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Preface

Safety is an essential requirement for any control system, be it a simple home appliance
that should not overheat or an aircraft that should not place its passengers’ lives at risk.
However, formally guaranteeing safety (which can informally be stated as “something
bad will never happen”) has not been a top requirement for designing controllers as long
as testing for safe operation through prototypes or simulation experiments is practically
feasible. The rapid proliferation of large-scale complex cyber-physical systems over the
past two decades has made such testing infeasible and the emergence of autonomous
systems has further made safety a critical design requirement. The “internet of vehicles,”
envisioned as the next generation of intelligent transportation systems where self-driving
cars cooperate to eliminate accidents (94% of which are due to human error) and to
reduce congestion and harmful emissions, is a prime example of such a large-scale system
consisting of interacting autonomous entities (here, the vehicles, are generically referred
to as “agents”). In fact, in today’s technologically insatiable society, autonomous systems
are fast becoming ubiquitous, from autonomous driving to sophisticated manufacturing
systems and automated delivery of goods or exploration of hazardous environments.

The goal of this book is to contribute to safe autonomy becoming a critical component
of control system design. A central theme in its content is enhancing our understand-
ing of the interplay between safety and the other two critical control design components:
performance and computational complexity. Indeed, one can always design an overly con-
servative safe system, such as a fleet of autonomous vehicles moving at no more than 10
m/h, leading to unacceptably poor system performance. On the other hand, pushing the
limits of safety with a sophisticated controller, such as autonomous vehicles cruising at
100 m/h while ensuring safe operation, would require a prohibitively high computational
cost preventing real-time control operation or an intolerably high economic cost in terms
of the equipment required to guarantee safety.

vii
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In this book, we present a framework based on Control Barrier Functions (CBFs) that
endows a control system with the ability to guarantee the satisfaction of safety require-
ments as formally specified by the designer in the form of inequalities involving state
variables defined in the model of the dynamic system being controlled. A key attrac-
tive feature of this framework is the ability to transform these inequalities into a new
set of conditions which allow the specification of a set of feedback control laws whose
implementation implies the satisfaction of the original safety requirements. Moreover,
determining these controls is computationally tractable and often quite simple. Ultimately,
we combine the well-established theory of constrained optimal control with CBFs to
achieve near-optimal system performance while also guaranteeing the safety requirements
at all times thanks to a forward invariance property intrinsic in the CBF approach.

Naturally, there is no free lunch in this framework. The formal safety guarantees come
at the price of some conservativeness, setting the stage for the trade-offs discussed earlier
involving safety, performance, and computational complexity. Moreover, the implementa-
tion of a CBF-based controller in real time faces a number of challenges, central among
them being the ability to always determine a feasible control action at any time when the
controller is designed to operate in a discretized time setting. The book explores various
techniques, including the use of novel event-driven methods, to confront this challenge
and largely alleviate it. It also embraces machine learning methods which can further
contribute to addressing the feasible control implementation problem.

The promise of autonomous systems, in terms of their capabilities and societal contri-
butions for this century, is extremely exciting. Their complexity, on the other hand, can be
overwhelming and their deployment is hindered by the need to provide them with guaran-
tees for a safe operation since they directly involve humans, as in transporting passengers
through autonomous vehicles or industrial equipment working cooperatively with human
operators. Powerful new formal methodologies are needed to ensure safe autonomy and
to deliver the full potential of these systems.

About This Book

The majority of this book is based on a series of recent papers published by the authors in
leading journals and conference proceedings within the systems and control community. A
substantial part also comes from the 2021 doctoral dissertation of the first author entitled
“Optimal Control and Learning for Safety-Critical Autonomous Systems.”

The book is intended for an audience of graduate-level students with a mature under-
standing of basic control theory and optimization methods, as well as for researchers who
are concentrating on problems involving autonomous systems and their applications to
areas such as robotics and autonomous vehicles in transportation systems. We also envi-
sion it as a textbook for a graduate course that can provide a first exposure to concepts of
both autonomy and safety, as well as a detailed exposition of the theory of Control Barrier
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Functions (CBFs). Throughout the book, we include examples of how this theory can be
used, including extensive simulations of challenging autonomous systems and compar-
isons with “baseline” controllers that can illustrate the benefits of the specific methods
we develop.

We have made every effort to make the book as self-contained as possible, with the
understanding that the reader has a background on basic dynamic system modeling, con-
trol theory, and essential elements of optimization, including fundamentals of optimal
control theory.

Book Organization

The basic road map and organization approach for the book are briefly described next.

Chapter 1 provides a brief introduction to the concepts of autonomy and safety. It sets
the stage for one of the ultimate goals of the book: controlling autonomous systems so
as to combine safety with application-dependent control objectives. It also places the
design objective of “safety” in the context of inevitable trade-offs with the other two
objectives: performance and computational complexity. Readers familiar with basic
optimal control theory will recognize part of this chapter as reviewing material to
establish key problem formulations and notation to be used throughout the remaining
chapters.

The next nine chapters of the book are logically organized in three parts. First, Chaps. 2
and 3 lay out the basic background material involving barrier functions leading to the def-
initions of Control Barrier Functions (CBFs) and High-Order Control Barrier Functions
(HOCBFs). Next, Chaps. 4–8 address the challenges that the CBF/HOCBF-based control
design must address in order for controllers to be fully implementable and effectively
combined with optimal control theory. Finally, Chaps. 9 and 10 present a variety of appli-
cations of the CBF/HOCBF-based method for designing safe controllers for autonomous
systems encountered in traffic networks and in robotics.

Chapter 2 introduces Control Barrier Functions (CBFs) in the context of control
systems, tracing back the history of CBFs to the barrier functions used in classical
mathematical optimization. These can be extended to Lyapunov-like barrier functions
and ultimately adapted to the control of dynamical systems in the presence of con-
straints. Formal definitions of all the concepts used in the rest of the book are provided
in detail. A first explanation of how CBFs can be combined with constrained opti-
mal control problems introduced in Chap. 1 is also presented, along with the formal
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general-purpose solution methodology that will be used for such problems through-
out the book. In particular, it is shown how these problems can be converted into a
sequence of Quadratic Programs (QPs) once the time line is appropriately discretized.
Chapter 3 is motivated by a potential limitation in the definition of a CBF: the function
capturing the safety requirement we are interested in may have a relative degree greater
than one (i.e., its first derivative may be independent of the control variables). This
limitation is relaxed by a more general definition which leads to High-Order Control
Barrier Functions (HOCBFs). These are even further generalized to include integral
HOCBFs (iHOCBFs).

It is recommended that Chaps. 2 and 3 form the content of a course that introduces
the theory of safe autonomy using CBFs. By the end of these two chapters, the reader
will have grasped the basic concepts and methodologies involved in designing CBFs (or
HOCBFs, as needed) and solving constrained optimal control problems where the con-
straints are in the specific form of CBF/HOCBF-based inequalities. The reader will also
have gained an appreciation of the power of this methodology (illustrated through several
examples), but also the technical challenges it entails, specifically the potential conserva-
tiveness that CBFs may bring to control design and the issue of always finding a feasible
control action when implementing CBF-based controllers. The second part of the book,
consisting of Chaps. 4–8, addresses these two main challenges.

Chapter 4 addresses the crucial issue of whether feasible solutions can be found when
deriving an explicit solution of an optimal control problem through a sequence of QPs
as explained in Chap. 2. The problem of feasibility stems from the potential conflict
between a CBF/HOCBF-based constraint and control limits that are unavoidable in
practice. It also comes from the inter-sampling effect due to the time discretization,
as there are rarely reliable guidelines for the choice of the time step used in any such
process. Two methods are presented, one based on assigning adjustable penalties to
the CBF/HOBF-based constraints and the other on designing a special additional CBF,
which leads to a sufficient condition for feasibility.
Chapter 5 is a continuation of Chap. 4’s effort to address the feasibility challenge
in implementing CBF/HOCBF-based controllers. Machine learning methodologies are
utilized to take advantage of actual data that are generally available from the operation
of an autonomous system. A “feasibility robustness” metric is introduced to measure
the extent to which the feasibility problem we are concerned with is maintained in the
presence of time-varying and unknown unsafe sets. The main idea rests on parameter-
izing the CBFs/HOCBFs involved in a safe-critical control problem and then learning
the parameter values that maximize this feasibility robustness metric. The reader is
expected to possess a basic knowledge of machine learning algorithms for classification
problems.
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Chapter 6 focuses on the issue of conservativeness which may be introduced when a
CBF/HOBF-based controller is designed. To deal with this issue, we introduce adaptive
CBFs (aCBFs) to guarantee safety and feasibility under time-varying control bounds,
as well as potentially noisy dynamics. Two different forms of aCBFs are described:
parameter-adaptive CBFs and relaxation-adaptive CBFs. Although there is a remote
connection of aCBFs to traditional adaptive control methods, the reader is not expected
to have any knowledge of such methods since this chapter considers only parameter
uncertainties rather than unknown system dynamics, a topic studied in the next chapter.
Chapter 7 considers systems with unknown dynamics, including the case of noise
present in the system. Here, we introduce an event-driven (or event-triggered) frame-
work that also deals with the same feasibility problem studied in Chaps. 4 and 5. It is
shown that this approach can almost entirely eliminate the feasibility issues of concern
by selecting specific events to trigger the execution of a QP that leads to a control
action update, hence eliminating the need for specifying a time step value needed in
the time-driven controller implementation.
Chapter 8 presents a two-step procedure that combines traditional optimal control and
CBF/HOCBF methods to achieve both optimality and guaranteed safety in real-time
control. This can be viewed as a way to bridge the gap between planning a trajectory
and actually executing it in the presence of noise and model uncertainties. The key
idea is to first generate trajectories by solving a tractable optimal control problem
and then track these trajectories using a controller that simultaneously ensures that all
constraints are satisfied at all times. This is termed an Optimal control with Control
Barrier Functions (OCBF) controller. This chapter may be read after Chaps. 2 and 3
and does not require a deep understanding of Chaps. 4–7. It does, however, require a
basic knowledge of constrained optimal control theory.

The last part of the book, consisting of Chaps. 9 and 10, is intended to provide the reader
with specific applications of the CBF/HOCBF methodology developed throughout the
earlier chapters. These last two chapters heavily rely on the OCBF approach presented in
Chap. 8.

Chapter 9 considers safety-critical optimal control problems encountered in the
next-generation intelligent transportation systems that have started to emerge. In par-
ticular, these problems involve the cooperative coordination of Connected Autonomous
Vehicles (CAVs) in traffic networks. Three specific applications are presented in
detail: traffic merging, traffic control in roundabouts, and traffic control in multi-lane
signal-free intersections.
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Chapter 10 looks at three applications of the use of the CBF/HOCBF methodology
encountered in robotics: a ground-robot executing typical two-dimensional navigation
tasks where obstacle avoidance is crucial, autonomous driving where a vehicle must
satisfy complex traffic law specifications, and safe navigation tasks for an aerial vehicle
(quadrotor).

Cambridge, MA, USA
Boston, MA, USA
January 2023

Wei Xiao
Christos G. Cassandras

Calin Belta
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1Introduction to Autonomy and Safety

Autonomous systems have emerged as a consequence of multiple technological develop-
ments including (i) ubiquitous wireless networking capabilities allowing a multitude of
agents (ranging from miniature sensing devices to large vehicles) to share information reli-
ably and efficiently, (ii) sensorswith different possiblemodalities that can be placed on board
the agents giving them unprecedented environment perception capabilities, and (iii) smaller
and faster processors capable of on-board computational tasks that were unimaginable a
couple of decades ago.

What exactly do we mean when we refer to a system as autonomous? The answer largely
depends on the application domain, but there are some characteristics of autonomy that
one can identify in terms of the goals that the system aims to achieve, the information
that its control actions are based on, and its relationship to the humans who have designed
it and expect a certain type and level of operational performance. Thus, for starters, an
autonomous system is designed to achieve a given set of goals which may vary over time,
partly based on how the environment within which the system operates changes. To do so,
the components of such a system (which we will generically refer to as agents) must be
able to sense and collect information from the environment and possibly share it. It follows
that an important feature of an autonomous system is that each agent has the ability to both
operate separately from others but also cooperatewith them in terms of information sharing,
goal setting and control action execution. Finally, it is expected that an autonomous system
operate over long periods of time unattended, i.e., without human intervention. An example
of an autonomous system is the so-called “internet of vehicles” consisting of self-driving
cars which can deliver passengers (or goods) to specific destinations by controlling their
routes as well as their powertrains in a way that does not conflict (and in fact cooperates)
with other vehicles, as illustrated in Fig. 1.1. Other examples include teams of mobile robots
that cooperate to carry out various tasks such as performing fundamental storage-retrieval
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2 1 Introduction to Autonomy and Safety

operations in a warehouse, monitoring an environment to detect different types of events
such as fires in wooded areas, seeking for faults in a bridge, etc.

Fig. 1.1 Autonomy in the form
of vehicles employing
connectivity, sensing, and
automatic control

While an autonomous system is an exciting prospect for 21st century technology, ensur-
ing that it always operates as “intended” poses significant challenges. At a minimum, one
expects that such a system is always guaranteed a minimum level of performance that
includes some quantifiable metrics of safety. For example, if we are to trust a self-driving
vehicle, we need to be absolutely certain that it does not violate the basic driving rules that
a reasonable human driver would always obey. Beyond that, we also expect the vehicle
to be able to outperform a human driver in terms of accident prevention, such as detect-
ing and avoiding obstacles faster and more effectively than any human driver. Given the
sensing capabilities, high-speed processing of information, and intelligent decision making
potential of an autonomous system agent, we should expect that it can easily outperform its
human counterpart operator. However, we first need to develop a rigorous framework that
can provide such safety guarantees.

The traditional setting for studying dynamic systems subject to constraints while aiming
to achieve the best possible performance is provided by optimal control theory. This has
been extensively developed for both discrete and continuous time models. In a continuous
time setting, the performance of the system is measured through a scalar function

J =
∫ t f

t0
L[x(t), u(t), t]dt + φ[x(t f ), t f ], (1.1)

where x(t) is the state of the system, which evolves over the time interval [t0, t f ] according
to

ẋ = f [x(t), u(t), t] (1.2)

with a given initial condition x(t0). In the above equation, (̇) denotes differentiation with
respect to time and f is a function describing the (possibly time-varying) dynamics of the
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system. The problem is to determine functions u(t) (i.e., the controls) that minimize (or
maximize) J . Usually, the state and control are subject to various constraints of the general
form

g[x(t), u(t), t] ≤ 0 ∀t ∈ [t0, t f ] (1.3)

or possibly

g[x(tk), u(tk), tk] ≤ 0 tk ∈ [t0, t f ], (1.4)

where tk can be an isolated time instant or can belong to subintervals of [t0, t f ]. The constraint
in (1.4) includes the case of specified terminal states, i.e., x(t f ) − x f = 0. It is worth noting
that in many cases these constraints do not explicitly include any control component. For
example, maintaining a minimum distance from the side of the road in autonomous driving
can be written as an inequality over the vehicle’s position, which is part of the vehicle’s
state, and does not explicitly involve controls, such as acceleration.

The constraints in (1.3) or (1.4) can be hard or soft. Hard constraints (e.g., “avoid colli-
sions with other traffic participants” in autonomous driving) are usually referred to as safety
constraints, with the understanding that the solution u(t) to the problem needs to strictly
enforce them. Soft constraints (e.g., “stay in lane” in autonomous driving) can be slightly
violated, even though this should be avoided if possible. This can be handled in a number of
different ways. If, for example, there are state constraints to be satisfied only at the terminal
time t f , then they can be incorporated in φ[x(t f ), t f ] in (1.1). Alternatively, they can be
expressed in the “softer form”:

g[x(t), u(t), t] ≤ δ ∀t ∈ [t0, t f ], (1.5)

where δ ≥ 0 is an additional parameter to be minimized alongside the original cost.
In this book, we deal with both hard and soft constraints, but we often focus on the

hard safety constraints that must always be satisfied if we are to design safe autonomous
systems. For multi-agent autonomous systems, the state x(t) is usually expressed as a vec-
tor [x1(t), . . . , xN (t)] where xi (t), i = 1, . . . , N is the state (generally, also a vector) that
corresponds to the i th agent in the system. In other words, the system possesses a structure
consisting of multiple interacting agents. Consequently, many of the constraints apply to
individual agents or to subsets of agents. Along the same lines, the function L[x(t), u(t), t]
in (1.1) is usually expressed as a weighted sum of performancemetrics for individual agents;
alternatively, one needs to solve multiple optimal control problems with costs of the form
(1.1).

The optimal control framework provides a complete and elegant treatment of problems
formulated so as to achieve the best possible system performance while satisfying con-
straints, which can be expressed in the form (1.3) or (1.4). Unfortunately, obtaining explicit
solutions to such problems is the exception rather than the rule. Even when this is possible,
it may require a prohibitively expensive computational effort for any applications of these
solution techniques to be used on line. In the case of autonomous systems that consist of



4 1 Introduction to Autonomy and Safety

multiple interconnected networks, the dimensionality of the problems rapidly increases with
the inclusion of more agents and one confronts the common non-scalability challenge. In
fact, since optimal control problems can always be solved (in principle) through dynamic
programming techniques, one quickly has to confront the familiar “curse of dimensionality”
coined by Bellman.

It is for these reasons that optimal control theory [12] alone cannot provide us with the
means for practically addressing problems of this type. One can of course forego the goal
of optimality and compromise by simply seeking feasible solutions that only satisfy (1.3) or
(1.4) subject to the system dynamics (1.2). Alternatively, one can seek to derive approximate
solutions to the optimization problems while still ensuring that all constraints are satisfied
[5]. A popular approach is Model Predictive Control (MPC) [51], in which the optimization
is iteratively performed over short receding horizons. MPC has also been shown to work in
the presence of uncertainties, while ensuring constraint satisfaction [28, 32, 35, 60].

Safety, which can informally be stated as “something bad will never happen,” can be
formally expressed as a formula in a rich temporal logic, such as Linear Temporal Logic
(LTL) [6, 16] or Signal Temporal Logic (STL) [37]. Such logics also allow us to express
specifications such as liveness “something good will eventually happen,” and, in principle,
any natural language statement that can be translated into Boolean and temporal statements
over features of interest [8, 40, 59]. In principle, at the expense of significantly increasing
the complexity of the optimization problem, such rich specifications can be mapped onto
safety-like requirements [7]. For this reason, and to keep the exposition simple, here we
only focus on safety.

In this book, we present a framework that guarantees the satisfaction of a set of safety
requirements by an autonomous system, while at the same time involving a reasonable com-
putational effort for online implementations. Central to our approach are Control Barrier
Functions (CBFs) as outlined in Fig. 1.2. We combine optimal control techniques with the
theory of CBFs. We will see, for example, that we can seek simple and efficient solutions

State space State-feedback control space

CBFs

Safe sets

System dynamics

Forward invariance

trajectory

Fig. 1.2 Schematic representation of how CBFs allow us to perform real-time convex optimization,
as they map safety constraints from the state space to the control space combining system dynamics.
The system trajectory will always stay within the safe green area (a subset of the intersection of safe
sets) in the state space due to the forward invariance property of the CBF method. Control subject to
CBFs is guaranteed to be safe at the expense of potential suboptimality and conservativeness
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Fig. 1.3 The focus of this book
with respect to classical control
problems

of optimal control problems that ignore safety constraints, just to establish lower (or upper)
bounds to what is achievable by the system as it stands. We can then combine these (gen-
erally infeasible) solutions with CBF-based methods to get as close as possible to these
unconstrained solutions, while at the same time guaranteeing the satisfaction of all safety
constraints. Naturally, this approach is valuable only if it can be implemented in a real-time
context and with relatively limited inter-agent communication.

Finally, Fig. 1.3 places the focus of this book in perspective relative to classical control
problems in which we seek to design control systems that achieve a desired behavior without
excessive computational complexity that would prohibit their use in real-time applications.
Clearly, there is a trade-off between these two objectives which we must constantly take
into account. However, in autonomous systems, safety becomes such a crucial objective
that we are often willing to sacrifice performance for the sake of safety, thus sometimes
designing the system in an over-conservative manner. Therefore, in addition to trading
off performance with computational complexity, the inclusion of hard constraint (safety)
guarantees creates a new dimension in control design: the level of conservativeness in the
control which also depends on the computational complexity we are willing to tolerate to
achieve better performance and less conservativeness.



2Control Barrier Functions

2.1 Barrier Functions

2.1.1 Barrier Functions in Optimization

In the field of mathematics known as constrained optimization [44] [9], a barrier function
is a continuous function whose value increases to infinity at the boundary of the feasible
region (i.e., the set of states that satisfy the constraints) in a given optimization problem.
Such functions are used to replace inequality constraints by a term in the objective function
that incurs a penalty that is easier to handle, typically by requiring only standard calculus-
based methods. To see how this is accomplished, consider the following scalar constrained
optimization problem:

minimize
x∈R h(x)

subject to: x ≤ a
(2.1)

where a ∈ R is a constant, x ∈ R is a decision variable, and h : R → R is continuously
differentiable. If we wish to remove the above inequality constraint, with the help of an
additional function d : R → R, we can reformulate the problem as:

minimize
x∈R [h(x) + d(x)],

where d(x) = 0 if x ≤ a, and d(x) = ∞ otherwise.
(2.2)

The above problem is equivalent to (2.1), while eliminating the inequality constraint.
However, the objective function becomes discontinuous (d is not continuous at a), which
prevents us from using standard calculus techniques to solve it.
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In order to bypass the discontinuity issue, we may approximate the function d(x) in
(2.2) by using a properly chosen, continuously differentiable function c(x). Then, we can
reformulate the optimization problem (2.2) as:

minimize
x∈R [h(x) + μc(x)], (2.3)

where μ > 0 is a free parameter. The function c is called a barrier function. There are
several choices for c(x) in the literature. Here, we limit ourselves to two such functions.
First, a logarithmic function c(x) = −log(a − x) can be used. In this case, c(x) is called a
“logarithmic barrier function”. Note that c(x) → ∞ as a − x → 0 from the positive side.
An alternative common choice is c(x) = 1

a−x . Note that the resulting optimization prob-
lems are not equivalent to the original one (2.1), but, as μ → 0, they provide increasingly
better approximations. Such constraints that are included in the cost function are sometimes
referred to as “soft” constraints, and are also used in optimization and learning for dynamical
systems [10].

2.1.2 Barrier Functions for SafetyVerification

We now consider the case where x ∈ R
n is the state of a dynamical system, i.e., its time

evolution satisfies the following differential equation:

ẋ = f (x), (2.4)

where f : Rn → R
n is assumed to be locally Lipschitz continuous in order to ensure the

existence and uniqueness of a solution. Moreover, as is often the case, we wish to ensure
that the state of (2.4) always satisfies a safety constraint (specification):

b(x) ≥ 0, (2.5)

where b : Rn → R is continuously differentiable.
At this point, we introduce a fundamental result known as Nagumo’s theorem [42]. This

theorem states that if system (2.4) is initially safe, i.e., b(x(0)) ≥ 0, then it is always safe,
i.e., b(x(t)) ≥ 0, ∀t ≥ 0, if and only if

ḃ(x) ≥ 0, whenever b(x) = 0. (2.6)

If b(x) satisfies this condition, then we call b(x) a barrier function for system (2.4). In the
special case where ḃ(x) = 0 when b(x) = 0, the system state x evolves on the boundary of
what we shall henceforth call the safe set defined by {x ∈ R : b(x) ≥ 0}.

The safety condition (2.6) in Nagumo’s theorem is widely used in safety verification and
referred to as a certificate [48] [70] for dynamical system (2.4). It is also used in a stochastic
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setting [49], where the system state is treated as a random process. This verification method
generally yields what is usually referred to as a barrier certificate.

