to extended class [C if it is strictly increasing and «(0) = 0.

We first consider affine control systems (non-affine control systems will be considered
in the next chapter) of the general form:

x=f(x)+gx)u, 2.11)

with x € X € R” (X denotes a closed state constraint set), f : R” — R"” and g : R" —
R"™*4 are locally Lipschitz, and u € U C R? (U denotes a closed control constraint set).
Solutions x (), t > 0, of (2.11) starting at x (0) are forward complete.

Definition 2.2 (Forward invariant set) A set C C R" is forward invariant for system
(2.11) if its solutions starting at any x (0) € C satisfy x(¢) € C for V¢ > 0.

Throughout this book, we consider a set C (the safe set) defined using a continuously
differentiable function b : R” — R as follows:

C:={x eR":b(x) >0}, 2.12)

Definition 2.3 (Control barrier function [2], [21]) Given a set C as in (2.12), b(x) is
a Control Barrier Function (CBF) for system (2.11) if there exists a class /C function
« such that

sup[L yb(x) + Lgb(x)u + a(b(x))] > 0, Vx € C, (2.13)

uclU

where Ly, Lg denote the Lie derivatives along f and g, respectively. It is assumed
that Lgb(x) # 0 when b(x) = 0.

The assumption in the above definition that Lgb(x) # O ensures that the CBF is not
subject to a singularity (i.e., Lb(x) = 0) at the boundary of the safe set. As long as this
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assumption holds, a control # can be determined through (2.13) so as to preserve forward
invariance in terms of C.

Recall that the Lie derivative of a function along a vector field captures the change in
the value of the function along the vector field (see [26] for detailed descriptions). It is
important to note that the expression (2.13) in Definition 2.3 is linear in u. This is a crucial
point because, as we will see, it leads to computationally efficient solutions for optimization
problems based on the CBF method; it is also the reason why we need to assume the
dynamics are affine in control, as in (2.11). CBFs as defined in (2.13) are usually called
“zeroing CBFs,” as the lower bound of the derivative of the function b(x) is limited to 0
when b(x) approaches zero. One can also construct so-called reciprocal CBFs [2], which
are basically equivalent to zeroing CBFs. For instance, we may define a reciprocal CBF
B(x) = %x), in which case the control should satisfy:

LyB(x)+ LyB(x)u — 0, (2.14)

< <
B(x) —
for y > 0. If we use B(x) = ﬁ in the above constraint, we obtain

Lb(x) + Lgb(x)u + yb*(x) > 0, (2.15)

which is equivalent to the CBF constraint in (2.13) if we choose the class /C function «(-) as
a cubic one. For any other choices of B(x), such as B(x) = —log( 11(;2{) ), we can also find
a corresponding class /C function that relates a reciprocal CBF to a zeroing CBF defined in

Def. 2.3.

Remark 2.1 Strictly speaking, the CBF in Definition 2.3 should be called a candidate CBF
because «(-) is not fixed. For simplicity, we omit this qualification throughout the rest of
the book based on the premise that we can always find an appropriate CBF for the problems
we consider. In fact, in subsequent chapters, we show how to define a class /C function «(-)
such that there exists a control u € U that satisfies (2.13). A CBF is completely defined once
a(-) is specified. We may also replace the class K function in (2.13) by an extended class
IC function to ensure robustness to perturbations and compatibility with the Lyapunov-like
condition (2.10).

Example 2.2 (Example 2.1 revisited) For the ACC in Example 2.1, consider a different
safety constraint expressed as z > 1.8v + [y where the distance between the ego and its
preceding vehicle is now limited by a speed-dependent function; the constant 1.8s is the
typical time-to-collision (or driver reaction time) used in transportation systems (e.g., see
[67]). In order to apply (2.13), observe that L yb(x) = v, — v and Lyb(x) = —1.8, where
b(x) = z — 1.8v — g is a CBF. Thus, the corresponding CBF constraint in this case is
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v, —v+ =18 u+alz—1.8v—1Iy >0,
—_——
L_fb(x) Lgb(x)
where «(-) is a class I function that is not defined yet (the CBF b(x) in this example is

a candidate). The above constraint is a continuous constraint on the ego vehicle state and
control. In other words, the state-feedback safe controllers are given as a set:

ksafe(x) ={u e R:v, —v—1.8u+a(z—1.8v — Iy > 0}.

We conclude this section with an important theorem capturing a crucial property of CBFs
known as forward invariance:

Theorem 2.1 (Forward invariance of CBFs [2], [21]) Given a CBF b with the associ-
ated set C from (2.12), any Lipschitz continuous controller u(t), ¥Vt > 0 that satisfies
(2.13) renders the set C forward invariant for (2.11).

In simple terms, a system with dynamics of the form (2.7) that starts in a safe state x,
i.e., b(x) > 0, is guaranteed to remain safe as long as its control is selected to satisfy (2.13).

24  Control Lyapunov Functions

A CBF as defined in Definition 2.3 is a direct extension of the notion of a Control Lyapunov
Function (CLF), which is used to enforce stability or state convergence requirements. We
also introduce the definition of a CLF here since it is widely used in this book as well.

Definition 2.4 (Control Lyapunov Function (CLF)[1]) A continuously differentiable
function V : R” — R is an exponentially stabilizing Control Lyapunov Function
(CLF) for system (2.11) if there exist constants ¢; > 0, ¢ > 0, ¢3 > 0 such that for
allx € R, c1|lx|* < V(x) < callx|?,

ing[LfV(x) +LgV(x)u+c3V(x)] <0. (2.16)
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Theorem 2.2 ([1]) Given an exponentially stabilizing CLF V as in Definition 2.4, any
Lipschitz continuous controller u(t) that satisfies (2.16) for all t > ty exponentially
stabilizes system (2.11) to its origin.

2.5 Constrained Optimal Control Problem

We now consider a broad class of constrained optimal control problems which, as argued in
Chap. 1, are prohibitively difficult to solve in real time. We will see that by defining CBFs
corresponding to the constraints, we can replace them by modified ones of the form (2.13),
which lead to computationally efficient solutions suitable for real-time applications.

We formally set up a constrained optimal control problem as described next. The problem
consists of an objective function, a set of safety requirements expressed as hard constraints
on the system state, and a set of constraints on the control.

Objective: Consider the following cost function to be minimized for a system with
dynamics (2.11):

T
I;l(ltr)l/ C(lu()|dt + pl|x(T) — K|, (2.17)
0
where || - || denotes the 2-norm of a vector, C(-) is a strictly increasing function of its

argument, 7 > 0, and p, > 0. The second term above is a state convergence requirement
such that we wish the terminal state x (7') to reach a desired point K € R". This terminal
cost can be easily extended to multiple terminal costs for different state components.
Safety requirements: System (2.11) should always satisfy a safety requirement in the
form:
b(x(t)) >0, Vtel0,T], (2.18)

where b : R" — R is continuously differentiable.
Control constraints: System (2.11) is subject to control bounds in the form:

U={uekR? : uypy <u <t} (2.19)

where Ui, Umqax € R? and the inequalities are interpreted componentwise.

A control policy for system (2.11) is feasible if constraints (2.18) and (2.19) are satisfied
at all times. Note that state limitations are particular forms of (2.18) that only depend on the
state x. Central to this book is the study of the following problem that we will refer to as
Optimal Control Problem (OCP):

OCP: Find a feasible control policy (i.e., satisfying (2.18) and (2.19)) for system (2.11)
such that the cost (2.17) is minimized. O
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Remark 2.2 Before proceeding, we should point out that OCP is not as general as the
optimal control problem formulated in Chap. 1. First, even though the system dynamics
(2.11) are quite general, they are still required to be affine in control. Second, the cost function
(2.17) is limited to a dependence on control, and it does not allow state dependence over
[0, T'), except for a terminal state cost. Moreover, the time horizon 7 is fixed, excluding, for
example, minimum time problems, where minimizing 7 is part of the objective. Finally, an
implicit assumption in (2.18) is that b(x (¢)) is such that its time derivative explicitly includes
the control u; otherwise, Lgb(x) = 0 in the second term of (2.13), which prevents us from
employing a CBF constraint to specify u. The rest of the book is devoted to addressing all
of these limitations and detailing how they can be dealt with.

2.5.1 CBF-Based Approach

In order to make use of CBFs, the first step is to enforce the safety constraint (2.18) by
employing a CBF constraint through (2.13). As already explained, the latter is a sufficient
condition for the former to be satisfied, so it generally involves some conservativeness.
On the other hand, it provides an inequality that is linear in the control u, hence offering
a simple way for specifying the control that ensures satisfaction of (2.18). Moreover, it
possesses the forward invariance property of Theorem 2.1. The second step is to employ a
CLEF, as defined in Definition 2.4, to implement the desired state convergence expressed as
a terminal state cost in (2.17). Using this CBF/CLF approach, which for simplicity we refer
to as the CBF-based approach, the original problem OCP becomes OCP-CBF:

T
min j [Clu(®)]]) + pd2(D)]dt
u(t),8-(t) Jo

subject to
L¢b(x) + Lgb(x)u + a(b(x)) >0,
LpV@) + LV )u+eV(x) <35,

Umin = U =< Umqgx,

(2.20)

where V(x) = (x — K)T P(x — K), P is positive definite, and 8, is a relaxation variable
that allows us to treat the terminal state constraint in (2.17) as a “soft” CLF-based constraint
on the control by seeking values of §,(¢) to prevent it from conflicting with the CBF con-
straint. Naturally, Problem OCP-CBF (2.20) is not equivalent to OCP since the constraints
above are only sufficient conditions for the constraints in (2.18). However, as described next,
solving OCP-CBF (2.20) is a much simpler computational task and guarantees the satis-
faction of all safety and control constraints, assuming that feasible solutions indeed exist.
Therefore, the CBF-based formulation offers a tradeoff between computational complexity
and some potential conservativeness in the solutions it provides.
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It is of course possible to derive explicit analytical solutions to optimization problems
of the form OCP-CBF (2.20), especially when certain assumptions apply (e.g., see [4]).
However, this is not possible in general, especially when the number of safety constraints is
large. Alternatively, by treating the state x as an implicit decision variable, we can formulate a
receding horizon optimization problem. This, however, most likely results in CBF constraints
that are nonlinear in x and u (especially for nonlinear dynamics and constraints), which
makes the overall optimization problem hard to solve.

This motivates seeking a general-purpose procedure to ensure that OCP-CBF (2.20) can
always be efficiently solved, at least numerically, with any desired degree of accuracy. To
do so, following [2], we can discretize the time interval uniformly, and fix the state x of the
optimization problem within each time interval of length At to the value at the beginning
of the interval. Note that the CBF and the CLF constraints are then linear in control. This
allows us to formulate a sequence of convex optimization problems (in particular, quadratic
in the case of OCP-CBF (2.20) if C is a quadratic function), which can be efficiently solved.

We conclude this section by describing in detail the procedure for obtaining a complete
solution for OCP-CBF (2.20) through time discretization. Specifically, we partition the time
interval [0, T'] into a set of equal time intervals {[0, Ar), [At, 2At), ...}, with At > 0. In
each interval [wAt, (w + 1)At), w =0, 1,2, ..., we keep the state constant at its value
at the beginning of the interval and also assume that the control remains constant. We
then reformulate OQCP-CBF (2.20) as a sequence of point-wise optimization problems.
Specifically, at t = wAt,w =0,1,2, ..., we solve

min  C(|lu(D)]]) + pi8; (1)
u(t),8,(r)
s.t. Lyb(x) 4+ Leb(x)u + a(b(x)) > 0,

LiV(x)+LyV(x)u+e€V(x) <4,

Umin = U = Upqax,

(2.21)

where u(t), §(¢) with ¢ fixed at t = wAt are the decision variables of a point-wise Quadratic
Program (QP) if C(||u()||) is quadratic in u. By solving (2.21), we obtain the optimal values
u*(t), 8*(t). We then integrate (2.11) with control u*(¢) kept constant during [wAt, (v +
1)Ar). We emphasize again that this represents an approximate solution of the original
optimal control problem (2.17), since the optimization process above is performed point-
wise and the CBF constraints are only sufficient conditions for the original safety constraints
in (2.17). The last two chapters of this book include challenging constrained optimization
problems for autonomous systems that arise in transportation networks and robotics, where
the CBF-based method is shown to yield real-time solutions that guarantee safety and can
be shown to be near-optimal.

Remark 2.3 (Comparison between the CBF-based approach and Model Predictive Control
(MPC) ) In the MPC approach [51], the optimization is defined over a receding horizon.
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In contrast, the CBF method is myopic in the sense that the optimization is carried out
over a single step at a time. It follows that the MPC optimization process is more likely
to yield feasible solutions. However, it is significantly more demanding computationally as
the optimization is performed over state variables, in addition to control variables, and the
system dynamics are used as constraints. The optimization problem in the MPC approach
is also, in general, a nonlinear program.

2,5.2 Feasibility in the CBF-Based Approach

The CBF-based optimization problem OCP-CBF (2.20) based on the original OCP may
not have a solution. This would definitely be the case if the original problem itself is not
feasible. Here we focus on the interesting cases in which OCP is feasible and OCP-CBF
(2.20) is not. This can occur since we replaced the original safety constraints (2.18) with
CBF constraints. Feasibility depends, for instance, on the possible conflict between the CBF
constraints and the control bounds included in the formulation of OCP-CBF (2.20). This,
in turn, depends on the choice of class X functions that we select in (2.13).

The discretization QP-based solution approach presented in (2.21), can cause even more
feasibility problems. In particular, a critical issue in this approach is the proper choice
of Atr, which is related to the inter-sampling effect: we need to make sure that the CBF
constraint is satisfied within every time interval [wAz, (w + 1)At), o =0, 1,2, ..., 1.e., at
every (continuous) time instant in every interval. Otherwise, the forward invariance property
in Theorem 2.1 may be violated. It is, however, possible that while a QP has a feasible
solution at some time step, the next step’s QP fails to have a feasible solution unless this can
be explicitly ensured. There are several ways to address the inter-sampling effect, including
proper selection of the Lipschitz constant, as in [100]. This also opens up the question of
replacing the time-driven sequence of QPs in (2.21) by an event-driven mechanism, as, for
example, done in [63] using a procedure inspired from event-triggered control for Lyapunov
functions [58].

2.5.3 Time-Driven and Event-Driven CBFs

Most existing work to date based on the QP approach (2.21) uses a uniform time discretiza-
tion, i.e., time-driven CBFs. This is, however, not necessary if one can define proper events
such that the next QP is solved only when the conditions defining any such event are sat-
isfied. Therefore, a key challenge is to adapt this process to an event-driven mechanism so
as to determine the next time when a QP needs to be solved in order to guarantee safety. In
Chap. 7, we will present a robust event-driven CBF approach that also works for systems
with unknown dynamics. This will eliminate the need of selecting a sampling interval length
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At and instead define appropriate events whose occurrence determines the next time that an
instance of the convex optimization problem needs to be solved.

The next few chapters systematically address the feasibility problem in optimization
with CBFs. We will revisit the limitations presented earlier in Remark 2.2 along with the
question of determining an appropriate class X function « in Definition 2.3 that ensures the
existence of a CBF and, ultimately, the existence of solutions to the optimization problem
OCP-CBF (2.20). We begin in Chap. 3 with the issue that arises when the control does not
explicitly show up in the corresponding first derivative of a CBF b(x) associated with a safety
constraint b(x) > 0, This motivates extending CBFs to High-Order CBFs (HOCBFs).
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High Order Control Barrier Functions

3.1 High Order Barrier Functions

In Definition 2.3, it is easy to see that a controller ensuring the safety condition can only be
found if Lgb(x) # 0. This assumption, which limits the application of the approach from
the previous chapter, is illustrated in the example below.

Example 3.1 (Example 2.1 revisited) For the ACC system, recall that we require the dis-
tance z(t) between the ego vehicle and its immediately preceding vehicle to be greater than
a constant § > O for all the times, i.e.,

z(t) = 68,Y t > 1. 3.1

Letx(¢) := (v(t), z(t)) and b(x (¢)) = z(t) — 8. With «(-) from Definition 2.3 chosen as the
identity function, according to (2.13), in order to ensure safety, we need to have:

v —v+ 0 xu)+20)=8=0.

—_— (3.2)
Libx(r)) — LebG®) b(x (1)

Note that Lyb(x(t)) =0 in (3.2), i.e., u(t) does not show up. Therefore, this condition
provides no information on a proper control to be applied and we cannot use this CBF to
formulate an optimization problem as described at the end of Chap. 2. |

Motivated by this simple example, we begin by defining the concept of relative degree
for a given function.
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Definition 3.1 (Relative degree [26]) The relative degree of a (sufficiently) differ-
entiable function b : R” — R with respect to system (2.11) is the number of times
we need to differentiate it along the dynamics of (2.11) until any component of the
control u explicitly shows.

Since the function b is used to define a constraint b(x) > 0, we will also refer to the
relative degree of b as the relative degree of the constraint.

For the sake of generality, we consider a time-varying function to define an invariant set
for system (2.4). The proposed time-varying High Order Barrier Functions apply to time-
varying systems as well. For a m'” order differentiable function b : R” x [fy, o0) — R, we

recursively define a sequence of functions v; : R"” x [fg, 00) — R,i € {1,..., m} in the
form:

Yix, 1) = Yic1 (6, D+ (i1 (x,0), i€ {l,...,m}, (3.3)
where «;(-),i € {1,...,m} denote class K functions of their argument and ¥(x, t) =
b(x,1t).

We further define a sequence of sets C;(¢),i € {1, ..., m} associated with (3.3) in the
form:
Ct)y={xeR":y;_1(x,1) >0}, iefl,...,m}. (3.4)

Definition 3.2 (High Order Barrier Function (HOBF)) Let C;(t),i € {1, ..., m} be
defined by (3.4) and i (x, t),i € {1, ..., m} be defined by (3.3). A function b : R"” x
[fg, 00) — R is a High Order Barrier Function (HOBF) for (2.4) if it is m'" order
differentiable and there exist differentiable class K functions «;, i € {1,...m} s.t.

Ym(x,1) =0 (3.5)

for all (x,7) € C1(®)N, ..., NCy (1) X [ty, 00).

Theorem 3.1 ([71]) Theset C1(t)N, ..., NC,, (¢) isforward invariant for system (2.4)
if b(x,t) isa HOBE.