Such barrier certificates can also be used to verify the safety of control systems of the
form:

ẋ = f (x, u), (2.7)

where f : Rn × R
q → R

n is locally Lipschitz, and u ∈ R
q is the control input. Given a state

feedback controller u = k(x), where k : Rn → R
q , observe that the control system (2.7)

can be written in closed form as ẋ = f (x, k(x)), which is similar to (2.4). Then, we can use
the same safety condition (2.6) in Nagumo’s theorem to check whether the control system
(2.7) under the controller u = k(x) is safe. However, one obvious problem with barrier
certificates is that we still do not know how to explicitly find such safe controllers. This can
be addressed by using a Lyapunov-like barrier function and subsequently a Control Barrier
Function (CBF). These are introduced in the following sections, along with the foundations
of what constitutes the CBF method.

2.2 Lyapunov-Like Barrier Functions

The safety condition (2.6) in Nagumo’s theorem is only defined at the boundary of the safe
set. This means that the condition might be discontinuous, analogous to what we saw with
the barrier function in the optimization problem (2.2). This discontinuity could prevent us
from finding a safe controller.

Example 2.1 Consider an Adaptive Cruise Control (ACC) problem, where an autonomous
vehicle, called ego, must maintain a safe distance from its preceding vehicle. The ego’s
dynamics are defined as

ż = vp − v, v̇ = u, (2.8)

where z ∈ R denotes the along-lane distance between the ego vehicle along-lane location
x ∈ R and its preceding vehicle along-lane location xp ∈ R such that z = xp − x , and
v > 0, vp > 0 denote the velocities of the ego and its preceding vehicle (the latter assumed
to move with constant speed), respectively; u ∈ R denotes the control (acceleration) of the
ego vehicle.

The safety constraint between the ego and its preceding vehicle requires the distance
z to be no less than l0 > 0, i.e., z ≥ l0. We then define b(x) = z − l0, where x = (z, v).
Nagumo’s theorem requires that ḃ(x) = ż = vp − v ≥ 0whenb(x) = 0 (i.e., z = xp − x =
l0) in order to guarantee safety. In other words, the speed of the ego vehicle should not be
higher than its preceding vehicle when z = l0. This is obviously impossible in most cases, as
we cannot instantaneously change the speed of the ego vehicle when the distance between
it and its preceding vehicle is l0. This sudden speed change requirement corresponds to
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the discontinuity in finding a safe controller for ACC. This discontinuity is equivalent to a
change in speed within an infinitely small time interval, and, therefore, requires infinitely
large deceleration, which is practically impossible. �

In order to address this discontinuity problem, we may strengthen the safety condition
(2.6) in Nagumo’s theorem, in a manner similar to what we did for the optimization prob-
lem (2.3). This is fully described in [2] [21]. In short, we modify (2.6) into the following
strengthened safety condition:

ḃ(x) + εb(x) ≥ 0, (2.9)

where ε > 0 is a constant. It is clear from the above equation that whenever b(x) = 0, we
recover the original condition ḃ(x) ≥ 0. Note that (2.9) allows b(x) to decrease inside the
safe set so that ḃ(x) ≥ −εb(x) when b(x) > 0. This means that ḃ(x) could be negative
inside the safe set. Returning to the above ACC example, the strengthened safety condition
is vp − v + ε(z − l0) ≥ 0, which is a continuous speed requirement for the ego vehicle,
hence tractable in terms of finding a safe controller; we will return to this example and make
this point explicit in subsequent chapters.

Clearly, the safety condition (2.9) is not equivalent to the safety condition (2.6) in
Nagumo’s theorem, and it is only a sufficient condition for safety, i.e., b(x(t)) ≥ 0, ∀t ≥ 0.
This means that this strengthening introduces a measure of conservativeness, which could
limit the system performance (such as optimality). One of the goals of this book is to
address this conservativeness problem. Nevertheless, the strengthened safety condition (2.9)
is extremely useful in helping us find a safe controller. This will be further discussed in the
next section.

Another way to look at the safety condition (2.9) is from a Lyapunov perspective by
letting V (x) = −b(x). Then, the safety condition (2.9) can be rewritten as:

V̇ (x) + εV (x) ≤ 0. (2.10)

The above constraint is exactly the Lyapunov condition for stability [26] [1]. This is the
reason why we call a function b(x) that satisfies (2.9) a Lyapunov-like barrier function.

For the Lyapunov constraint (2.10), suppose that b(x(0)) < 0, i.e., the system state is
initially outside the safe set. Therefore, V (x(0)) = −b(x(0)) > 0. Following standard Lya-
punov stability theory, this means that the system state will be stabilized to the safe set
(specifically, the safe set boundary b(x) = 0) if the system is initially unsafe. In this case,
a Lyapunov-like barrier function becomes a Lyapunov function if we shrink the safe set to
a point. Further, if we choose b(x) in (2.9) as a power function with power less than 1, we
can find some finite time convergence Lyapunov-like barrier functions [57] [76]. In other
words, if (2.9) is satisfied, the system state will be stabilized to the safe set within a specific
time bound determined by how we choose the power function.
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2.3 Control Barrier Functions

In this section, we formally introduce a Control Barrier Function (CBF) by considering
Lyapunov-like barrier functions in a general setting for control systems. We begin with the
following definition:

Definition 2.1 (Class K and extended class K functions [26]) A Lipschitz continu-
ous function α : [0, a) → [0, ∞), a > 0 is said to belong to class K if it is strictly
increasing and α(0) = 0. Moreover, α : [−b, a) → [−∞, ∞), a > 0, b > 0 belongs
to extended class K if it is strictly increasing and α(0) = 0.

We first consider affine control systems (non-affine control systems will be considered
in the next chapter) of the general form:

ẋ = f (x) + g(x)u, (2.11)

with x ∈ X ∈ R
n (X denotes a closed state constraint set), f : Rn → R

n and g : Rn →
R
n×q are locally Lipschitz, and u ∈ U ⊂ R

q (U denotes a closed control constraint set).
Solutions x(t), t ≥ 0, of (2.11) starting at x(0) are forward complete.

Definition 2.2 (Forward invariant set) A set C ⊂ R
n is forward invariant for system

(2.11) if its solutions starting at any x(0) ∈ C satisfy x(t) ∈ C for ∀t ≥ 0.

Throughout this book, we consider a set C (the safe set) defined using a continuously
differentiable function b : Rn → R as follows:

C := {x ∈ R
n : b(x) ≥ 0}, (2.12)

Definition 2.3 (Control barrier function [2], [21]) Given a set C as in (2.12), b(x) is
a Control Barrier Function (CBF) for system (2.11) if there exists a class K function
α such that

sup
u∈U

[L f b(x) + Lgb(x)u + α(b(x))] ≥ 0, ∀x ∈ C, (2.13)

where L f , Lg denote the Lie derivatives along f and g, respectively. It is assumed
that Lgb(x) 	= 0 when b(x) = 0.

The assumption in the above definition that Lgb(x) 	= 0 ensures that the CBF is not
subject to a singularity (i.e., Lgb(x) = 0) at the boundary of the safe set. As long as this
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assumption holds, a control u can be determined through (2.13) so as to preserve forward
invariance in terms of C .

Recall that the Lie derivative of a function along a vector field captures the change in
the value of the function along the vector field (see [26] for detailed descriptions). It is
important to note that the expression (2.13) in Definition 2.3 is linear in u. This is a crucial
point because, as we will see, it leads to computationally efficient solutions for optimization
problems based on the CBF method; it is also the reason why we need to assume the
dynamics are affine in control, as in (2.11). CBFs as defined in (2.13) are usually called
“zeroing CBFs,” as the lower bound of the derivative of the function b(x) is limited to 0
when b(x) approaches zero. One can also construct so-called reciprocal CBFs [2], which
are basically equivalent to zeroing CBFs. For instance, we may define a reciprocal CBF
B(x) = 1

b(x)
, in which case the control should satisfy:

L f B(x) + LgB(x)u − γ

B(x)
≤ 0, (2.14)

for γ > 0. If we use B(x) = 1
b(x)

in the above constraint, we obtain

L f b(x) + Lgb(x)u + γ b3(x) ≥ 0, (2.15)

which is equivalent to the CBF constraint in (2.13) if we choose the classK function α(·) as
a cubic one. For any other choices of B(x), such as B(x) = −log( b(x)

1+b(x)
), we can also find

a corresponding class K function that relates a reciprocal CBF to a zeroing CBF defined in
Def. 2.3.

Remark 2.1 Strictly speaking, the CBF in Definition 2.3 should be called a candidateCBF
because α(·) is not fixed. For simplicity, we omit this qualification throughout the rest of
the book based on the premise that we can always find an appropriate CBF for the problems
we consider. In fact, in subsequent chapters, we show how to define a class K function α(·)
such that there exists a control u ∈ U that satisfies (2.13). A CBF is completely defined once
α(·) is specified. We may also replace the class K function in (2.13) by an extended class
K function to ensure robustness to perturbations and compatibility with the Lyapunov-like
condition (2.10).

Example 2.2 (Example 2.1 revisited) For the ACC in Example 2.1, consider a different
safety constraint expressed as z ≥ 1.8v + l0 where the distance between the ego and its
preceding vehicle is now limited by a speed-dependent function; the constant 1.8s is the
typical time-to-collision (or driver reaction time) used in transportation systems (e.g., see
[67]). In order to apply (2.13), observe that L f b(x) = vp − v and Lgb(x) = −1.8, where
b(x) = z − 1.8v − l0 is a CBF. Thus, the corresponding CBF constraint in this case is
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vp − v
︸ ︷︷ ︸

L f b(x)

+ −1.8
︸︷︷︸

Lgb(x)

u + α(z − 1.8v − l0) ≥ 0,

where α(·) is a class K function that is not defined yet (the CBF b(x) in this example is
a candidate). The above constraint is a continuous constraint on the ego vehicle state and
control. In other words, the state-feedback safe controllers are given as a set:

ksa f e(x) = {u ∈ R : vp − v − 1.8u + α(z − 1.8v − l0) ≥ 0}.

�

We conclude this section with an important theorem capturing a crucial property of CBFs
known as forward invariance:

Theorem 2.1 (Forward invariance of CBFs [2], [21])Given a CBF b with the associ-
ated set C from (2.12), any Lipschitz continuous controller u(t), ∀t ≥ 0 that satisfies
(2.13) renders the set C forward invariant for (2.11).

In simple terms, a system with dynamics of the form (2.7) that starts in a safe state x,
i.e., b(x) ≥ 0, is guaranteed to remain safe as long as its control is selected to satisfy (2.13).

2.4 Control Lyapunov Functions

A CBF as defined in Definition 2.3 is a direct extension of the notion of a Control Lyapunov
Function (CLF), which is used to enforce stability or state convergence requirements. We
also introduce the definition of a CLF here since it is widely used in this book as well.

Definition 2.4 (Control Lyapunov Function (CLF) [1]) A continuously differentiable
function V : Rn → R is an exponentially stabilizing Control Lyapunov Function
(CLF) for system (2.11) if there exist constants c1 > 0, c2 > 0, c3 > 0 such that for
all x ∈ R

n , c1||x||2 ≤ V (x) ≤ c2||x||2,

inf
u∈U[L f V (x) + LgV (x)u + c3V (x)] ≤ 0. (2.16)
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Theorem 2.2 ([1])Given an exponentially stabilizingCLF V as inDefinition 2.4, any
Lipschitz continuous controller u(t) that satisfies (2.16) for all t ≥ t0 exponentially
stabilizes system (2.11) to its origin.

2.5 Constrained Optimal Control Problem

We now consider a broad class of constrained optimal control problems which, as argued in
Chap.1, are prohibitively difficult to solve in real time. We will see that by defining CBFs
corresponding to the constraints, we can replace them by modified ones of the form (2.13),
which lead to computationally efficient solutions suitable for real-time applications.

We formally set up a constrained optimal control problem as described next. The problem
consists of an objective function, a set of safety requirements expressed as hard constraints
on the system state, and a set of constraints on the control.

Objective: Consider the following cost function to be minimized for a system with
dynamics (2.11):

min
u(t)

∫ T

0
C(||u(t)||)dt + pt ||x(T ) − K ||2, (2.17)

where || · || denotes the 2-norm of a vector, C(·) is a strictly increasing function of its
argument, T > 0, and pt ≥ 0. The second term above is a state convergence requirement
such that we wish the terminal state x(T ) to reach a desired point K ∈ R

n . This terminal
cost can be easily extended to multiple terminal costs for different state components.

Safety requirements: System (2.11) should always satisfy a safety requirement in the
form:

b(x(t)) ≥ 0, ∀t ∈ [0, T ], (2.18)

where b : Rn → R is continuously differentiable.
Control constraints: System (2.11) is subject to control bounds in the form:

U := {u ∈ R
q : umin ≤ u ≤ umax }. (2.19)

where umin, umax ∈ R
q and the inequalities are interpreted componentwise.

A control policy for system (2.11) is feasible if constraints (2.18) and (2.19) are satisfied
at all times. Note that state limitations are particular forms of (2.18) that only depend on the
state x. Central to this book is the study of the following problem that we will refer to as
Optimal Control Problem (OCP):

OCP: Find a feasible control policy (i.e., satisfying (2.18) and (2.19)) for system (2.11)
such that the cost (2.17) is minimized. �
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Remark 2.2 Before proceeding, we should point out that OCP is not as general as the
optimal control problem formulated in Chap.1. First, even though the system dynamics
(2.11) are quite general, they are still required to be affine in control. Second, the cost function
(2.17) is limited to a dependence on control, and it does not allow state dependence over
[0, T ), except for a terminal state cost. Moreover, the time horizon T is fixed, excluding, for
example, minimum time problems, where minimizing T is part of the objective. Finally, an
implicit assumption in (2.18) is that b(x(t)) is such that its time derivative explicitly includes
the control u; otherwise, Lgb(x) = 0 in the second term of (2.13), which prevents us from
employing a CBF constraint to specify u. The rest of the book is devoted to addressing all
of these limitations and detailing how they can be dealt with.

2.5.1 CBF-Based Approach

In order to make use of CBFs, the first step is to enforce the safety constraint (2.18) by
employing a CBF constraint through (2.13). As already explained, the latter is a sufficient
condition for the former to be satisfied, so it generally involves some conservativeness.
On the other hand, it provides an inequality that is linear in the control u, hence offering
a simple way for specifying the control that ensures satisfaction of (2.18). Moreover, it
possesses the forward invariance property of Theorem 2.1. The second step is to employ a
CLF, as defined in Definition 2.4, to implement the desired state convergence expressed as
a terminal state cost in (2.17). Using this CBF/CLF approach, which for simplicity we refer
to as the CBF-based approach, the original problem OCP becomes OCP-CBF:

min
u(t),δr (t)

∫ T

0
[C(||u(t)||) + ptδ

2
r (t)]dt

subject to

L f b(x) + Lgb(x)u + α(b(x)) ≥ 0,

L f V (x) + LgV (x)u + εV (x) ≤ δr ,

umin ≤ u ≤ umax ,

(2.20)

where V (x) = (x − K )T P(x − K ), P is positive definite, and δr is a relaxation variable
that allows us to treat the terminal state constraint in (2.17) as a “soft” CLF-based constraint
on the control by seeking values of δr (t) to prevent it from conflicting with the CBF con-
straint. Naturally, Problem OCP-CBF (2.20) is not equivalent toOCP since the constraints
above are only sufficient conditions for the constraints in (2.18). However, as described next,
solving OCP-CBF (2.20) is a much simpler computational task and guarantees the satis-
faction of all safety and control constraints, assuming that feasible solutions indeed exist.
Therefore, the CBF-based formulation offers a tradeoff between computational complexity
and some potential conservativeness in the solutions it provides.
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It is of course possible to derive explicit analytical solutions to optimization problems
of the form OCP-CBF (2.20), especially when certain assumptions apply (e.g., see [4]).
However, this is not possible in general, especially when the number of safety constraints is
large.Alternatively, by treating the state x as an implicit decision variable,we can formulate a
receding horizon optimization problem.This, however,most likely results inCBFconstraints
that are nonlinear in x and u (especially for nonlinear dynamics and constraints), which
makes the overall optimization problem hard to solve.

This motivates seeking a general-purpose procedure to ensure that OCP-CBF (2.20) can
always be efficiently solved, at least numerically, with any desired degree of accuracy. To
do so, following [2], we can discretize the time interval uniformly, and fix the state x of the
optimization problem within each time interval of length �t to the value at the beginning
of the interval. Note that the CBF and the CLF constraints are then linear in control. This
allows us to formulate a sequence of convex optimization problems (in particular, quadratic
in the case of OCP-CBF (2.20) if C is a quadratic function), which can be efficiently solved.

We conclude this section by describing in detail the procedure for obtaining a complete
solution forOCP-CBF (2.20) through time discretization. Specifically, we partition the time
interval [0, T ] into a set of equal time intervals {[0, �t), [�t, 2�t), . . . }, with �t > 0. In
each interval [ω�t, (ω + 1)�t), ω = 0, 1, 2, . . . , we keep the state constant at its value
at the beginning of the interval and also assume that the control remains constant. We
then reformulate OCP-CBF (2.20) as a sequence of point-wise optimization problems.
Specifically, at t = ω�t , ω = 0, 1, 2, . . . , we solve

min
u(t),δr (t)

C(||u(t)||) + ptδ
2
r (t)

s.t. L f b(x) + Lgb(x)u + α(b(x)) ≥ 0,

L f V (x) + LgV (x)u + εV (x) ≤ δr ,

umin ≤ u ≤ umax ,

(2.21)

where u(t), δ(t)with t fixed at t = ω�t are the decision variables of a point-wise Quadratic
Program (QP) if C(||u(t)||) is quadratic in u. By solving (2.21), we obtain the optimal values
u∗(t), δ∗(t). We then integrate (2.11) with control u∗(t) kept constant during [ω�t, (ω +
1)�t). We emphasize again that this represents an approximate solution of the original
optimal control problem (2.17), since the optimization process above is performed point-
wise and the CBF constraints are only sufficient conditions for the original safety constraints
in (2.17). The last two chapters of this book include challenging constrained optimization
problems for autonomous systems that arise in transportation networks and robotics, where
the CBF-based method is shown to yield real-time solutions that guarantee safety and can
be shown to be near-optimal.

Remark 2.3 (Comparison between theCBF-based approach andModel Predictive Control
(MPC) ) In the MPC approach [51], the optimization is defined over a receding horizon.
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In contrast, the CBF method is myopic in the sense that the optimization is carried out
over a single step at a time. It follows that the MPC optimization process is more likely
to yield feasible solutions. However, it is significantly more demanding computationally as
the optimization is performed over state variables, in addition to control variables, and the
system dynamics are used as constraints. The optimization problem in the MPC approach
is also, in general, a nonlinear program.

2.5.2 Feasibility in the CBF-Based Approach

The CBF-based optimization problem OCP-CBF (2.20) based on the original OCP may
not have a solution. This would definitely be the case if the original problem itself is not
feasible. Here we focus on the interesting cases in which OCP is feasible and OCP-CBF
(2.20) is not. This can occur since we replaced the original safety constraints (2.18) with
CBF constraints. Feasibility depends, for instance, on the possible conflict between the CBF
constraints and the control bounds included in the formulation of OCP-CBF (2.20). This,
in turn, depends on the choice of class K functions that we select in (2.13).

The discretization QP-based solution approach presented in (2.21), can cause even more
feasibility problems. In particular, a critical issue in this approach is the proper choice
of �t , which is related to the inter-sampling effect: we need to make sure that the CBF
constraint is satisfied within every time interval [ω�t, (ω + 1)�t), ω = 0, 1, 2, . . . , i.e., at
every (continuous) time instant in every interval. Otherwise, the forward invariance property
in Theorem 2.1 may be violated. It is, however, possible that while a QP has a feasible
solution at some time step, the next step’s QP fails to have a feasible solution unless this can
be explicitly ensured. There are several ways to address the inter-sampling effect, including
proper selection of the Lipschitz constant, as in [100]. This also opens up the question of
replacing the time-driven sequence of QPs in (2.21) by an event-driven mechanism, as, for
example, done in [63] using a procedure inspired from event-triggered control for Lyapunov
functions [58].

2.5.3 Time-Driven and Event-Driven CBFs

Most existing work to date based on the QP approach (2.21) uses a uniform time discretiza-
tion, i.e., time-driven CBFs. This is, however, not necessary if one can define proper events
such that the next QP is solved only when the conditions defining any such event are sat-
isfied. Therefore, a key challenge is to adapt this process to an event-driven mechanism so
as to determine the next time when a QP needs to be solved in order to guarantee safety. In
Chap.7, we will present a robust event-driven CBF approach that also works for systems
with unknown dynamics. This will eliminate the need of selecting a sampling interval length
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�t and instead define appropriate events whose occurrence determines the next time that an
instance of the convex optimization problem needs to be solved.

The next few chapters systematically address the feasibility problem in optimization
with CBFs. We will revisit the limitations presented earlier in Remark 2.2 along with the
question of determining an appropriate classK function α in Definition 2.3 that ensures the
existence of a CBF and, ultimately, the existence of solutions to the optimization problem
OCP-CBF (2.20). We begin in Chap.3 with the issue that arises when the control does not
explicitly showup in the corresponding first derivative of aCBF b(x) associatedwith a safety
constraint b(x) ≥ 0, This motivates extending CBFs to High-Order CBFs (HOCBFs).



3High Order Control Barrier Functions

3.1 High Order Barrier Functions

In Definition 2.3, it is easy to see that a controller ensuring the safety condition can only be
found if Lgb(x) �= 0. This assumption, which limits the application of the approach from
the previous chapter, is illustrated in the example below.

Example 3.1 (Example 2.1 revisited) For the ACC system, recall that we require the dis-
tance z(t) between the ego vehicle and its immediately preceding vehicle to be greater than
a constant δ > 0 for all the times, i.e.,

z(t) ≥ δ, ∀ t ≥ t0. (3.1)

Let x(t) := (v(t), z(t)) and b(x(t)) = z(t) − δ. With α(·) fromDefinition 2.3 chosen as the
identity function, according to (2.13), in order to ensure safety, we need to have:

vp − v(t)
︸ ︷︷ ︸

L f b(x(t))

+ 0
︸︷︷︸

Lgb(x(t))

× u(t) + z(t) − δ
︸ ︷︷ ︸

b(x(t))

≥ 0.
(3.2)

Note that Lgb(x(t)) = 0 in (3.2), i.e., u(t) does not show up. Therefore, this condition
provides no information on a proper control to be applied and we cannot use this CBF to
formulate an optimization problem as described at the end of Chap.2. �

Motivated by this simple example, we begin by defining the concept of relative degree
for a given function.
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Definition 3.1 (Relative degree [26]) The relative degree of a (sufficiently) differ-
entiable function b : Rn → R with respect to system (2.11) is the number of times
we need to differentiate it along the dynamics of (2.11) until any component of the
control u explicitly shows.

Since the function b is used to define a constraint b(x) ≥ 0, we will also refer to the
relative degree of b as the relative degree of the constraint.

For the sake of generality, we consider a time-varying function to define an invariant set
for system (2.4). The proposed time-varying High Order Barrier Functions apply to time-
varying systems as well. For a mth order differentiable function b : Rn × [t0, ∞) → R, we
recursively define a sequence of functions ψi : Rn × [t0, ∞) → R, i ∈ {1, . . . ,m} in the
form:

ψi (x, t) = ψ̇i−1(x, t)+αi (ψi−1(x, t)), i ∈ {1, . . . ,m}, (3.3)

where αi (·), i ∈ {1, . . . ,m} denote class K functions of their argument and ψ0(x, t) =
b(x, t).

We further define a sequence of sets Ci (t), i ∈ {1, . . . ,m} associated with (3.3) in the
form:

Ci (t) = {x ∈ R
n : ψi−1(x, t) ≥ 0}, i ∈ {1, . . . ,m}. (3.4)

Definition 3.2 (High Order Barrier Function (HOBF)) Let Ci (t), i ∈ {1, . . . ,m} be
defined by (3.4) andψi (x, t), i ∈ {1, . . . ,m} be defined by (3.3). A function b : Rn ×
[t0, ∞) → R is a High Order Barrier Function (HOBF) for (2.4) if it is mth order
differentiable and there exist differentiable class K functions αi , i ∈{1,. . .m} s.t.

ψm(x, t) ≥ 0 (3.5)

for all (x, t) ∈ C1(t)∩, . . . , ∩Cm(t) × [t0, ∞).

Theorem 3.1 ([71])The setC1(t)∩, . . . , ∩Cm(t) is forward invariant for system (2.4)
if b(x, t) is a HOBF.

Remark 3.1 The sets Ci (t), i ∈ {1, . . . ,m} should have a non-empty intersection at t0
in order to satisfy the forward invariance condition starting from t0 in Theorem 3.1. If
b(x(t0), t0) ≥ 0, we can always choose proper class K functions αi (·), i ∈ {1, . . . ,m}
to make ψi (x(t0), t0) ≥ 0, ∀i ∈ {1, . . . ,m − 1}. There are some extreme cases, however,
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when this is not possible. For example, if ψ0(x(t0), t0) = 0 and ψ̇0(x(t0), t0) < 0, then
ψ1(x(t0), t0) is always negative nomatter howwe choose α1(·). Similarly, ifψ0(x(t0), t0) =
0, ψ̇0(x(t0), t0) = 0 and ψ̇1(x(t0), t0) < 0,ψ2(x(t0), t0) is also always negative, etc. To deal
with such extreme cases (as with the case when b(x(t0), t0) < 0), we would need a feasi-
bility enforcement method, which depends on the particular problem of interest. We shall
henceforth not consider extreme cases of this type.

3.2 High Order Control Barrier Functions (HOCBFs)

We are now ready to provide an extension of the CBF from Definition 2.3.

Definition 3.3 (High Order Control Barrier Function (HOCBF)) Let Ci (t), i ∈
{1, . . . ,m} be defined by (3.4) and ψi (x, t), i ∈ {1, . . . ,m} be defined by (3.3). A
function b : Rn × [t0, ∞) → R is a High Order Control Barrier Function (HOCBF)
of relative degree m for system (2.11) if there exist differentiable class K functions
αi , i ∈ {1, . . . ,m} s. t.

sup
u∈U

[Lm
f b(x, t) + LgLm−1

f b(x, t)u + ∂mb(x, t)

∂tm

+O(b(x, t)) + αm(ψm−1(x, t))] ≥ 0,

(3.6)

for all (x, t) ∈ C1(t)∩, . . . , ∩Cm(t) × [t0, ∞). L f ,Lg denote the partial Lie deriva-
tives w.r.t. x along f and g, respectively, and O(·) is given by

O(b(x, t))=
m−1
∑

i=1

Li
f (αm−i ◦ ψm−i−1)(x, t)+ ∂ i (αm−i ◦ ψm−i−1)(x, t)

∂t i

Moreover, it is assumed that LgLm−1
f b(x, t) �= 0 when b(x, t) = 0.

Similar to Definition 2.3, a HOCBF is defined when αi (·), i ∈ {1, . . . ,m} are specified.
Subsequent chapters are dedicated to finding such functions. Given a HOCBF b(x, t), we
define the set of controls that satisfy:

Khocb f (x, t)={u ∈ U : Lm
f b(x, t)+LgLm−1

f b(x, t)u

+∂mb(x, t)

∂tm
+O(b(x, t))+αm(ψm−1(x, t)) ≥ 0}.

(3.7)
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Theorem 3.2 ([71]) Given a HOCBF b(x, t) from Definition 3.3 with the associ-
ated sets Ci (t), i ∈ {1, . . . ,m} defined by (3.4), if x(t0) ∈ C1(t0)∩, . . . , ∩Cm(t0), then
any Lipschitz continuous controller u(t) ∈ Khocb f (x(t), t), ∀t ≥ t0 renders the set
C1(t)∩, . . . , ∩Cm(t) forward invariant for system (2.11).

Remark 3.2 The general, time-varying HOCBF from Definition 3.3 can be used for gen-
eral, time-varying constraints (e.g., signal temporal logic specifications [31]) and systems.
However, many problems of interest have time-invariant system dynamics and constraints.
Therefore, in the rest of this book, we focus on such time-invariant versions for simplicity.
In other words, the time-invariant HOCBF constraint corresponding to (3.6) is in the form:

Lm
f b(x) + LgL

m−1
f b(x)u + O(b(x)) + αm(ψm−1(x)) ≥ 0, (3.8)

where O(b(x)) = ∑m−1
i=1 Li

f (αm−i ◦ ψm−i−1)(x)

Remark 3.3 (Relationship between time-invariant HOCBF and exponential CBF in [43])
InDefinition 3.2, if we set classK functionsα1, α2 . . . αm to be linear functionswith positive
coefficients, then we can get exactly the same formulation as in [43] that is obtained through
input-output linearization. i.e.,

ψi (x) = ψ̇i−1(x) + kiψi−1(x), i ∈ {1, . . . ,m}, (3.9)

where ki > 0, i ∈ {1, . . . ,m}. Therefore, the time-invariant versionHOCBFwehavedefined
is a generalization of the exponential CBF introduced in [43].

Example 3.2 (Example 2.1 revisited) For the ACC example, the relative degree of the
constraint from (3.1) is 2. Therefore, we need a HOCBF with m = 2. We choose quadratic
classK functions for both α1(·) and α2(·), i.e., α1(b(x(t))) = b2(x(t)) and α2(ψ1(x(t))) =
ψ2
1 (x(t)). In order for b(x(t)) := z(t) − δ to be a HOCBF for (2.11), a control input u(t)

should satisfy

L2
f b(x(t)) + LgL f b(x(t))u(t) + 2b(x(t))L f b(x(t))

+(L f b(x(t)))2 + 2b2(x(t))L f b(x(t)) + b4(x(t)) ≥ 0.
(3.10)

Note that LgL f b(x(t)) �= 0 in (3.10) and the initial conditions are b(x(t0)) ≥ 0 and
ḃ(x(t0)) + b2(x(t0)) ≥ 0. �

In conclusion, to formulate a HOCBF-based optimization problem that guarantees safety
for systems with arbitrary relative degree, we simply replace the CBF constraint in OCP-
CBF (2.20) by the HOCBF constraint (3.8).
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3.3 ACC Using HOCBFs

We are now ready to complete the ACC case study introduced in Example 3.1. For the
dynamics given by (2.8), we consider a cost J (u) = ∫ t f

t0
u2(t)dt and we require the vehicle

to achieve a desired speed vd = 24m/s. For this purpose,we define aCLF V (x) = (v − vd)
2

(see Definition 2.4).
We consider a control constraint −0.4g ≤ u(t) ≤ 0.4g, g = 9.81m/s2. Note that the

relative degree of (2.5) is m = 2, and we define two different HOCBFs as in Definition 3.3
for b(x) = z − δ by choosing linear and quadratic class K functions for both α1(·), α2(·)
in (4.1) with constants p1 = p2 = p > 0. In particular, we set p = 1, 0.02 for linear and
quadratic class K functions, respectively. We present the forward invariance of the set
C1 ∩ C2, whereC1 := {x(t) : b(x(t)) ≥ 0} andC2 := {x(t) : ψ1(x(t)) ≥ 0} in Fig. 3.1. All
simulations were conducted in MATLAB. We used quadprog to solve the QPs and ode45
to integrate the dynamics. The remaining parameters in this problem are v(t0) = 20m/s,
z(t0) = 100m, v0(t) = 13.89m/s, δ = 10m, �t = 0.1s. Additional details can be found in
[71].

3.4 HOCBFs for Systems withMultiple Inputs

In this section, we consider systems with multiple control inputs where all or a desired
subset of the control components needs to be used. In this case, we need to guarantee
(safety) constraint satisfaction using HOCBFs such that this desired subset shows up in the
corresponding HOCBF constraint (3.8).

Suppose there is a safety requirement b(x) ≥ 0 for system (2.11). If we enforce this
constraint using a HOCBF, we first need to determine the relative degree of b(x). As sys-

Fig.3.1 The functions b(x(t)) andψ1(x(t)) from Example 3.1 for linear (p = 1) and quadratic (p =
0.02) classK functions, respectively. b(x(t)) ≥ 0 and ψ1(x(t)) ≥ 0 imply the forward invariance of
C1 ∩ C2
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tem (2.11) has multiple control inputs, one option is to consider the relative degree as the
minimum number of times that we differentiate b(x) along the dynamics (2.11) until any
component of the control vector shows up in the corresponding derivative.However, thismay
reduce the system performance, since it implies that only a limited set of control components
can be used to guarantee constraint satisfaction. As an example, to make an autonomous
vehicle satisfy a safety constraint with respect to a preceding vehicle usingHOCBFs,wemay
require the ego vehicle to follow the preceding vehicle or to overtake it. In the former case,
steering wheel control is not necessary to show up in the HOCBF constraint (3.8). However,
in the latter case, we wish that both the acceleration control and steering wheel control show
up in the HOCBF constraint (3.8). This can improve the mobility of an autonomous vehicle
compared to the former case, as well as significantly improve the feasibility of the resulting
HOCBF-based QPs in (2.21) when control bounds are involved.

In this section, we focus on the case where we wish all the components of the control
vector to show up in the HOCBF constraint (3.8). We can always fix the control (e.g.,
setting it to 0) of undesired control components in the HOCBF constraint (3.8) if we wish to
guarantee safety using some desired control components. In order to achieve this, we define
the relative degree set S ⊂ N of a function b : Rn → R as follows:

Definition 3.4 (Relative degree set) The relative degree set S ⊂ N of a function b :
R
n → R with respect to system (2.11) is defined by the ordered set of numbers of

times we need to differentiate b along system (2.11) until each component of the
control vector u first shows in the corresponding derivative.

This definition is illustrated in the following example along with some issues which we
will resolve through the use of integral HOCBFs in the next section.

Example 3.3 Consider a simplified unicycle model of a robot that has the form:

ẋ = v cos θ, ẏ = v sin θ, v̇ = u2
M

, θ̇ = φ, φ̇ = u1, (3.11)

where (x, y) ∈ R
2 denotes the 2-D location of the system, v ∈ R denotes the linear speed,

θ ∈ R is the heading angle, φ ∈ R denotes the rotation speed, M > 0 is the mass of the
system, and u1 ∈ R, u2 ∈ R stand for the angular acceleration and driven force (control
inputs), respectively.

Suppose we have a state constraint:

√

(x − x0)2 + (y − y0)2 ≥ r , (3.12)
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where (x0, y0) ∈ R
2, and r > 0.With b(x) := √

(x − x0)2 + (y − y0)2 − r , we can see that
the relative degree of b with respect to u1 is 3, and the relative degree of b with respect to
u2 is 2. Therefore, the relative degree set of b(x) is S = {3, 2}.

When defining a HOCBF (taking classK functions α1, α2 to be linear) for the constraint
(2.5) with respect to u2, i.e., the relative degree m = 2 in Definition 3.3, we have

L2
f b(x) + Lg2L f b(x)u2 + 2L f b(x) + b(x) ≥ 0, (3.13)

where g2 = [0, 0, 1
M , 0, 0]T is the second column of g(x) in (3.11) when it is written in

vector form.
We can also define a HOCBF (taking class K functions α1, α2, α3 to be linear) for the

constraint (3.12) with respect to u1, i.e., the relative degree m = 3 in Definition 3.3, and we
have

L3
f b(x)+Lg1L

2
f b(x)u1+L f [Lg2L f b(x)]u2+Lg2L f b(x)u̇2

+3L2
f b(x) + 3Lg2L f b(x)u2 + 3L f b(x) + b(x) ≥ 0,

(3.14)

where g1 = [0, 0, 0, 0, 1]T is the first column of g(x) in (3.11) when it is written in vector
form. Note that the derivative of u2 is included in the above.

There is only one control input in the HOCBF constraint (3.13). The safety constraint
(3.12) can only be guaranteed using u2 (not u1) and the feasibility of the QPs (2.21) is
also impaired by control bounds as in (2.19). In other words, a robot can only use linear
deceleration to avoid the obstacle specified by the constraint (3.12). On the other hand, (3.14)
includes the derivative of u2, and this introduces an additional problem (i.e., how to choose
u̇2) in the HOCBF-based QP. �

Before defining integral HOCBFs, we introduce some additional notation that will facil-
itate the analysis that follows. There may be some control components of u that are differ-
entiated at least once in the HOCBF constraint, and we define the ordered index set of those
differentiated control components as Sd . The cardinality of Sd is denoted by Nd ∈ N, Nd < q
where q is the dimension of u. Let un denote the control vector that includes only those
control components whose derivatives are never present in the corresponding HOCBF con-
straint (e.g., un = u1 in (3.14)), and let Un denote the control constraint set, defined in
(2.19), corresponding to un . Let gn : Rn → R

n×(q−Nd ) denote a matrix that is composed of
the columns of the matrix g(x) in (2.11) corresponding to each control component in un .

Let m denote the maximum relative degree of b(x) ≥ 0 with respect to (2.11), i.e.,
m = maxk∈S k. Then, we define b(x) to be a HOCBF with relative degree m. In order to
deal with the derivatives of the control components, we define auxiliary dynamics for each
u j , j ∈ Sd that is differentiated m j times, 1 ≤ m j < m:

u̇ j = f j (u j ) + g j (u j )ν j , (3.15)

where u j = (u j,1, u j,2, . . . , u j,m j ) ∈ R
m j is the corresponding auxiliary state, and u j,1 =

u j , f j : Rm j → R
m j , g j : Rm j → R

m j , and ν j ∈ R is a new control for the auxiliary
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dynamics (3.15) corresponding to u j . The relative degree of u j (now a state variable) with
respect to (3.15) ism j , and u j can be initialized to any vector as long as u j strictly satisfies its
control bound in (2.19). Although f j , g j may be arbitrarily selected, for simplicity, we may
define (3.15) in linear form, and initialize u j,k, k ∈ {2, . . . ,m j } to 0. Further, let ν ∈ R

Nd

be the concatenation of ν j , ∀ j ∈ Sd , and let ua be the concatenation of u j , ∀ j ∈ Sd . Thus,
u j , j ∈ Sd , unlike un , contains all control components whose derivatives appear at least
once in the HOCBF constraint.

Combining the auxiliary dynamics (3.15), we get the HOCBF constraint (relative degree
m) enforcing b(x) ≥ 0:

Lm
f b(x) + [Lgn L

m−1
f b(x)]un+O(b(x), ua, ν)

+αm(ψm−1(x, ua)) ≥ 0,
(3.16)

where O(·) is defined as in (3.8), but also includes the derivatives of u j , ∀ j ∈ Sd , i.e.,

u(1)
j , . . . , u

(m j )

j , and u
(m j )

j denotes the mth
j derivative of u j .

In order to apply the CBF-based QP approach in (2.21) so as to guarantee (safety) con-
straint satisfaction, we can take un, ν j , ∀ j ∈ Sd instead of u as the decision variables in each
QP. After solving the QP, we obtain the optimal un, ν j , ∀ j ∈ Sd for each time interval, and
the controls u j , j ∈ Sd are obtained by solving (3.15). Since this is done by integration, we
call this integral control. We refer to the resulting HOCBF in (3.16) as an integral HOCBF
(iHOCBF), and note that it is a class of integral control barrier functions [3].

As in (2.19), we have control bounds for each u j , j ∈ Sd :

u j,min ≤ u j ≤ u j,max , (3.17)

where u j,min ∈ R, u j,max ∈ R denote the minimum and maximum control bounds, respec-
tively. In order to guarantee the above control bound (3.17) under the auxiliary dynamics
(3.15), we define two HOCBFs for each u j , j ∈ Sd to map the bound from u j to ν j . Letting
b j,min(u j ) = u j − u j,min and b j,max (u j ) = u j,max − u j , we can then define the set of the
auxiliary control ν that enforces (3.17):

Ua(ua) = {ν ∈ R
Nd : Lm j

f j
b j,min(u j ) + O(b j,min(u j ))

+[Lg j L
m j−1
f j

b j,min(u j )]ν j + αm j (ψm j−1(u j )) ≥ 0,

L
m j
f j
b j,max (u j ) + [Lg j L

m j−1
f j

b j,max (u j )]ν j

+O(b j,max (u j )) + αm j (ψm j−1(u j )) ≥ 0, ∀ j ∈ Sd}.

(3.18)

Through the equations above, the states of the auxiliary dynamics (3.15) are strictly bounded
for each ν j , j ∈ Sd . This property is captured by the invariant sets defined as in (3.4):
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Definition 3.5 (Integral HOCBF) Let C1,C2, . . . ,Cm be defined as in (3.4) and
ψ0(x, ua), ψ1(x, ua), . . . , ψm(x, ua) be defined as in (3.3). A function b : Rn → R

is an integral HOCBF (iHOCBF) of relative degree m for system (2.11) if there exist
differentiable class K functions α1, α2, . . . , αm and auxiliary dynamics (3.15) such
that

sup
un∈Un ,ν∈Ua(ua)

[Lm
f b(x) + [Lgn L

m−1
f b(x)]un

+O(b(x), ua, ν) + αm(ψm−1(x, ua))] ≥ 0,
(3.19)

for all (x, ua) ∈ C1 ∩ C2∩, . . . , ∩Cm .

Note that u j , ∀ j ∈ Sd and their derivatives become state variables with the auxiliary
dynamics (3.15). All control inputs un, ν are in linear forms if we fix x, u j , ∀ j ∈ Sd . Similar
to Theorem 3.2, we also have the following:

Theorem 3.3 ([80]) Given an iHOCBF b(x) from Definition 3.5 with the associated
sets C1,C2, . . . ,Cm defined as in (3.4), if (x(t0), ua(t0)) ∈ C1 ∩ C2∩, . . . , ∩Cm, then
any continuously differentiable controller (un(t), ν(t)) ∈ Un ×Ua(ua), ∀t ≥ t0 that
satisfies the constraint in (3.19) renders the set C1 ∩ C2∩, . . . , ∩Cm forward invariant
for systems (2.11), (3.15). Moreover, the control un and integral controls u j , ∀ j ∈ Sd
render C1 forward invariant for system (2.11).

Example 3.4 (Example 3.3 revisited.) For the unicycle introduced above, theminimum and
maximum relative degrees of (3.12) are 2 and 3, respectively. If we define a HOCBF with
relative degree 3 to enforce (3.12), we will have the derivative of u2 in the corresponding
HOCBF constraint. Following the above process, we may define the following simple aux-
iliary dynamics for u2: u̇2 = ν. Then, the HOCBF (taking class K functions α1, α2, α3 as
linear functions) constraint (3.19) for (3.12) is

L3
f b(x(t)) + Lg1L

2
f b(x(t))u1(t) + L f [Lg2L f b(x(t))]u2(t)

+Lg2L f b(x(t))ν + 3L2
f b(x(t)) + 3Lg2L f b(x(t))u2(t)

+3L f b(x(t)) + b(x(t)) ≥ 0,

(3.20)

where u2 in the above is a state variable instead of a decision variable (control) in the QP.
The resulting u2 applied to system (3.11) is obtained through the integration of the auxiliary
dynamics u̇2 = ν. Meanwhile, the control bound for ν is obtained through the two CBFs in
(3.18). �
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Remark 3.4 (HOCBFs for non-affine control systems) Suppose we have general nonlinear
systems (2.7) instead of affine control systems (2.11). Then, in order to apply the CBF-based
optimization approach introduced at the end of Chap.2, we can simply augment (2.7) to the
following form:

ẋ = f (x, u),

u̇ = fa(u) + ga(u)ν,
(3.21)

where fa : Rq → R
q , ga : Rq → R

q×q , and ν ∈ R
q is the auxiliary control as in (3.15).

Then, we can define iHOCBFs as shown above to guarantee safety for a general nonlinear
system (2.7).

3.5 Robot Control Using iHOCBFs

We now complete Example 3.3. For the robot with the unicycle model as in (3.11), we
consider the problem of determining a control law that minimizes

J (u(t))=
∫ t f

t0

[

u21(t) + u22(t)
]

dt + p||x p(t f ) − X||,

where p > 0, x p = (x, y) and X ∈ R
2 is a terminal position, while satisfying the following

constraints:
Constraint 1 (Safety constraint): The robot should avoid collisionwith a circular obstacle

(see Fig. 3.2) defined by the safety constraint (3.12).
Constraint 2 (Robot Limitations): The state and control limitations are defined as: vmin ≤

v ≤ vmax , φmin ≤ φ ≤ φmax , u1,min ≤ u1 ≤ u1,max , u2,min ≤ u2 ≤ u2,max , where
vmin ≥ 0, vmax > 0, φmin ≥ 0, φmax > 0, u1,min < 0, u1,max > 0, and u2,min < 0, u2,max

> 0.
The relative degrees of (3.12) with respect to (3.11) are 2 and 3 corresponding to u2

and u1, respectively, and the relative degree set S = {3, 2}. We use iHOCBFs to implement
(3.12), and use a CLF to enforce the desired terminal state in the objective.

We conducted simulations inMATLAB to compare the effectiveness and performance of
the proposed HOCBFs for systems with multiple control inputs. The simulation parameters
are vd = 5m/s (desired speed), �t = 0.1s, (xd , yd) = (65, 15), r = 5m, M = 1650kg,
φmax = −φmin = 0.6981rad/s, vmax = 5m/s, vmin = 0, u1,max = −u1,min = 0.3491
rad/s2, u2,max= − u2,min = 3M .The robot initial state vector is x(t0) = (5m, 15m, 0, 0, 0).

We also consider the case of implementing the safety constraint (3.12) with a standard
HOCBF (m = 2, i.e., using (3.13)) to make a comparison between the original HOCBF and
the iHOCBFs. The simulation trajectories for all cases are shown in Fig. 3.3a–b.
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Fig. 3.2 Robot trajectories under different forms of HOCBFs

(a) control input 1 (b) control input 2/

Fig. 3.3 Angular and linear accelerations under different forms of HOCBFs

As shown in Fig. 3.2, ifwe implement the safety constraint (3.12)with a standardHOCBF,
only the control input u2 shows up in the HOCBF constraint (3.13). In other words, the robot
can only use deceleration to avoid the obstacle, and thus it cannot get to the destination. This
is also demonstrated in its control profile in Fig. 3.3a with u1(t) = 0, ∀t ∈ [t0, t f ] (black
solid line).



4Feasibility Guarantees for CBF-Based Optimal
Control

4.1 The Penalty Method

Recall that the construction of a HOCBF in Definition 3.3 relies on the sequence of the
ψi (x) functions defined through (3.3). The penalty method is based on multiplying the class
K functions αi (·) in Eq. (3.3) with penalties (weights) pi ≥ 0, i ∈ {1, . . . ,m} to obtain:

ψi (x) = ψ̇i−1(x) + piαi (ψi−1(x)), i ∈ {1, . . . ,m}. (4.1)

Since we assumed that the control set U and the state space X are closed, we can define

Umin := inf
x∈X ,u∈U[−LgL

m−1
f b(x(t))u],

Umax := sup
x∈X ,u∈U

[−LgL
m−1
f b(x(t))u],

Fmin := inf
x∈X[Lm

f b(x)].

The following theorem provides conditions for guaranteeing, through the use of penalties,
the feasibility of each QP (2.21) used to solve the optimization problem OCP-CBF (2.20):

Theorem 4.1 ([72]) If Umax ≤ Fmin, then there exist (small enough) pi ≥ 0, i ∈
{1, . . . ,m} such that the control limitations (2.19) do not conflict with the HOCBF
constraint (3.8), ∀x(t0) ∈ C1 ∩ · · · ∩ Cm.
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Proof It follows from the sequence of equations in (4.1) that p1, p2, . . . , pm−1 will appear
in all terms of O(b(x)) in (3.8), i.e., O(b(x)) = 0 if pi = 0, ∀i ∈ 1, 2, . . . ,m − 1. Since
pm shows up in the last equation of (4.1), we have

−LgL
m−1
f b(x)u ≤ Lm

f b(x)

if pi = 0, ∀i ∈ 1, 2, . . . ,m. Since Lm
f b(x) ≥ Fmin , if −LgL

m−1
f b(x)u ≤ Fmin , then the

last constraint is satisfied.
The control bound on u in (2.19) always satisfies

Umin ≤ −LgL
m−1
f b(x)u ≤ Umax .