Remark 3.1 The sets C;(¢),i € {1, ..., m} should have a non-empty intersection at #
in order to satisfy the forward invariance condition starting from #y in Theorem 3.1. If
b(x(ty), tp) > 0, we can always choose proper class K functions «;(-),i € {1, ..., m}
to make ¥; (x(ty), to) > 0,Vi € {1, ..., m — 1}. There are some extreme cases, however,
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when this is not possible. For example, if ¥y (x (%), o) = 0 and 1/}0(x(to), o) < 0, then
Y1(x(tg), tp) is always negative no matter how we choose o1 (+). Similarly, if ¥ (x (t9), fp) =
0, 1&0 (x(t9), to) = O0and 1&1 (x(t0), t0) < 0,y (x(20), to) is also always negative, etc. To deal
with such extreme cases (as with the case when b(x(fg), t9) < 0), we would need a feasi-
bility enforcement method, which depends on the particular problem of interest. We shall
henceforth not consider extreme cases of this type.

3.2  High Order Control Barrier Functions (HOCBFs)

We are now ready to provide an extension of the CBF from Definition 2.3.

Definition 3.3 (High Order Control Barrier Function (HOCBF)) Let Ci(t),i €
{1,...,m} be defined by (3.4) and ¥;(x,?),i € {1, ..., m} be defined by (3.3). A
function b : R" x [f9, 0) — R is a High Order Control Barrier Function (HOCBF)
of relative degree m for system (2.11) if there exist differentiable class K functions
aj, i €{1,...,m}s.t

- 3"b(x, 1)
sup[L7b(x, 1) + Lo L™ 'b(x, Hu + ————=
wet ! why ar” (3.6)

+0b(x, 1) + ap(Ym-1(x,1)] = 0,

forall (x,7) € C1(1)N, ..., NCy(t) X [t9, 00). Ly, L denote the partial Lie deriva-
tives w.r.t. x along f and g, respectively, and O(-) is given by

m—1

Ob(x,0)= L@ 0 Ymi1) (X, )+

i=1

3" (@i © Ym—ic1)(x, 1)
att

Moreover, it is assumed that Lg.[:’]'}_lb(x, t) # 0 when b(x,t) = 0.

Similar to Definition 2.3, a HOCBF is defined when «; (-), i € {1, ..., m} are specified.
Subsequent chapters are dedicated to finding such functions. Given a HOCBF b(x, ), we
define the set of controls that satisfy:

Knoch (x, ) ={u € U : L}b(x, t)+.£g1:j}*1b(x, u

0"b(x,1) 3-7)
OB, D)+t (Y1 (x,1)) 2 0.
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Theorem 3.2 ([71]) Given a HOCBF b(x,t) from Definition 3.3 with the associ-
atedsets Ci(t),i € {1, ..., m}defined by (3.4), ifx(tg) € C1(tp)N, ..., NCp(t0), then
any Lipschitz continuous controller u(t) € Kpoepf(x(t),1), Yt > to renders the set
Ci()N, ..., NCy,(¢) forward invariant for system (2.11).

Remark 3.2 The general, time-varying HOCBF from Definition 3.3 can be used for gen-
eral, time-varying constraints (e.g., signal temporal logic specifications [31]) and systems.
However, many problems of interest have time-invariant system dynamics and constraints.
Therefore, in the rest of this book, we focus on such time-invariant versions for simplicity.
In other words, the time-invariant HOCBF constraint corresponding to (3.6) is in the form:

L'Tb(x) + LgL’}’_lb(x)u + Ob(x)) + amWYm_1(x)) > 0, (3.8)

where O(b(x)) = Y101 Ly (@i © Ymi—1)(x)

Remark 3.3 (Relationship between time-invariant HOCBF and exponential CBF in [43])
In Definition 3.2, if we set class K functions o1, &3 . . . &, to be linear functions with positive
coefficients, then we can get exactly the same formulation as in [43] that is obtained through
input-output linearization. i.e.,

Vi (x) = Yim1(x) + ki1 (x), i € {1,...,m}, (3.9)

wherek; > 0,i € {1, ..., m}. Therefore, the time-invariant version HOCBF we have defined
is a generalization of the exponential CBF introduced in [43].

Example 3.2 (Example 2.1 revisited) For the ACC example, the relative degree of the
constraint from (3.1) is 2. Therefore, we need a HOCBF with m = 2. We choose quadratic
class K functions for both () and ap (+), i.e., a1 (b(x(2))) = b2(x(t)) and ar (Y1 (x(2))) =
wlz(x(t)). In order for b(x(¢)) := z(¢) — & to be a HOCBF for (2.11), a control input u(z)
should satisfy

L2b(x (1)) + LgL pb(x (t)u(t) + 2b(x (1)L pb(x (1))

(3.10)
+(L pb(x (1)) + 20> (x ()L pb(x (1)) + b* (x (1)) = 0.

Note that Ly L sb(x(t)) # 0 in (3.10) and the initial conditions are b(x(#y)) > 0 and
b(x(19)) + b*(x(19)) = 0. |

In conclusion, to formulate a HOCBF-based optimization problem that guarantees safety
for systems with arbitrary relative degree, we simply replace the CBF constraint in OCP-
CBF (2.20) by the HOCBF constraint (3.8).
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3.3 ACCUsing HOCBFs

We are now ready to complete the ACC case study introduced in Example 3.1. For the
dynamics given by (2.8), we consider a cost J (1) = ft(t)f u?(1)dt and we require the vehicle
to achieve a desired speed vy = 24m /s. For this purpose, we defineaCLF V(x) = (v — vg)>
(see Definition 2.4).

We consider a control constraint —0.4g < u(t) < 0.4g, ¢ = 9.81m/s%. Note that the
relative degree of (2.5) is m = 2, and we define two different HOCBFs as in Definition 3.3
for b(x) = z — & by choosing linear and quadratic class K functions for both «(-), @2 (+)
in (4.1) with constants p; = p» = p > 0. In particular, we set p = 1, 0.02 for linear and
quadratic class K functions, respectively. We present the forward invariance of the set
C1 N Cy,where Cy := {x(t) : b(x(z)) > 0}and C := {x(¢) : Y1 (x(¢)) > 0}inFig.3.1. All
simulations were conducted in MATLAB. We used quadprog to solve the QPs and ode45
to integrate the dynamics. The remaining parameters in this problem are v(#y) = 20m/s,
z(tp) = 100m, vo(t) = 13.89m/s, 5 = 10m, At = 0.1s. Additional details can be found in
[71].

3.4  HOCBFs for Systems with Multiple Inputs

In this section, we consider systems with multiple control inputs where all or a desired
subset of the control components needs to be used. In this case, we need to guarantee
(safety) constraint satisfaction using HOCBFs such that this desired subset shows up in the
corresponding HOCBF constraint (3.8).

Suppose there is a safety requirement b(x) > 0 for system (2.11). If we enforce this
constraint using a HOCBF, we first need to determine the relative degree of b(x). As sys-

Linear
Quadratic 4

b(z(t))

20 25 30

Linear
Quadratic |

Ui (z(t))

15 20 25 30

Fig.3.1 The functions b(x(¢)) and ¥r{ (x (¢)) from Example 3.1 for linear (p = 1) and quadratic (p =
0.02) class ‘K functions, respectively. b(x(¢)) > 0 and ¥ (x(¢)) > 0 imply the forward invariance of
cCiNCy
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tem (2.11) has multiple control inputs, one option is to consider the relative degree as the
minimum number of times that we differentiate b(x) along the dynamics (2.11) until any
component of the control vector shows up in the corresponding derivative. However, this may
reduce the system performance, since it implies that only a limited set of control components
can be used to guarantee constraint satisfaction. As an example, to make an autonomous
vehicle satisfy a safety constraint with respect to a preceding vehicle using HOCBFs, we may
require the ego vehicle to follow the preceding vehicle or to overtake it. In the former case,
steering wheel control is not necessary to show up in the HOCBF constraint (3.8). However,
in the latter case, we wish that both the acceleration control and steering wheel control show
up in the HOCBF constraint (3.8). This can improve the mobility of an autonomous vehicle
compared to the former case, as well as significantly improve the feasibility of the resulting
HOCBF-based QPs in (2.21) when control bounds are involved.

In this section, we focus on the case where we wish all the components of the control
vector to show up in the HOCBF constraint (3.8). We can always fix the control (e.g.,
setting it to 0) of undesired control components in the HOCBF constraint (3.8) if we wish to
guarantee safety using some desired control components. In order to achieve this, we define
the relative degree set S C N of a function b : R” — R as follows:

Definition 3.4 (Relative degree set) The relative degree set S C N of a function b :
R" — R with respect to system (2.11) is defined by the ordered set of numbers of
times we need to differentiate b along system (2.11) until each component of the
control vector u first shows in the corresponding derivative.

This definition is illustrated in the following example along with some issues which we
will resolve through the use of integral HOCBFs in the next section.

Example 3.3 Consider a simplified unicycle model of a robot that has the form:

u . .
i =vcosf, y=uvsinb, 0=M2’ 0=¢, ¢=u, (3.11)
where (x, y) € R2 denotes the 2-D location of the system, v € R denotes the linear speed,
6 € R is the heading angle, ¢ € R denotes the rotation speed, M > 0 is the mass of the
system, and u; € R, u; € R stand for the angular acceleration and driven force (control
inputs), respectively.

Suppose we have a state constraint:

Ja—x0? + 6=y =, (3.12)
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where (xo, yo) € R%,andr > 0. Withb(x) := /(x — x0)2 + (y — yo)? — r, we can see that
the relative degree of b with respect to u is 3, and the relative degree of b with respect to
uy is 2. Therefore, the relative degree set of b(x) is S = {3, 2}.

When defining a HOCBF (taking class K functions o, a to be linear) for the constraint
(2.5) with respect to uy, i.e., the relative degree m = 2 in Definition 3.3, we have

L2b(x) + Lg, L pb(x)us + 2L sb(x) + b(x) = 0, (3.13)

where g» = [0, 0, ﬁ, 0, 017 is the second column of g(x) in (3.11) when it is written in
vector form.

We can also define a HOCBF (taking class K functions o1, @z, @3 to be linear) for the
constraint (3.12) with respect to u1, i.e., the relative degree m = 3 in Definition 3.3, and we
have

Lyb(x)+Lg L3b(x)ur+Lg[Lg, L pb(x)lua+ Ly, L b(x)ii

(3.14)
+3L5b(x) + 3Lg, L ;b(x)uz + 3L b(x) + b(x) = 0,

where g1 = [0, 0, 0,0, 177 is the first column of g(x) in (3.11) when it is written in vector
form. Note that the derivative of u is included in the above.

There is only one control input in the HOCBF constraint (3.13). The safety constraint
(3.12) can only be guaranteed using up (not u1) and the feasibility of the QPs (2.21) is
also impaired by control bounds as in (2.19). In other words, a robot can only use linear
deceleration to avoid the obstacle specified by the constraint (3.12). On the other hand, (3.14)
includes the derivative of u, and this introduces an additional problem (i.e., how to choose
it2) in the HOCBF-based QP. |

Before defining integral HOCBFs, we introduce some additional notation that will facil-
itate the analysis that follows. There may be some control components of u that are differ-
entiated at least once in the HOCBF constraint, and we define the ordered index set of those
differentiated control components as S;. The cardinality of S, isdenotedby Ny € N, Ny < g
where ¢ is the dimension of u. Let u,, denote the control vector that includes only those
control components whose derivatives are never present in the corresponding HOCBF con-
straint (e.g., 4, = u in (3.14)), and let U, denote the control constraint set, defined in
(2.19), corresponding to u,,. Let g, : R" — R"*@—Na) denote a matrix that is composed of
the columns of the matrix g(x) in (2.11) corresponding to each control component in u,,.

Let m denote the maximum relative degree of b(x) > 0 with respect to (2.11), i.e.,
m = maxyes k. Then, we define b(x) to be a HOCBF with relative degree mz. In order to
deal with the derivatives of the control components, we define auxiliary dynamics for each
uj, j € Sq thatis differentiated m ; times, 1 < m; < m:

wj = fij(u;)+gjwmvj, (3.15)

where u; = (uj 1, ujo,..., uj,mj) € R™J is the corresponding auxiliary state, and u; | =
uj, fj R — R", g; :R"™ — R™, and v; € R is a new control for the auxiliary
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dynamics (3.15) corresponding to u j. The relative degree of u ; (now a state variable) with
respectto (3.15)ism j, and u j can be initialized to any vector as long as u ; strictly satisfies its
control bound in (2.19). Although f;, g; may be arbitrarily selected, for simplicity, we may
define (3.15) in linear form, and initialize u x, k € {2, ..., m } to 0. Further, let v € RN«
be the concatenation of v, Vj € Sy, and let u, be the concatenation of u j, Vj € Sy. Thus,
uj, j € Sq, unlike u,, contains all control components whose derivatives appear at least
once in the HOCBF constraint.

Combining the auxiliary dynamics (3.15), we get the HOCBF constraint (relative degree
m) enforcing b(x) > 0:

LTb(x) + [Lg, LT b(x)]tty + O (b(x), g, v)
+om(Ym-1(x, ug)) > 0,

(3.16)

where O(-) is defined as in (3.8), but also includes the derivatives of u;,Vj € Sy, ie.,
ug.l), R u(.mj), and ui.mj) denotes the m;h derivative of u.

In order to apply the CBF-based QP approach in (2.21) so as to guarantee (safety) con-
straint satisfaction, we can take u,,, v;, Vj € Sy instead of u as the decision variables in each
QP. After solving the QP, we obtain the optimal u,,, v;,Vj € Sy for each time interval, and
the controls u j, j € Sy are obtained by solving (3.15). Since this is done by integration, we
call this integral control. We refer to the resulting HOCBF in (3.16) as an integral HOCBF
(iIHOCBF), and note that it is a class of integral control barrier functions [3].

As in (2.19), we have control bounds for each u j, j € Sy:

Ujmin = Uj = Uj max> (3.17)
where uj uin € R, uj max € R denote the minimum and maximum control bounds, respec-
tively. In order to guarantee the above control bound (3.17) under the auxiliary dynamics
(3.15), we define two HOCBFs for each u j, j € S; to map the bound from u; to v;. Letting
bjmin(Wj) =uj —ujmipand bj max ®j) = uj max — uj, we can then define the set of the
auxiliary control v that enforces (3.17):

Ua(ua) = (v € RN - L/ bj min(u) + OB min(u )
i—1
HngL?.j bjmin@j)Ivj + om; (Ym;—1(u;)) =0,
i (3.18)
mj—l
j

L';/.jbj,max(uj) + [ngLf bj,max(uj)]vj
+O0 (b max @) + e (Ym;—1 () = 0,Yj € Sg).

Through the equations above, the states of the auxiliary dynamics (3.15) are strictly bounded
for each vj, j € Sy4. This property is captured by the invariant sets defined as in (3.4):



3.4 HOCBEFs for Systems with Multiple Inputs 27

Definition 3.5 (Integral HOCBF) Let C1, Cy, ..., Ci be defined as in (3.4) and
Yolx, ug), Y1(x, ug), ..., ¥vm(x, uy) be defined as in (3.3). A function b : R* — R
is an integral HOCBF (iHOCBF) of relative degree m for system (2.11) if there exist
differentiable class K functions o1, a2, ..., oz and auxiliary dynamics (3.15) such

that _ _
sup  [L7b(x) + [Lg, L'~ 'b(x)uy
uy €Uy, veUy(ug) (319)

+0b(x), ua, v) + aim(Ym—1(x, uq))] > 0,
forall (x,u,) € C; NCaN, ..., NCsy.

Note that u;,Vj € Sy and their derivatives become state variables with the auxiliary
dynamics (3.15). All control inputs u,,, v are in linear forms if we fix x, u;, Vj € Sy. Similar
to Theorem 3.2, we also have the following:

Theorem 3.3 ([80]) Given an iHOCBF b(x) from Definition 3.5 with the associated
sets C1, Ca, ..., Cyrdefined asin (3.4), if (x(tp), u,(tp)) € C1 N CaN, ..., NCs, then
any continuously differentiable controller (u,(t), v(t)) € U, x Uy(u,), Vt > to that
satisfies the constraint in (3.19) renders the set C1 N CaN, . .., NCy forward invariant
for systems (2.11), (3.15). Moreover, the control u,, and integral controls u;,Vj € Sy
render C forward invariant for system (2.11).

Example 3.4 (Example 3.3 revisited.) For the unicycle introduced above, the minimum and
maximum relative degrees of (3.12) are 2 and 3, respectively. If we define a HOCBF with
relative degree 3 to enforce (3.12), we will have the derivative of u; in the corresponding
HOCBEF constraint. Following the above process, we may define the following simple aux-
iliary dynamics for us: 1 = v. Then, the HOCBF (taking class K functions o, o2, o3 as
linear functions) constraint (3.19) for (3.12) is

Lyb(x (1) + Lgy L3b(x(0)u1(t) + L p[Lg, L pb(x(1))Juz(t)
+Lg, L rb(x(t))v + SL?fb(x(t)) +3Lg, L b (x(t))uz(t) (3.20)

+3Lsb(x(t)) + b(x (1)) = 0,
where u; in the above is a state variable instead of a decision variable (control) in the QP.
The resulting u, applied to system (3.11) is obtained through the integration of the auxiliary

dynamics 17 = v. Meanwhile, the control bound for v is obtained through the two CBFs in
(3.18). |
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Remark 3.4 (HOCBFs for non-affine control systems) Suppose we have general nonlinear
systems (2.7) instead of affine control systems (2.11). Then, in order to apply the CBF-based
optimization approach introduced at the end of Chap. 2, we can simply augment (2.7) to the
following form:

X = f(x,u),

= fa(u)+ ga(wv,

where f; : R? — RY, g, : R? — R7*9, and v € RY is the auxiliary control as in (3.15).
Then, we can define iHOCBFs as shown above to guarantee safety for a general nonlinear
system (2.7).

(3.21)

3.5 Robot Control Using iHOCBFs

We now complete Example 3.3. For the robot with the unicycle model as in (3.11), we
consider the problem of determining a control law that minimizes

1y
J(u(r>)=/ [12(0) + 120)] di + plixp(ey) — X,
0]

where p > 0,x, = (x,y)and X € RR? is a terminal position, while satisfying the following
constraints:

Constraint 1 (Safety constraint): The robot should avoid collision with a circular obstacle
(see Fig.3.2) defined by the safety constraint (3.12).

Constraint 2 (Robot Limitations): The state and control limitations are defined as: v,,,;,, <
UV =< Umax, Omin < @ = Pmax> Wimin < UL < Ul maxs U2min < U2 < U2 max, where
Umin = 0, Umax > 0, @min = 0, Gmax > 0, u1 min < 0, Ul,max > 0, and U2 min < 0, U2 max
> 0.

The relative degrees of (3.12) with respect to (3.11) are 2 and 3 corresponding to u»
and u 1, respectively, and the relative degree set S = {3, 2}. We use iHOCBFs to implement
(3.12), and use a CLF to enforce the desired terminal state in the objective.