Since Fmin ≥ Umax , the intersection of the sets determined by the last two inequalities
is always non-empty, i.e., the intersection of the control bounds (2.19) and the HOCBF
constraint (3.8) is always non-empty. We conclude that there exist small enough penalties
p1 ≥ 0, p2 ≥ 0, . . . , pm ≥ 0 such that the control limitations (2.19) will not conflict with
the HOCBF constraint (3.8). �

The following corollary provides simpler conditions for some systems (e.g., (2.8) in
Example 2.1) that satisfy extra properties:

Corollary 4.1 ([72]) If 0 ∈ U and Lm
f b(x) ≥ 0, ∀x ∈ X, then there exist (small

enough) pi ≥ 0, i ∈ {1, . . . ,m} such that the control limitations (2.19) do not conflict
with the HOCBF constraint (3.8), ∀x(t0) ∈ C1 ∩ · · · ∩ Cm.

Proof Similar to the proof of the last theorem, we have

−LgL
m−1
f b(x)u ≤ Lm

f b(x),

if pi = 0, ∀i ∈ 1, 2, . . . ,m. Since Lm
f b(x) ≥ 0, ∀x ∈ X , if −LgL

m−1
f b(x)u ≤ 0, then the

last constraint is satisfied. The 0 vector is included in the last equation, and 0 ∈ U . There-
fore, there exist small enough penalties p1 ≥ 0, p2 ≥ 0, . . . , pm ≥ 0 such that the control
limitations (2.19) do not conflict with the HOCBF constraint (3.8). �

Example 4.1 (Example 2.1 revisited) For the ACC problem introduced in Example 2.1,
L2

f b(x) = 0. If 0 is included in the control bound, then, from Corollary 4.1, it follows that
the HOCBF constraints do not conflict with the control boundwhenwe choose small enough
penalties p1, p2 for α1(·), α2(·). �
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In order to apply the penalty method in practice, suppose that for some given class K
functions αi (·), i ∈ {1, . . . ,m} in a HOCBF b(x), we observe that the QP (2.21) becomes
infeasible for some x ∈ C1 ∩ · · · ∩ Cm , or it becomes infeasible at some time t ∈ [t0, t f ].
Then, we restart from time t0 and add penalties to the classK functions as in (4.1). Note that,
when penalties are applied, the sets Ci , i = 2, . . . ,m will be affected. By random selection,
we try to find penalty values such that x(t0) ∈ C1 ∩ · · · ∩ Cm . If the optimization problem
becomes feasible, then we are done. Otherwise, we decrease the value of p1, as p1 shows up
in all theψi (·) functions in (4.1), hence decreasing p1 is the most efficient way among all the
penalties to make the problem feasible. However, decreasing p1 can significantly shrink C2,
which might result in x(t0) /∈ C2 as shown in (3.4). In order to avoid this, we can proceed
by decreasing p2, and recursively try to find penalties such that x(t0) ∈ C1 ∩ · · · ∩ Cm .

Example 4.2 (Example 3.1 revisited) We return to the ACC problem in Example 3.1. The
problem setup and model parameters are the same as in Sect. 3.2. We define b(x) = z − δ

as a HOCBF with m = 2. Since L2
f b(x) = 0, the conditions in Corollary 4.1 are satisfied

and we can find small enough p1, p2 such that the problem is feasible. The control input in
this case for quadratic class K functions is shown in Fig. 4.1. The dashed lines denote the
values of the right-hand side of the HOCBF constraint (3.8), i.e., rewriting (3.8) as

u ≤ Lm
f b(x) + O(b(x)) + αm(ψm−1(x))

−LgL
m−1
f b(x)

Fig.4.1 Control input u(t) as b(x(t)) → 0 for different p when using a quadratic classK function.
All the solid lines (black, red, blue) start from b(x) = 90. They coincide before the corresponding
HOCBF constraint becomes active (e.g., the red solid line can only be seen after b(x) <= 45), when
the solid line starts overlapping with its associated dashed line. The arrows denote the changing trend
for b(x(t)) with respect to time
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and the solid lines are the optimal controls. When the dashed lines and solid lines coincide,
the HOCBF constraint for b(x) is active. In Fig. 4.1, the HOCBF constraint does not conflict
with the braking limitation −cdg when p = 0.02 for a quadratic class K function. The
minimum control input (negative) increases as p decreases. �

4.2 Sufficient Conditions for Feasibility

Recall that the discretization method introduced at the end of Chap. 2 for solving the
CBF/HOCBF-based optimization problem OCP-CBF (2.20) leads to the sequence of QPs
(2.21). Consider any such QP over a time step [t̄, t̄ + �t). After we apply the constant
u∗(t̄) to system (2.11) starting at x(t̄) for this whole interval [t̄, t̄ + �t), it is possible that
we end up at a state where the HOCBF constraint (3.8) conflicts with the control bounds
(2.19); this clearly would render the QP corresponding to the next time interval infeasible.1

To avoid this, our approach in this section is to define an additional feasibility constraint
bF (x) ≥ 0. Note that this approach is more general than the penalty method in the previous
section; however, it usually requires an additional effort to find proper sufficient conditions
for feasibility.

Definition 4.1 (Feasibility Constraint) Suppose the QP OCP-CBF (2.20) is feasible
at the current state x(t̄), t̄ ∈ [0, T ). A constraint bF (x) ≥ 0, where bF : Rn → R,
is a feasibility constraint if it makes the QP corresponding to the next time interval
feasible.

In order to ensure that the QP OCP-CBF (2.20) is feasible for the next time interval, a
feasibility constraint bF (x) ≥ 0 should have two important features: (i) it guarantees that
the HOCBF constraint (3.8) and the control bound (2.19) do not conflict, (i i) the feasibility
constraint bF (x) ≥ 0 itself does not conflict with both (3.8) and (2.19) at the same time.

An illustrative example of how a feasibility constraint works is shown in Fig. 4.2. An
agent (e.g., robot) whose control is determined by solving a sequence of QPs OCP-CBF
(2.20) is about to get close to an obstacle at the following step. The next state may be
infeasible for the QP associated with that next step. For example, the state denoted by the
red circle in Fig. 4.2 may include a large speed component such that the agent cannot find
a control (deceleration or heading) to avoid the obstacle at the next step. However, if we
include a feasibility constraint that can prevent the agent from reaching this state, then this
next QP is feasible.

After we determine a feasibility constraint of the form bF (x) ≥ 0, we can enforce it
through a CBF and take it as an additional constraint for OCP-CBF (2.20) in order to
guarantee feasibility given a system state x. We show how we can determine an appropriate
feasibility constraint in the sequel. First, we provide a simple example to illustrate the need
for a feasibility constraint when dealing with the CBF-CLF-based QPs OCP-CBF (2.20).

1 Note that, since the CLF constraint is relaxed, it does not affect the feasibility of the QP.
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Fig. 4.2 An illustration of how
a feasibility constraint works
for an obstacle avoidance
problem. Adding an
appropriate feasibility
constraint at the current state
prevents the agent from going
into the infeasible next state

Example 4.3 (Adaptive Cruise Control) This example is based on the simple ACC problem
in Example 2.1, but considers a more complex model for the vehicle dynamics:

[
v̇(t)
ż(t)

]
︸ ︷︷ ︸

ẋ(t)

=
[− 1

M Fr (v(t))
vp − v(t)

]
︸ ︷︷ ︸

f (x(t))

+
[ 1

M
0

]
︸ ︷︷ ︸
g(x(t))

u(t), (4.2)

whereM denotes themass of the ego vehicle, z(t) denotes the distance between the preceding
and the ego vehicles, vp ≥ 0, v(t) ≥ 0 denote the speeds of the preceding and the ego
vehicles, respectively, and Fr (v(t)) denotes the resistance force, which is expressed [26] as:

Fr (v(t)) = f0sgn(v(t)) + f1v(t) + f2v
2(t),

where f0 > 0, f1 > 0 and f2 > 0 are scalars determined empirically. The first term in
Fr (v(t)) denotes the Coulomb friction force, the second term denotes the viscous friction
force and the last term denotes the aerodynamic drag. The control u(t) is the driving force
of the ego vehicle subject to the constraint:

− cdMg ≤ u(t) ≤ caMg, ∀t ≥ 0, (4.3)

where ca > 0 and cd > 0 are the maximum acceleration and deceleration coefficients,
respectively, and g is the gravity constant.

We require that the distance z(t) between the ego vehicle and its immediately preceding
vehicle be greater than l0 > 0, i.e.,

z(t) ≥ l0, ∀t ≥ 0. (4.4)

Let b(x(t)) := z(t) − l0. The relative degree of b(x(t)) ism = 2, sowe choose aHOCBF
following Definition 3.3 by definingψ0(x(t)) := b(x(t)), α1(ψ0(x(t))) := p1ψ0(x(t)) and
α2(ψ1(x(t))) := p2ψ1(x(t)), p1 > 0, p2 > 0. We then seek a control for the ego vehicle
such that the constraint b(x(t)) ≥ 0 is satisfied. The control u(t) should satisfy (3.8), which
in this case is:



36 4 Feasibility Guarantees for CBF-Based Optimal Control

Fr (v(t))

M︸ ︷︷ ︸
L2

f b(x(t))

+ −1

M︸︷︷︸
LgL f b(x(t))

× u(t) + p1(vp − v(t))︸ ︷︷ ︸
O(b(x(t)))

+ p2(vp − v(t)) + p1 p2(z(t) − l0)︸ ︷︷ ︸
α2(ψ1(x(t)))

≥ 0.

(4.5)

Suppose we wish to minimize
∫ T
0

(
u(t)−Fr (v(t))

M

)2
dt in the constrained optimal control

problem OCP-CBF (2.20). Applying the QP-based method OCP-CBF (2.20), note that
the HOCBF constraint above can easily conflict with −cdMg ≤ u(t) in (4.3), i.e., the ego
vehicle cannot brake in time under control constraint (4.3) so that the safety constraint
(4.4) is satisfied when the two vehicles get close to each other. This is intuitive to see when
we rewrite (4.5) in the form of an acceleration constraint:

1

M
u(t)≤ Fr (v(t))

M
+(p1+ p2)(vp−v(t))+ p1 p2(z(t)−l0). (4.6)

The right-hand side above is usually negative when the two vehicles are close to each other.
If it is smaller than −cdMg, the HOCBF constraint (4.5) will conflict with −cdMg ≤ u(t)
in (4.3). When this happens while solving a specific QP, this QP will be infeasible. �

In the rest of this section, we show how we can solve in general terms the infeasibil-
ity problem illustrated in the example above by constructing a feasibility constraint as in
Definition 4.1.

4.2.1 Feasibility Conditions for Constraints with Relative Degree One

For ease of exposition, we start our analysis with feasibility constraints for a relative-degree-
one safety constraint, and then generalize it to the case of high-relative-degree safety con-
straints. It will become clear, however, from the overall analysis that the determination of
an appropriate bF (x) does not depend on the relative degree of the constraints.

Suppose we have a constraint b(x) ≥ 0 with relative degree one for system (2.11), where
b : Rn → R. Then, we can define b(x) as a HOCBF with m = 1 as in Definition 3.3, i.e.,
we have a “traditional” first order CBF. Following (2.13), any control u ∈ U should satisfy
the CBF constraint:

− Lgb(x)u ≤ L f b(x) + α(b(x)), (4.7)

where α(·) is a class K function of its argument. We define a set of controls that satisfy the
last equation as:

K (x) = {u ∈ R
q : −Lgb(x)u ≤ L f b(x) + α(b(x))}. (4.8)
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Our analysis for determining a feasibility constraint depends on whether any component of
the vector Lgb(x) will change sign within the time interval [0, T ] or not.

1.The case when all components in Lgb(x) do not change sign
In this case, the inequality constraint for each control component does not change sign if
we multiply each component of Lgb(x) by the corresponding one of the control bounds
in (2.19). Therefore, we assume that Lgb(x) ≤ 0 (componentwise), 0 ∈ R

q in the rest of
this section. The analysis for other cases (each component of Lgb(x) is either non-negative
or non-positive) is similar. Not all the components in Lgb(x) can be 0 due to the relative
degree definition in Definition 3.1. We can multiply the control bounds (2.19) by the vector
−Lgb(x), and get

− Lgb(x)umin ≤ −Lgb(x)u ≤ −Lgb(x)umax. (4.9)

The control constraint (4.9) is actually a relaxation of the control bound (2.19) aswemultiply
each component of Lgb(x) by the corresponding one of the control bounds in (2.19), and
then add them together. We define

Uex (x) = {u ∈ R
q : −Lgb(x)umin ≤ −Lgb(x)u ≤ −Lgb(x)umax}. (4.10)

We also provide the following formal definition describing how two or more state-
dependent control constraints are “conflict-free”:

Definition 4.2 (Conflict-free control constraints) We say that two (or more) state-
dependent control constraints are conflict-free if the intersection of the two (or more)
sets defined by these constraints in terms of u is non-empty for all x ∈ X .

Looking at (4.10), it is obvious that U is a subset of Uex (x). An example of a two-
dimensional control u = (u1, u2) is shown in Fig. 4.3. Nonetheless, the relaxation setUex(x)

does not negatively affect the property of the following lemma:

Lemma 4.1 ([79]) If the control u in (2.11) is such that (4.9) is conflict-free with (4.7)
for all x ∈ X, then the control bound (2.19) is also conflict-free with (4.7).

Proof Let g = (g1, . . . , gq) in (2.11), where gi : Rn → R
n, i, ∈ {1, . . . , q} and we can

write: Lgb(x) = (Lg1b(x), . . . , Lgq b(x)) ∈ R
1×q . For the control bounds ui,min ≤ ui ≤

ui,max , i ∈ {1, . . . , q} in (2.19), we can multiply by −Lgi b(x) and get
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Fig. 4.3 The relationship between U ⊂ Uex (x) and Uex (x) in the case of a two-dimensional con-
trol u = (u1, u2). The magnitude of Lgb(x) determines the slopes of the two lines (hyperplanes)
−Lgb(x)u = −Lgb(x)umax and−Lgb(x)u = −Lgb(x)umin . If there exists a control c1 ∈ Uex (x)

that satisfies the CBF constraint (4.7) (on the boundary), then there exists a control c2 ∈ U that also
satisfies the CBF constraint (4.7) (on the boundary)

−Lgi b(x)ui,min ≤ −Lgi b(x)ui ≤ −Lgi b(x)ui,max , i ∈ {1, . . . , q},
as we have assumed that Lgb(x) ≤ 0. If we take the summation of the inequality above
over all i ∈ {1, . . . , q}, then we obtain the constraint (4.9). Therefore, the satisfaction of
(2.19) implies the satisfaction of (4.9). Then,U defined in (2.19) is a subset ofUex (x). It is
obvious that the boundaries of the set Uex (x) in (4.10) and K (x) in (4.8) are hyperplanes,
and these boundaries are parallel to each other for all x ∈ X . Meanwhile, the two boundaries
of Uex (x) pass through the two corners umin, umax of the set U (a polyhedron) following
(4.10), respectively. If there exists a control c1 ∈ Uex (x) (e.g., in Fig. 4.3) that satisfies (4.7),
then the boundary of the set K (x) in (4.8) lies either between the two hyperplanes defined
by Uex (x) or above these two hyperplanes (i.e., Uex (x) is a subset of K (x) in (4.8)). In
the latter case, the lemma is true as U is a subset of Uex (x). In the former case, we can
always find another control c2 ∈ U (e.g., in Fig. 4.3) that satisfies (4.7) as the boundary of
K (x) in (4.8) is parallel to the two Uex (x) boundaries that respectively pass through the
two corners umin, umax of the setU . Therefore, althoughU is a subset ofUex (x), it follows
that if (4.9) is conflict-free with (4.7) in terms of u for all x ∈ X , the control bound (2.19)
is also conflict-free with (4.7). �

Motivated by Lemma 4.1, in order to determine if (4.7) complies with (2.19), we may
just consider (4.7) and (4.9). Since there are two inequalites in (4.9), we have two cases to
consider: (i) − Lgb(x)u ≤ −Lgb(x)umax and (4.7) and (i i) − Lgb(x)umin ≤ −Lgb(x)u
and (4.7). It is obvious that there always exists a control u such that the two inequalities
in case (i) are satisfied for all x ∈ X , while this may not be true for case (i i), depending
on x. For example, the CBF for the rear-end safety constraint (2.5) in the ACC problem of
Example 2.1 may conflict with the maximum braking force −cdMg < 0, and it will never
conflict with the maximum driving force caMg > 0 as the ego vehicle needs to brake when
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it gets close to the preceding vehicle in order to satisfy the safety constraint (2.5). Therefore,
in terms of avoiding the conflict between the CBF constraint (4.7) and control bounds (4.9)
that leads to the infeasibility of problem OCP-CBF (2.20), we wish to satisfy:

L f b(x) + α(b(x)) ≥ −Lgb(x)umin. (4.11)

This is called the feasibility constraint for problem OCP-CBF (2.20) in the case of a
relative-degree-one safety constraint b(x) ≥ 0 in (2.18). Observe that the relative degree
of the feasibility constraint (4.11) is also one with respect to dynamics (2.11), since it is
entirely dependent on b(x).

The next step is to determine a control such that the feasibility constraint (4.11) is guar-
anteed to be satisfied. Towards this goal, we treat (4.11) as a constraint to be satisfied and
define an associated candidate CBF bF (x) just like in Definition 3.3:

bF (x) = L f b(x) + α(b(x)) + Lgb(x)umin ≥ 0. (4.12)

Then, if bF (x(0)) ≥ 0, we can obtain a feedback controller u ∈ KF (x) defined below that
guarantees the CBF constraint (4.7) and the control bounds (2.19) do not conflict with each
other:

KF (x) = {u ∈ R
q : L f bF (x) + LgbF (x)u + α f (bF (x)) ≥ 0}, (4.13)

where α f (·) is a class K function. This is formalized in the following theorem.

Theorem 4.2 ([79]) If OCP is initially feasible and the CBF constraint in (4.13)
corresponding to (4.11) does not conflict with both the control bounds (2.19) and
(4.7) at the same time, any controller u ∈ KF (x) guarantees the feasibility of problem
OCP-CBF (2.20).

Proof If OCP is initially feasible, then the CBF constraint (4.7) for the safety requirement
(2.18) does not conflict with the control bounds (2.19) at time 0. It also does not conflict
with the constraint (4.9) as U is a subset of Uex (x) that is defined in (4.10). In other words,
bF (x(0)) ≥ 0 holds in the feasibility constraint (4.11). Thus, the initial condition for the
CBF in Definition 3.3 is satisfied. By Theorem 3.2, we have that bF (x(t)) ≥ 0, ∀t ≥ 0.
Therefore, the CBF constraint (4.7) does not conflict with the constraint (4.9) for all t ≥ 0.
By Lemma 4.1, the CBF constraint (4.7) also does not conflict with the control bound (2.19).
Finally, since the CBF constraint in (4.13) corresponding to (4.11) does not conflict with
the control bounds (2.19) and (4.7) at the same time by assumption, we conclude that the
feasibility of the problem is guaranteed. �
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The condition that the CBF constraint in (4.13) corresponding to (4.11) does not conflict
with both the control bounds (2.19) and (4.7) at the same time from Theorem 4.2 is strong.
Moreover, even if this condition is not satisfied, then the problem can still be infeasible.
In order to relax this condition, one option is to recursively define other new feasibility
constraints for the feasibility constraint (4.11) to address the possible conflict between (4.13)
and (2.19), and (4.7). However, the number of iterations is not bounded, thus leading to a
potentially large (unbounded) set of feasibility constraints.

In order to address the unbounded iteration issue in finding feasibility constraints, we will
instead try to express the feasibility constraint in (4.13) so that it is in a form that is similar
to that of the CBF constraint (4.7). If this is achieved, we can make these two constraints
compliant with each other, thus addressing the unbounded iteration issue mentioned above.
Therefore, we try to construct the CBF constraint in (4.13) so that it takes the form:

L f b(x) + Lgb(x)u + α(b(x)) + ϕ(x, u) ≥ 0 (4.14)

for some appropriately selected function ϕ(x, u). One obvious choice for ϕ(x, u) imme-
diately following (4.13) is ϕ(x, u) = L f bF (x) + LgbF (x)u + α f (bF (x)) − L f b(x) −
Lgb(x)u − α(b(x)), which can be simplified through a proper choice of the class K func-
tions α(·), α f (·), as will be shown next. Since we will eventually include the constraint
ϕ(x, u) ≥ 0 into our QPs (shown later) to address the infeasibility problem, we wish its
relative degree to be low. Otherwise, it becomes necessary to use HOCBFs to make the con-
trol show up in enforcing ϕ(x) ≥ 0 (instead of ϕ(x, u) ≥ 0 due to its high relative degree),
which could make the corresponding HOCBF constraint complicated, and make it easily
conflict with the control bound (2.19) and the CBF constraint (4.7), hence leading to the
infeasibility of the QPs. Therefore, we define a candidate function as follows (note that a
relative-degree-zero function means that the control u directly shows up in the function
itself):

Definition 4.3 (Candidate ϕ function) A function ϕ(x, u) in (4.14) is a candidate ϕ

function if its relative degree with respect to the systems dynamics (2.11) is either one
or zero.

Our task, therefore, is to determine a candidate ϕ function. Based on the reformulation
of the CBF constraint in (4.13), we can properly choose the classK function α(·) in (4.7). A
typical choice forα(·) is a linear function, inwhich casewe automatically have the constraint
formulation (4.14) by substituting the function bF (x) from (4.12) into (4.13), and get

ϕ(x, u) = L2
f b(x) + LgL f b(x)u + L f (Lgb(x)umin)

+Lg(Lgb(x)umin)u + α f (bF (x)) − b(x).
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Note that it is possible that LgL f b(x) = 0 and Lg(Lgb(x)umin) = 0, depending on the
dynamics (2.11) and the CBF b(x). In this case the relative degree of ϕ(x, u) (written as
ϕ(x)) is one, since α f (bF (x)) is contained in it and bF (x) is a function of b(x).

If the relative degree of ϕ(x, u) is zero (e.g., LgL f b(x) = 0 and Lg(Lgb(x)umin) = 0
are not satisfied above), we require that

ϕ(x, u) ≥ 0, (4.15)

such that the satisfaction of the CBF constraint (4.7) implies the satisfaction of the CBF
constraint (4.14), and the satisfaction of the CBF constraint (4.14) implies the satisfaction of
(4.11) by Theorem 3.2, i.e., the CBF constraint (4.7) does not conflict with the control bound
(2.19). Moreover, if (4.15) happens to not conflict with both (4.7) and (2.19) at the same
time, depending on the CBF b(x) and the dynamics (2.11), then the QPs are guaranteed to
be feasible.

The CBF constraint (4.13) for the feasibility constraint is similar to the CBF constraint
(4.7) for safety by properly defining the classK functions α, α f , which generates (4.15) that
needs to be satisfied. Therefore, the QP feasibility can be improved, and even be guaranteed,
if constraint (4.15) satisfies similar conditions as shown in Theorem 4.3. This is more helpful
in the case of safety constraints with high relative degree (considered in the next section) as
the HOCBF constraint (3.8) has many complicated terms; therefore, it is better to remove
these terms in the feasibility constraint and just consider (4.15) in the QP in order to make
(4.15) compliant with (4.7) and (2.19).

If the relative degree of a candidate ϕ(x, u) with respect to (2.11) is one, i.e., ϕ(x, u) ≡
ϕ(x), we define a set Us(x):

Us(x) = {u ∈ R
q : L f ϕ(x) + Lgϕ(x)u + αu(ϕ(x)) ≥ 0} (4.16)

where αu(·) is a classK function. Within the set of candidate functions ϕ(x), if we can find
one that satisfies the conditions of the following theorem, then the feasibility of problem
OCP-CBF (2.20) is guaranteed:

Theorem 4.3 ([79]) Ifϕ(x) is a candidateϕ function such thatϕ(x(0)) ≥ 0, L f ϕ(x) ≥
0, Lgϕ(x) = γ Lgb(x), for some γ > 0, ∀x ∈ X and 0 ∈ U, then any controller
u(t) ∈ Us(x), ∀t ≥ 0 guarantees the feasibility of problem OCP-CBF (2.20).