We conducted simulations in MATLAB to compare the effectiveness and performance of
the proposed HOCBFs for systems with multiple control inputs. The simulation parameters
are vg = Sm/s (desired speed), At = 0.1s, (x4, yq) = (65, 15),r = 5Sm, M = 1650kg,
Pmax = —Pmin = 0.6981rad /s, vimax = Sm/s, Vmin = 0, U1 max = —U1,min = 0.3491
rad/sz, U2 max= — U2.min = 3M.Therobotinitial state vectoris x (f9) = (5m, 15m, 0, 0, 0).

We also consider the case of implementing the safety constraint (3.12) with a standard
HOCBF (m = 2,1i.e., using (3.13)) to make a comparison between the original HOCBF and
the iHOCBFs. The simulation trajectories for all cases are shown in Fig. 3.3a-b.
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Fig.3.3 Angular and linear accelerations under different forms of HOCBFs

As shown in Fig. 3.2, if we implement the safety constraint (3.12) with a standard HOCBF,
only the control input u; shows up in the HOCBF constraint (3.13). In other words, the robot
can only use deceleration to avoid the obstacle, and thus it cannot get to the destination. This
is also demonstrated in its control profile in Fig.3.3a with u;(t) = 0, Vt € [1, tf] (black
solid line).
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Feasibility Guarantees for CBF-Based Optimal
Control

4.1 The Penalty Method

Recall that the construction of a HOCBF in Definition 3.3 relies on the sequence of the
Y (x) functions defined through (3.3). The penalty method is based on multiplying the class

K functions ¢; (-) in Eq. (3.3) with penalties (weights) p; > 0,i € {1, ..., m} to obtain:
Vi (x) = Yim1(x) + pioi (Yim1(x)), i €{l,...,m}. 4.1
Since we assumed that the control set U and the state space X are closed, we can define
Umin = __inf_ [=Lg L'}~ 'b(x(t)ul,
xeX,uelU

Unax := sup [=LgL'} ™ b(x())ul,

xeX,uelU

Fpin = inf [L’}'b(x)].
xeX

The following theorem provides conditions for guaranteeing, through the use of penalties,
the feasibility of each QP (2.21) used to solve the optimization problem OCP-CBF (2.20):

Theorem 4.1 ([72]) If Unax < Fnin, then there exist (small enough) p; > 0,i €

{1, ..., m} such that the control limitations (2.19) do not conflict with the HOCBF
constraint (3.8), Vx(to) € C1 N -+ - N Cy,.
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Proof 1t follows from the sequence of equations in (4.1) that p1, pa2, ..., pm—1 Will appear
in all terms of O(b(x)) in (3.8), i.e., O(b(x)) =0if p; =0,Vie 1,2,...,m — 1. Since
Pm shows up in the last equation of (4.1), we have

—LoL™ "bx)u < L'} b(x)

if pi=0,¥i€1,2,...,m.Since L}b(x) > Fyin, if —LgL’}”'b(x)u < Fyin, then the
last constraint is satisfied.
The control bound on u in (2.19) always satisfies

Unin < L Lm lb(x)u =< Unax.

Since Fpin = Unax, the intersection of the sets determined by the last two inequalities
is always non-empty, i.e., the intersection of the control bounds (2.19) and the HOCBF
constraint (3.8) is always non-empty. We conclude that there exist small enough penalties
p1>0,p2>0,..., pn > 0 such that the control limitations (2.19) will not conflict with
the HOCBF constraint (3.8). [l

The following corollary provides simpler conditions for some systems (e.g., (2.8) in
Example 2.1) that satisfy extra properties:

Corollary 4.1 ([72]) If 0 € U and L’j'}b(x) > 0,Vx € X, then there exist (small
enough) p; > 0,i € {1, ..., m} such that the control limitations (2.19) do not conflict
with the HOCBF constraint (3.8), Vx(ty) € C;1 N --- N Cy,.

Proof Similar to the proof of the last theorem, we have
—LgL’]'!_lb(x)u < L'7b(x),

if p; =0,Vi el,2,...,m. Since Lmb(x) >0,Vx e X,if —L, Lm 1b(x)u < 0, then the
last constraint is satlsﬁed The 0 vector is included in the last equatlon and 0 € U. There-
fore, there exist small enough penalties p; > 0, p» >0, ..., p,, > 0 such that the control
limitations (2.19) do not conflict with the HOCBF constraint (3.8). O

Example 4.1 (Example 2.1 revisited) For the ACC problem introduced in Example 2.1,
szb(x) = 0. If 0 is included in the control bound, then, from Corollary 4.1, it follows that
the HOCBEF constraints do not conflict with the control bound when we choose small enough
penalties pi, pa for oy (-), ez (+). |



4.1 The Penalty Method 33

In order to apply the penalty method in practice, suppose that for some given class K
functions «; (+),i € {1, ..., m} in a HOCBF b(x), we observe that the QP (2.21) becomes
infeasible for some x € C1 N --- N Cy,, or it becomes infeasible at some time ¢ € [1g, t7].
Then, we restart from time #g and add penalties to the class K functions as in (4.1). Note that,
when penalties are applied, the sets C;, i = 2, ..., m will be affected. By random selection,
we try to find penalty values such that x(#)) € C1 N --- N Cy,. If the optimization problem
becomes feasible, then we are done. Otherwise, we decrease the value of p1, as p; shows up
in all the v; (-) functions in (4.1), hence decreasing p; is the most efficient way among all the
penalties to make the problem feasible. However, decreasing p; can significantly shrink Cp,
which might result in x(#p) ¢ C» as shown in (3.4). In order to avoid this, we can proceed
by decreasing p», and recursively try to find penalties such that x(fp) € C1 N --- N Cp,.

Example 4.2 (Example 3.1 revisited) We return to the ACC problem in Example 3.1. The
problem setup and model parameters are the same as in Sect. 3.2. We define b(x) =z —§
as a HOCBF with m = 2. Since szb(x) = 0, the conditions in Corollary 4.1 are satisfied
and we can find small enough p1, p> such that the problem is feasible. The control input in
this case for quadratic class K functions is shown in Fig.4.1. The dashed lines denote the
values of the right-hand side of the HOCBF constraint (3.8), i.e., rewriting (3.8) as

Lb(x) + O (b)) + et (Y1 ()
u <
- —Lg L'} 'b(x)

=002

{.fn’ S}T

_J

—Cdg

max:ip = (.1
=gt

u(t)/(m/s?)
Z
A

max:ip=1"
Max::y, -

==pr=1
—p=0.1
—p =10.02

<

SN N —m——_

10 20 3 40 5 6 70 8 9
b(z(t))

o

Fig.4.1 Control input u(¢) as b(x(t)) — 0 for different p when using a quadratic class K function.
All the solid lines (black, red, blue) start from b(x) = 90. They coincide before the corresponding
HOCBF constraint becomes active (e.g., the red solid line can only be seen after b(x) <= 45), when
the solid line starts overlapping with its associated dashed line. The arrows denote the changing trend
for b(x(¢)) with respect to time
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and the solid lines are the optimal controls. When the dashed lines and solid lines coincide,
the HOCBEF constraint for b(x) is active. In Fig. 4.1, the HOCBF constraint does not conflict
with the braking limitation —cyg when p = 0.02 for a quadratic class K function. The
minimum control input (negative) increases as p decreases. |

4.2  Sufficient Conditions for Feasibility

Recall that the discretization method introduced at the end of Chap. 2 for solving the
CBF/HOCBF-based optimization problem QOCP-CBF (2.20) leads to the sequence of QPs
(2.21). Consider any such QP over a time step [7, 7 + Ar). After we apply the constant
u* (1) to system (2.11) starting at x (¢) for this whole interval [, f + At), it is possible that
we end up at a state where the HOCBF constraint (3.8) conflicts with the control bounds
(2.19); this clearly would render the QP corresponding to the next time interval infeasible.!
To avoid this, our approach in this section is to define an additional feasibility constraint
br(x) > 0. Note that this approach is more general than the penalty method in the previous
section; however, it usually requires an additional effort to find proper sufficient conditions
for feasibility.

Definition 4.1 (Feasibility Constraint) Suppose the QP OCP-CBF (2.20) is feasible
at the current state x(7), f € [0, T). A constraint bg(x) > 0, where br : R" — R,
is a feasibility constraint if it makes the QP corresponding to the next time interval
feasible.

In order to ensure that the QP OCP-CBF (2.20) is feasible for the next time interval, a
feasibility constraint b (x) > 0 should have two important features: (i) it guarantees that
the HOCBF constraint (3.8) and the control bound (2.19) do not conflict, (i) the feasibility
constraint br(x) > 0 itself does not conflict with both (3.8) and (2.19) at the same time.

An illustrative example of how a feasibility constraint works is shown in Fig.4.2. An
agent (e.g., robot) whose control is determined by solving a sequence of QPs OCP-CBF
(2.20) is about to get close to an obstacle at the following step. The next state may be
infeasible for the QP associated with that next step. For example, the state denoted by the
red circle in Fig.4.2 may include a large speed component such that the agent cannot find
a control (deceleration or heading) to avoid the obstacle at the next step. However, if we
include a feasibility constraint that can prevent the agent from reaching this state, then this
next QP is feasible.

After we determine a feasibility constraint of the form br(x) > 0, we can enforce it
through a CBF and take it as an additional constraint for OCP-CBF (2.20) in order to
guarantee feasibility given a system state x. We show how we can determine an appropriate
feasibility constraint in the sequel. First, we provide a simple example to illustrate the need
for a feasibility constraint when dealing with the CBF-CLF-based QPs OCP-CBF (2.20).

I Note that, since the CLF constraint is relaxed, it does not affect the feasibility of the QP.
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Fig.4.2 An illustration of how
a feasibility constraint works
for an obstacle avoidance obstacle obstacle
problem. Adding an
appropriate feasibility

constraint at the current state infeasible state | ~._ infeasible state
prevents the agent from going @ \\\ g
into the infeasible next state )
./feasﬁnle state
current state current state
Without feasibility constraint With feasibility constraint

Example 4.3 (Adaptive Cruise Control) This example is based on the simple ACC problem
in Example 2.1, but considers a more complex model for the vehicle dynamics:

0 (1) —w B, [
[Z(t):| |: vy — () 0 @ 4.2)
—— —_—— —
x (1) fx(@) g(x(1)
where M denotes the mass of the ego vehicle, z(¢) denotes the distance between the preceding
and the ego vehicles, v, > 0, v(¢) > 0 denote the speeds of the preceding and the ego

vehicles, respectively, and F, (v(¢)) denotes the resistance force, which is expressed [26] as:

Fr(v(0) = fosgn(u(®) + fiv(®) + fro* (1),

where fo > 0, fi > 0 and f, > 0 are scalars determined empirically. The first term in
F,(v(z)) denotes the Coulomb friction force, the second term denotes the viscous friction
force and the last term denotes the aerodynamic drag. The control u(¢) is the driving force
of the ego vehicle subject to the constraint:

—caMg = u(t) <coMg, vVt =0, (4.3)

where ¢, > 0 and ¢; > 0 are the maximum acceleration and deceleration coefficients,
respectively, and g is the gravity constant.

We require that the distance z(7) between the ego vehicle and its immediately preceding
vehicle be greater than [y > 0, i.e.,

2(t) > Iy, Vit >0. 4.4)

Letb(x(t)) := z(¢t) — lp. Therelative degree of b(x (¢)) ism = 2, so we choose a HOCBF
following Definition 3.3 by defining ¥ (x(?)) := b(x(¢)), a1 (Yo (x(2))) := p1¥o(x(¢)) and
ar (Y1 (x(2))) = pavr1(x(2)), p1 > 0, p2 > 0. We then seek a control for the ego vehicle
such that the constraint b(x(¢)) > 0 is satisfied. The control u(¢) should satisfy (3.8), which
in this case is:
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Fr(u(1))
v o~ u(t) + p1(v, — (1))
o
L?cb(x(t)) LgL¢b(x(1)) (b(x(®))) “5)

+ p2(vp —v(@)) + p1p2(2(t) — lp) = 0.
(Y1 (x (1))

2
Suppose we wish to minimize fOT (W) dt in the constrained optimal control

problem OCP-CBF (2.20). Applying the QP-based method OCP-CBF (2.20), note that

the HOCBF constraint above can easily conflict with —c; Mg < u(t) in (4.3), i.e., the ego

vehicle cannot brake in time under control constraint (4.3) so that the safety constraint

(4.4) is satisfied when the two vehicles get close to each other. This is intuitive to see when

we rewrite (4.5) in the form of an acceleration constraint:

Fr(v(1))
M

1
—u(r) <

v; +(p1+p2)(Wp—v(@®))+p1p2(z(t)—1o). (4.6)

The right-hand side above is usually negative when the two vehicles are close to each other.
If it is smaller than —cy M g, the HOCBF constraint (4.5) will conflict with —c; Mg < u(t)
in (4.3). When this happens while solving a specific QP, this QP will be infeasible. |

In the rest of this section, we show how we can solve in general terms the infeasibil-
ity problem illustrated in the example above by constructing a feasibility constraint as in
Definition 4.1.

4.2.1 Feasibility Conditions for Constraints with Relative Degree One

For ease of exposition, we start our analysis with feasibility constraints for a relative-degree-
one safety constraint, and then generalize it to the case of high-relative-degree safety con-
straints. It will become clear, however, from the overall analysis that the determination of
an appropriate b (x) does not depend on the relative degree of the constraints.
Suppose we have a constraint b(x) > 0 with relative degree one for system (2.11), where
b : R" — R. Then, we can define b(x) as a HOCBF with m = 1 as in Definition 3.3, i.e.,
we have a “traditional” first order CBF. Following (2.13), any control # € U should satisfy
the CBF constraint:
— Lgb(x)u < Lyb(x) + a(b(x)), 4.7)

where a(+) is a class K function of its argument. We define a set of controls that satisfy the
last equation as:

Kx)={ueckR?: —Lgb(x)u < Lyb(x) + a(b(x))}. 4.8)
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Our analysis for determining a feasibility constraint depends on whether any component of
the vector Lgb(x) will change sign within the time interval [0, T'] or not.

1.The case when all components in L b(x) do not change sign
In this case, the inequality constraint for each control component does not change sign if
we multiply each component of Lyb(x) by the corresponding one of the control bounds
in (2.19). Therefore, we assume that Lgh(x) < 0 (componentwise), 0 € R? in the rest of
this section. The analysis for other cases (each component of L,b(x) is either non-negative
or non-positive) is similar. Not all the components in Lgb(x) can be 0 due to the relative
degree definition in Definition 3.1. We can multiply the control bounds (2.19) by the vector
—Lgb(x), and get

— Lgb(X)umin < —Lgb(x)u < —Lob(X)Uumax. 4.9)

The control constraint (4.9) is actually a relaxation of the control bound (2.19) as we multiply
each component of Lyb(x) by the corresponding one of the control bounds in (2.19), and
then add them together. We define

Uex(x) ={u € R : —Lgb(X)Umin < —Lob(X)u < —Lgb(X)Umax}. 4.10)

We also provide the following formal definition describing how two or more state-
dependent control constraints are “conflict-free”:

Definition 4.2 (Conflict-free control constraints) We say that two (or more) state-
dependent control constraints are conflict-free if the intersection of the two (or more)
sets defined by these constraints in terms of  is non-empty for all x € X.

Looking at (4.10), it is obvious that U is a subset of U, (x). An example of a two-
dimensional controlu = (u1, u) is shown in Fig. 4.3. Nonetheless, the relaxation set U, (x)
does not negatively affect the property of the following lemma:

Lemma 4.1 ([79]) Ifthe controlw in (2.11) is such that (4.9) is conflict-free with (4.7)
forall x € X, then the control bound (2.19) is also conflict-free with (4.7).

Proof Let g =(g1,...,8,) in (2.11), where g; : R" — R",i, e {1,..., ¢} and we can
write: Leb(x) = (Lg,b(x), ..., Lg, b(x)) € R*4. For the control bounds Ui min < Ui <
Ui max-1 €{1,...,q}in (2.19), we can multiply by —Lg, b(x) and get
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_Lgb(x)u = _Lyb(x)urrifri
_Lyb(x)u = _Lgb(x)unmx
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Fig. 4.3 The relationship between U C U,y (x) and U,y (x) in the case of a two-dimensional con-
trol u = (u1, up). The magnitude of Lgb(x) determines the slopes of the two lines (hyperplanes)
—Lgb(x)u = —Lgb(X)umax and —Lgh(x)u = —Lgb(x)u,;,. If there exists acontrol ¢y € Uex (x)
that satisfies the CBF constraint (4.7) (on the boundary), then there exists a control ¢» € U that also
satisfies the CBF constraint (4.7) (on the boundary)

_Lgib(x)ui,min = _Lgib(x)ui = _Lgib(x)ui,mam iefl,....q},

as we have assumed that Lyb(x) < 0. If we take the summation of the inequality above
over all i € {1, ..., g}, then we obtain the constraint (4.9). Therefore, the satisfaction of
(2.19) implies the satisfaction of (4.9). Then, U defined in (2.19) is a subset of U, (x). It is
obvious that the boundaries of the set U, (x) in (4.10) and K (x) in (4.8) are hyperplanes,
and these boundaries are parallel to each other for allx € X. Meanwhile, the two boundaries
of U,y (x) pass through the two corners #min, Umax Of the set U (a polyhedron) following
(4.10), respectively. If there exists a control c; € U, (x) (e.g., in Fig.4.3) that satisfies (4.7),
then the boundary of the set K (x) in (4.8) lies either between the two hyperplanes defined
by U,y (x) or above these two hyperplanes (i.e., U.x(x) is a subset of K(x) in (4.8)). In
the latter case, the lemma is true as U is a subset of U, (x). In the former case, we can
always find another control c» € U (e.g., in Fig.4.3) that satisfies (4.7) as the boundary of
K (x) in (4.8) is parallel to the two U,,(x) boundaries that respectively pass through the
tWO COrners Umin, Umax Of the set U. Therefore, although U is a subset of U, (x), it follows
that if (4.9) is conflict-free with (4.7) in terms of u for all x € X, the control bound (2.19)
is also conflict-free with (4.7). U

Motivated by Lemma 4.1, in order to determine if (4.7) complies with (2.19), we may
just consider (4.7) and (4.9). Since there are two inequalites in (4.9), we have two cases to
consider: (i) — Lgb(x)u < —Lgb(X)umax and (4.7) and (ii) — Lgb(X)umin < —Lgb(x)u
and (4.7). It is obvious that there always exists a control u such that the two inequalities
in case (i) are satisfied for all x € X, while this may not be true for case (ii), depending
on x. For example, the CBF for the rear-end safety constraint (2.5) in the ACC problem of
Example 2.1 may conflict with the maximum braking force —c;Mg < 0, and it will never

conflict with the maximum driving force ¢, Mg > 0 as the ego vehicle needs to brake when
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it gets close to the preceding vehicle in order to satisfy the safety constraint (2.5). Therefore,
in terms of avoiding the conflict between the CBF constraint (4.7) and control bounds (4.9)
that leads to the infeasibility of problem OCP-CBF (2.20), we wish to satisfy:

L b(x) + a(b(x)) = —Lgb(X)ttmin. .11

This is called the feasibility constraint for problem OCP-CBF (2.20) in the case of a
relative-degree-one safety constraint b(x) > 0 in (2.18). Observe that the relative degree
of the feasibility constraint (4.11) is also one with respect to dynamics (2.11), since it is
entirely dependent on b(x).

The next step is to determine a control such that the feasibility constraint (4.11) is guar-
anteed to be satisfied. Towards this goal, we treat (4.11) as a constraint to be satisfied and
define an associated candidate CBF b (x) just like in Definition 3.3:

br(x) = Lpb(x) + a(b(x)) + Leb(®)ttnin > 0. (4.12)

Then, if b (x(0)) > 0, we can obtain a feedback controller # € K (x) defined below that
guarantees the CBF constraint (4.7) and the control bounds (2.19) do not conflict with each
other:

Kr(x)={ueR?:Lsbp(x)+ Lebr(x)u +ay(bp(x)) > 0}, (4.13)

where a7 (+) is a class K function. This is formalized in the following theorem.

Theorem 4.2 ([79]) If OCP is initially feasible and the CBF constraint in (4.13)
corresponding to (4.11) does not conflict with both the control bounds (2.19) and
(4.7) at the same time, any controller u € K p(x) guarantees the feasibility of problem
OCP-CBF (2.20).

Proof 1f OCP is initially feasible, then the CBF constraint (4.7) for the safety requirement
(2.18) does not conflict with the control bounds (2.19) at time 0. It also does not conflict
with the constraint (4.9) as U is a subset of U,, (x) that is defined in (4.10). In other words,
br(x(0)) > 0 holds in the feasibility constraint (4.11). Thus, the initial condition for the
CBF in Definition 3.3 is satisfied. By Theorem 3.2, we have that bp(x(t)) > 0,Vr > 0.
Therefore, the CBF constraint (4.7) does not conflict with the constraint (4.9) for all r > 0.
By Lemma 4.1, the CBF constraint (4.7) also does not conflict with the control bound (2.19).
Finally, since the CBF constraint in (4.13) corresponding to (4.11) does not conflict with
the control bounds (2.19) and (4.7) at the same time by assumption, we conclude that the
feasibility of the problem is guaranteed. O
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The condition that the CBF constraint in (4.13) corresponding to (4.11) does not conflict
with both the control bounds (2.19) and (4.7) at the same time from Theorem 4.2 is strong.
Moreover, even if this condition is not satisfied, then the problem can still be infeasible.
In order to relax this condition, one option is to recursively define other new feasibility
constraints for the feasibility constraint (4.11) to address the possible conflict between (4.13)
and (2.19), and (4.7). However, the number of iterations is not bounded, thus leading to a
potentially large (unbounded) set of feasibility constraints.

In order to address the unbounded iteration issue in finding feasibility constraints, we will
instead try to express the feasibility constraint in (4.13) so that it is in a form that is similar
to that of the CBF constraint (4.7). If this is achieved, we can make these two constraints
compliant with each other, thus addressing the unbounded iteration issue mentioned above.
Therefore, we try to construct the CBF constraint in (4.13) so that it takes the form:

Lb(x)+ Lgb(x)u +a(b(x)) +o(x,u) >0 4.14)

for some appropriately selected function ¢(x, u). One obvious choice for ¢(x, #) imme-
diately following (4.13) is @(x,u) = Lybp(x) + Lebp(x)u +ay(bp(x)) — Lsb(x) —
Lgb(x)u — a(b(x)), which can be simplified through a proper choice of the class K func-
tions a(-), o r(-), as will be shown next. Since we will eventually include the constraint
¢(x, u) > 0 into our QPs (shown later) to address the infeasibility problem, we wish its
relative degree to be low. Otherwise, it becomes necessary to use HOCBFs to make the con-
trol show up in enforcing ¢ (x) > 0 (instead of ¢ (x, u) > 0 due to its high relative degree),
which could make the corresponding HOCBF constraint complicated, and make it easily
conflict with the control bound (2.19) and the CBF constraint (4.7), hence leading to the
infeasibility of the QPs. Therefore, we define a candidate function as follows (note that a
relative-degree-zero function means that the control u directly shows up in the function
itself):

Definition 4.3 (Candidate ¢ function) A function ¢(x, u) in (4.14) is a candidate ¢
function if its relative degree with respect to the systems dynamics (2.11) is either one
or Zero.

Our task, therefore, is to determine a candidate ¢ function. Based on the reformulation
of the CBF constraint in (4.13), we can properly choose the class K function «(-) in (4.7). A
typical choice for «(+) is a linear function, in which case we automatically have the constraint
formulation (4.14) by substituting the function b (x) from (4.12) into (4.13), and get

9(x.u) = LIb(x) + LgLsb(x)u + L f(Lgh(X)tmin)
+Lg(Lgb()upmin)u + o £ (bp (x)) — b(x).
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Note that it is possible that Ly L sb(x) = 0 and Lg(Lgb(x)upiy) = 0, depending on the
dynamics (2.11) and the CBF b(x). In this case the relative degree of ¢(x, u) (written as
@(x)) is one, since o ¢ (bp(x)) is contained in it and b (x) is a function of b(x).

If the relative degree of ¢(x, u) is zero (e.g., LgL fb(x) = 0 and Lg(Lgb(x)upin) =0
are not satisfied above), we require that

p(x,u) >0, (4.15)

such that the satisfaction of the CBF constraint (4.7) implies the satisfaction of the CBF
constraint (4.14), and the satisfaction of the CBF constraint (4.14) implies the satisfaction of
(4.11) by Theorem 3.2, i.e., the CBF constraint (4.7) does not conflict with the control bound
(2.19). Moreover, if (4.15) happens to not conflict with both (4.7) and (2.19) at the same
time, depending on the CBF b(x) and the dynamics (2.11), then the QPs are guaranteed to
be feasible.

The CBF constraint (4.13) for the feasibility constraint is similar to the CBF constraint
(4.7) for safety by properly defining the class K functions o, oy, which generates (4.15) that
needs to be satisfied. Therefore, the QP feasibility can be improved, and even be guaranteed,
if constraint (4.15) satisfies similar conditions as shown in Theorem 4.3. This is more helpful
in the case of safety constraints with high relative degree (considered in the next section) as
the HOCBEF constraint (3.8) has many complicated terms; therefore, it is better to remove
these terms in the feasibility constraint and just consider (4.15) in the QP in order to make
(4.15) compliant with (4.7) and (2.19).

If the relative degree of a candidate ¢ (x, u) with respect to (2.11) is one, i.e., ¢(x, u) =
¢(x), we define a set Uy (x):

Us(x) ={u € RY : Lyp(x) + Lgp(x)u + ay(¢(x)) = 0} (4.16)

where o, (+) is a class K function. Within the set of candidate functions ¢ (x), if we can find
one that satisfies the conditions of the following theorem, then the feasibility of problem
OCP-CBF (2.20) is guaranteed:

Theorem 4.3 ([79]) If o(x) is a candidate ¢ function suchthat ¢(x(0)) > 0, L fp(x) >
0, Lep(x) = yLgh(x), for some y > 0,Yx € X and 0 € U, then any controller
u(t) € Us(x), Vt > 0 guarantees the feasibility of problem OCP-CBF (2.20).

Proof Since ¢(x) is a candidate ¢ function, we can define a set Us(x) as in (4.16). If
¢(x(0)) > O0and u(r) € Us(x), YVt = 0, we have that ¢(x(t)) > 0, Vt > 0 by Theorem 3.2.
Then, the satisfaction of the CBF constraint (4.7) corresponding to the safety constraint (2.18)
implies the satisfaction of the CBF constraint (4.14) (equivalent to (4.13)) for the feasibility
constraint (4.11). In other words, the CBF constraint (4.7) automatically guarantees that it
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will not conflict with the control constraint (4.9) as the satisfaction of (4.14) implies the
satisfaction of (4.11) following Theorem 3.2 and (4.11) guarantees that (4.7) and (4.9) are
conflict-free. By Lemma 4.1, the CBF constraint (4.7) will also not conflict with the control
bound U in (2.19), i.e. K(x) N U # @, where K (x) is defined in (4.8).

Since L fe(x) > 0, we have that 0 € Uy(x). We also have 0 € U(x), thus, Us(x) N
U # ¥ is guaranteed. Since Ly (x) = y Lob(x), y > 0, the two hyperplanes of the two
half spaces formed by Us(x) in (4.16) and K (x) in (4.8) are parallel to each other, and
the normal directions of the two hyperplanes along the half space direction are the same.
Thus, Us(x) N K (x) is either Us(x) or K(x), i.e., either Us(x) N K(x) N U = Us(x) N
UorUs(x)NKx)NU =Kx)NU. As Us(x) NU # ¥ and K(x) N U # @, we have
Us(x)N K(x) NU # @, Vx € X. Therefore, the CBF constraint (4.7) does not conflict with
the control bound (2.19) and the CBF constraint in Ug(x) at the same time, and we can
conclude that the problem is guaranteed to be feasible. 0

The conditions in Theorem 4.3 are sufficient conditions for the feasibility of problem
OCP-CBF (2.20). Under these conditions, we can claim that ¢ (x) > 0is a single feasibility
constraint that guarantees the feasibility of problem OCP-CBF (2.20) in the case that the
safety constraint (2.18) is with relative degree one, i.e., m = 1 in (3.8).

The conditions that the function ¢(x) must satisfy in Theorem 4.3 may be conservative
and determining such a function is a nontrivial problem. For a general system (2.11) and
safety constraint (2.18), we can parameterize the definition of the CBF (4.7) for the safety and
the CBF constraint for the feasibility constraint (4.13), i.e., parameterize «(-) and ar(-),
such as the form in [74]. We can then choose the parameters to satisfy the conditions in
Theorem 4.3.

On the other hand, for some special classes of dynamics (2.11), we can design a systematic
way to derive such ¢(x) functions. In the case of such dynamics, we may even relax some
of the conditions in Theorem 4.3. For example, if both the dynamics (2.11) and the safety
constraint (2.18) are in linear forms, then the condition L@ (x) = y Lyb(x), forsome y > 0
in Theorem 4.3 is satisfied, and thus this condition is removed. An example of determining
a function ¢(x) for the ACC problem in Example 4.3 is given in Example 4.4 at the end of
this section.

Returning to the optimization problem OCP-CBF (2.20) in which C(-) is quadratic, we
can now obtain a feasible version of this problem in the form:

T
min / u@®)]> + p,&rz(t)]dt 4.17)
u(r),8-(t) Jo

subject to the feasibility constraint (4.15) if the relative degree of ¢(x, u) is 0; otherwise,
subject to the CBF constraint in (4.16), and all constraints in OCP-CBF (2.20). Here,
¢(x) satisfies the conditions in Theorem 4.3 for (4.16), and (4.15) is assumed to be non-
conflicting with the CBF constraint (4.7) and the control bound (2.19) at the same time. In
order to guarantee feasibility, we may try to find a ¢(x) that has relative degree one and
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Sufficient conditions

Fig.4.4 Overall process of
solving the constrained optimal
control problem with the
feasibility guaranteed CBF

Offline

Feasibility constraint

method | . -
i| Control bounds l -| Cost | l Safety constraint |
Reformulated into Partition [0, T]
CBF-based QP into [ty, trsr)

Update dynamics l" (te)] Solve the
(1) for (t, tr+1) QP at ty,

Online control

that satisfies the conditions in Theorem 4.3. The overall process of solving the constrained
optimal control problem with the feasibility guaranteed CBF method is described in Fig. 4.4.

2.The case when some components in L b(x) change sign
Recall that Lob(x) = (Lg, b(x), ..., qub(x)) e R4 and let u = (uy, ..., Ug), Umin =
(Ml,minw--vuq,min) <0, Umax = (ul,max»~~~auq,max) >0,0cRY. If Lg,-b(x)a
i €{l,...,q} changes sign in [0, T'], then we have the following two (symmetric and
non-symmetric) cases to consider in order to find a valid feasibility constraint.

Case 1: the control bound for u;,i € {1, ..., g} is symmetric, i.e. 4; max = —4; min. In
this case, by multiplying —Lg, b(x) by the control bound for u;, we have

- Lgib(x)ui,min = _Lgib(x)ui = _Lgib(x)ui,max (4.18)

if Lg;b(x) < 0.When L, b(x) changes sign at some time 71 € [0, T'], then the sign of the last
equation is reversed. However, since #; max = —U; min, We have exactly the same constraint
as (4.18), and —Lg, b(x)u; min Will still be continuously differentiable when we construct
the feasibility constraint as in (4.11). Therefore, the feasibility constraint (4.11) will not be
affected by the sign change of L, b(x),i € {1,...,q}.

Case 2: the control bound for u;, i € {1, ..., g} is not symmetric, i.e., #; max 7 —U; min-
In this case, we can define:

Uj lim ‘= min{mi,minl, ui,max} (4.19)
Considering (4.19), we have the following constraint:
— Ujlim = Ui < Uj lim- (4.20)

The satisfaction of the last equation implies the satisfaction of #; min < #; < #; max in (2.19).
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If Lg;b(x) < 0, we multiply the control bound by — L, b(x) for ; and have the following
constraint:
Lo b(xX)uitim < —Lg b(x)u; < —Lgb(x)u; lim (4.21)

The satisfaction of (4.21) implies the satisfaction of (4.18) following (4.19). Now, the control
bound for u; is converted to the symmetric case, and the feasibility constraint (4.11) will
not be affected by the sign change of L, b(x),i € {1,...,q}.

4.2.2 Feasibility Conditions for Safety Constraints with High Relative
Degree

Suppose we have a constraint b(x) > 0 with relative degree m > 1 for system (2.11), where
b :R" — R. Then we can define b(x) as a HOCBF as in Definition 3.3. Any control
u € U should satisfy the HOCBF constraint (3.8). In what follows, we also assume that
LgLr]'f*lb(x) < 0, where 0 € R? and all components in LgLr}’flb(x) do not change sign
in [0, T']. The analysis for all other cases is similar to the last section.

Similar to (4.7), we rewrite the HOCBF constraint (3.8) as

- LgL’}’_lb(x)u < L%b(x) + O(b(x)) + om (Ym—1(x)) 4.22)
and we can multiply the control bounds (2.19) by the vector —L gL'J’Z_lb(x):
— Lo L} b(0)tmin < —Lo L'}~ b(x)u < —Lg L'}~ b(x)ttmax. (4.23)

As in (4.9), the last equation is also a relaxation of the original control bound (2.19), and
Lemma 4.1 still applies in the high-relative-degree-constraint case.

The HOCBF constraint (4.22) may conflict with the left inequality of the transformed
control bound (4.23) when its right hand side is smaller than — L gL’f'? _lb(x)umin. Therefore,
we wish to satisfy

L7b(x) + O (b(x)) + o (Ym—-1(x)) = —LgL'}?_lb(x)umm. (4.24)

This is called the feasibility constraint for the problem OCP-CBF (2.20) in the case of a
high-relative-degree constraint b(x) > 0 in (2.18).

In order to find a control such that the feasibility constraint (4.11) is guaranteed to be
satisfied, we define

bup(x) = L7 b(x) + O(b(x)) + om (Ym—1(x)) + LgLf}'_lb(x)umin >0,

and define by, r (x) to be a HOCBEF as in Definition 3.3. It is important to note that the relative
degree of by (x) with respect to dynamics (2.11) is only one, as we have ¥,,,_1(x) in it.
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Thus, we can get a feedback controller K, (x) that guarantees free conflict between the
HOCBEF constraint (4.22) and the control bounds (2.19):

Knp(x) ={u e R?: L by (x) + Lebpr(x)u + oy (bpr(x)) = 0}, 4.25)

if byp(x(0)) = 0, where ¢ (-) is a class % function.

Theorem 4.4 ([79]) If OCP is initially feasible and the CBF constraint in (4.25)
corresponding to (4.24) does not conflict with control bounds (2.19) and (4.22) at the
same time, any controlleru € Ky (x) guarantees the feasibility of problem OCP-CBF
(2.20).

Proof The proof is the same as that of Theorem 4.2. U

Similar to the motivation for the analysis of the relative degree one case, we also refor-
mulate the constraint in (4.25) in the form:

L'b(x) + LgLf}’_lb(x)u + 00x) + ap(Ym—1(x)) + ¢(x,u) =0 (4.26)

for some appropriate ¢(x, #). An obvious choice is ¢(x, u) = L ybpr(x) + Lgbpr(x)u +
af(bpr(x)) — L’;’b(x) — LgL’]'Zflb(x)u — 0(b(x)) — oy (Y—1(x)), whichis a candidate
¢ function we would like to simplify. We define a set Us(x) similar to (4.16).

Similar to the last subsection, we only consider the case when the relative degree of
¢(x, u) is one, i.e., we have ¢(x) from now on. Then, we have the following theorem to
guarantee the feasibility of the problem OCP-CBF (2.20):

Theorem 4.5 ([79]) If ¢(x) is a candidate function, ¢(x(0)) >0, Lfp(x) >0,
Leop(x) = ngL'}l_lb(x), for some y > 0,Vx € X and 0 € U, then any controller
u(t) € Us(x), Vt > 0 guarantees the feasibility of the problem OCP-CBF (2.20).

Proof The proof is similar to the one for Theorem 4.3. 0

The approach to finding a candidate function ¢(x) is the same as in the last section.
The conditions in Theorem 4.5 are sufficient conditions for the feasibility of the problem
OCP-CBF (2.20). Under the conditions in Theorem 4.5, we can also claim that ¢(x) > 0
is a single feasibility constraint that guarantees the feasibility of the problem OCP-CBF
(2.20) in the case that the safety constraint (2.18) has a high relative degree. We can get a



46 4 Feasibility Guarantees for CBF-Based Optimal Control

feasible problem from the original problem OCP-CBF (2.20) (in which C(-) is quadratic)
in the form: .

min / ) + pi8F (0)]d, 4.27)

u(1),é-(1) Jo

subject to the feasibility constraint (4.15) if the relative degree of ¢(x, u) is 0; otherwise,
subject to the CBF constraint in (4.16), and all constraints in OCP-CBF (2.20). Here, the
CBF constraint in OCP-CBF (2.20) is replaced by the HOCBF constraint (3.8), and ¢(x)
satisfies the conditions in Theorem 4.5 for (4.16), and (4.15) is assumed to be non-conflicting
with the HOCBF constraint (3.8) and the control bound (2.19) at the same time.

Remark 4.1 When we have multiple safety constraints, we can employ similar ideas to
find sufficient conditions to guarantee problem feasibility. However, we also need to make
sure that these sufficient conditions do not conflict with each other.