Proof Since ϕ(x) is a candidate ϕ function, we can define a set Us(x) as in (4.16). If
ϕ(x(0)) ≥ 0 and u(t) ∈ Us(x), ∀t ≥ 0, we have that ϕ(x(t)) ≥ 0, ∀t ≥ 0 by Theorem 3.2.
Then, the satisfaction of theCBFconstraint (4.7) corresponding to the safety constraint (2.18)
implies the satisfaction of the CBF constraint (4.14) (equivalent to (4.13)) for the feasibility
constraint (4.11). In other words, the CBF constraint (4.7) automatically guarantees that it
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will not conflict with the control constraint (4.9) as the satisfaction of (4.14) implies the
satisfaction of (4.11) following Theorem 3.2 and (4.11) guarantees that (4.7) and (4.9) are
conflict-free. By Lemma 4.1, the CBF constraint (4.7) will also not conflict with the control
bound U in (2.19), i.e. K (x) ∩U �= ∅, where K (x) is defined in (4.8).

Since L f ϕ(x) ≥ 0, we have that 0 ∈ Us(x). We also have 0 ∈ U (x), thus, Us(x) ∩
U �= ∅ is guaranteed. Since Lgϕ(x) = γ Lgb(x), γ > 0, the two hyperplanes of the two
half spaces formed by Us(x) in (4.16) and K (x) in (4.8) are parallel to each other, and
the normal directions of the two hyperplanes along the half space direction are the same.
Thus, Us(x) ∩ K (x) is either Us(x) or K (x), i.e., either Us(x) ∩ K (x) ∩U = Us(x) ∩
U or Us(x) ∩ K (x) ∩U = K (x) ∩U . As Us(x) ∩U �= ∅ and K (x) ∩U �= ∅, we have
Us(x) ∩ K (x) ∩U �= ∅, ∀x ∈ X . Therefore, the CBF constraint (4.7) does not conflict with
the control bound (2.19) and the CBF constraint in Us(x) at the same time, and we can
conclude that the problem is guaranteed to be feasible. �

The conditions in Theorem 4.3 are sufficient conditions for the feasibility of problem
OCP-CBF (2.20). Under these conditions, we can claim that ϕ(x) ≥ 0 is a single feasibility
constraint that guarantees the feasibility of problem OCP-CBF (2.20) in the case that the
safety constraint (2.18) is with relative degree one, i.e., m = 1 in (3.8).

The conditions that the function ϕ(x) must satisfy in Theorem 4.3 may be conservative
and determining such a function is a nontrivial problem. For a general system (2.11) and
safety constraint (2.18), we can parameterize the definition of theCBF (4.7) for the safety and
the CBF constraint for the feasibility constraint (4.13), i.e., parameterize α(·) and αF (·),
such as the form in [74]. We can then choose the parameters to satisfy the conditions in
Theorem 4.3.

On the other hand, for some special classes of dynamics (2.11),we can design a systematic
way to derive such ϕ(x) functions. In the case of such dynamics, we may even relax some
of the conditions in Theorem 4.3. For example, if both the dynamics (2.11) and the safety
constraint (2.18) are in linear forms, then the condition Lgϕ(x) = γ Lgb(x), for some γ > 0
in Theorem 4.3 is satisfied, and thus this condition is removed. An example of determining
a function ϕ(x) for the ACC problem in Example 4.3 is given in Example 4.4 at the end of
this section.

Returning to the optimization problem OCP-CBF (2.20) in which C(·) is quadratic, we
can now obtain a feasible version of this problem in the form:

min
u(t),δr (t)

∫ T

0
[||u(t)||2 + ptδ

2
r (t)]dt (4.17)

subject to the feasibility constraint (4.15) if the relative degree of ϕ(x, u) is 0; otherwise,
subject to the CBF constraint in (4.16), and all constraints in OCP-CBF (2.20). Here,
ϕ(x) satisfies the conditions in Theorem 4.3 for (4.16), and (4.15) is assumed to be non-
conflicting with the CBF constraint (4.7) and the control bound (2.19) at the same time. In
order to guarantee feasibility, we may try to find a ϕ(x) that has relative degree one and
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Fig. 4.4 Overall process of
solving the constrained optimal
control problem with the
feasibility guaranteed CBF
method

that satisfies the conditions in Theorem 4.3. The overall process of solving the constrained
optimal control problemwith the feasibility guaranteed CBFmethod is described in Fig. 4.4.

2.The case when some components in Lgb(x) change sign
Recall that Lgb(x) = (Lg1b(x), . . . , Lgq b(x)) ∈ R

1×q and let u = (u1, . . . , uq), umin =
(u1,min, . . . , uq,min) ≤ 0, umax = (u1,max, . . . , uq,max) ≥ 0, 0 ∈ R

q . If Lgi b(x),

i ∈ {1, . . . , q} changes sign in [0, T ], then we have the following two (symmetric and
non-symmetric) cases to consider in order to find a valid feasibility constraint.

Case 1: the control bound for ui , i ∈ {1, . . . , q} is symmetric, i.e. ui,max = −ui,min. In
this case, by multiplying −Lgi b(x) by the control bound for ui , we have

− Lgi b(x)ui,min ≤ −Lgi b(x)ui ≤ −Lgi b(x)ui,max (4.18)

if Lgi b(x) < 0.When Lgi b(x) changes sign at some time t1 ∈ [0, T ], then the sign of the last
equation is reversed. However, since ui,max = −ui,min, we have exactly the same constraint
as (4.18), and −Lgi b(x)ui,min will still be continuously differentiable when we construct
the feasibility constraint as in (4.11). Therefore, the feasibility constraint (4.11) will not be
affected by the sign change of Lgi b(x), i ∈ {1, . . . , q}.

Case 2: the control bound for ui , i ∈ {1, . . . , q} is not symmetric, i.e., ui,max �= −ui,min.
In this case, we can define:

ui,lim := min{|ui,min|, ui,max} (4.19)

Considering (4.19), we have the following constraint:

− ui,lim ≤ ui ≤ ui,lim. (4.20)

The satisfaction of the last equation implies the satisfaction of ui,min ≤ ui ≤ ui,max in (2.19).
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If Lgi b(x) < 0, wemultiply the control bound by−Lgi b(x) for ui and have the following
constraint:

Lgi b(x)ui,lim ≤ −Lgi b(x)ui ≤ −Lgi b(x)ui,lim (4.21)

The satisfaction of (4.21) implies the satisfaction of (4.18) following (4.19). Now, the control
bound for ui is converted to the symmetric case, and the feasibility constraint (4.11) will
not be affected by the sign change of Lgi b(x), i ∈ {1, . . . , q}.

4.2.2 Feasibility Conditions for Safety Constraints with High Relative
Degree

Suppose we have a constraint b(x) ≥ 0 with relative degreem ≥ 1 for system (2.11), where
b : Rn → R. Then we can define b(x) as a HOCBF as in Definition 3.3. Any control
u ∈ U should satisfy the HOCBF constraint (3.8). In what follows, we also assume that
LgL

m−1
f b(x) ≤ 0, where 0 ∈ R

q and all components in LgL
m−1
f b(x) do not change sign

in [0, T ]. The analysis for all other cases is similar to the last section.
Similar to (4.7), we rewrite the HOCBF constraint (3.8) as

− LgL
m−1
f b(x)u ≤ Lm

f b(x) + O(b(x)) + αm(ψm−1(x)) (4.22)

and we can multiply the control bounds (2.19) by the vector −LgL
m−1
f b(x):

− LgL
m−1
f b(x)umin ≤ −LgL

m−1
f b(x)u ≤ −LgL

m−1
f b(x)umax. (4.23)

As in (4.9), the last equation is also a relaxation of the original control bound (2.19), and
Lemma 4.1 still applies in the high-relative-degree-constraint case.

The HOCBF constraint (4.22) may conflict with the left inequality of the transformed
control bound (4.23) when its right hand side is smaller than−LgL

m−1
f b(x)umin. Therefore,

we wish to satisfy

Lm
f b(x) + O(b(x)) + αm(ψm−1(x)) ≥ −LgL

m−1
f b(x)umin. (4.24)

This is called the feasibility constraint for the problem OCP-CBF (2.20) in the case of a
high-relative-degree constraint b(x) ≥ 0 in (2.18).

In order to find a control such that the feasibility constraint (4.11) is guaranteed to be
satisfied, we define

bhF (x) = Lm
f b(x) + O(b(x)) + αm(ψm−1(x)) + LgL

m−1
f b(x)umin ≥ 0,

and define bhF (x) to be a HOCBF as in Definition 3.3. It is important to note that the relative
degree of bhF (x) with respect to dynamics (2.11) is only one, as we have ψm−1(x) in it.
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Thus, we can get a feedback controller KhF (x) that guarantees free conflict between the
HOCBF constraint (4.22) and the control bounds (2.19):

KhF (x) = {u ∈ R
q : L f bhF (x) + LgbhF (x)u + α f (bhF (x)) ≥ 0}, (4.25)

if bhF (x(0)) ≥ 0, where α f (·) is a class K function.

Theorem 4.4 ([79]) If OCP is initially feasible and the CBF constraint in (4.25)
corresponding to (4.24) does not conflict with control bounds (2.19) and (4.22) at the
same time, any controller u ∈ Kh f (x) guarantees the feasibility of problemOCP-CBF
(2.20).

Proof The proof is the same as that of Theorem 4.2. �

Similar to the motivation for the analysis of the relative degree one case, we also refor-
mulate the constraint in (4.25) in the form:

Lm
f b(x) + LgL

m−1
f b(x)u + O(b(x)) + αm(ψm−1(x)) + ϕ(x, u) ≥ 0 (4.26)

for some appropriate ϕ(x, u). An obvious choice is ϕ(x, u) = L f bhF (x) + LgbhF (x)u +
α f (bhF (x)) − Lm

f b(x) − LgL
m−1
f b(x)u − O(b(x)) − αm(ψm−1(x)), which is a candidate

ϕ function we would like to simplify. We define a set Us(x) similar to (4.16).
Similar to the last subsection, we only consider the case when the relative degree of

ϕ(x, u) is one, i.e., we have ϕ(x) from now on. Then, we have the following theorem to
guarantee the feasibility of the problem OCP-CBF (2.20):

Theorem 4.5 ([79]) If ϕ(x) is a candidate function, ϕ(x(0)) ≥ 0, L f ϕ(x) ≥ 0,
Lgϕ(x) = γ LgL

m−1
f b(x), for some γ > 0, ∀x ∈ X and 0 ∈ U, then any controller

u(t) ∈ Us(x), ∀t ≥ 0 guarantees the feasibility of the problem OCP-CBF (2.20).

Proof The proof is similar to the one for Theorem 4.3. �

The approach to finding a candidate function ϕ(x) is the same as in the last section.
The conditions in Theorem 4.5 are sufficient conditions for the feasibility of the problem
OCP-CBF (2.20). Under the conditions in Theorem 4.5, we can also claim that ϕ(x) ≥ 0
is a single feasibility constraint that guarantees the feasibility of the problem OCP-CBF
(2.20) in the case that the safety constraint (2.18) has a high relative degree. We can get a
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feasible problem from the original problem OCP-CBF (2.20) (in which C(·) is quadratic)
in the form:

min
u(t),δr (t)

∫ T

0
[||u(t)||2 + ptδ

2
r (t)]dt, (4.27)

subject to the feasibility constraint (4.15) if the relative degree of ϕ(x, u) is 0; otherwise,
subject to the CBF constraint in (4.16), and all constraints in OCP-CBF (2.20). Here, the
CBF constraint in OCP-CBF (2.20) is replaced by the HOCBF constraint (3.8), and ϕ(x)

satisfies the conditions in Theorem 4.5 for (4.16), and (4.15) is assumed to be non-conflicting
with the HOCBF constraint (3.8) and the control bound (2.19) at the same time.

Remark 4.1 When we have multiple safety constraints, we can employ similar ideas to
find sufficient conditions to guarantee problem feasibility. However, we also need to make
sure that these sufficient conditions do not conflict with each other.

Example 4.4 (Example 4.3 revisited) Here we demonstrate how we can find a single fea-
sibility constraint ϕ(x(t)) ≥ 0 for the ACC problem. Recall that in this problem we have
b(x(t)) = z(t) − l0. First, it is obvious that LgL f b(x(t)) = − 1

M in (4.2) does not change
sign. The transformed control bound as in (4.23) for (4.3) is

− cdg ≤ 1

M
u(t) ≤ cag. (4.28)

The rewritten HOCBF constraint (4.6) can only conflict with the left inequality of (4.28).
Thus, following (4.24) and combining (4.6) with (4.28), the feasibility constraint is
bhF (x(t)) ≥ 0, where

bhF (x(t)) = Fr (v(t))

M
+ (p1 + p2)(vp − v(t)) + p1 p2(z(t) − l0) + cdg. (4.29)

Since Fr (v(t))
M ≥ 0, ∀t ≥ 0, we can replace the last equation by

b̂hF (x(t)) = (p1 + p2)(vp − v(t)) + p1 p2(z(t) − l0) + cdg. (4.30)

The satisfaction of b̂hF (x(t)) ≥ 0 implies the satisfaction of bhF (x(t)) ≥ 0. Although the
relative degree of b(x(t)) = z(t) − l0 is two, the relative degree of b̂hF (x(t)) is only one.We
then define b̂hF (x(t)) to be a CBF by choosing α1(b(x(t))) = kb(x(t)), k > 0 in Definition
3.3. Any control u(t) should satisfy the HOCBF constraint (3.8) which in this case was given
in (4.5):

u(t)

M
≤ Fr (v(t))

M
+ (

p1 p2
p1 + p2

+ k)(vp − v(t))

+ kp1 p2
p1 + p2

(z(t) − l0) + kcdg

p1 + p2

(4.31)
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In order to reformulate the last equation in the form of (4.26), we try to determine an
appropriate value for k above. We require ϕ(x(t)) to satisfy L f ϕ(x(t)) ≥ 0 as shown in
one of the conditions in Theorem 4.5, thus, we wish to exclude the term z(t) − l0 in ϕ(x(t))
since its derivative vp − v(t) is usually negative. By equating the coefficients of the term
z(t) − l0 in (4.31) and (4.6), we have

kp1 p2
p1 + p2

= p1 p2. (4.32)

Thus, we get k = p1 + p2. By substituting k back into (4.31), we have

u(t)

M
≤ Fr (v(t))

M
+ (p1 + p2)(vp − v(t)) + p1 p2(z(t) − l0) + ϕ(x(t)), (4.33)

where
ϕ(x(t)) = p1 p2

p1 + p2
(vp − v(t)) + cdg. (4.34)

It is easy to check that the relative degree of the last function is one, L f ϕ(x(t)) =
p1 p2
p1+p2

Fr (v(t))
M ≥ 0 and Lgϕ(x(t)) = p1 p2

p1+p2
LgL f b(x(t)). Thus, all the conditions in The-

orem 4.5 are satisfied, except for ϕ(x(0)) ≥ 0, which depends on the initial state x(0) of
system (4.2).

It follows that the single feasibility constraintϕ(x(t)) ≥ 0 for theACCproblem is actually
a speed constraint (following (4.34)):

v(t) ≤ vp + cdg(p1 + p2)

p1 p2
. (4.35)

If p1 = p2 = 1 in (4.6), the condition above reduces to the requirement that the half speed
difference between the front and ego vehicles should be greater than −cdg in order to
guarantee the ACC problem feasibility.

It is worth pointing out that we can find other sufficient conditions such that the ACC
problem is guaranteed to be feasible by choosing different HOCBF definitions (different
class K functions) in the above process. �

4.3 Feasibility Conditions for ACC

In this section, we return to Example 4.4 by considering a specific case study of the ACC
problem. Another application of the feasibility constraint method to a traffic merging prob-
lem can be found in [99]. All computations and simulations involved were conducted in
MATLAB. We used quadprog to solve the quadratic programs and ode45 to integrate the
dynamics.

In addition to the dynamics (4.2), the safety constraint (4.4), the control bound (4.3),

and the minimization of the cost
∫ T
0

(
u(t)−Fr (v(t))

M

)2
dt , we also consider a desired speed
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requirement such that v approaches a desired speed vd > 0. We use the relaxed CLF
to implement this speed requirement, i.e., we define a CLF V = (v − vd)

2, and choose
c1 = c2 = 1, c3 = ε > 0 in Definition 2.4. Thus, any control input should satisfy the CLF
constraint (2.16).

We consider the HOCBF constraint (4.6) to implement the safety constraint (4.4), and
consider the sufficient condition (4.35) introduced in the last section to guarantee the fea-
sibility of the ACC problem. We use a HOCBF with m = 1 to impose this condition, as
introduced in (4.25). We define α(·) as a linear function in (4.25).

Following the discretizationmethod introduced at the end ofChap. 2,we partition the time
interval [0, T ] into a set of equal time intervals {[0, �t), [�t, 2�t), . . . }, where �t > 0.
In each interval [ω�t, (ω + 1)�t) (ω = 0, 1, 2, . . . ), we assume the control is constant
(i.e., the overall control will be piecewise constant) and reformulate the ACC problem as a
sequence of QPs. Specifically, at t = ω�t (ω = 0, 1, 2, . . . ), we solve

u∗(t) = argmin
u(t)

1

2
u(t)T Hu(t) + FT u(t) (4.36)

u(t)=
[
u(t)
δ(t)

]
, H =

[
2
M2 0
0 2pacc

]
, F=

[−2Fr (v(t))
M2

0

]
.

subject to
Aclfu(t) ≤ bclf,

Alimitu(t) ≤ blimit,

Ahocbf_safetyu(t) ≤ bhocbf_safety,

Afeau(t) ≤ bfea,

where pacc > 0 and the constraint parameters are

Aclf = [LgV (x(t)), −1],
bclf = −L f V (x(t)) − εV (x(t)),

Alimit =
[
1, 0
1, 0

]
,

blimit =
[

caMg
−cdMg

]
,

Ahocbf_safety = [ 1
M , 0

]
,

bhocbf_safety = Fr (v(t))

M
+ (p1 + p2)(vp − v(t)) + p1 p2(z(t) − l0)

Afea =
[

p1 p2
M(p1+p2)

, 0
]
,
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Table 4.1 Simulation parameters for the ACC problem

Para. Value Units Para. Value Units

v(0) 6 m/s z(0) 100 m

vp 13.89 m/s vd 24 m/s

M 1650 kg g 9.81 m/s2

f0 0.1 N f1 5 Ns/m

f2 0.25 Ns2/m l0 10 m

�t 0.1 s ε 10 Unitless

ca(t) 0.4 Unitless cd (t) 0.4 Unitless

pacc 1 Unitless

bfea = p1 p2Fr (v(t))

M(p1 + p2)
+ p1 p2

p1 + p2
(vp − v(t)) + cdg.

After solving (4.36), we update (4.2) with u∗(t), ∀t ∈ (t0 + ω�t, t0 + (ω + 1)�t) and
the simulation parameters used in this case study are listed in Table4.1.

Wefirst present in Fig. 4.5 a situation inwhich the ego vehicle exceeds the speed constraint
from the feasibility constraint (4.35) resulting in the QP becoming infeasible. However, this
infeasibility does not always hold since the feasibility constraint (4.35) is just a sufficient
condition for the feasibility of QP (4.36). In order to show how the feasibility constraint
(4.35) can be adapted to different parameters p1, p2 in (4.6), we vary them and compare the
solutions without this feasibility sufficient condition in the simulation, as shown in Figs. 4.6
and 4.7.

It follows fromFigs. 4.6 and 4.7 that theQPs (4.36) are always feasiblewith the feasibility
constraint (4.35) under different p1, p2, while the QPs may become infeasible without this
constraint. This validates the effectiveness of the feasibility constraint. We also notice that
the ego vehicle cannot reach the desired speed vd with the feasibility condition (4.35); this
is due to the fact that we are limiting the vehicle speed with (4.35). In order to make the
ego vehicle reach this desired speed, we choose p1, p2 such that the following constraint is
satisfied.

vp + cdg
(p1 + p2)

p1 p2
≥ vd (4.37)

For example, the above constraint is satisfied when we select p1 = 0.5, p2 = 1 in this case.
Then, the ego can reach the desired speed vd , as shown by the blue curves in Fig. 4.8.

We also compare the feasibility constraint (4.35) with the minimum braking distance

approach from [2]. This approach adds the minimum braking distance 0.5(vp−v(t))2

cd g
of the

ego vehicle to the safety constraint (4.4):

z(t) ≥ 0.5(vp − v(t))2

cdg
+ l0, ∀t ≥ 0. (4.38)
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Fig. 4.5 A simple case with p1 = 1, p2 = 2. The QP becomes infeasible when the ego vehicle
exceeds the speed limit vp + 1.5cd g from (4.35)

Fig. 4.6 Speed and control profiles for the ego vehicle under different p1, p2, with and without
feasibility condition (4.35)
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Fig. 4.7 The variation of functions b(x(t)) and ψ1(x(t)) under different p1, p2. b(x(t)) ≥ 0 and
ψ1(x(t)) ≥ 0 implies the forward invariance of the set C1 ∩ C2

Fig. 4.8 Comparison between the feasibility constraint (4.35) with p1 = 0.5, p2 = 1 and the mini-
mum braking distance approach from [2]. The HOCBF constraint for (4.38) in the minimum braking
distance approach conflicts with the control bound (4.3)
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Then, we can use a HOCBF with m = 1 (define α1(·) to be a linear function with slope 2
in Definition 3.3) to enforce the above constraint whose relative degree is one. As shown in
Fig. 4.8, the HOCBF constraint for (4.38) conflicts with the control bounds, thus, the QP can
still become infeasible. This is due to the fact that this approach adds an additional braking-
distance-related constraint to the original problem, which could adversely decrease the
problem feasibility as this new added constraint may conflict with existing control bounds.
In contrast, the use of a proper sufficient condition for feasibility provides a novel way
to make the new added feasibility constraint compliant with the existing constraints. This,
therefore, can always guarantee feasibility once the sufficient conditions are determined.



5Feasibility for CBF-Based Optimal Control Using
Machine Learning

5.1 Learning CBF Parameters for Feasibility

A HOCBF constraint is active when a control makes it an equality at a given state. An
example of how a HOCBF constraint is activated is shown in Fig. 5.1. The activation of the
HOCBF will change the system trajectory in order to ensure that the system remains safe.
As shown in Fig. 5.1, the precise time when a HOCBF is activated depends on how this
HOCBF is designed.

In what follows, we consider multiple safety constraints instead of a single one as in
(2.18). Let S denote an index set for unsafe (state) sets. System (2.11) avoids each unsafe
set j ∈ S if its state satisfies:

b j (x(t)) ≥ 0, ∀t ∈ [0, T ], ∀ j ∈ S, (5.1)

where b j : Rn → R is a continuously differentiable function (not a CBF or HOCBF yet).
Let St denote the set indexing all the unsafe set types.We define unsafe sets as being of the
same “type” if they have the same geometry, meaning the conditions for problem feasibility
are the same, e.g., circular unsafe sets are the same type if they have the same radius but
different locations.

In the parameter learning approach we develop here, we parameterize the definition of a
HOCBF (i.e., the class K functions in Definition 3.3) for each type of unsafe set, and aim
to recursively improve a “feasibility robustness” metric introduced next.