Example 4.4 (Example 4.3 revisited) Here we demonstrate how we can find a single fea-
sibility constraint ¢(x(¢)) > 0 for the ACC problem. Recall that in this problem we have
b(x(t)) = z(t) — lo. First, it is obvious that Lg L b(x(t)) = —ﬁ in (4.2) does not change
sign. The transformed control bound as in (4.23) for (4.3) is

1
—cag = 57u(0) = cag. (4.28)

The rewritten HOCBF constraint (4.6) can only conflict with the left inequality of (4.28).
Thus, following (4.24) and combining (4.6) with (4.28), the feasibility constraint is
brr(x(t)) = 0, where

Fr(v(®))
M

bpr(x(1)) = + (P14 p2)(p — v(1) + p1p2(2(t) — o) + cag. (4.29)

Since w > 0, Vt > 0, we can replace the last equation by

bur(x(1)) = (p1 + p2)(Wp — v(1)) + p1p2(2(t) — o) + cag. (4.30)

The satisfaction of by, F(x (7)) = 0 implies the satisfaction of by r(x(¢)) > 0. Although the
relative degree of b(x (1)) = z(¢) — lp is two, the relative degree of bnr (x(t)) is only one. We
then define l;hp(x (1)) to be a CBF by choosing &1 (b(x(t))) = kb(x(t)), k > 0 in Definition
3.3. Any control u(t) should satisfy the HOCBF constraint (3.8) which in this case was given
in (4.5):

u(®) _ Fr(v(@)) PiDp2

WS g, RO O

kp1p2 kcag
(z(t) — lp) +
p1+p2 p1+p2

431
+
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In order to reformulate the last equation in the form of (4.26), we try to determine an
appropriate value for k above. We require ¢(x(t)) to satisfy L s (x(¢)) > 0 as shown in
one of the conditions in Theorem 4.5, thus, we wish to exclude the term z(¢) — lp in ¢ (x(2))
since its derivative v, — v(¢) is usually negative. By equating the coefficients of the term
z(t) — lpin (4.31) and (4.6), we have

kp1p2

= p1p2- 4.32)
P11+ D2 pp

Thus, we get k = p1 + p». By substituting k back into (4.31), we have

u@) _ F0)

SF S T (P )y — vO) + PG — ) +p(x (D), 433)
where
ox(0) = 22— v() + cag. (4.34)
p1+ p2

It is easy to check that the relative degree of the last function is one, L yo(x(1)) =
ube L0 > 0 and Lyg(x (1)) = ZLZ Lo L ¢b(x(1)). Thus, all the conditions in The-
orem 4.5 are satisfied, except for ¢(x(0)) > 0, which depends on the initial state x(0) of
system (4.2).

It follows that the single feasibility constraint ¢ (x (t)) > 0 for the ACC problem is actually
a speed constraint (following (4.34)):

cag(p1+ p2)

v(t) v, +
pP1P2

(4.35)
If p1 = p2 = 1 in (4.6), the condition above reduces to the requirement that the half speed
difference between the front and ego vehicles should be greater than —cyg in order to
guarantee the ACC problem feasibility.

It is worth pointing out that we can find other sufficient conditions such that the ACC
problem is guaranteed to be feasible by choosing different HOCBF definitions (different
class K functions) in the above process. |

4.3  Feasibility Conditions for ACC

In this section, we return to Example 4.4 by considering a specific case study of the ACC
problem. Another application of the feasibility constraint method to a traffic merging prob-
lem can be found in [99]. All computations and simulations involved were conducted in
MATLAB. We used quadprog to solve the quadratic programs and ode45 to integrate the
dynamics.

In addition to the dynamics (4.2), the safety constraint (4.4), the control bound (4.3),

2
and the minimization of the cost fOT (W) dt, we also consider a desired speed
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requirement such that v approaches a desired speed vy > 0. We use the relaxed CLF
to implement this speed requirement, i.e., we define a CLF V = (v — vg)?, and choose
c1 = c2 =1, c3 = € > 0 in Definition 2.4. Thus, any control input should satisfy the CLF
constraint (2.16).

We consider the HOCBF constraint (4.6) to implement the safety constraint (4.4), and
consider the sufficient condition (4.35) introduced in the last section to guarantee the fea-
sibility of the ACC problem. We use a HOCBF with m = 1 to impose this condition, as
introduced in (4.25). We define «(-) as a linear function in (4.25).

Following the discretization method introduced at the end of Chap. 2, we partition the time
interval [0, T] into a set of equal time intervals {[0, At), [At, 2Af), ...}, where At > 0.
In each interval [wAf, (w + 1)Af) (w =0,1,2,...), we assume the control is constant
(i.e., the overall control will be piecewise constant) and reformulate the ACC problem as a
sequence of QPs. Specifically, at t = wAf (w =0, 1,2, ...), we solve

u*(t) = arg In(lI)l %u(t)THu(t) + Flu() (4.36)
u(r

_ u(t) _ LZ 0 B _2Fr(;([))
”“‘[8(:)}"1_[% ZpM]’F_[ ool

Agru(t) < by,

subject to

Alimict (1) =< biimit,
Ahocbf_safetyu(t ) < bhocbf_safety»
Afeatt(t) < brea,
where p,.. > 0 and the constraint parameters are

Acr = [LgV(x(r)),  —1],
bar = —LyV(x(1)) —€V(x(1)),

1,0
Alimit = [1 O} ,

b |: caMg i|
limit = )
—cqMg

Ahocbf_safety = [ﬁ, O] ,

Fr(v(@))

o’ + (p1 + p2)(vp —v(@)) + p1p2(2(t) — L)

bhocbf_safety -

_ pLP2
Afea = [M(m_+m)’ 0] ’
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Table 4.1 Simulation parameters for the ACC problem

Para. Value Units Para. Value Units
v(0) 6 m/s z(0) 100 m
vp 13.89 m/s Vg 24 m/s
M 1650 kg g 9.81 m/s?
Jfo 0.1 N f 5 Ns/m
f 0.25 NsZ/m Iy 10 m
At 0.1 s € 10 Unitless
cq(t) 0.4 Unitless cq(t) 04 Unitless
Dace 1 Unitless

bres = p1p2Fr(v(1)) P1p2 (v, — V(1)) + cag.

M(pi+p2)  p1+p

After solving (4.36), we update (4.2) with u™(¢t), Vt € (t9 + wAt, to + (w + 1)At) and
the simulation parameters used in this case study are listed in Table4.1.

We first present in Fig. 4.5 a situation in which the ego vehicle exceeds the speed constraint
from the feasibility constraint (4.35) resulting in the QP becoming infeasible. However, this
infeasibility does not always hold since the feasibility constraint (4.35) is just a sufficient
condition for the feasibility of QP (4.36). In order to show how the feasibility constraint
(4.35) can be adapted to different parameters pi, p2 in (4.6), we vary them and compare the
solutions without this feasibility sufficient condition in the simulation, as shown in Figs. 4.6
and 4.7.

It follows from Figs. 4.6 and 4.7 that the QPs (4.36) are always feasible with the feasibility
constraint (4.35) under different p1, p», while the QPs may become infeasible without this
constraint. This validates the effectiveness of the feasibility constraint. We also notice that
the ego vehicle cannot reach the desired speed vy with the feasibility condition (4.35); this
is due to the fact that we are limiting the vehicle speed with (4.35). In order to make the
ego vehicle reach this desired speed, we choose p1, p2 such that the following constraint is

satisfied.
(p1+ p2)
§g— =V,

pPip2
For example, the above constraint is satisfied when we select p; = 0.5, p» = 1 in this case.
Then, the ego can reach the desired speed v, as shown by the blue curves in Fig.4.8.

We also compare the feasibility constraint (4.35) with the minimum braking distance
0.5(v,—0(1))?

vp + (4.37)

approach from [2]. This approach adds the minimum braking distance of the
ego vehicle to the safety constraint (4.4):
0.5(v, — v(1))?
w0 = 20 VO Ly, (438)

Cd8
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Then, we can use a HOCBF with m = 1 (define o (-) to be a linear function with slope 2
in Definition 3.3) to enforce the above constraint whose relative degree is one. As shown in
Fig. 4.8, the HOCBF constraint for (4.38) conflicts with the control bounds, thus, the QP can
still become infeasible. This is due to the fact that this approach adds an additional braking-
distance-related constraint to the original problem, which could adversely decrease the
problem feasibility as this new added constraint may conflict with existing control bounds.
In contrast, the use of a proper sufficient condition for feasibility provides a novel way
to make the new added feasibility constraint compliant with the existing constraints. This,
therefore, can always guarantee feasibility once the sufficient conditions are determined.
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Feasibility for CBF-Based Optimal Control Using
Machine Learning

5.1 Learning CBF Parameters for Feasibility

A HOCBEF constraint is active when a control makes it an equality at a given state. An
example of how a HOCBF constraint is activated is shown in Fig.5.1. The activation of the
HOCBF will change the system trajectory in order to ensure that the system remains safe.
As shown in Fig.5.1, the precise time when a HOCBF is activated depends on how this
HOCBF is designed.

In what follows, we consider multiple safety constraints instead of a single one as in
(2.18). Let S denote an index set for unsafe (state) sets. System (2.11) avoids each unsafe
set j € §if its state satisfies:

bj(x(t)) >0, Vt€[0,T], VjeS, 5.1

where b; : R" — R is a continuously differentiable function (not a CBF or HOCBF yet).
Let S; denote the set indexing all the unsafe set types.We define unsafe sets as being of the
same “type” if they have the same geometry, meaning the conditions for problem feasibility
are the same, e.g., circular unsafe sets are the same type if they have the same radius but
different locations.

In the parameter learning approach we develop here, we parameterize the definition of a
HOCBEF (i.e., the class K functions in Definition 3.3) for each type of unsafe set, and aim
to recursively improve a “feasibility robustness” metric introduced next.

5.1.1 Feasibility Robustness

If the HOCBF constraint corresponding to (5.1) never becomes active, then safety is guaran-
teed even without the use of a HOCBEF. In this case, the solution space of the QP OCP-CBF
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The CBF constraint is first active at time tj‘

Robot
trajectories

Initial position

Destination
b(x(t/")

Blue trajectory is unconstrained in this
interval (i.e., free action space)

Activation zones
for red and blue trajectories

Fig.5.1 Illustration of feasibility robustness quantification: CBF constraint activation zones depend
on the dimension of the state space as state-feedback is used, but are only visualized in the x — y 2D
space. The CBF (HOCBF) constraint (3.8) first becomes active at time ¢ when an agent (e.g., robot)
approaches the obstacle. The CBF in the blue trajectory is active later than the one in red, thus, the
robot has more freedom to move before t;.’ and it does not necessarily get close to the obstacle as

shown in the figure. When b ; (x(t]“.)) is minimized, the activation zone of the HOCBF is minimized,
therefore, the feasibility robustness (future action space) is maximized

(2.20) is clearly at its maximum. Therefore, we only consider the case where the HOCBF
constraint becomes active. Let t]“. € [0, t7] denote the time instant that the HOCBF constraint
(3.8), corresponding to (5.1), first becomes active and (possibly) remains active afterwards if
the state of system (2.11) keeps getting closer to the unsafe set. After the HOCBF constraint
in the QP OCP-CBF (2.20) becomes active, the solution space of the QP is limited by the
activated constraints, thus, the action space of the system is constrained. As an example,
the HOCBF constraint along the red trajectory in Fig. 5.1 is active earlier than the blue one,
therefore, the robot cannot move freely after the CBF constraint becomes active. As the
solution approach of the CBF method is pointwise and myopic, our goal is to maximize
the future action space of the system at each time step, i.e., to minimize the activation zone
observed in Fig.5.1. This is equivalent to the feasibility robustness concept we introduce
here.

The feasibility robustness of a controller with respect to a constraint (5.1) can be quantified
by the value of b (x (t;?)). The value of b (x (t;.l)) may denote a distance metric to a (type of)
unsafe set j € S; (see the example shown in Fig.5.1). In order to maximize the feasibility
robustness (equivalently, the future action space, i.e., the future feasible control set a system
can select from), we need to minimize the HOCBF value at t;.‘:

minbj(x(t;l)), jE€S;. (5.2)
14

J

The minimization of the above objective is equivalent to minimizing the activation zone
of the HOCBF, hence, the feasibility robustness (or future action space) is maximized, as
illustrated in Fig.5.1.



5.1 Learning CBF Parameters for Feasibility 55

There are three main advantages in maximizing the feasibility robustness of the controller:

1. The QPs are more likely to be feasible since fewer constraints will become active when
a system gets close to a number of unsafe sets.

2. In an unknown environment, the controller obtained through the QPs is more robust
to changes in the environment and the detection of unknown unsafe sets, since the
corresponding HOCBF constraints only become active when a system gets close to
these unsafe sets. If the corresponding HOCBF constraints become active before the
unsafe sets are detected, the system may fail to avoid these unsafe sets.

3. Thereis ahigher probability to find a better solution (e.g., energy optimal) if the feasibility
robustness is maximized, since the QPs are less constrained. Note that proximity to an
unsafe set can increase the chance of the state entering it in the presence of disturbances.
However, the maximization of feasibility robustness does not mean that the system state
has to get close to the unsafe sets, and this performance depends on how we design the
CLF which enforces the state convergence in (2.17).

The robustness objective (5.2) depends on the time tf, where tjq is determined once a
HOCBEF in the above problem is defined. Therefore, we need to consider objective (5.2) in
how a HOCBF is designed. This approach requires a parameterization of a HOCBF so that
we can optimize the parameter values in solving (5.2). We tackle this problem through a
learning process whose objective is to maximize the feasibility robustness of the controller
with respect to unknown unsafe sets as the QP-based approach for constrained optimal
control problems is myopic due to the fact that the QP is solved one single time step forward.
We proceed by decomposing OCP into two sub-problems:

e SP1: Optimize (2.17) which is solved with the QP-based method (2.21).
e SP2: Minimize the objective (5.2) after solving SP1.

We describe both sub-problems next, starting with SP1.

5.1.2 Online HOCBF and CLF-Based QP (SP1)

Sub-problem SP1 is actually the same as the QP approach (2.21), which we re-write
below for convenience replacing the CBF constraint by the more general HOCBF con-
straint. Thus, after partitioning the time interval [0, 7] into a set of equal time inter-
vals {[0, At), [At,2At), ...}, where At > 0, we solve for the constant control u(wAt)
(i.e., the overall control will be piece-wise constant) at each interval [wAf, (w + 1)At)
(w=0,1,2,...):
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min  C(||lu(wAD)|]) + p:8>(wAr)
u(wAt),8, (wAt)

st LFhj(x) + [Lg L'~ 'bj(x)]u+0(b;(x)) + o (Wm-1(x)) = 0, ¥j €S
LiVx)+L,VxX)u+e€V(x) <4

Umin = U = Upmax

(5.3)

As we know by now, this optimization problem can easily become infeasible. In the sequel,
we show how we can use machine learning techniques to address this issue by maximizing
the feasibility robustness through (5.2).

5.1.3 The Parameterization Method

The approach we follow here is similar to that of Sect. 4.1 where we modified the class IC
functions in a HOCBF through a multiplicative penalty parameter. Here, however, in order
to recursively improve the feasibility of the QP (5.3), we parameterize the actual family
of class K functions a(-), az(:), ..., oy (-) (see also [72]), where m denotes the relative
degree of the constraint b(x) > 0 in the definition of a HOCBF b(x). Let yo(x) := b(x).
Since power functions are the most frequently used class K functions, we select the «; ()
functions in (3.3) as follows:

Vi (x) i= Yo () + pivl (), iefl,....,m} (5.4)

where p; > 0,i € {1,...,m}andg; > 1,i € {1, ..., m}. Then, we can obtain the HOCBF
constraint (3.8) when combining it with dynamics (2.11), as shown in Definition 3.3.

Recall that S; denotes the set that indexes all the unsafe set types. For each type of
unsafe set j € S;, we consider an arbitrary location for it and obtain an unsafe set constraint
bj(x(t)) = 0, similar to (5.1). Let p := (p1,..., Pm), 4 := (q1, - - -, gm). We know from
[72] that the values of p, g affect the feasible set for the decision variables of (5.3), as well
as what time t“ the HOCBF constraint (3.8) will be active, i.e., we can rewrite b;(x (t“))
asbj(x (t“)) p.,q- Since t“ depends on p, g and b (-) no longer explicitly depends on x(t )
(i.e., bj (x (t“)) p.q 18 ﬁxed once p, q are given), we define

Dj(p,q) =bj(x(t]))pyq (5.5)
and reformulate (5.2) so that the minimization is over the parameter vectors p, q:

rlr}i;lD;(p, q),j €S (5.6)

We can, therefore, view the minimization of D;(p, q) as the maximization of the feasibility
robustness that depends on p, g. However, this optimization problem is hard to solve as tj?
corresponds to a particular trajectory resulting from a sequence of QPs from the initial time
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to the final time. We will introduce a solution approach using machine learning techniques
in the following section.

5.1.4 Offline Feasibility-Guided Optimization (SP2)

Note that subproblem SP2 depends on subproblem SP1, while the feasibility of SP2 depends
on the control bounds (2.19). Given an arbitrary x (0), one can generally expect most of the
P, q values to result into infeasible solutions of problem (5.3), which makes (5.6) difficult
to solve. Therefore, we need to first resolve the infeasibility problem of sub-problem SP1.

We proceed by randomly sampling p, g values over their domain (positive), and for each
setof p, q values, we solve problem (5.3) until the terminal state constraint is satisfied within
some allowed error. If problem (5.3) is feasible at all times, then we label this particular set
of p, q values as +1, otherwise, we label it as —1. In this way, we eventually obtain sets
of feasible and infeasible p, g points. Note that the penalty method described previously
guarantees that +1 data points exist given the control bounds (2.19) if certain conditions
are satisfied. We assume that the control bounds (2.19) are properly defined such that we
can select balanced data sets for better classification, e.g., the same number of feasible and
infeasible samplings with a large enough data size, from the randomly sampled data. Then,
we can apply a standard classification method, e.g., a support vector machine (SVM) [10],
to classify these two balanced sets and get a continuously differentiable hypersurface

§; R S R, (5.7)

where
Hjp,q) =0 (5.8)

denotes the set of p, g values which leads to the feasible solution of QPs (5.3), i.e., it defines
the feasibility constraint for the set of p, ¢ values associated with the QPs (5.3). With the
assistance of the feasiblity classification hypersurface, we look further to optimize (5.6),
i.e., we consider (5.6) subject to (5.8).

Our goal is to get the set of p, g values such that (5.8) is satisfied. However, (5.8) is
usually complex as it is directly obtained from the classifier hypersurface. Therefore, we
view ) ;(p, ) > Oasaconstraintapplied to adynamic system with states p, g and formulate
an associated HOCBF. In particular, just like b(x) is associated with the dynamic system
(2.11), we need to introduce an auxiliary dynamic system for §) j (p, q) and take p, q as state
variables, as shown in the sequel.

We have imposed the assumption that the control bounds (2.19) are properly defined such
that the whole problem is well-posed to get a proper constraint (5.8) from the hypersurface.
However, the learned hypersurface is still complex, even with the HOCBF method, and this
makes the optimization problem (5.6) subject to (5.8) hard to solve. We use the following
dynamic process to simplify this optimization problem.
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We start at some feasible p, € R™, g, € R™ to search for the optimal p, ¢ values. Since
the determination of the optimal p, ¢ is a dynamic process, we define the gradient (auxiliary
dynamics) for p, q as controllable variations of p, g through the dynamic system

(P, ¢() =v(b),
s.t.Hj(p,q) =0, 5.9)
p(to) = po. q(to) = qo,

where v € R?" denotes an input vector in the dynamic process constructed in order to deter-
mine the optimal p, ¢. The variable t denotes the dynamic process time for the optimization
of (5.6), which is different and independent from ¢ in (2.11) and problem (5.3), and tp € R
denotes the initial time.

Now viewing (5.8) as a state constraint analogous to b;(x) > 01in (5.1), we seek to treat
it as a HOCBF. Considering the feasibility of problem (5.3), the dynamic process that is
controlled by v should be subjected to (5.9), as well as to the HOCBF constraint for (5.8)
since we define the hypersurface in (5.8) to be a HOCBEF, as discussed in the last three
paragraphs. Since we take all the state variables of the auxiliary dynamics (5.9) as the input
for the classifier, the relative degree of the feasibility constraint (5.8) with respect to (5.9) is
1, i.e., we only need to differentiate $);(p, q) along the dynamics (5.9) once to let v show
up. A control v should satisfy the HOCBF constraint (3.8) which in this case is

d$i(p,q)
d(p,q)

where B;(-) is an extended class K function as §);(p, g) could be negative due to possi-
ble classification errors. Any control v that satisfies (5.10) implies that the resulting p, ¢
(determined by v) leads to a feasible solution of QPs (5.3) in the dynamic process.

We enforce the feasibility constraint (5.8) by the HOCBF constraint (5.10) in which the
control v explicitly shows. However, the cost function (5.6) is only defined over the state of
the auxiliary dynamics (5.9), and we also wish the control v to show up in the cost function,
which is required by the CBF-based optimization, as shown in Sect. 5.1.2. Therefore, we
consider the derivative of the cost function (5.6) as our new cost to let v show up in the cost
function. Recall that (5.6) is the robustness metric that we wish to minimize. As long as the
derivative of (5.6) is negative, we can ensure that (5.6) is decreasing at each time step by
discretizing t similar to sub-problem SP1. To modify (5.6), we proceed as follows.

By taking the derivative of (5.6) with respect to t, we have

dD;(p®.q(®) _ dDj(p(t),q(t))v
dt d(p(H),q®)

Then, we reformulate sub-problem SP1 through the dynamic process (5.9). The result is
the Feasibility-Guided Optimization (FGO) algorithm that is implemented by the same

v+ Bi1(9H(p,q) >0, (5.10)

6.1
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approach as introduced in Sect. 5.1.2, i.e., we discretize t, and at each t = wAt, w €
{0, 1, ...}, where At > 0 denotes the discretization constant, we solve

. dDj(pH),q(®)

min v(t),
vty d(p®),q(®)
dsi(p,
st UPD | g6 (pg)) = 0, G.12)
d(p,q)

Vimin =V = Vmax-

where v,,ip < 0, 9,4, > 0 (componentwise), 0 € R2"_ Then, we update (5.9) for te
(wAt, (w 4+ 1)At) with v*(1). The optimization problem (5.12) is a linear program (LP)
at each time step for each initial p, g (we need to reset t for each set of initial p, g val-
ues). Without any constraint on v, the LP (5.12) is ill-posed because it leads to unbounded
solutions. In fact, the value of v determines the search step length of the FGO algorithm
implemented through the LP (5.12), and we want to limit this step length. Therefore, we
add limitations to v in the LP (5.12). Note that in the last equation, %
vector of dimension 2m, while v is a column vector of dimension 2m. Thefefore, the cost
function in the last equation is a scalar function of v.

After adding limitations to v in (5.12), the dynamic process’s search step length will
become bounded. Although there are control limitations on v, the resulting LP from the
optimization (5.12) is always feasible as the relative degree of (5.8) with respect to (5.9) is 1
[71]. We also need to evaluate %,...,%,%,. A
the coefficients of the cost function (5.12).

The resulting process is the FGO algorithm formulated from (5.12) to optimize p, ¢q. For
each step of the FGO algorithm, any one of the following four conditions may terminate it:
(a) the problem (5.3) becomes infeasible (since the hypersurface from the classifier cannot

0D; 9D, 9D} are all 0

ensure 100% accuracy), (b) the computed values of %, e T g g

(c) the objective function value of (5.6) is greater than the current known minimum value. (d)
the iteration time exceeds some N € N. We present the FGO algorithm in Algorithm 1. We
note that this approach is more computationally efficient than one that directly incorporates
the barrier function in the cost, as Algorithm 1 only involves QPs.

If we consider (5.12) without constraint (5.10), then we have the commonly used gradient
descent (GD) algorithm. The FGO algorithm is more efficient compared with GD since the
solution searching path is guided by the feasibility of (5.3). However, the hypersurface in
(5.8) cannot guarantee the correctness of the FGO method due to possible classification
errors. We can apply GD one step forward whenever the FGO algorithm terminates to
alleviate this problem.

is a row

aD; . .
o Wj at each time step, i.e., evaluate
m



60

5 Feasibility for CBF-Based Optimal Control Using Machine Learning

Algorithm 1: Feasibility-Guided Optimization (FGO) algorithm

Input: Constraints (5.1), K in (2.17), system (2.11) with (2.19), N

Output: p*, ¢*, Dyin

1. Sample p, ¢ in the definition of the HOCBF;

2. Discard samples that do not meet the initial conditions of HOCBF constraint (3.8);
3. Solve (5.3) for each sample for ¢ € [0, 7] and label all samples;

4. Select balanced training and testing data sets;

5. Use machine learning techniques to find classifier (5.7);

6. Pick a feasible pg, o, Dinin=D;(po, q0), iter.=1;

while iter.++ < N do

end

3Dj S'D/‘ G'D/‘ 3Dj . .
Evaluate TpL e Bpa e Bg T B at pg, qo with random perturbation to py or
qr, k€ {1,2,...,m};
. 0D; 9D; .. . .
i Tp;f’ le’ Vk € {1,2,...,m} is infeasible to evaluate over sub-problem (i) for all

times in [0, T'] then
‘ Jump to the very begining of the loop;
else

A T gk
for all times in [0, T'];

0D _ 0 9D =0,3k € {1, 2, ..., m} is infeasible to evaluate over sub-problem (i)

end

Solve the optimization (5.12) and get new p, q;
Solve the problem (5.3) with p, ¢q;

if (5.3) is feasible for all t € [0, T] then

if Dmin > Dj(p, q) then

| Dmin =Dj(p.q9), Po = P- 40 = 4;
else

‘ break;
end

Ise

Solve the optimization (5.12) without (5.10) and get new p, q;
Solve the problem (5.3) with p, q;
if Dyyin > Dj(p, q) then
| Dmin =Dj(p.49). po = P90 = 4:
else
‘ break;
end

end

P*=po. 4% =90
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Note that we can update the training set and get a new classifier in (5.8) after running the
FGO algorithm for a number of different initial samples p, g, i.e., re-initialize (5.9) for
each FGO process. Once we have learned feasibility and robustness for some known types
of unsafe sets with the FGO algorithm, we can use these unsafe sets to approximate other
types of unsafe sets.

Remark 5.1 (Time complexities of subproblems SP1 and SP2). The time complexity of
SP1, i.e., the QP (5.3), is O(d>), where d = g + 1 is the dimension of decision variables.
Since the CBF method (after pre-training) does not need planning, it is more computationally
efficient than path planning methods, such as Rapidly-exploring Randomized Trees (RRT)
[29] and A* [22]. On the other hand, the time complexity of SP2 is that of a LP [66],
ie., O((d+¢)'dL), where d, ¢ are the numbers of decision variables and constraints,
respectively, and L is a given parameter. Thus, the complexity of the FGO algorithm is
almost the same as the GD one, as it just has one more constraint than the GD method,
hence the computational times are comparable.

5.1.5 Robot Control Using Feasibility-Guided Optimization

In this section, we apply the FGO algorithm to a robot control problem in a MATLAB
setting and show several simulations results. The robot moves is an environment with several
obstacles of the same type, but the number of obstacles and their locations are unknown to
the robot. The robot is equipped with a sensor (%7‘[ field of view (FOV) and 7m sensing
distance with 1 m uncertainty) to detect the obstacles.

Defining x := (x, y,0,v),u := (u1, uz), the dynamics are:

% =vcos(d), y=uvsin(@®), (5.13)

0:141, l}=u2,

where x, y denote the location along the x, y axis, respectively, 6 denotes the heading angle
of the robot, v denotes the linear speed, and u1, u> denote the two control inputs for turning
and acceleration, respectively.

The objective is defined to be:

1y

min f [uf () + w3 (0] dt + po((x(ty) = xa)* + (3(1p) = ya)*)- (5.14)
0

In other words, we wish to minimize the energy consumption and drive the robot to a given

destination (xg4, yq) € R?, i.e., drive (x(¢), y(t)) to (xq4, va),Vt € [t t7], for some 1’ €

[0, t7]. The robot dynamics are not full-state linearizable [26] and the relative degree of

the position (output) is 2. Therefore, we cannot directly apply a CLF. However, the robot
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can arrive at the destination if its heading angle 6 stabilizes to the desired direction and its
speed v stabilizes to a desired speed vy > 0, i.e.,

ya — y(©)

6(t) — arctan( O
X4 — X

), v(t) = vo, Vt € [0, 27]. (5.15)
Now, we can apply the CLF method since the relative degrees of the heading angle and
speed are 1.

The unsafe sets (5.1) are defined as circular (regular) obstacles:

Jaw —x? + 00— =, vies, (5.16)

where (x;, y;) denotes the location of the obstacle i € S, andr > 0 denotes the safe distance
to the obstacle.
The speed and control constraints (2.19) are defined as:

Vinin < () < Vinax, 5.17)
UL, min = u(t) < UL, maxs U2, min = us(t) < U2, max» (5.18)
where Viyin = 0m/s, Vipax = 2m/s, 1, max = —t1,min = 0.212d/8, U2,max = —2,min =

0.5 m/s2. Other parameters are pg = 1, At = 0.1s, € = 10.

We set up the FGO algorithm training environment with the initial position of the robot,
the location of an obstacle (with radius 6 m and r = 7m) and the destination as (5, 25m),
(32, 25m) and (45 m, (25 4 ¢)m), respectively, where ¢ € R. The initial heading angle and
speed of the robot are 0° and V,, 4y, respectively. The parameters for the FGO algorithm
are At = 0.1, vyax = —Vpin = (0.1, 0.1, 0.1, 0.1). The map for FGO training is shown in
Fig.5.3a.

Note that the value of ¢ will affect the trajectory of the robot since we have a circular
obstacle. If ¢ = 0, the robot will eventually stop at the equilibrium point shown in Fig. 5.3a.
If ¢ > 0, the robot goes left around the obstacle as shown in Fig.5.3a. Otherwise, the robot
turns right.

We choose a very small ¢ # 0 in the FGO algorithm. Since the obstacle constraint
(5.16) has relative degree 2 with respect to the dynamics, the HOCBF parameters are
p = (p1, p2), 9 = (q1, q2). We collect balanced data sets (the ratio of the samplings between
+1 and —1 labelled data is 1:1 for both training and testing sets) from the random sam-
plings of M training and 1000 testing samples for p and g over interval (0, 3] and (0, 2],
respectively. Note that we allow ¢ to be sampled in (0, 1) as the robot will not get too close
to the circular obstacles, although the class K function p; W,-qil (x) in (5.4) is not Lipschitz
continuous when ¥; _1(x) = 0.

The classification model is a support vector machine (SVM) with polynomial kernel of
degree 7, i.e., the kernel function k(y, z) is defined as
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Table 5.1 Comparisons between the GD and FGO algorithms

Items GD FGO
Training 500 1000 1500 2000 |2500 |3000 [3500 |4000
sample number
M
Classification 0.879 10.927 |0.939 [0.953 |0.960 |0.963 |0.966 |0.970
accuracy
Better than GD 0.210 10.248 |0.254 |0.252 |0.244 |0.282 |0.288 |0.266
percentage
Worse than GD 0270 |0.190 |0.232 |0.204 |0.218 |0.218 [0.240 |0.240
percentage
Din/m 4.6 4.6 4.6 4.6 4.8 4.6 4.6 4.6 4.6
(samples min.:
5.0)

k(y,2) = (c1+c2y"2), (5.19)

where y, z denote input vectors for the SVM (i.e., y := (p, ¢), and z becomes a constant
vector of the same dimension as y after training). We set ¢; = 0.8, ¢ = 0.5, and the com-
parisons between FGO and GD are shown in Table 5.1 (“better/worse than GD percentage”
denotes the percentage of data in the testing set that the FGO obtains a better objective value
(5.2) of subproblem (ii) than the GD method).

The FGO has better performance compared with GD in finding D,,;,, when the number
of training samples M for the hypersurface (5.10) is large enough, as shown in Table5.1.
FGO and GD have almost the same computational cost, i.e., < 0.01s for both. But this
advantage decreases when the classification accuracy of the hypersurface (5.10) further
increases, which may be due to over-fitting. One comparison example between FGO and
GD search paths is shown in Fig. 5.2a, b. Note that we can combine them to get improved
capability to search for p*, g*. If we apply the FGO method to the good results from GD,
the additional improvement percentage is around 5% among all the testing samples.

We have implemented the learned optimal HOCBF parameters (p}, p3. 4}, q5) =
(0.7426, 1.9745, 1.9148, 0.7024) in the definition of all the HOCBFs for all obstacles in a
robot exploration problem in an unknown environment. We should also note that the opti-
mal penalties and powers are not unique. All the circular obstacles are with different size
to test the robustness of the penalty method with the learned optimal parameters, and are
static but randomly distributed. The robot can safely avoid all the obstacles and arrive at its
destination if the obstacles do not form traps such that the robot has no way to escape, as
shown in Fig.5.3b.

We also compared the CBF-based robot exploration framework with the RRT [29] and
A* [22] algorithms by considering the configuration shown in Fig. 5.3b. The pre-training for



64 5 Feasibility for CBF-Based Optimal Control Using Machine Learning

(b) FGO and GD algorithm search paths in 3D.

Fig.5.2 FGO and GD comparison. The red and green circles denote infeasible and feasible points
for p, g in the training samples, respectively

the CBF-based method could be several hours. Both the RRT and A* algorithms have global
environment information such that they tend to choose shorter-length trajectories compared
with the CBF method. But this advantage disappears if the environment is changing fast, in
which case the CBF method tends to be more robust and computationally efficient. Com-
parisons based on four different criteria are shown in Table 5.2. In a dynamic environment,
the RRT and A* algorithms need to re-plan their path at each time step, whereas the CBF
method does not need to do this. Therefore, we can see that the CBF-based framework is
able to better adjust to changes in the environment and is computationally efficient.
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Fig.5.3 Case study setup and comparison of different planning frameworks

Left trajectories

20
15

wr Right trajectories

Equilibrium
/

Destination

5 10 15 20

(a) FGO pre-training map with feasible

example trajectories.

x/m

30 35 40 45 50

y/m

1007

Initial position

,r'l./.m

(1]

Destination

100

(b) Comparison of robot paths between CBF,

A* and RRT.

Table 5.2 Performance comparison between CBF, A* and RRT

Item R.T. compute Safety guarantee | Environment Pre-training
time (s) knowledge

CBF <0.01 Yes Not required Required

A* 1.3 No Required Not required

RRT 0.3 No Required Not required

5.2  Learning Feasibility Constraints

In this section, we show how we can deal with irregular unsafe sets (defined below). This
approach also works for regular unsafe sets, but tends to be conservative [87]. Recall that
in the unknown environments we consider, the type of every unsafe set i € S that might
be present is already known, and S; denotes an index set for unsafe set types, while S; C
S, j € S; denotes the index set for unsafe sets of type ;.

5.2.1

Regular and Irregular Unsafe Sets

Depending on how the system initial state can affect the feasibility of the CBF-based QPs,
we classify unsafe sets into two classes:



66 5 Feasibility for CBF-Based Optimal Control Using Machine Learning

traj. 1 .
T4 traj. 2

traj. 1

traj. 2
An irregular
obstacle

Fig.5.4 Regular andirregular obstacle examples for an agent (e.g., robot) with nonholonomic dynam-
ics. The agent needs the same control input effort (from the CBF-based QPs) in order to avoid the
regular circular obstacle, regardless of where it is initially located, as shown in example trajectories 1
and 2. However, the agent needs a larger control input effort for trajectory 2 than the one for trajectory
1, as there are corners in the irregular rectangular obstacle. Therefore, the feasibility of the CBF-based
QPs is indeed dependent on the agent initial condition (location)

Definition 5.1 (Regular and Irregular Unsafe Sets) Assume OCP is feasible. An
unsafe set C, := {x € R : b(x) < 0} considered in the QPs (5.3) is defined as regular
if the feasibility of all the CBF-based QPs (5.3) does not depend on the initial state
x (0) of system (2.11). Otherwise, we say that the set is irregular.

The regularity of a group of unsafe sets is checked one by one as in the QP (5.3). An irregu-
lar unsafe set generally depends on the dynamics (2.11) and corresponds to irregular shapes,
such as unsafe sets with sharp corners; in such cases the system requires (locally) large
control input from the CBF-based QP to avoid corners if the dynamics are nonholonomic.
However, the CBF-based QPs may be feasible if the system trajectory never approaches
a corner. An example of a regular unsafe set is a circular obstacle, and an example of an
irregular unsafe set is a rectangle (approached by an agent with nonholonomic dynamics),
as shown in Fig.5.4.

5.2.2 Feasible and Infeasible State Sets

Recall that any QP (5.3) may be infeasible at a given state x () at time . Even if the system
is governed by an optimal control u*(¢) obtained from solving the QP (5.3), the system
may still exit the constraint set formed through (5.1), since the limited control may not be
able to prevent the system from leaving this set when the state approaches the set boundary,
which typically happens in high relative degree systems. A simple intuitive example is a
robot control problem in which the robot has limited control input (deceleration) and needs
to arrive at a destination while avoiding an obstacle that is located between the robot’s initial
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position and the destination. When the robot gets close to the obstacle with high speed, it
may not be able to brake in time to avoid the obstacle since the control in QP (5.3) is limited
by (2.19). However, when the speed is low, the robot can safely avoid the obstacle.