5.1.1 Feasibility Robustness

If the HOCBF constraint corresponding to (5.1) never becomes active, then safety is guaran-
teed even without the use of a HOCBF. In this case, the solution space of the QPOCP-CBF

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
W. Xiao et al., Safe Autonomy with Control Barrier Functions,
Synthesis Lectures on Computer Science,
https://doi.org/10.1007/978-3-031-27576-0_5
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Robot 
trajectories

Initial position

Destination

Obstacle

Activation zones 
for red and blue trajectories

))

))

The CBF constraint is first active at time 

Blue trajectory is unconstrained in this 
interval (i.e., free action space)

Fig.5.1 Illustration of feasibility robustness quantification: CBF constraint activation zones depend
on the dimension of the state space as state-feedback is used, but are only visualized in the x − y 2D
space. The CBF (HOCBF) constraint (3.8) first becomes active at time taj when an agent (e.g., robot)
approaches the obstacle. The CBF in the blue trajectory is active later than the one in red, thus, the
robot has more freedom to move before taj and it does not necessarily get close to the obstacle as

shown in the figure. When b j (x(taj )) is minimized, the activation zone of the HOCBF is minimized,
therefore, the feasibility robustness (future action space) is maximized

(2.20) is clearly at its maximum. Therefore, we only consider the case where the HOCBF
constraint becomes active. Let taj ∈ [0, t f ] denote the time instant that theHOCBF constraint
(3.8), corresponding to (5.1), first becomes active and (possibly) remains active afterwards if
the state of system (2.11) keeps getting closer to the unsafe set. After the HOCBF constraint
in the QP OCP-CBF (2.20) becomes active, the solution space of the QP is limited by the
activated constraints, thus, the action space of the system is constrained. As an example,
the HOCBF constraint along the red trajectory in Fig. 5.1 is active earlier than the blue one,
therefore, the robot cannot move freely after the CBF constraint becomes active. As the
solution approach of the CBF method is pointwise and myopic, our goal is to maximize
the future action space of the system at each time step, i.e., to minimize the activation zone
observed in Fig. 5.1. This is equivalent to the feasibility robustness concept we introduce
here.

The feasibility robustness of a controllerwith respect to a constraint (5.1) can be quantified
by the value of b j (x(taj )). The value of b j (x(taj ))may denote a distance metric to a (type of)
unsafe set j ∈ St (see the example shown in Fig. 5.1). In order to maximize the feasibility
robustness (equivalently, the future action space, i.e., the future feasible control set a system
can select from), we need to minimize the HOCBF value at taj :

min
taj

b j (x(taj )), j ∈ St . (5.2)

The minimization of the above objective is equivalent to minimizing the activation zone
of the HOCBF, hence, the feasibility robustness (or future action space) is maximized, as
illustrated in Fig. 5.1.
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There are threemain advantages inmaximizing the feasibility robustness of the controller:

1. The QPs are more likely to be feasible since fewer constraints will become active when
a system gets close to a number of unsafe sets.

2. In an unknown environment, the controller obtained through the QPs is more robust
to changes in the environment and the detection of unknown unsafe sets, since the
corresponding HOCBF constraints only become active when a system gets close to
these unsafe sets. If the corresponding HOCBF constraints become active before the
unsafe sets are detected, the system may fail to avoid these unsafe sets.

3. There is a higher probability to find a better solution (e.g., energy optimal) if the feasibility
robustness is maximized, since the QPs are less constrained. Note that proximity to an
unsafe set can increase the chance of the state entering it in the presence of disturbances.
However, the maximization of feasibility robustness does not mean that the system state
has to get close to the unsafe sets, and this performance depends on how we design the
CLF which enforces the state convergence in (2.17).

The robustness objective (5.2) depends on the time taj , where taj is determined once a
HOCBF in the above problem is defined. Therefore, we need to consider objective (5.2) in
how a HOCBF is designed. This approach requires a parameterization of a HOCBF so that
we can optimize the parameter values in solving (5.2). We tackle this problem through a
learning process whose objective is to maximize the feasibility robustness of the controller
with respect to unknown unsafe sets as the QP-based approach for constrained optimal
control problems is myopic due to the fact that the QP is solved one single time step forward.
We proceed by decomposing OCP into two sub-problems:

• SP1: Optimize (2.17) which is solved with the QP-based method (2.21).
• SP2: Minimize the objective (5.2) after solving SP1.

We describe both sub-problems next, starting with SP1.

5.1.2 Online HOCBF and CLF-Based QP (SP1)

Sub-problem SP1 is actually the same as the QP approach (2.21), which we re-write
below for convenience replacing the CBF constraint by the more general HOCBF con-
straint. Thus, after partitioning the time interval [0, T ] into a set of equal time inter-
vals {[0, �t), [�t, 2�t), . . . }, where �t > 0, we solve for the constant control u(ω�t)
(i.e., the overall control will be piece-wise constant) at each interval [ω�t, (ω + 1)�t)
(ω = 0, 1, 2, . . . ):
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min
u(ω�t),δr (ω�t)

C(||u(ω�t)||) + ptδ
2
r (ω�t)

s.t. Lm
f b j (x) + [LgL

m−1
f b j (x)]u+O(b j (x)) + αm(ψm−1(x)) ≥ 0, ∀ j ∈ S

L f V (x) + LgV (x)u + εV (x) ≤ δr

umin ≤ u ≤ umax

(5.3)

As we know by now, this optimization problem can easily become infeasible. In the sequel,
we show how we can use machine learning techniques to address this issue by maximizing
the feasibility robustness through (5.2).

5.1.3 The ParameterizationMethod

The approach we follow here is similar to that of Sect. 4.1 where we modified the class K
functions in a HOCBF through a multiplicative penalty parameter. Here, however, in order
to recursively improve the feasibility of the QP (5.3), we parameterize the actual family
of class K functions α1(·), α2(·), . . . , αm(·) (see also [72]), where m denotes the relative
degree of the constraint b(x) ≥ 0 in the definition of a HOCBF b(x). Let ψ0(x) := b(x).
Since power functions are the most frequently used class K functions, we select the αi (·)
functions in (3.3) as follows:

ψi (x) := ψ̇i−1(x) + piψ
qi
i−1(x), i ∈ {1, . . . ,m} (5.4)

where pi > 0, i ∈ {1, . . . ,m} and qi ≥ 1, i ∈ {1, . . . ,m}. Then, we can obtain the HOCBF
constraint (3.8) when combining it with dynamics (2.11), as shown in Definition 3.3.

Recall that St denotes the set that indexes all the unsafe set types. For each type of
unsafe set j ∈ St , we consider an arbitrary location for it and obtain an unsafe set constraint
b j (x(t)) ≥ 0, similar to (5.1). Let p := (p1, . . . , pm), q := (q1, . . . , qm). We know from
[72] that the values of p, q affect the feasible set for the decision variables of (5.3), as well
as what time taj the HOCBF constraint (3.8) will be active, i.e., we can rewrite b j (x(taj ))
as b j (x(taj )) p,q . Since t

a
j depends on p, q and b j (·) no longer explicitly depends on x(taj )

(i.e., b j (x(taj )) p,q is fixed once p, q are given), we define

D j ( p, q) := b j (x(taj )) p,q (5.5)

and reformulate (5.2) so that the minimization is over the parameter vectors p, q:

min
p,q

D j ( p, q), j ∈ St . (5.6)

We can, therefore, view the minimization ofD j ( p, q) as the maximization of the feasibility
robustness that depends on p, q. However, this optimization problem is hard to solve as taj
corresponds to a particular trajectory resulting from a sequence of QPs from the initial time
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to the final time. We will introduce a solution approach using machine learning techniques
in the following section.

5.1.4 Offline Feasibility-Guided Optimization (SP2)

Note that subproblem SP2 depends on subproblem SP1, while the feasibility of SP2 depends
on the control bounds (2.19). Given an arbitrary x(0), one can generally expect most of the
p, q values to result into infeasible solutions of problem (5.3), which makes (5.6) difficult
to solve. Therefore, we need to first resolve the infeasibility problem of sub-problem SP1.

We proceed by randomly sampling p, q values over their domain (positive), and for each
set of p, q values, we solve problem (5.3) until the terminal state constraint is satisfiedwithin
some allowed error. If problem (5.3) is feasible at all times, then we label this particular set
of p, q values as +1, otherwise, we label it as −1. In this way, we eventually obtain sets
of feasible and infeasible p, q points. Note that the penalty method described previously
guarantees that +1 data points exist given the control bounds (2.19) if certain conditions
are satisfied. We assume that the control bounds (2.19) are properly defined such that we
can select balanced data sets for better classification, e.g., the same number of feasible and
infeasible samplings with a large enough data size, from the randomly sampled data. Then,
we can apply a standard classification method, e.g., a support vector machine (SVM) [10],
to classify these two balanced sets and get a continuously differentiable hypersurface

H j : R2m → R, (5.7)

where
H j ( p, q) ≥ 0 (5.8)

denotes the set of p, q values which leads to the feasible solution of QPs (5.3), i.e., it defines
the feasibility constraint for the set of p, q values associated with the QPs (5.3). With the
assistance of the feasiblity classification hypersurface, we look further to optimize (5.6),
i.e., we consider (5.6) subject to (5.8).

Our goal is to get the set of p, q values such that (5.8) is satisfied. However, (5.8) is
usually complex as it is directly obtained from the classifier hypersurface. Therefore, we
viewH j ( p, q) ≥ 0 as a constraint applied to a dynamic systemwith states p, q and formulate
an associated HOCBF. In particular, just like b(x) is associated with the dynamic system
(2.11), we need to introduce an auxiliary dynamic system forH j ( p, q) and take p, q as state
variables, as shown in the sequel.

We have imposed the assumption that the control bounds (2.19) are properly defined such
that the whole problem is well-posed to get a proper constraint (5.8) from the hypersurface.
However, the learned hypersurface is still complex, even with the HOCBF method, and this
makes the optimization problem (5.6) subject to (5.8) hard to solve. We use the following
dynamic process to simplify this optimization problem.
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We start at some feasible p0 ∈ R
m, q0 ∈ R

m to search for the optimal p, q values. Since
the determination of the optimal p, q is a dynamic process, we define the gradient (auxiliary
dynamics) for p, q as controllable variations of p, q through the dynamic system

( ṗ(t), q̇(t)) = ν(t),

s.t. H j ( p, q) ≥ 0,

p(t0) = p0, q(t0) = q0,

(5.9)

where ν ∈ R
2m denotes an input vector in the dynamic process constructed in order to deter-

mine the optimal p, q. The variable t denotes the dynamic process time for the optimization
of (5.6), which is different and independent from t in (2.11) and problem (5.3), and t0 ∈ R

denotes the initial time.
Now viewing (5.8) as a state constraint analogous to b j (x) ≥ 0 in (5.1), we seek to treat

it as a HOCBF. Considering the feasibility of problem (5.3), the dynamic process that is
controlled by ν should be subjected to (5.9), as well as to the HOCBF constraint for (5.8)
since we define the hypersurface in (5.8) to be a HOCBF, as discussed in the last three
paragraphs. Since we take all the state variables of the auxiliary dynamics (5.9) as the input
for the classifier, the relative degree of the feasibility constraint (5.8) with respect to (5.9) is
1, i.e., we only need to differentiate H j ( p, q) along the dynamics (5.9) once to let ν show
up. A control ν should satisfy the HOCBF constraint (3.8) which in this case is

dH j ( p, q)

d( p, q)
ν + β1(H j ( p, q)) ≥ 0, (5.10)

where β1(·) is an extended class K function as H j ( p, q) could be negative due to possi-
ble classification errors. Any control ν that satisfies (5.10) implies that the resulting p, q
(determined by ν) leads to a feasible solution of QPs (5.3) in the dynamic process.

We enforce the feasibility constraint (5.8) by the HOCBF constraint (5.10) in which the
control ν explicitly shows. However, the cost function (5.6) is only defined over the state of
the auxiliary dynamics (5.9), and we also wish the control ν to show up in the cost function,
which is required by the CBF-based optimization, as shown in Sect. 5.1.2. Therefore, we
consider the derivative of the cost function (5.6) as our new cost to let ν show up in the cost
function. Recall that (5.6) is the robustness metric that we wish to minimize. As long as the
derivative of (5.6) is negative, we can ensure that (5.6) is decreasing at each time step by
discretizing t similar to sub-problem SP1. To modify (5.6), we proceed as follows.

By taking the derivative of (5.6) with respect to t, we have

dD j ( p(t), q(t))

dt
= dD j ( p(t), q(t))

d( p(t), q(t))
ν. (5.11)

Then, we reformulate sub-problem SP1 through the dynamic process (5.9). The result is
the Feasibility-Guided Optimization (FGO) algorithm that is implemented by the same
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approach as introduced in Sect. 5.1.2, i.e., we discretize t, and at each t = ω�t, ω ∈
{0, 1, . . . }, where �t > 0 denotes the discretization constant, we solve

min
ν(t)

dD j ( p(t), q(t))

d( p(t), q(t))
ν(t),

s.t.
dH j ( p, q)

d( p, q)
ν + β1(H j ( p, q)) ≥ 0,

νmin ≤ ν ≤ νmax .

(5.12)

where νmin < 0, νmax > 0 (componentwise), 0 ∈ R
2m . Then, we update (5.9) for t ∈

(ω�t, (ω + 1)�t) with ν∗(t). The optimization problem (5.12) is a linear program (LP)
at each time step for each initial p, q (we need to reset t for each set of initial p, q val-
ues). Without any constraint on ν, the LP (5.12) is ill-posed because it leads to unbounded
solutions. In fact, the value of ν determines the search step length of the FGO algorithm
implemented through the LP (5.12), and we want to limit this step length. Therefore, we

add limitations to ν in the LP (5.12). Note that in the last equation,
dD j ( p(t),q(t))
d( p(t),q(t)) is a row

vector of dimension 2m, while ν is a column vector of dimension 2m. Therefore, the cost
function in the last equation is a scalar function of ν.

After adding limitations to ν in (5.12), the dynamic process’s search step length will
become bounded. Although there are control limitations on ν, the resulting LP from the
optimization (5.12) is always feasible as the relative degree of (5.8) with respect to (5.9) is 1

[71]. We also need to evaluate
∂D j
∂ p1

, . . . ,
∂D j
∂ pm

,
∂D j
∂q1

, . . . ,
∂D j
∂qm

at each time step, i.e., evaluate
the coefficients of the cost function (5.12).

The resulting process is the FGO algorithm formulated from (5.12) to optimize p, q. For
each step of the FGO algorithm, any one of the following four conditions may terminate it:
(a) the problem (5.3) becomes infeasible (since the hypersurface from the classifier cannot

ensure 100% accuracy), (b) the computed values of
∂D j
∂ p1

, . . . ,
∂D j
∂ pm

,
∂D j
∂q1

, . . . ,
∂D j
∂qm

are all 0,
(c) the objective function value of (5.6) is greater than the current knownminimumvalue. (d)

the iteration time exceeds some N ∈ N. We present the FGO algorithm in Algorithm 1. We
note that this approach is more computationally efficient than one that directly incorporates
the barrier function in the cost, as Algorithm 1 only involves QPs.

If we consider (5.12) without constraint (5.10), then we have the commonly used gradient
descent (GD) algorithm. The FGO algorithm is more efficient compared with GD since the
solution searching path is guided by the feasibility of (5.3). However, the hypersurface in
(5.8) cannot guarantee the correctness of the FGO method due to possible classification
errors. We can apply GD one step forward whenever the FGO algorithm terminates to
alleviate this problem.
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Algorithm 1: Feasibility-Guided Optimization (FGO) algorithm
Input: Constraints (5.1), K in (2.17), system (2.11) with (2.19), N
Output: p∗, q∗,Dmin
1. Sample p, q in the definition of the HOCBF;
2. Discard samples that do not meet the initial conditions of HOCBF constraint (3.8);
3. Solve (5.3) for each sample for t ∈ [0, T ] and label all samples;
4. Select balanced training and testing data sets;
5. Use machine learning techniques to find classifier (5.7);
6. Pick a feasible p0, q0, Dmin =D j ( p0, q0), iter.=1;
while iter.++ ≤ N do

Evaluate
∂D j
∂ p1

, . . . ,
∂D j
∂ pm

,
∂D j
∂q1

, . . . ,
∂D j
∂qm

at p0, q0 with random perturbation to pk or

qk , k ∈ {1, 2, . . . ,m};
if

∂D j
∂ pk

,
∂D j
∂qk

, ∀k ∈ {1, 2, . . . ,m} is infeasible to evaluate over sub-problem (i) for all

times in [0, T ] then
Jump to the very begining of the loop;

else
∂D j
∂ pk

= 0,
∂D j
∂qk

= 0, ∃k ∈ {1, 2, . . . ,m} is infeasible to evaluate over sub-problem (i)

for all times in [0, T ];
end
Solve the optimization (5.12) and get new p, q;
Solve the problem (5.3) with p, q;
if (5.3) is feasible for all t ∈ [0, T ] then

if Dmin ≥ D j ( p, q) then
Dmin = D j ( p, q), p0 = p, q0 = q;

else
break;

end
else

Solve the optimization (5.12) without (5.10) and get new p, q;
Solve the problem (5.3) with p, q;
if Dmin ≥ D j ( p, q) then

Dmin = D j ( p, q), p0 = p, q0 = q;
else

break;
end

end
end
p∗ = p0, q

∗ = q0;
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Note that we can update the training set and get a new classifier in (5.8) after running the
FGO algorithm for a number of different initial samples p0, q0, i.e., re-initialize (5.9) for
each FGO process. Once we have learned feasibility and robustness for some known types
of unsafe sets with the FGO algorithm, we can use these unsafe sets to approximate other
types of unsafe sets.

Remark 5.1 (Time complexities of subproblems SP1 and SP2). The time complexity of
SP1, i.e., the QP (5.3), is O(d3), where d = q + 1 is the dimension of decision variables.
Since theCBFmethod (after pre-training) does not need planning, it ismore computationally
efficient than path planning methods, such as Rapidly-exploring Randomized Trees (RRT)
[29] and A* [22]. On the other hand, the time complexity of SP2 is that of a LP [66],
i.e., O((d + c)1.5dL), where d, c are the numbers of decision variables and constraints,
respectively, and L is a given parameter. Thus, the complexity of the FGO algorithm is
almost the same as the GD one, as it just has one more constraint than the GD method,
hence the computational times are comparable.

5.1.5 Robot Control Using Feasibility-Guided Optimization

In this section, we apply the FGO algorithm to a robot control problem in a MATLAB
setting and show several simulations results. The robot moves is an environment with several
obstacles of the same type, but the number of obstacles and their locations are unknown to
the robot. The robot is equipped with a sensor ( 23π field of view (FOV) and 7m sensing
distance with 1m uncertainty) to detect the obstacles.

Defining x := (x, y, θ, v), u := (u1, u2), the dynamics are:

ẋ = v cos(θ), ẏ = v sin(θ),

θ̇ = u1, v̇ = u2,
(5.13)

where x, y denote the location along the x, y axis, respectively, θ denotes the heading angle
of the robot, v denotes the linear speed, and u1, u2 denote the two control inputs for turning
and acceleration, respectively.

The objective is defined to be:

min
u(t)

∫ t f

0

[
u21(t) + u22(t)

]
dt + p0((x(t f ) − xd)

2 + (y(t f ) − yd)
2). (5.14)

In other words, we wish to minimize the energy consumption and drive the robot to a given
destination (xd , yd) ∈ R

2, i.e., drive (x(t), y(t)) to (xd , yd), ∀t ∈ [t ′, t f ], for some t ′ ∈
[0, t f ]. The robot dynamics are not full-state linearizable [26] and the relative degree of
the position (output) is 2. Therefore, we cannot directly apply a CLF. However, the robot
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can arrive at the destination if its heading angle θ stabilizes to the desired direction and its
speed v stabilizes to a desired speed v0 > 0, i.e.,

θ(t) → arctan(
yd − y(t)

xd − x(t)
), v(t) → v0, ∀t ∈ [0, t f ]. (5.15)

Now, we can apply the CLF method since the relative degrees of the heading angle and
speed are 1.

The unsafe sets (5.1) are defined as circular (regular) obstacles:

√
(x(t) − xi )2 + (y(t) − yi )2 ≥ r , ∀i ∈ S, (5.16)

where (xi , yi ) denotes the location of the obstacle i ∈ S, and r > 0 denotes the safe distance
to the obstacle.

The speed and control constraints (2.19) are defined as:

Vmin ≤ v(t) ≤ Vmax , (5.17)

u1,min ≤ u1(t) ≤ u1,max , u2,min ≤ u2(t) ≤ u2,max , (5.18)

where Vmin = 0m/s, Vmax = 2m/s, u1,max = −u1,min = 0.2 rad/s, u2,max = −u2,min =
0.5m/s2. Other parameters are p0 = 1, �t = 0.1 s, ε = 10.

We set up the FGO algorithm training environment with the initial position of the robot,
the location of an obstacle (with radius 6m and r = 7m) and the destination as (5, 25m),
(32, 25m) and (45m, (25 + ε)m), respectively, where ε ∈ R. The initial heading angle and
speed of the robot are 0◦ and Vmax , respectively. The parameters for the FGO algorithm
are �t = 0.1, νmax = −νmin = (0.1, 0.1, 0.1, 0.1). The map for FGO training is shown in
Fig. 5.3a.

Note that the value of ε will affect the trajectory of the robot since we have a circular
obstacle. If ε = 0, the robot will eventually stop at the equilibrium point shown in Fig. 5.3a.
If ε > 0, the robot goes left around the obstacle as shown in Fig. 5.3a. Otherwise, the robot
turns right.

We choose a very small ε �= 0 in the FGO algorithm. Since the obstacle constraint
(5.16) has relative degree 2 with respect to the dynamics, the HOCBF parameters are
p = (p1, p2), q = (q1, q2).Wecollect balanceddata sets (the ratio of the samplings between
+1 and −1 labelled data is 1:1 for both training and testing sets) from the random sam-
plings of M training and 1000 testing samples for p and q over interval (0, 3] and (0, 2],
respectively. Note that we allow q to be sampled in (0, 1) as the robot will not get too close
to the circular obstacles, although the class K function piψ

qi
i−1(x) in (5.4) is not Lipschitz

continuous when ψi−1(x) = 0.
The classification model is a support vector machine (SVM) with polynomial kernel of

degree 7, i.e., the kernel function k( y, z) is defined as
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Table 5.1 Comparisons between the GD and FGO algorithms

Items GD FGO

Training
sample number
M

500 1000 1500 2000 2500 3000 3500 4000

Classification
accuracy

0.879 0.927 0.939 0.953 0.960 0.963 0.966 0.970

Better than GD
percentage

0.210 0.248 0.254 0.252 0.244 0.282 0.288 0.266

Worse than GD
percentage

0.270 0.190 0.232 0.204 0.218 0.218 0.240 0.240

Dmin/m
(samples min.:
5.0)

4.6 4.6 4.6 4.6 4.8 4.6 4.6 4.6 4.6

k( y, z) = (c1 + c2 yT z)7, (5.19)

where y, z denote input vectors for the SVM (i.e., y := ( p, q), and z becomes a constant
vector of the same dimension as y after training). We set c1 = 0.8, c2 = 0.5, and the com-
parisons between FGO and GD are shown in Table5.1 (“better/worse than GD percentage”
denotes the percentage of data in the testing set that the FGO obtains a better objective value
(5.2) of subproblem (i i) than the GD method).

The FGO has better performance compared with GD in finding Dmin when the number
of training samples M for the hypersurface (5.10) is large enough, as shown in Table5.1.
FGO and GD have almost the same computational cost, i.e., < 0.01s for both. But this
advantage decreases when the classification accuracy of the hypersurface (5.10) further
increases, which may be due to over-fitting. One comparison example between FGO and
GD search paths is shown in Fig. 5.2a, b. Note that we can combine them to get improved
capability to search for p∗, q∗. If we apply the FGO method to the good results from GD,
the additional improvement percentage is around 5% among all the testing samples.

We have implemented the learned optimal HOCBF parameters (p∗
1, p

∗
2, q

∗
1 , q∗

2 ) =
(0.7426, 1.9745, 1.9148, 0.7024) in the definition of all the HOCBFs for all obstacles in a
robot exploration problem in an unknown environment. We should also note that the opti-
mal penalties and powers are not unique. All the circular obstacles are with different size
to test the robustness of the penalty method with the learned optimal parameters, and are
static but randomly distributed. The robot can safely avoid all the obstacles and arrive at its
destination if the obstacles do not form traps such that the robot has no way to escape, as
shown in Fig. 5.3b.