The main idea of the sampling learning approach in this section is to partition the state
space of system (2.11) into sets in which the QP (5.3) is feasible or infeasible after a certain
number of time steps. This is a difficult problem, especially for high-dimensional systems
with fast dynamics. We describe next how to address this problem using machine learning
techniques.

5.2.3 Sampling and Classification

Recall that the setting we consider is one where the system is in an unknown environment
such that it only knows the types of the unsafe sets the environment may include, but not
their number or individual locations. In order to make the learned feasibility constraint inde-
pendent of the location of an unsafe set, we choose the relative coordinates z € R” between
the system and unsafe set as one of the input features for machine learning techniques. For
example, let the system state be x := (x1, x2, ..., x,). If x1, x2 denote the two-dimensional
position of an object in x, then, we define input features z := (X1 — X, X2 — Vo, X3, - . ., Xn),
where (x,, yo) € R2 denotes the two-dimensional location of the unsafe set. Along the same
lines, we may also consider the relative speed and acceleration between the system and unsafe
set as the input for the machine learning model in order to consider moving unsafe sets.

For each type of unsafe set j € S;, since we only consider the relative coordinates as
the input for the learning model as discussed above, we arbitrarily assign a location and an
orientation (if it exists) for j and randomly sample around j to find an initial state z(0) in
the vicinity of the unsafe set. We then solve the QP (5.3) at time 0 according to the geometry
of the unsafe set:

e Regular unsafe set: we solve the QP (5.3) at time O for one time step forward.
e Irregular unsafe set: we solve the QP (5.3) at time O for H, € N > 1 time steps forward.

Remark 5.2 Unlike regular unsafe sets, when dealing with irregular unsafe sets, the system
may get stuck at local traps. This is why we extend the solution of the QP (5.3) to H; > 1
time steps. In this case, any one of the H;-step QPs becoming infeasible will make the system
fail. The local traps can easily make the QP (5.3) infeasible, especially when the system
reaches their boundary. Therefore, it is more likely to make an initial state that is located
around the local traps belong to the infeasible set when we solve the QP (5.3) H; > 1 time
steps forward. In this way, the system may avoid the local traps if it avoids the infeasible
set, and thus improve its ability to remain safe.
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If the QP (or all the QPs in the case of irregular sets) (5.3) is feasible, we label the state
z(0) as +1. Otherwise, it is labelled as —1. This procedure results in two labelled classes.
We employ a standard machine learning algorithm (such as Support Vector Machine (SVM),
Deep Neural Network (DNN), etc.) with z(0) as input to perform classification, and obtain
a classification hypersurface for each j € ; in the form:

Hi(z) : R" > R, (5.20)

where H;(z(0)) > 0 denotes that z(0) belongs to the feasible set. This inequality is called
the feasibility constraint.

Assuming the relative degree of (5.20) is m, we define the set of all controls that satisfy
Hj(z(t)) > O as:

K}w ={ueU:L}H@)+ LgL}’%—lH,-(z)u + O(H;j(z) + o (Yim—1(z)) = 0}
(5.21)
where v, is recursively defined as in (3.3) by H; with extended class K functions.
We define next feasibility forward invariance based on which we establish Theorem 5.1.

Definition 5.2 (Feasibility Forward Invariance) An optimal control problem is fea-
sibility forward invariant for system (2.11) if its solutions starting at all feasible x (0)
are feasible for all ¢+ > 0.

Theorem 5.1 Assume that the hypersurfaces H;j(z),Vj € S; ensure 100% feasibility
and infeasibility classification accuracy. If H;(z(0)) = 0,Vj € S;, then any Lipschitz
continuous controller u(t) € K j]c ea» VJ € St renders OCP feasibility forward invari-
ant.

Proof By Theorem 3.2 and H;(z(0)) > 0,V € S;, any control input that satisfies u(t)
K]%ea,Vj € S, Vt € [0, col makes H;(z(¢)) > 0,Vj € S;, Vt € [0, 0o]. Since Hj(z), V) €
S; classifies the state space of system (2.11) into feasible and infeasible sub-spaces for OCP
with 100% accuracy, it follows that this problem is feasibility forward invariant for system

@.10).

Naturally, machine learning techniques cannot ensure 100% classification accuracy. Thus,
we introduce next an approach based on feedback training to improve the classification
accuracy. In fact, if the classification accuracy is high enough, OCP may also be always
feasible, since system (2.11) may never reach the infeasible part of the state space.
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Similar to the sequence of QPs in (5.3), we have a feasible reformulated problem at
— — Iy .
t=wAt (w=0,1,2,..., 4 — 1)

i C At 82(wAt
u(wAg%}S?(wAt) ([lu(wAt)|]) + p:d; (wAt)

S LD (x) + [LgL'} b (0)lu+ O (b (¥)) + e (W 1(¥)) 2 0, Vj €S
L} Hj(2) + [Lg L}~ Hy @+ 0 (H(@) + o (Yn-1(2)) 2 0, ¥jes (22
LiVx)+LgV(x)u+e€V(x) <

Umin = U = Upmax

where b(x) = b;(x),and every safety constraint of the same type j uses the same H; (z(t)) >
0, Vjes;.

5.2.4 Feedback Training

For each j € S;, we first sample without any hypersurface (5.20) present. After the first
iteration, we obtain a hypersurface that classifies the state space of system (2.11) into fea-
sible and infeasible sets, but with relatively low accuracy. At this point, we can add these
hypersurfaces (5.20) into the QP (5.22) and sample new data points to perform a new classi-
fication leading to another classification hypersurface that replaces the old one. Iteratively,
the classification accuracy is improved and the infeasible set gradually shrinks.

Since the CBF method requires the constraint to be initially satisfied, we discard the
samples that do not meet this requirement. To ensure classification accuracy, we also need
unbiased data samples. The workflow for this process is shown in Fig.5.5. The infeasibility

Solve QP (5.3) at Ly
for all points

Feasible: +1
yes

Infeasible:

Labelled
data points

Feasible:
Infeasible: -1 1o

Select unbiased
train and test sets
Classification

Fig.5.5 Feedback training workflow for unsafe set j € S; (¢ > 0 denotes the termination threshold)

Solve QP (5.22) at ¢,
for all points

Next iteration Hyper surface (5.20)
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rate is the ratio of the number of infeasible samples over the total times of solving the QP
(5.3) or (5.22).

5.2.5 Generalization

Since we sample data around the unsafe set, we also need to check the generalization of the
hypersurface (5.20) in areas where we do not sample since system (2.11) may actually start
from some state in the unsampled area. OCP is usually feasible when system (2.11) is far
away from the unsafe set, therefore, the unsampled area should be located at the positive side
of the hypersurface (5.20), which can be viewed as the generalization (i.e., not overfitting)
of this hypersurface, as is usually the case in machine learning techniques.

Once we obtain a hypersurface (feasibility constraint) for a type of unsafe set in the
pre-training process, we can also apply this feasibility constraint to other unsafe sets that
are of the same type but with different locations, since the hypersurface only depends on
the relative location of the pre-training unsafe set. This is helpful for systems in which we
do not know the number and locations of the unsafe set, but we do know the type of unsafe
sets that may be present in the environment.

It is also important to note that the optimal hypersurface is not unique given the training
samples; this is due to the weight space symmetries [10] in neural networks.

Remark 5.3 (Comparison between parameter and sampling learning.) The parameter
learning approach tries to learn the optimal parameters in the definition of a HOCBF such
that the QP feasibility robustness, as defined in (5.2), is maximized. This can improve the
adaptivity of a system in an unknown environment. However, a single set of parameters may
not work for all possible initial conditions, and the system may also get stuck at local traps,
so that the QP may still be infeasible. On the other hand, the sampling learning approach
can deal with irregular unsafe sets as it learns a feasibility constraint by checking the fea-
sibility of a longer than a single step receding horizon control (multi-step QP) for each
sampling state. The main drawback of this approach may be the conservativeness of the
learned feasibility constraint as the feasibility robustness is not considered, and this may
lead to unreasonable system behaviors. This calls for a proper choice of the learning model
to alleviate such conservativeness.

In addition to the learning approaches introduced in this chapter, we may also incorporate
CBF-based QPs as a trainable layer (named as a BarrierNet) for neural networks [88, 91,
92], which enables end-to-end training for learning-based safety-critical control problems
[90].
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(a) Istiter. (QP (5.3)). (b) 2nd iter. (QP (5.22)). (c) 3rd iter. (QP (5.22)).

Fig.5.6 Feedback training process for the irregular obstacle. All data are sampled around the obstacle
(solid circle in all sub-figures). Each sample is a four dimensional point, but is visualized in the two-
dimensional x — y plane

5.2.6 Robot Control by Learning Feasibility Constraints

We consider the same problem setup as in Sect. 5.1.5. We choose all class K functions in the
definitions of all HOCBFs to be linear, and use a SVM method to classify the feasible and
infeasible sets for the QP (5.3) or (5.22). We obtain a hypersurface for each type of obstacle,
and apply this hypersurface to the same type obstacles with unknown locations.

We consider an irregular obstacle that is formed by two overlapped disks (with locations
(22,28 m) and (31, 19 m) which are unknown to the robot), as shown in Fig.5.6. We apply
the learning method introduced in Sect. 5.2.4 to recursively improve the problem feasibility,
and to possibly escape from local traps. We formulate a receding horizon control of H; = 60,
and check the feasibility of all these H;-step QPs. All other settings are the same as the ones
in the regular obstacle case. Each training iteration is shown in Fig.5.6.

As shown in Fig. 5.6, the classification accuracy and the infeasibility rate change similarly
to the regular obstacle case in each iteration. The training results for the irregular obstacle
are shown in Table 5.3. We also apply this hypersurface to the robot control problem and
test for feasibility and reachability. The QPs (5.22) are always feasible on the path from the
initial positions to destinations. The obstacles are safely avoided and the robot can reach
its destinations. We present the results in Fig.5.7a—b. The robot can safely avoid the local

Table 5.3 Training results for the irregular obstacle

Iter. QP (5.22) inf. rate | Classifi. accu. Train Test

1 0.0811 0.8280 5000 1000 (36668)
2 0.0109 0.8400 1200 800 (89656)
3 0.0021 0.9250 1000 200 (269051)
test 0.0004 100000

gen. 0 1.0000 100000
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traps formed by these two circle obstacles. Thus, reachability is also improved in addition
to feasibility. Finally, in Fig.5.8 we show examples of trajectories under parameter-based
learning and sampling-based learning which illustrate the differences between them. For
example, we can see that the sampling-based learning method may lead to more conservative
trajectories, while the parameter-based learning method may make the system get stuck at

local traps.
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Adaptive Control Barrier Functions

6.1 Adaptive Control

Traditional adaptive control is a method used by a controller that must deal with uncertain
parameters in the system dynamics [25]. The foundation of adaptive control is parameter
estimation, which is an integral part of system identification. Common methods of estimation
include recursive least squares and gradient descent. Both of these methods provide update
laws that are used to modify estimates in real-time (i.e., as the system operates). Lyapunov
stability is commonly used to derive these update laws and derive convergence criteria.
Projection and normalization are commonly used to improve the robustness of estimation
algorithms.

Such adaptive control methods can be used in CBFs for systems with uncertain parameters
as well [62]. A less conservative Robust aCBF (RaCBF) that is combined with a data-driven
method has been proposed in [33] to achieve adaptive safety. Machine learning techniques
have also been applied to achieve adaptive safety for systems with parameter uncertainties
[19, 27].

In this chapter, we do not consider traditional adaptive control methods for CBFs to
guarantee safety. This is because systems with parameter uncertainties form a subclass of
systems with unknown dynamics and we separately consider the case of safety guarantees
for systems with unknown dynamics in the next chapter.

6.2 Parameter-Adaptive Control Barrier Functions (PACBFs)

We begin with a simple example to motivate the need for PACBFs and to illustrate the main
ideas involved in their construction.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 73
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Example 6.1 (Simplified Adaptive Cruise Control (ACC)) Consider a simplified version of
the ACC problem in Example 4.3 with the ego (controlled) vehicle dynamics in the form:

o] [ o I
o)=L S ]+ o]mo eD

where z(t) denotes the distance between the preceding and the ego vehicle, v, > 0, v(z)
denote the velocities of the preceding and ego vehicles along the lane (the velocity of the
preceding vehicle is assumed constant), respectively, and u(¢) is the control of the ego
vehicle, subject to the constraints:

Umin < u(t) < Umax, Yt >0, (6.2)

where u,i, < 0 and uy,q, > 0 are the minimum and maximum control input, respectively.
As in Example 4.3, we require that

2(t) = 1,, Vi>0. (6.3)

Let x(¢) := (v(¢),z(¢)) and b(x(t)) := z(¢) —[,. The relative degree of b(x(?)) is
m = 2, so we choose a HOCBF following Definition 3.3 by defining ¥/o(x(¢)) := b(x(¢)),
a1 (Yo(x (1)) := Yo(x(2)) and ar (Y1 (x(1))) := ¥1(x(¢)). We then seek a control for the
ego vehicle such that the constraint (6.3) is satisfied. The control u(¢) should satisfy (3.8)
which in this case is

0o + -1 xu(®) +v, —v(@E)+v, —v(@)+z(t) -1, > 0.
~—~— S~——" L,—z r L (64)
Libx®)  LeLrbx() O(b(x (1)) a2 (Y1 (x (1))

Suppose we wish to minimize fOT u?(t)dt. We can then use the QP-based method (2.21)
to solve this ACC problem. However, the HOCBF constraint (6.4) can easily conflict with
Umin < u(t) in (6.2) when the two vehicles get close to each other, as shown in [71]. When
this happens, the QP will be infeasible. We can use the penalty method from [71] to improve
the QP feasibility, i.e., we define ¥ (x(¢)) = B(x(t)) + pb(x(1)), Y2 (x (1)) = ¢1(x(t)) +
py1(x(t)), p > 0in (3.3). Based on (6.4), the control u(z) should then satisfy:

O SL XU+ py O+ py - vO) + PO ) 20

Lib(x(1)  LgLyb(x() O(b(x(1))) pon (Y1 (x (1))

Given u,,i,, we can find a small enough value for p such that (6.5) will not conflict with
Umin in (6.2), i.e., the QP is always feasible. However, in practice the value of u,,;, is not a
constant; it depends on weather conditions, different road surfaces, etc. Therefore, a proper
choice of p for specific conditions ensuring that the QP is feasible is not easy to make when
the environment changes. Moreover, the assumption of a constant speed v, for the front
vehicle is too strong, and noise in the vehicle dynamics may also make the QP infeasible.
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This motivates us to define an AdaCBF that works for time-varying control bounds and
noisy dynamics, i.e., it theoretically ensures that the QP is always feasible. |

The key idea of the PACBF method in converting a regular CBF into an adaptive one is to
include the penalty terms as shown in (6.5) and then replace them by time-varying functions
with suitable properties as detailed next.

Starting with a relative degree m function b : R* — R, let Yo(x) := b(x). Then, instead
of using a constant penalty p; > 0,i € {1, ..., m} for each class I function ¢; (-) in the
definition of a HOCBF [71], we define a time-varying penalty function p;(¢) >0, i €
{1, ..., m}, and use it as a multiplicative factor for each class /C function «; (-). Let p(¢) :=
(p1(t), ..., pm(t)). Similar to (3.3), we define a sequence of functions ¢; : R" x R" —
R,i e {1,...,m} in the form:

Y1 (x, p() := Yo(x) 4+ p1(H)a; (Yo(x)),

; (6.6)
Vi(x, p(0) == vi—1(x, p(0) + pi®ei (Yi—1(x, p(1))), i €{2,...,m},

where«; (-),i € {1, ..., m—1}isa (m—i)th order differentiable class X function, and ¢, (-)
is a class K function. We further define a sequence of sets C;, i € {1, ..., m} associated with
(6.6) in the form:

Cp:={x e R" : yp(x) > 0},

(6.7)
Ci:={(x, p(1)) e R" x R™ : ¢y 1 (x, p(1)) = O}.

The remaining question is how to choose p;(¢),i € {1, ..., m} in (6.6). We require that
pi(t) > 0,Vi € {1,..., m — 1}, therefore we treat each p;(¢) like a HOCBF, similar to the
definition of b(x) > 0in Definition 3.3. Just like b(x) is associated with the dynamic system
(2.11), we need to now introduce an auxiliary dynamic system for p;(t). Moreover, as in
Definition 3.3, each penalty function p;(¢),i € {1, ..., m — 1} will be differentiated m — i
times, while p,, (¢) is not differentiated.

Thus, we start by defining

wi(t) = (7‘[1‘,]([), ﬂi‘z(l), e, ﬂi,mfi(l)) € Rmii, i€ {1, .., m— 2}, (6.8)

where 7; j € R, je{l,...,m —1i} are the auxiliary state variables. Next, we define
Tm—1() = pm—1() € R, which needs to be differentiated only once. Finally, we set
Pm(t) > 0 as some function to be determined. Let 7r; 1 () = p; (¢) in (6.6). We define input-
output linearizable auxiliary dynamics for each p; (we henceforth omit the time variable ¢
for simplicity) through the auxiliary state ; in the form:

]i:izFi(ni)+Gi(ni)vi5 ie{l""’m_l}’ (69)
Yi = Pi,
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where y; denotes the output, F; : R~/ — R™~ G; : R"~ — R”~ andv; € R denotes
the control input for the auxiliary dynamics (6.9). The forms of F;, G; are mainly used to
guarantee the non-negative property of p; shown later. Their exact forms will determine
the system performance, and the way to define them depends on the specific problem. For
simplicity, we usually adopt linear forms. For example, we define p,_» = m,—22 and
Tm—2,2 = Vm—2 since we need to differentiate p,,_» twice as in Definition 3.3, and define
Pm—1 = Vm—1 since we need to differentiate p,,_; once. We can initialize &;(0) to any
vector as long as p; (0) > 0.

An alternative way of viewing (6.9) is by defining a set of additional state variables which
cause the dynamic system (2.11) to be augmented. In particular, let IT := (&, ..., wpH_1),
v:=,...,Vu—1),Wherev;,i € {1, ..., m — 1} are the controls in the auxiliary dynamics
(6.9). In order to properly define the PACBF, we augment system (2.11) with the auxiliary
dynamics (6.9) as follows:

x| _| fx) gx) 0 u

[ﬁ]_[Fo(H)]+[ 0 GO(H)M\,] (6.10)
_—
F(x,II) G(x,IT)

where Fo(IT) = (F1(my), ..., Fu—1(@m—1)) and Go(II) is a matrix composed
by G;(x;),i €{l,...,m —1} with dimension m(mTfl) x (m —1). Moreover, F :
Rn+)’l('271> N R’1+m(y,£71) G : Rn_’_m(n;fl) N R(n+"1("£71))><(q+m—l).