We also compared the CBF-based robot exploration framework with the RRT [29] and
A* [22] algorithms by considering the configuration shown in Fig. 5.3b. The pre-training for
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(b) FGO and GD algorithm search paths in 3D.

(a) FGO and GD algorithm search paths in 2D.

Fig. 5.2 FGO and GD comparison. The red and green circles denote infeasible and feasible points
for p, q in the training samples, respectively

the CBF-based method could be several hours. Both the RRT and A* algorithms have global
environment information such that they tend to choose shorter-length trajectories compared
with the CBF method. But this advantage disappears if the environment is changing fast, in
which case the CBF method tends to be more robust and computationally efficient. Com-
parisons based on four different criteria are shown in Table5.2. In a dynamic environment,
the RRT and A* algorithms need to re-plan their path at each time step, whereas the CBF
method does not need to do this. Therefore, we can see that the CBF-based framework is
able to better adjust to changes in the environment and is computationally efficient.
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(a) FGO pre-training map with feasible

example trajectories.

(b) Comparison of robot paths between CBF,

A* and RRT.

Fig. 5.3 Case study setup and comparison of different planning frameworks

Table 5.2 Performance comparison between CBF, A* and RRT

Item R.T. compute
time (s)

Safety guarantee Environment
knowledge

Pre-training

CBF <0.01 Yes Not required Required

A* 1.3 No Required Not required

RRT 0.3 No Required Not required

5.2 Learning Feasibility Constraints

In this section, we show how we can deal with irregular unsafe sets (defined below). This
approach also works for regular unsafe sets, but tends to be conservative [87]. Recall that
in the unknown environments we consider, the type of every unsafe set i ∈ S that might
be present is already known, and St denotes an index set for unsafe set types, while S j ⊆
S, j ∈ St denotes the index set for unsafe sets of type j .

5.2.1 Regular and Irregular Unsafe Sets

Depending on how the system initial state can affect the feasibility of the CBF-based QPs,
we classify unsafe sets into two classes:
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Fig.5.4 Regular and irregular obstacle examples for an agent (e.g., robot)with nonholonomic dynam-
ics. The agent needs the same control input effort (from the CBF-based QPs) in order to avoid the
regular circular obstacle, regardless of where it is initially located, as shown in example trajectories 1
and 2. However, the agent needs a larger control input effort for trajectory 2 than the one for trajectory
1, as there are corners in the irregular rectangular obstacle. Therefore, the feasibility of the CBF-based
QPs is indeed dependent on the agent initial condition (location)

Definition 5.1 (Regular and Irregular Unsafe Sets) Assume OCP is feasible. An
unsafe set Cu := {x ∈ R : b(x) < 0} considered in the QPs (5.3) is defined as regular
if the feasibility of all the CBF-based QPs (5.3) does not depend on the initial state
x(0) of system (2.11). Otherwise, we say that the set is irregular.

The regularity of a group of unsafe sets is checked one by one as in theQP (5.3). An irregu-
lar unsafe set generally depends on the dynamics (2.11) and corresponds to irregular shapes,
such as unsafe sets with sharp corners; in such cases the system requires (locally) large
control input from the CBF-based QP to avoid corners if the dynamics are nonholonomic.
However, the CBF-based QPs may be feasible if the system trajectory never approaches
a corner. An example of a regular unsafe set is a circular obstacle, and an example of an
irregular unsafe set is a rectangle (approached by an agent with nonholonomic dynamics),
as shown in Fig. 5.4.

5.2.2 Feasible and Infeasible State Sets

Recall that any QP (5.3) may be infeasible at a given state x(t) at time t . Even if the system
is governed by an optimal control u∗(t) obtained from solving the QP (5.3), the system
may still exit the constraint set formed through (5.1), since the limited control may not be
able to prevent the system from leaving this set when the state approaches the set boundary,
which typically happens in high relative degree systems. A simple intuitive example is a
robot control problem in which the robot has limited control input (deceleration) and needs
to arrive at a destination while avoiding an obstacle that is located between the robot’s initial
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position and the destination. When the robot gets close to the obstacle with high speed, it
may not be able to brake in time to avoid the obstacle since the control in QP (5.3) is limited
by (2.19). However, when the speed is low, the robot can safely avoid the obstacle.

The main idea of the sampling learning approach in this section is to partition the state
space of system (2.11) into sets in which the QP (5.3) is feasible or infeasible after a certain
number of time steps. This is a difficult problem, especially for high-dimensional systems
with fast dynamics. We describe next how to address this problem using machine learning
techniques.

5.2.3 Sampling and Classification

Recall that the setting we consider is one where the system is in an unknown environment
such that it only knows the types of the unsafe sets the environment may include, but not
their number or individual locations. In order to make the learned feasibility constraint inde-
pendent of the location of an unsafe set, we choose the relative coordinates z ∈ R

n between
the system and unsafe set as one of the input features for machine learning techniques. For
example, let the system state be x := (x1, x2, . . . , xn). If x1, x2 denote the two-dimensional
position of an object in x, then, we define input features z := (x1 − xo, x2 − yo, x3, . . . , xn),
where (xo, yo) ∈ R

2 denotes the two-dimensional location of the unsafe set. Along the same
lines,wemay also consider the relative speed and acceleration between the systemandunsafe
set as the input for the machine learning model in order to consider moving unsafe sets.

For each type of unsafe set j ∈ St , since we only consider the relative coordinates as
the input for the learning model as discussed above, we arbitrarily assign a location and an
orientation (if it exists) for j and randomly sample around j to find an initial state z(0) in
the vicinity of the unsafe set. We then solve the QP (5.3) at time 0 according to the geometry
of the unsafe set:

• Regular unsafe set: we solve the QP (5.3) at time 0 for one time step forward.
• Irregular unsafe set: we solve the QP (5.3) at time 0 for Ht ∈ N > 1 time steps forward.

Remark 5.2 Unlike regular unsafe sets, when dealing with irregular unsafe sets, the system
may get stuck at local traps. This is why we extend the solution of the QP (5.3) to Ht > 1
time steps. In this case, any one of the Ht -stepQPs becoming infeasible will make the system
fail. The local traps can easily make the QP (5.3) infeasible, especially when the system
reaches their boundary. Therefore, it is more likely to make an initial state that is located
around the local traps belong to the infeasible set when we solve the QP (5.3) Ht > 1 time
steps forward. In this way, the system may avoid the local traps if it avoids the infeasible
set, and thus improve its ability to remain safe.
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If the QP (or all the QPs in the case of irregular sets) (5.3) is feasible, we label the state
z(0) as +1. Otherwise, it is labelled as −1. This procedure results in two labelled classes.
We employ a standardmachine learning algorithm (such as Support VectorMachine (SVM),
Deep Neural Network (DNN), etc.) with z(0) as input to perform classification, and obtain
a classification hypersurface for each j ∈ St in the form:

Hj (z) : Rn → R, (5.20)

where Hj (z(0)) ≥ 0 denotes that z(0) belongs to the feasible set. This inequality is called
the feasibility constraint.

Assuming the relative degree of (5.20) is m, we define the set of all controls that satisfy
Hj (z(t)) ≥ 0 as:

K j
f ea = {u ∈ U : Lm

f Hj (z) + LgL
m−1
f H j (z)u + O(Hj (z)) + αm(ψm−1(z)) ≥ 0}

(5.21)
where ψm−1 is recursively defined as in (3.3) by Hj with extended class K functions.

We define next feasibility forward invariance based on which we establish Theorem 5.1.

Definition 5.2 (Feasibility Forward Invariance) An optimal control problem is fea-
sibility forward invariant for system (2.11) if its solutions starting at all feasible x(0)
are feasible for all t ≥ 0.

Theorem 5.1 Assume that the hypersurfaces Hj (z), ∀ j ∈ St ensure 100% feasibility
and infeasibility classification accuracy. If Hj (z(0)) ≥ 0, ∀ j ∈ St , then any Lipschitz

continuous controller u(t) ∈ K j
f ea, ∀ j ∈ St renders OCP feasibility forward invari-

ant.

Proof By Theorem 3.2 and Hj (z(0)) ≥ 0, ∀ j ∈ St , any control input that satisfies u(t) ∈
K j

f ea, ∀ j ∈ St , ∀t ∈ [0, ∞]makes Hj (z(t)) ≥ 0, ∀ j ∈ St , ∀t ∈ [0, ∞]. Since Hj (z), ∀ j ∈
St classifies the state space of system (2.11) into feasible and infeasible sub-spaces forOCP
with 100% accuracy, it follows that this problem is feasibility forward invariant for system
(2.11).

Naturally,machine learning techniques cannot ensure 100%classification accuracy.Thus,
we introduce next an approach based on feedback training to improve the classification
accuracy. In fact, if the classification accuracy is high enough, OCP may also be always
feasible, since system (2.11) may never reach the infeasible part of the state space.
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Similar to the sequence of QPs in (5.3), we have a feasible reformulated problem at
t = ω�t (ω = 0, 1, 2, . . . ,

t f
�t − 1):

min
u(ω�t),δr (ω�t)

C(||u(ω�t)||) + ptδ
2
r (ω�t)

s.t. Lm
f b j (x) + [LgL

m−1
f b j (x)]u+O(b j (x)) + αm(ψm−1(x)) ≥ 0, ∀ j ∈ S

Lm
f Hj (z) + [LgL

m−1
f H j (z)]u+O(Hj (z)) + αm(ψm−1(z)) ≥ 0, ∀ j ∈ S

L f V (x) + LgV (x)u + εV (x) ≤ δr

umin ≤ u ≤ umax

(5.22)

whereb(x) = b j (x), and every safety constraint of the same type j uses the same Hj (z(t)) ≥
0, ∀ j ∈ St .

5.2.4 Feedback Training

For each j ∈ St , we first sample without any hypersurface (5.20) present. After the first
iteration, we obtain a hypersurface that classifies the state space of system (2.11) into fea-
sible and infeasible sets, but with relatively low accuracy. At this point, we can add these
hypersurfaces (5.20) into the QP (5.22) and sample new data points to perform a new classi-
fication leading to another classification hypersurface that replaces the old one. Iteratively,
the classification accuracy is improved and the infeasible set gradually shrinks.

Since the CBF method requires the constraint to be initially satisfied, we discard the
samples that do not meet this requirement. To ensure classification accuracy, we also need
unbiased data samples. The workflow for this process is shown in Fig. 5.5. The infeasibility

Fig.5.5 Feedback training workflow for unsafe set j ∈ St (ε > 0 denotes the termination threshold)
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rate is the ratio of the number of infeasible samples over the total times of solving the QP
(5.3) or (5.22).

5.2.5 Generalization

Since we sample data around the unsafe set, we also need to check the generalization of the
hypersurface (5.20) in areas where we do not sample since system (2.11) may actually start
from some state in the unsampled area. OCP is usually feasible when system (2.11) is far
away from the unsafe set, therefore, the unsampled area should be located at the positive side
of the hypersurface (5.20), which can be viewed as the generalization (i.e., not overfitting)
of this hypersurface, as is usually the case in machine learning techniques.

Once we obtain a hypersurface (feasibility constraint) for a type of unsafe set in the
pre-training process, we can also apply this feasibility constraint to other unsafe sets that
are of the same type but with different locations, since the hypersurface only depends on
the relative location of the pre-training unsafe set. This is helpful for systems in which we
do not know the number and locations of the unsafe set, but we do know the type of unsafe
sets that may be present in the environment.

It is also important to note that the optimal hypersurface is not unique given the training
samples; this is due to the weight space symmetries [10] in neural networks.

Remark 5.3 (Comparison between parameter and sampling learning.) The parameter
learning approach tries to learn the optimal parameters in the definition of a HOCBF such
that the QP feasibility robustness, as defined in (5.2), is maximized. This can improve the
adaptivity of a system in an unknown environment. However, a single set of parameters may
not work for all possible initial conditions, and the system may also get stuck at local traps,
so that the QP may still be infeasible. On the other hand, the sampling learning approach
can deal with irregular unsafe sets as it learns a feasibility constraint by checking the fea-
sibility of a longer than a single step receding horizon control (multi-step QP) for each
sampling state. The main drawback of this approach may be the conservativeness of the
learned feasibility constraint as the feasibility robustness is not considered, and this may
lead to unreasonable system behaviors. This calls for a proper choice of the learning model
to alleviate such conservativeness.

In addition to the learning approaches introduced in this chapter, wemay also incorporate
CBF-based QPs as a trainable layer (named as a BarrierNet) for neural networks [88, 91,
92], which enables end-to-end training for learning-based safety-critical control problems
[90].
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(a) 1st iter. (QP (5.3)). (b) 2nd iter. (QP (5.22)). (c) 3rd iter. (QP (5.22)).

Fig.5.6 Feedback training process for the irregular obstacle. All data are sampled around the obstacle
(solid circle in all sub-figures). Each sample is a four dimensional point, but is visualized in the two-
dimensional x − y plane

5.2.6 Robot Control by Learning Feasibility Constraints

We consider the same problem setup as in Sect. 5.1.5. We choose all classK functions in the
definitions of all HOCBFs to be linear, and use a SVM method to classify the feasible and
infeasible sets for the QP (5.3) or (5.22). We obtain a hypersurface for each type of obstacle,
and apply this hypersurface to the same type obstacles with unknown locations.

We consider an irregular obstacle that is formed by two overlapped disks (with locations
(22, 28m) and (31, 19m) which are unknown to the robot), as shown in Fig. 5.6. We apply
the learning method introduced in Sect. 5.2.4 to recursively improve the problem feasibility,
and to possibly escape from local traps.We formulate a receding horizon control of Ht = 60,
and check the feasibility of all these Ht -step QPs. All other settings are the same as the ones
in the regular obstacle case. Each training iteration is shown in Fig. 5.6.

As shown in Fig. 5.6, the classification accuracy and the infeasibility rate change similarly
to the regular obstacle case in each iteration. The training results for the irregular obstacle
are shown in Table5.3. We also apply this hypersurface to the robot control problem and
test for feasibility and reachability. The QPs (5.22) are always feasible on the path from the
initial positions to destinations. The obstacles are safely avoided and the robot can reach
its destinations. We present the results in Fig. 5.7a–b. The robot can safely avoid the local

Table 5.3 Training results for the irregular obstacle

Iter. QP (5.22) inf. rate Classifi. accu. Train Test

1 0.0811 0.8280 5000 1000 (36668)

2 0.0109 0.8400 1200 800 (89656)

3 0.0021 0.9250 1000 200 (269051)

test 0.0004 100000

gen. 0 1.0000 100000
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(a) Trajectories case 1 (b) Trajectories case 2

Fig.5.7 Robot control problem feasibility and reachability test after learning in the irregular obstacle
case

Fig. 5.8 Trajectory
comparisons between
parameter-based learning and
sampling-based learning
approaches

traps formed by these two circle obstacles. Thus, reachability is also improved in addition
to feasibility. Finally, in Fig. 5.8 we show examples of trajectories under parameter-based
learning and sampling-based learning which illustrate the differences between them. For
example, we can see that the sampling-based learningmethodmay lead tomore conservative
trajectories, while the parameter-based learning method may make the system get stuck at
local traps.



6Adaptive Control Barrier Functions

6.1 Adaptive Control

Traditional adaptive control is a method used by a controller that must deal with uncertain
parameters in the system dynamics [25]. The foundation of adaptive control is parameter
estimation,which is an integral part of system identification. Commonmethods of estimation
include recursive least squares and gradient descent. Both of these methods provide update
laws that are used to modify estimates in real-time (i.e., as the system operates). Lyapunov
stability is commonly used to derive these update laws and derive convergence criteria.
Projection and normalization are commonly used to improve the robustness of estimation
algorithms.

Such adaptive controlmethods can be used inCBFs for systemswith uncertain parameters
as well [62]. A less conservative Robust aCBF (RaCBF) that is combined with a data-driven
method has been proposed in [33] to achieve adaptive safety. Machine learning techniques
have also been applied to achieve adaptive safety for systems with parameter uncertainties
[19, 27].

In this chapter, we do not consider traditional adaptive control methods for CBFs to
guarantee safety. This is because systems with parameter uncertainties form a subclass of
systems with unknown dynamics and we separately consider the case of safety guarantees
for systems with unknown dynamics in the next chapter.

6.2 Parameter-Adaptive Control Barrier Functions (PACBFs)

We begin with a simple example to motivate the need for PACBFs and to illustrate the main
ideas involved in their construction.
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Example 6.1 (Simplified Adaptive Cruise Control (ACC)) Consider a simplified version of
the ACC problem in Example 4.3 with the ego (controlled) vehicle dynamics in the form:

[
v̇(t)
ż(t)

]
=

[
0

vp − v(t)

]
+

[
1
0

]
u(t), (6.1)

where z(t) denotes the distance between the preceding and the ego vehicle, vp > 0, v(t)
denote the velocities of the preceding and ego vehicles along the lane (the velocity of the
preceding vehicle is assumed constant), respectively, and u(t) is the control of the ego
vehicle, subject to the constraints:

umin ≤ u(t) ≤ umax , ∀t ≥ 0, (6.2)

where umin < 0 and umax > 0 are the minimum and maximum control input, respectively.
As in Example 4.3, we require that

z(t) ≥ l p, ∀t ≥ 0. (6.3)

Let x(t) := (v(t), z(t)) and b(x(t)) := z(t) − l p. The relative degree of b(x(t)) is
m = 2, so we choose a HOCBF following Definition 3.3 by defining ψ0(x(t)) := b(x(t)),
α1(ψ0(x(t))) := ψ0(x(t)) and α2(ψ1(x(t))) := ψ1(x(t)). We then seek a control for the
ego vehicle such that the constraint (6.3) is satisfied. The control u(t) should satisfy (3.8)
which in this case is

0︸︷︷︸
L2

f b(x(t))

+ −1︸︷︷︸
LgL f b(x(t))

×u(t) + vp − v(t)︸ ︷︷ ︸
O(b(x(t)))

+ vp − v(t) + z(t) − l p︸ ︷︷ ︸
α2(ψ1(x(t)))

≥ 0.
(6.4)

Suppose we wish to minimize
∫ T
0 u2(t)dt . We can then use the QP-based method (2.21)

to solve this ACC problem. However, the HOCBF constraint (6.4) can easily conflict with
umin ≤ u(t) in (6.2) when the two vehicles get close to each other, as shown in [71]. When
this happens, the QP will be infeasible. We can use the penalty method from [71] to improve
the QP feasibility, i.e., we define ψ1(x(t)) = ḃ(x(t)) + pb(x(t)), ψ2(x(t)) = ψ̇1(x(t)) +
pψ1(x(t)), p > 0 in (3.3). Based on (6.4), the control u(t) should then satisfy:

0︸︷︷︸
L2

f b(x(t))

+ −1︸︷︷︸
LgL f b(x(t))

×u(t) + p(vp − v(t))︸ ︷︷ ︸
O(b(x(t)))

+ p(vp − v(t)) + p2(z(t) − l p)︸ ︷︷ ︸
pα2(ψ1(x(t)))

≥ 0.
(6.5)

Given umin , we can find a small enough value for p such that (6.5) will not conflict with
umin in (6.2), i.e., the QP is always feasible. However, in practice the value of umin is not a
constant; it depends on weather conditions, different road surfaces, etc. Therefore, a proper
choice of p for specific conditions ensuring that the QP is feasible is not easy to make when
the environment changes. Moreover, the assumption of a constant speed vp for the front
vehicle is too strong, and noise in the vehicle dynamics may also make the QP infeasible.
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This motivates us to define an AdaCBF that works for time-varying control bounds and
noisy dynamics, i.e., it theoretically ensures that the QP is always feasible. �

The key idea of the PACBFmethod in converting a regular CBF into an adaptive one is to
include the penalty terms as shown in (6.5) and then replace them by time-varying functions
with suitable properties as detailed next.

Starting with a relative degreem function b : Rn → R, let ψ0(x) := b(x). Then, instead
of using a constant penalty pi > 0, i ∈ {1, . . . ,m} for each class K function αi (·) in the
definition of a HOCBF [71], we define a time-varying penalty function pi (t) ≥ 0, i ∈
{1, . . . ,m}, and use it as a multiplicative factor for each class K function αi (·). Let p(t) :=
(p1(t), . . . , pm(t)). Similar to (3.3), we define a sequence of functions ψi : Rn × R

m →
R, i ∈ {1, . . . ,m} in the form:

ψ1(x, p(t)) := ψ̇0(x) + p1(t)α1(ψ0(x)),

ψi (x, p(t)) := ψ̇i−1(x, p(t)) + pi (t)αi (ψi−1(x, p(t))), i ∈ {2, . . . ,m}, (6.6)

where αi (·), i ∈ {1, . . . ,m−1} is a (m−i)th order differentiable classK function, and αm(·)
is a classK function.We further define a sequence of setsCi , i ∈ {1, . . . ,m} associated with
(6.6) in the form:

C1 := {x ∈ R
n : ψ0(x) ≥ 0},

Ci := {(x, p(t)) ∈ R
n × R

m : ψi−1(x, p(t)) ≥ 0}. (6.7)

The remaining question is how to choose pi (t), i ∈ {1, . . . ,m} in (6.6). We require that
pi (t) ≥ 0, ∀i ∈ {1, . . . ,m − 1}, therefore we treat each pi (t) like a HOCBF, similar to the
definition of b(x) ≥ 0 in Definition 3.3. Just like b(x) is associated with the dynamic system
(2.11), we need to now introduce an auxiliary dynamic system for pi (t). Moreover, as in
Definition 3.3, each penalty function pi (t), i ∈ {1, . . . ,m − 1} will be differentiated m − i
times, while pm(t) is not differentiated.

Thus, we start by defining

π i (t) := (πi,1(t), πi,2(t), . . . , πi,m−i (t)) ∈ R
m−i , i ∈ {1, . . . ,m − 2}, (6.8)

where πi, j ∈ R, j ∈ {1, . . . ,m − i} are the auxiliary state variables. Next, we define
πm−1(t) = pm−1(t) ∈ R, which needs to be differentiated only once. Finally, we set
pm(t) ≥ 0 as some function to be determined. Let πi,1(t) = pi (t) in (6.6). We define input-
output linearizable auxiliary dynamics for each pi (we henceforth omit the time variable t
for simplicity) through the auxiliary state π i in the form:

π̇ i = Fi (π i ) + Gi (π i )νi , i ∈ {1, . . . ,m − 1},
yi = pi ,

(6.9)
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where yi denotes the output, Fi : Rm−i → R
m−i , Gi : Rm−i → R

m−i , and νi ∈ R denotes
the control input for the auxiliary dynamics (6.9). The forms of Fi ,Gi are mainly used to
guarantee the non-negative property of pi shown later. Their exact forms will determine
the system performance, and the way to define them depends on the specific problem. For
simplicity, we usually adopt linear forms. For example, we define ṗm−2 = πm−2,2 and
π̇m−2,2 = νm−2 since we need to differentiate pm−2 twice as in Definition 3.3, and define
ṗm−1 = νm−1 since we need to differentiate pm−1 once. We can initialize π i (0) to any
vector as long as pi (0) > 0.

An alternative way of viewing (6.9) is by defining a set of additional state variables which
cause the dynamic system (2.11) to be augmented. In particular, let � := (π1, . . . , πm−1),

ν := (ν1, . . . , νm−1), where νi , i ∈ {1, . . . ,m − 1} are the controls in the auxiliary dynamics
(6.9). In order to properly define the PACBF, we augment system (2.11) with the auxiliary
dynamics (6.9) as follows:

[
ẋ
�̇

]
=

[
f (x)

F0(�)

]
︸ ︷︷ ︸

F(x,�)

+
[
g(x) 0
0 G0(�)

]
︸ ︷︷ ︸

G(x,�)

[
u
ν

]
, (6.10)

where F0(�) = (F1(π1), . . . , Fm−1(πm−1)) and G0(�) is a matrix composed
by Gi (π i ), i ∈ {1, . . . ,m − 1} with dimension m(m−1)

2 × (m − 1). Moreover, F :
R
n+m(m−1)

2 → R
n+m(m−1)

2 ,G : Rn+m(m−1)
2 → R

(n+m(m−1)
2 )×(q+m−1).