Since p; is a HOCBF with relative degree m — i for (6.9), similar to (3.8), we define a
constraint set Uep s (IT) for v:

Uy (M ={v € R" - L7~ pi+[Lg, L7 pilvi+0(pi)
+am—l(1/fl,l‘n—l—l(pl)) 2 07Vl € {]9 27 ) m — ]}}1

6.11)

where ¥; ,,—;—1(-) is defined similar to (3.3).

Definition 6.1 (Parameter Adaptive Control Barrier Function (PACBF)) Let C;, i €
{1,...,m} be defined by (6.7), ¥;(x, p),i € {l,...,m} be defined by (6.6), and
the auxiliary dynamics be defined by (6.9). A function b : R" — R is a Parame-
ter Adaptive Control Barrier Function (PACBF) with relative degree m for (2.11) if
every p;, i € {1,...,m — 1}, is a HOCBF with relative degree m — i for the auxil-
iary dynamics (6.9), and there exist (m — i)th order differentiable class /C functions
ai,i €{1,...,m — 1}, and a class K function «,, such that
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m—1

sup  [LFb(x) + [Le Ly~ 'b(e)lu + Y o (i )[Lg, L' pilvi
uelU,velcyf i—=1

- (6.12)
+0 (&), p)+ Y (L pilei (Yi—1) + pmom (Ym—1)] = 0,

i=1
for all x € Cy, (x, p) € CoNn,...,NCy, and all p, > 0. In (6.12), O(b(x), p)
denotes the remaining Lie derivative terms of b(x) (or p) along f (or Fi, i €
{1,...,m — 1}) with degree less than m (or m — i), similar to the form in (3.8).

In (6.12), the explicit terms O (b(x), p) are omitted for simplicity. The complex PACBF
constraint (6.12) can be simplified (similar to (3.8)) if we just consider the augmented
dynamics (6.10) in the form:

sup  [L7Fb(x) + [Lo L} 'b@)]u + O(b(x), p,v) + aw(Ym—1(x, p))] = 0,

uelU,veUcpy
(6.13)
where O (b(x), p, v) is linear in v and contains «;(-),i € {1,...,m — 1} (similar to the
form in (3.8)). Note that the «; (+) in the last equation denote general class K functions, and
they can be different from the ones in (6.12).
Given a PACBF b(x), we consider all control values (u, v) € U x Uy (IT) that satisfy:

Kacpy (x, ) = {(u,v) € U x Uapp(T) = [L L'}~ b(x)]u
m—1 m—1

+ Y @i (@i DL LE ™ pilvi + Y ILE pilei (i) (6.14)
i=1 i=1

+L’;clb(x) + O(b(x), P) + pmm (Ym—1) > 0}.

Theorem 6.1 ([77]) Given a PACBF b(x) from Definition 6.1 with the associated sets
C1,Ca, ..., Cy defined by (6.7), if x(0) € C1 and (x(0), p(0)) € CaN, ..., NCp,
then any Lipschitz continuous controller (u(t), v(t)) € Kacpr(x(2), IL(2)), ¥t > 0
renders the set C1 forward invariant for system (2.11) and Co N --- N Cy, forward
invariant for systems (2.11), (6.9), respectively.

Proof 1f b(x) is a PACBEF, then p,,(t) > 0, V¢t > 0. Constraint (6.12) is the Lie deriva-
tive form of ¥ —1 (X, p) + pmtm (Ym-1(x, p)) = 0.1f py (1) > 0,V = 0, it follows from
Theorem 3.2 that v, 1 (x (¢), p(t)) > 0,Vt > 0.If p,,(¢) = 0, then fpm_l(x, p) > 0. Since
(x, p) € Cp, (ie., Yyu—1(x, p) > 0 is initially satisfied), we have ¥,,—1(x(t), p(t)) >
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0,Vt > 0. Because p;, Vi € {1,...,m — 1} is a HOCBEF for the auxiliary dynamics (6.9),
it follows from Theorem 3.2 that p;(¢) > 0,Vt > 0,Vi € {1,...,m — 1}. Then, we can
recursively prove that v;(x(¢), p(t)) > 0,Vt > 0,Vi € {2,...,m — 2} similarly to the
case i = m — 1, and eventually prove that yo(x(¢)) > 0, V¢t > 0, i.e., b(x(t)) > 0,Vt > 0.
Therefore, the sets C1 and C>N, ..., NC,, are forward invariant. O

Remark 6.1 (Adaptivity of PACBFs)Inthe PACBF constraint (6.12), the control # of system
(2.11) depends on the controls v;, Vi € {1, ..., m — 1} of the auxiliary dynamics (6.9). The
control v; is only constrained by the HOCBF constraint in (6.11) since we require that p; isa
HOCBEF, and there are no control bounds on v;. Therefore, we partially relax the constraints
on the control input of system (2.11) in the PACBF constraint (6.12) by allowing the penalty
function p; (¢), Vi € {1, ..., m} tochange through v. However, the forward invariance of the
set C is still guaranteed, i.e., the original constraint b(x) > 0 is guaranteed to be satisfied.
This is how a PACBF provides “adaptivity”. Note that we may not need to define a penalty
function p; for every class K function ¢; (+) in (6.6); we can instead define penalty functions
for only some of them.

Remark 6.2 As a practical matter, it is worth noting that the functions p; (¢),i € {1, ..., m}
should be upper-bounded in order to guarantee the system safety during the discretized time
implementation of the method. This is to ensure that p; (f)c; (¥;—1(x, p)) approaches O as
Yi—1(x, p) approaches 0. For a problem that is intrinsically feasible, we may find such upper
bounds, although this is a topic requiring further study. Moreover, if these upper bounds are
large, the inter-sampling effect in the solution of the QPs (2.21) becomes crucial, since even
a small change of the state x could result in a large variation of p; (#)o; (¥i—1(x, p)). As
a result, we have to choose a small enough discretization time Az in order to address the
inter-sampling effect.

6.2.1 Adaptivity to Changing Control Bounds and Noisy Dynamics

As we have seen, in the HOCBF method the QPs (2.21) may be infeasible in the presence
of both control limitations (2.19) and the HOCBF constraint (3.8). There are two reasons
for a QP problem to become infeasible: (i) the control limitations (2.19) are too tight or
they are time-varying such that the HOCBF constraint (3.8) will conflict with (2.19) after
it becomes active; (i7) the dynamics (2.11) are not accurately modeled, i.e., there may be
uncertain variables, etc. In case (ii), the HOCBF constraint (3.8) might also conflict with
(2.19) when both of them become active. This is because the state variables also show
up in the HOCBF constraint (3.8), thus, the noisy dynamics can easily (and randomly)
change the HOCBF constraint (3.8) through the (noisy) state variables such that (3.8) may
conflict with the control limitations when they are also active. However, the QP feasibility
is not only improved, but in fact guaranteed as will be shown in Theorem 6.3. This is
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because in the PACBF method the control u in the PACBF constraint (6.12) is relaxed by
v;, Vi € {l,...,m — 1}, as discussed in Remark 6.1.

Theorem 6.2 ([77]) Given a PACBF b(x) from Definition 6.1 with the associated
sets C1, ..., Cy, defined by (6.7), if b(x(0)) > 0, then the satisfaction of the PACBF
constraint (6.12) is a necessary and sufficient condition for the satisfaction of the
original constraint b(x) > 0.

Proof 1f b(x(0)) > 0, it follows from Theorem 6.1 that we can always choose proper class
KC functions (linear, quadratic, etc.) such that ¥o(x(z)) = b(x) > 0 and ¥; (x(¢), p(t)) >
0,i e{l,...,m—1},Vt > 0. Thus, the satisfaction of the PACBF constraint (6.12) is a
sufficient condition for the satisfaction of the original constraint b(x) > 0.

Since b(x) > 0 and a1 (b(x)) > 0, if b(x) reaches zero before (faster than) B(x) (<0)
does, then the system is not safe by Nagumo’s theorem [42] (i.e., b(x(¢)) > 0,Vt >0
is not satisfied). Therefore, b(x) should reach zero after (slower than) B(x) reaches
zero, and there exists an upper bound for % for some «(-) (as X and U are
closed sets). Thus, if b(x(¢)) > 0, there exists a penalty function p;(¢) > 0 (since p1(¢)
is a HOCBF) such that B(x) > —p1(t)a1 (b(x)) for any B(x) with respect to dynamics
(2.11). With ¢g(x) = b(x) in (6.6), we have 1bo(x) + p1(@®)o1 (Yo(x)) > 0G.e., ¥ (x, p) >
0). The ith derivative of b(x) shows up in ¥;,i € {2,...,m — 1}, and we can also
prove similarly that there exists a penalty function p;(z) > 0 (since p;(t) is a HOCBF)
such that ¢;(x, p) > 0,i € {2,...,m — 1} in a recursive way. Eventually, there exists
Pm (1) > 0 such that Y1 (x, p) + pim()tm (Ym—1(x, p)) > 0 (ie., Y (x, p) > 0). Since
Ym(x, p) = 0is equivalent to the satisfaction of the PACBF constraint (6.12), it follows that
the satisfaction of the PACBF constraint (6.12) is a necessary condition for the satisfaction
of the original constraint b(x (¢)) > O. ([

Note that we exclude b(x) = 0 in Theorem 6.2. The satisfaction of the PACBF constraint
(6.12) is equivalent to the satisfaction of b(x) > 0, hence the system performance is not
reduced by the mapping of a constraint from state to control (this is how the standard CBFs
work). In essence, we have added some extra degrees of freedom to our ability to satisfy
the constraints of the original optimal control problem by augmenting system (2.11)—(6.10).
These degrees of freedom come from IT which is controlled by v. Therefore, if the PACBF is
avalid CBF for the augmented system, it guarantees the satisfaction of the original constraint
and the QP feasibility. The use of a PACBF provides flexibility in constraint satisfaction in
a dynamic (time-varying) way at the expense of dealing with additional state variables II.
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Example 6.2 (Example 6.1 revisited) For the SACC problem introduced in Example 6.1,
we define a PACBF with m = 2 for (6.3). We still choose «(b(x(¢))) = b(x(¢)) and
ar(Y1(x(2))) = Y1 (x(¢)) in Definition 6.1. Suppose we only consider a penalty function
p1(t) on the class K function «(-) and define linear dynamics for pp in the simple form
p1 = vy (note that 71 = py in (6.9)). In order for b(x(¢)) := z(t) — I, to be a PACBF for
(6.1), a control input u(¢) should satisfy

0 + -1 xu®+ (@ —=1p) xv(@)
L3bGx@)  LgLybx(n) [Lgy 1Dl (b (1)

+ p1(@O)p=v(@®) + vp—v(@®) + pr1()(z(t)—=1p) = 0.
Ob(x(1)).p(1) (Y1 (x(0).p(1))

(6.15)

Comparing the above equation with (6.5), we replace the constant p in (6.5) with p;(¢),
therefore, the control u(¢) is relaxed by vi(¢). This can actually guarantee the problem
feasibility as will be shown in Theorem 6.3.

Since u () depends on v; which has no bounds, the control input u(¢) in the above PACBF
constraint is relaxed. Thus, this constraint is adaptive to the change of the control bound
Upipn in (6.2) and uncertainties in v, and x, (t) from the front vehicle. Note that p; (¢) should
be a HOCBF for the auxiliary dynamics p; = vi. The control input v; is subject to the
corresponding HOCBF constraint such that p;(¢) > 0, V¢ > 0 is satisfied. [ |

6.2.2 Optimal Control with PACBFs

Let us return to the optimal control problem (2.17) (omitting the terminal cost) for system
2.11):

T
minf C(||lu()|Ddt, (6.16)
u@) Jo
where || - || denotes the 2-norm of a vector, C(-) is a strictly increasing function of its

argument, and 7 > 0. Suppose system (2.11) is not accurately modeled and may also have
noisy states (e.g., as an additive term to (2.11)). In addition, system (2.11) has time-varying
control bounds defined as u,,;, (1), t;uqx (1) € RY, where we assume that u,,;,, (1), Upqy (1)
are Lipschitz continuous:

U@) ={u €RY tpin(t) < u < tpax (1)} (6.17)

Assume a (safety) constraint b(x) > 0 with relative degree m has to be satisfied by system
(2.11). We use the PACBF method to guarantee b(x) > 0 so that u should satisfy the PACBF
constraint (6.12). Moreover, each v;, i € {1, ..., m — 1} is constrained by the HOCBF con-
straint (6.11) corresponding to the constraint p; (r) > 0 for the auxiliary dynamics (6.9).
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Note that the control v from the auxiliary dynamics is only subject to the HOCBF con-
straints defined in (6.11). In particular, for each v;, i € {1,...,m — 1} this constraint is
one-sided, i.e., .
=L pi — O(pi) — otm—i Wi m—-i—1(pi))

L, LE " pi ’

v > (6.18)

if Lg, L?l_—"_l pi > 0. The adaptivity of a PACBF depends on the auxiliary dynamics (6.9)
through v;. If v; changes too fast, it can affect the smoothness of the control # obtained
through solving the associated QPs, which may adversely affect the performance of system
(2.11).

If we add control bounds on v;, the problem feasibility may be decreased (i.e., the adap-
tivity of a PACBF is weakened). If we add a quadratic penalty term vi2 into the cost function,
then p; may maintain a large value, which contradicts the penalty method from [71] (i.e.,
we wish to have a small enough value of p; to improve the problem feasibility). Therefore,
in order to decrease p; when it is large, we seek to minimize v; and stabilize each p; (¢) to a
small enough value p} > 0 (for example, as recommended by the penalty method from [71]
or by the optimal penalties learned in [74]). We choose smaller p} if o;(-) is a high-order
(e.g., polynomial) function as its value is larger and requires more penalization. The choice
of p¥ can provide conditions such that the problem feasibility is guaranteed, as shown in
Theorem 6.3.

Assuming the auxiliary dynamics (6.9) are input-output linearized (otherwise, we perform
input-output linearization), we can use either the tracking control from [26] or a CLF to
stabilize p; (t),i.e.,if m = 1, we minimize (p; — pf)z; ifm = 2, wedefineaCLF V| (p1) :=
(p1 — pT)z; and if m > 2, we find a desired state feedback form p; ,,—; for p; y—i:

—ki(pi — p), i=m-—2,
Pim—i = | —ki(pi—p{)—kapia—....~kmi-1Pimi-1, (6.19)
i<m-—2,
where k1 > 0, ..., k;—i—1 > 0. In the last equation, if i = m — 1, we can directly define a

CLF V;(x;) := (pi — p})*.
Then, we can define a CLF V;(x;) := (pi m—i — ﬁi,m,i)z,i e {l,...,m — 1} (the rela-
tive degree of V;(x;) is one) to stabilize each p; so that any control input v; should satisfy:

LpVi(m;)+ Lg, Vi(mi)vi + €Vi(m;) < §; (6.20)

where §; is a relaxation variable that we seek to minimize.

In all cases, we may also want to stabilize p,, which is not differentiated, by minimizing
(pm — p;,‘;)z. Therefore, letting § := (81, &2, ..., 8u—1), we can reformulate the cost (6.16)
to incorporate the PACBF as follows:
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m—1

T
min /0 [C(Ilu(t)ll)+z Wivi (1)

w(®),9(0),8(), p (1) —
= 6.21)

m—1
+ Y P} () + Qpm(®) — pi‘n)z} dt
i=1
subject to (2.11), (6.17), (6.12), (6.9), the HOCBF constraint in (6.11) for each p; > 0,i €
{1,...,m — 1}, py(¢) = 0, and the CLF constraint (6.20). In (6.21), W; > 0, P; > 0,i €
{1,...,m — 1}, and Q > 0. We can then use the QP-based approach (2.21) from Sect. 2.5
to solve (6.21).

Finding the weights in (6.21) may not be a simple task, as the ranges of the associated
controllable variables may vary widely. Therefore, we normalize each term and form a
convex combination:

m—1

r C(||u(t v; (¢
min / c ([lu@)I]) n ZWi i (1)
u(t),v(t),8(t),pm(t) Jo

Ulim : Vi, max
i=1

net g . (6.22)
+ZP1-55(” 4 Q= r) }dt
i=l

1,max pm,max

subject to the same constraints as (6.21), where co + Z,’Zl W; + Z;”:_ll P+ QO =1.The
upper bounds above are chosen so that ujim = sup,cy C(||w()]), Vimax > 0, 8 max >
0, pm.max > 0. Since v; (), 8;(t), pm (¢) do not have any natural upper bounds, it is hard to
determine v; max, 6, max,> Pm.max. However, we can exploit the fact that v; max, 8; max. Pm,max
are always desired to have small values and set these to be the largest acceptable values,
depending on the problem of interest.

The time complexity of each QP used to solve this problem is polynomial in the dimension
d > 0 of the decision variables. In the HOCBF-based QP, d = ¢, where g is the dimension
of the control u. However, in (6.22), d = g + 2m — 1. Thus, we see that we increase the
adaptivity of the CBF method at the expense of more computation time; however, the solution
of the PACBF-based QP is still fast enough.

Due to the point-wise nature of the QP-based solution method (2.21) for (6.22), we can
state that an optimal control problem is “intrinsically” infeasible starting at some time instant
when the safety constraint b(x) > 0 conflicts with the control bounds (6.17) no matter how
we choose the control law for system (2.11). The PACBF constraint (6.12) is active when
(u, v) makes both (6.12) and (6.11) equalities. If the PACBF constraint (6.12) becomes
active earlier, a QP used in the solution of (6.22) is easier to be feasible as system (2.11) has
alonger time horizon to adjust its state under control bounds (6.17). Let 7., > 0 denote the
last time that the problem (6.16), subject to (6.17) and b(x) > 0, is feasible. In the following
theorem, we provide conditions such that the feasibility of the QPs associated with (6.22)
is guaranteed.
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Theorem 6.3 ([77]) Suppose x(0) is not on the boundary of Cy. If the PACBF con-
straint (6.12) is active before ty.q, then the feasibility of each QP associated with
(6.22) is guaranteed.

Proof Since x(0) is not on the boundary of C1, we have by Theorem 6.2 that the satisfaction
of the PACBF constraint (6.12) is a necessary and sufficient condition for the satisfaction
of b(x) > 0, thus, b(x) > 0 < (6.12), and the mapping of a constraint from the state onto
the control will not limit the control that system (2.11) can take with respect to the original
problem (6.16), subject to (6.17) and b(x) > 0. As the problem (6.16), subject to (6.17) and
b(x) > 0, is feasible, there exists a control law such that the problem is feasible after the
PACBEF constraint (6.12) becomes active, hence th