Since pi is a HOCBF with relative degree m − i for (6.9), similar to (3.8), we define a
constraint set Ucbf (�) for ν:

Ucbf (�)={ν ∈ R
m−1 : Lm−i

Fi
pi +[LGi L

m−i−1
Fi

pi ]νi +O(pi )

+ αm−i (ψi,m−i−1(pi )) ≥ 0, ∀i ∈ {1, 2, . . . ,m − 1}}, (6.11)

where ψi,m−i−1(·) is defined similar to (3.3).

Definition 6.1 (Parameter Adaptive Control Barrier Function (PACBF)) Let Ci , i ∈
{1, . . . ,m} be defined by (6.7), ψi (x, p), i ∈ {1, . . . ,m} be defined by (6.6), and
the auxiliary dynamics be defined by (6.9). A function b : Rn → R is a Parame-
ter Adaptive Control Barrier Function (PACBF) with relative degree m for (2.11) if
every pi , i ∈ {1, . . . ,m − 1}, is a HOCBF with relative degree m − i for the auxil-
iary dynamics (6.9), and there exist (m − i)th order differentiable class K functions
αi , i ∈ {1, . . . ,m − 1}, and a class K function αm such that
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sup
u∈U ,ν∈Ucbf

[Lm
f b(x) + [LgL

m−1
f b(x)]u +

m−1∑
i=1

αi (ψi−1)[LGi L
m−i−1
Fi

pi ]νi

+O(b(x), p) +
m−1∑
i=1

[Lm−i
Fi

pi ]αi (ψi−1) + pmαm(ψm−1)] ≥ 0,

(6.12)

for all x ∈ C1, (x, p) ∈ C2∩, . . . , ∩Cm , and all pm ≥ 0. In (6.12), O(b(x), p)
denotes the remaining Lie derivative terms of b(x) (or p) along f (or Fi , i ∈
{1, . . . ,m − 1}) with degree less than m (or m − i), similar to the form in (3.8).

In (6.12), the explicit terms O(b(x), p) are omitted for simplicity. The complex PACBF
constraint (6.12) can be simplified (similar to (3.8)) if we just consider the augmented
dynamics (6.10) in the form:

sup
u∈U ,ν∈Ucbf

[Lm
Fb(x) + [LGL

m−1
F b(x)]u + O(b(x), p, ν) + αm(ψm−1(x, p))] ≥ 0,

(6.13)
where O(b(x), p, ν) is linear in ν and contains αi (·), i ∈ {1, . . . ,m − 1} (similar to the
form in (3.8)). Note that the αi (·) in the last equation denote general class K functions, and
they can be different from the ones in (6.12).

Given a PACBF b(x), we consider all control values (u, ν) ∈ U ×Ucbf (�) that satisfy:

Kacbf (x, �) = {(u, ν) ∈ U ×Ucbf (�) : [LgL
m−1
f b(x)]u

+
m−1∑
i=1

αi (ψi−1)[LGi L
m−i−1
Fi

pi ]νi +
m−1∑
i=1

[Lm−i
Fi

pi ]αi (ψi−1)

+Lm
f b(x) + O(b(x), p) + pmαm(ψm−1) ≥ 0}.

(6.14)

Theorem 6.1 ([77])Given a PACBF b(x) fromDefinition 6.1 with the associated sets
C1,C2, . . . ,Cm defined by (6.7), if x(0) ∈ C1 and (x(0), p(0)) ∈ C2∩, . . . , ∩Cm,
then any Lipschitz continuous controller (u(t), ν(t)) ∈ Kacbf (x(t), �(t)), ∀t ≥ 0
renders the set C1 forward invariant for system (2.11) and C2 ∩ · · · ∩ Cm forward
invariant for systems (2.11), (6.9), respectively.

Proof If b(x) is a PACBF, then pm(t) ≥ 0, ∀t ≥ 0. Constraint (6.12) is the Lie deriva-
tive form of ψ̇m−1(x, p) + pmαm(ψm−1(x, p)) ≥ 0. If pm(t) > 0, ∀t ≥ 0, it follows from
Theorem 3.2 thatψm−1(x(t), p(t)) ≥ 0, ∀t ≥ 0. If pm(t) = 0, then ψ̇m−1(x, p) ≥ 0. Since
(x, p) ∈ Cm (i.e., ψm−1(x, p) ≥ 0 is initially satisfied), we have ψm−1(x(t), p(t)) ≥
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0, ∀t ≥ 0. Because pi , ∀i ∈ {1, . . . ,m − 1} is a HOCBF for the auxiliary dynamics (6.9),
it follows from Theorem 3.2 that pi (t) ≥ 0, ∀t ≥ 0, ∀i ∈ {1, . . . ,m − 1}. Then, we can
recursively prove that ψi (x(t), p(t)) ≥ 0, ∀t ≥ 0, ∀i ∈ {2, . . . ,m − 2} similarly to the
case i = m − 1, and eventually prove that ψ0(x(t)) ≥ 0, ∀t ≥ 0, i.e., b(x(t)) ≥ 0, ∀t ≥ 0.
Therefore, the sets C1 and C2∩, . . . , ∩Cm are forward invariant. �

Remark 6.1 (Adaptivity ofPACBFs) In thePACBFconstraint (6.12), the controlu of system
(2.11) depends on the controls νi , ∀i ∈ {1, . . . ,m − 1} of the auxiliary dynamics (6.9). The
control νi is only constrained by the HOCBF constraint in (6.11) since we require that pi is a
HOCBF, and there are no control bounds on νi . Therefore, we partially relax the constraints
on the control input of system (2.11) in the PACBF constraint (6.12) by allowing the penalty
function pi (t), ∀i ∈ {1, . . . ,m} to change through ν. However, the forward invariance of the
set C1 is still guaranteed, i.e., the original constraint b(x) ≥ 0 is guaranteed to be satisfied.
This is how a PACBF provides “adaptivity”. Note that we may not need to define a penalty
function pi for every classK function αi (·) in (6.6); we can instead define penalty functions
for only some of them.

Remark 6.2 As a practicalmatter, it is worth noting that the functions pi (t), i ∈ {1, . . . ,m}
should be upper-bounded in order to guarantee the system safety during the discretized time
implementation of the method. This is to ensure that pi (t)αi (ψi−1(x, p)) approaches 0 as
ψi−1(x, p) approaches 0. For a problem that is intrinsically feasible, wemay find such upper
bounds, although this is a topic requiring further study. Moreover, if these upper bounds are
large, the inter-sampling effect in the solution of the QPs (2.21) becomes crucial, since even
a small change of the state x could result in a large variation of pi (t)αi (ψi−1(x, p)). As
a result, we have to choose a small enough discretization time �t in order to address the
inter-sampling effect.

6.2.1 Adaptivity to Changing Control Bounds and Noisy Dynamics

As we have seen, in the HOCBF method the QPs (2.21) may be infeasible in the presence
of both control limitations (2.19) and the HOCBF constraint (3.8). There are two reasons
for a QP problem to become infeasible: (i) the control limitations (2.19) are too tight or
they are time-varying such that the HOCBF constraint (3.8) will conflict with (2.19) after
it becomes active; (i i) the dynamics (2.11) are not accurately modeled, i.e., there may be
uncertain variables, etc. In case (i i), the HOCBF constraint (3.8) might also conflict with
(2.19) when both of them become active. This is because the state variables also show
up in the HOCBF constraint (3.8), thus, the noisy dynamics can easily (and randomly)
change the HOCBF constraint (3.8) through the (noisy) state variables such that (3.8) may
conflict with the control limitations when they are also active. However, the QP feasibility
is not only improved, but in fact guaranteed as will be shown in Theorem 6.3. This is
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because in the PACBF method the control u in the PACBF constraint (6.12) is relaxed by
νi , ∀i ∈ {1, . . . ,m − 1}, as discussed in Remark 6.1.

Theorem 6.2 ([77]) Given a PACBF b(x) from Definition 6.1 with the associated
sets C1, . . . ,Cm defined by (6.7), if b(x(0)) > 0, then the satisfaction of the PACBF
constraint (6.12) is a necessary and sufficient condition for the satisfaction of the
original constraint b(x) > 0.

Proof If b(x(0)) > 0, it follows from Theorem 6.1 that we can always choose proper class
K functions (linear, quadratic, etc.) such that ψ0(x(t)) = b(x) > 0 and ψi (x(t), p(t)) >

0, i ∈ {1, . . . ,m − 1}, ∀t ≥ 0. Thus, the satisfaction of the PACBF constraint (6.12) is a
sufficient condition for the satisfaction of the original constraint b(x) > 0.

Since b(x) > 0 and α1(b(x)) > 0, if b(x) reaches zero before (faster than) ḃ(x) (< 0)
does, then the system is not safe by Nagumo’s theorem [42] (i.e., b(x(t)) > 0, ∀t ≥ 0
is not satisfied). Therefore, b(x) should reach zero after (slower than) ḃ(x) reaches
zero, and there exists an upper bound for ḃ(x)

−α1(b(x))
for some α1(·) (as X and U are

closed sets). Thus, if b(x(t)) > 0, there exists a penalty function p1(t) ≥ 0 (since p1(t)
is a HOCBF) such that ḃ(x) > −p1(t)α1(b(x)) for any ḃ(x) with respect to dynamics
(2.11).Withψ0(x) = b(x) in (6.6), we have ψ̇0(x) + p1(t)α1(ψ0(x)) > 0 (i.e.,ψ1(x, p) >

0). The i th derivative of b(x) shows up in ψi , i ∈ {2, . . . ,m − 1}, and we can also
prove similarly that there exists a penalty function pi (t) ≥ 0 (since pi (t) is a HOCBF)
such that ψi (x, p) > 0, i ∈ {2, . . . ,m − 1} in a recursive way. Eventually, there exists
pm(t) ≥ 0 such that ψ̇m−1(x, p) + pm(t)αm(ψm−1(x, p)) ≥ 0 (i.e., ψm(x, p) ≥ 0). Since
ψm(x, p) ≥ 0 is equivalent to the satisfaction of the PACBF constraint (6.12), it follows that
the satisfaction of the PACBF constraint (6.12) is a necessary condition for the satisfaction
of the original constraint b(x(t)) > 0. �

Note that we exclude b(x) = 0 in Theorem 6.2. The satisfaction of the PACBF constraint
(6.12) is equivalent to the satisfaction of b(x) ≥ 0, hence the system performance is not
reduced by the mapping of a constraint from state to control (this is how the standard CBFs
work). In essence, we have added some extra degrees of freedom to our ability to satisfy
the constraints of the original optimal control problem by augmenting system (2.11)–(6.10).
These degrees of freedom come from�which is controlled by ν. Therefore, if the PACBF is
a valid CBF for the augmented system, it guarantees the satisfaction of the original constraint
and the QP feasibility. The use of a PACBF provides flexibility in constraint satisfaction in
a dynamic (time-varying) way at the expense of dealing with additional state variables �.
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Example 6.2 (Example 6.1 revisited) For the SACC problem introduced in Example 6.1,
we define a PACBF with m = 2 for (6.3). We still choose α1(b(x(t))) = b(x(t)) and
α2(ψ1(x(t))) = ψ1(x(t)) in Definition 6.1. Suppose we only consider a penalty function
p1(t) on the class K function α1(·) and define linear dynamics for p1 in the simple form
ṗ1 = ν1 (note that π1 = p1 in (6.9)). In order for b(x(t)) := z(t) − l p to be a PACBF for
(6.1), a control input u(t) should satisfy

0︸︷︷︸
L2

f b(x(t))

+ −1︸︷︷︸
LgL f b(x(t))

× u(t) + (z(t) − l p)︸ ︷︷ ︸
[LG1 p1(t)]α1(b(x(t)))

× ν1(t)

+ p1(t)(vp−v(t))︸ ︷︷ ︸
O(b(x(t)), p(t))

+ vp−v(t) + p1(t)(z(t)−l p)︸ ︷︷ ︸
α2(ψ1(x(t), p(t)))

≥ 0.
(6.15)

Comparing the above equation with (6.5), we replace the constant p in (6.5) with p1(t),
therefore, the control u(t) is relaxed by ν1(t). This can actually guarantee the problem
feasibility as will be shown in Theorem 6.3.

Since u(t) depends on ν1 which has no bounds, the control input u(t) in the above PACBF
constraint is relaxed. Thus, this constraint is adaptive to the change of the control bound
umin in (6.2) and uncertainties in vp and xp(t) from the front vehicle. Note that p1(t) should
be a HOCBF for the auxiliary dynamics ṗ1 = ν1. The control input ν1 is subject to the
corresponding HOCBF constraint such that p1(t) ≥ 0, ∀t ≥ 0 is satisfied. �

6.2.2 Optimal Control with PACBFs

Let us return to the optimal control problem (2.17) (omitting the terminal cost) for system
(2.11):

min
u(t)

∫ T

0
C(||u(t)||)dt, (6.16)

where || · || denotes the 2-norm of a vector, C(·) is a strictly increasing function of its
argument, and T > 0. Suppose system (2.11) is not accurately modeled and may also have
noisy states (e.g., as an additive term to (2.11)). In addition, system (2.11) has time-varying
control bounds defined as umin(t), umax (t) ∈ R

q , where we assume that umin(t), umax (t)
are Lipschitz continuous:

U (t) := {u ∈ R
q : umin(t) ≤ u ≤ umax (t)}. (6.17)

Assume a (safety) constraint b(x) ≥ 0 with relative degree m has to be satisfied by system
(2.11).We use the PACBFmethod to guarantee b(x) ≥ 0 so that u should satisfy the PACBF
constraint (6.12). Moreover, each νi , i ∈ {1, . . . ,m − 1} is constrained by the HOCBF con-
straint (6.11) corresponding to the constraint pi (t) ≥ 0 for the auxiliary dynamics (6.9).
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Note that the control ν from the auxiliary dynamics is only subject to the HOCBF con-
straints defined in (6.11). In particular, for each νi , i ∈ {1, . . . ,m − 1} this constraint is
one-sided, i.e.,

νi ≥ −Lm−i
Fi

pi − O(pi ) − αm−i (ψi,m−i−1(pi ))

LGi L
m−i−1
Fi

pi
, (6.18)

if LGi L
m−i−1
Fi

pi > 0. The adaptivity of a PACBF depends on the auxiliary dynamics (6.9)
through νi . If νi changes too fast, it can affect the smoothness of the control u obtained
through solving the associated QPs, which may adversely affect the performance of system
(2.11).

If we add control bounds on νi , the problem feasibility may be decreased (i.e., the adap-
tivity of a PACBF is weakened). If we add a quadratic penalty term ν2i into the cost function,
then pi may maintain a large value, which contradicts the penalty method from [71] (i.e.,
we wish to have a small enough value of pi to improve the problem feasibility). Therefore,
in order to decrease pi when it is large, we seek to minimize νi and stabilize each pi (t) to a
small enough value p∗

i > 0 (for example, as recommended by the penalty method from [71]
or by the optimal penalties learned in [74]). We choose smaller p∗

i if αi (·) is a high-order
(e.g., polynomial) function as its value is larger and requires more penalization. The choice
of p∗

i can provide conditions such that the problem feasibility is guaranteed, as shown in
Theorem 6.3.

Assuming the auxiliary dynamics (6.9) are input-output linearized (otherwise,weperform
input-output linearization), we can use either the tracking control from [26] or a CLF to
stabilize pi (t), i.e., ifm = 1, weminimize (p1 − p∗

1)
2; ifm = 2, we define aCLF V1(p1) :=

(p1 − p∗
1)

2; and if m > 2, we find a desired state feedback form p̂i,m−i for pi,m−i :

p̂i,m−i =

⎧⎪⎨
⎪⎩

−k1(pi − p∗
i ), i = m − 2,

−k1(pi − p∗
i )−k2 pi,2−. . . ,−km−i−1 pi,m−i−1,

i < m − 2,

(6.19)

where k1 > 0, . . . , km−i−1 > 0. In the last equation, if i = m − 1, we can directly define a
CLF Vi (π i ) := (pi − p∗

i )
2.

Then, we can define a CLF Vi (π i ) := (pi,m−i − p̂i,m−i )
2, i ∈ {1, . . . ,m − 1} (the rela-

tive degree of Vi (π i ) is one) to stabilize each pi so that any control input νi should satisfy:

LFi Vi (π i ) + LGi Vi (π i )νi + εVi (π i ) ≤ δi (6.20)

where δi is a relaxation variable that we seek to minimize.
In all cases, we may also want to stabilize pm which is not differentiated, by minimizing

(pm − p∗
m)2. Therefore, letting δ := (δ1, δ2, . . . , δm−1), we can reformulate the cost (6.16)

to incorporate the PACBF as follows:
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min
u(t),ν(t),δ(t),pm (t)

∫ T

0

[
C(||u(t)||)+

m−1∑
i=1

Wiνi (t)

+
m−1∑
i=1

Piδ
2
i (t) + Q(pm(t) − p∗

m)2

]
dt

(6.21)

subject to (2.11), (6.17), (6.12), (6.9), the HOCBF constraint in (6.11) for each pi ≥ 0, i ∈
{1, . . . ,m − 1}, pm(t) ≥ 0, and the CLF constraint (6.20). In (6.21), Wi > 0, Pi > 0, i ∈
{1, . . . ,m − 1}, and Q ≥ 0. We can then use the QP-based approach (2.21) from Sect. 2.5
to solve (6.21).

Finding the weights in (6.21) may not be a simple task, as the ranges of the associated
controllable variables may vary widely. Therefore, we normalize each term and form a
convex combination:

min
u(t),ν(t),δ(t),pm (t)

∫ T

0

[
c0
C(||u(t)||)

ulim
+

m−1∑
i=1

Wi
νi (t)

νi,max

+
m−1∑
i=1

Pi
δ2i (t)

δ2i,max

+ Q
(pm(t) − p∗

m)2

p2m,max

]
dt

(6.22)

subject to the same constraints as (6.21), where c0 + ∑m−1
i=1 Wi + ∑m−1

i=1 Pi + Q = 1. The
upper bounds above are chosen so that ulim = supu∈U C(||u(t)||), νi,max > 0, δi,max >

0, pm,max > 0. Since νi (t), δi (t), pm(t) do not have any natural upper bounds, it is hard to
determine νi,max, δi,max, pm,max. However, we can exploit the fact that νi,max, δi,max, pm,max

are always desired to have small values and set these to be the largest acceptable values,
depending on the problem of interest.

The time complexity of eachQPused to solve this problem is polynomial in the dimension
d > 0 of the decision variables. In the HOCBF-based QP, d = q, where q is the dimension
of the control u. However, in (6.22), d = q + 2m − 1. Thus, we see that we increase the
adaptivity of theCBFmethod at the expense ofmore computation time; however, the solution
of the PACBF-based QP is still fast enough.

Due to the point-wise nature of the QP-based solution method (2.21) for (6.22), we can
state that an optimal control problem is “intrinsically” infeasible starting at some time instant
when the safety constraint b(x) ≥ 0 conflicts with the control bounds (6.17) no matter how
we choose the control law for system (2.11). The PACBF constraint (6.12) is active when
(u, ν) makes both (6.12) and (6.11) equalities. If the PACBF constraint (6.12) becomes
active earlier, a QP used in the solution of (6.22) is easier to be feasible as system (2.11) has
a longer time horizon to adjust its state under control bounds (6.17). Let t f ea ≥ 0 denote the
last time that the problem (6.16), subject to (6.17) and b(x) ≥ 0, is feasible. In the following
theorem, we provide conditions such that the feasibility of the QPs associated with (6.22)
is guaranteed.
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Theorem 6.3 ([77]) Suppose x(0) is not on the boundary of C1. If the PACBF con-
straint (6.12) is active before t f ea, then the feasibility of each QP associated with
(6.22) is guaranteed.

Proof Since x(0) is not on the boundary ofC1, we have by Theorem 6.2 that the satisfaction
of the PACBF constraint (6.12) is a necessary and sufficient condition for the satisfaction
of b(x) ≥ 0, thus, b(x) ≥ 0 ⇔ (6.12), and the mapping of a constraint from the state onto
the control will not limit the control that system (2.11) can take with respect to the original
problem (6.16), subject to (6.17) and b(x) ≥ 0. As the problem (6.16), subject to (6.17) and
b(x) ≥ 0, is feasible, there exists a control law such that the problem is feasible after the
PACBF constraint (6.12) becomes active, hence the feasibility of any QP associated with
(6.22) is guaranteed. �

Remark 6.3 In order to apply Theorem 6.3, we may try to find p̄i > 0, i ∈ {1, . . . ,m}
with p∗

i = p̄i in (6.20) such that system (2.11) should take u(t) = umax(t) or umin(t) (or
a mixture of maximum and minimum controls), ∀t ≥ ta to make the QP (6.22) feasible,
where ta ≥ 0 denotes the time that the PACBF constraint (6.12) first becomes active. Then,
any p∗

i ≤ p̄i , ∀i ∈ {1, . . . ,m} can make a QP for (6.22) feasible with the PACBF method,
as smaller penalties make the PACBF constraint become active earlier [71]. When noise
is involved and it is bounded, we can apply the worst-case noise (i.e., its bound) to system
(2.11) and, as above, find the p̄i > 0 with p∗

i = p̄i in (6.20) such that system (2.11) should
take u(t) = umax(t) or umin(t) (or a mixture of maximum and minimum controls), ∀t ≥ ta
to make any QP in (6.22) feasible. Then any p∗

i ≤ p̄i would work when the noise is within
the bound.

6.2.3 Adaptive Control for ACC

We consider the same ACC case study as in Sect. 4.3 except that we have a time-varying
control bound defined as:

−cd(t)Mg ≤ u(t) ≤ ca(t)Mg, ∀t ∈ [0, t f ], (6.23)

where cd(t) > 0 and ca(t) > 0 are deceleration and acceleration coefficients, respectively,
and g is the gravity constant.

The parameters are v(0) = 20m/s, z(0) = 100m, vp = 13.89m/s, vd = 24m/s, M =
1650 kg, g = 9.81m/s2, f0 = 0.1N, f1 = 5Ns/m, f2 = 0.25Ns2/m, l p = 10m, vmax =
30m/s, vmin = 0m/s, �t = 0.1 s, ε = 10, ca(t) = 0.4. If we apply the HOCBF approach
to implement the safety constraint (2.5) with fixed p1(t) = 0.1, p2(t) = 1 and cd(t) = 0.4,
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the QPswill be infeasible after the correspondingHOCBF constraint becomes active. There-
fore, we need an AdaCBF to implement this safety constraint, as shown next.

Motivated by (6.22), we first normalize each term in the cost (6.21) by dividing

it by its maximum value using: ulim = (caMg)2

M2 = (cag)2, ν1,max = δ21,max = δ2acc,max =
p21,max = ulim, respectively, where δacc,max denotes the maximum value of δacc, and set
pacc = c0 = e−12,W1 = 2e−12, P1 = Q = 0.5.

Adaptivity to the changing control bound −cd(t)Mg: We first study what happens
when we change the lower control bound −cd(t)Mg. In each simulated trajectory, we set
the lower control bound coefficient cd(t) to a different constant or to be time-varying (e.g.,
linearly decreasing cd(t)). In this case, we set T = 30s, p1(0) = p∗

1 = 0.1, p∗
2 = 1. We

first present a case of linearly decreasing cd(t) representing, for example, tires slipping, as
shown in Fig. 6.1. When we decrease cd(t) (weaken the braking capability of the vehicle)
after the HOCBF constraint becomes active, the QPs can easily become infeasible in the
HOCBF method, as the red curve shows in Fig. 6.1: reading the red curve from right to left
as the value of b(x) becomes small as time goes by, the speed is initially stabilized to vd
until the HOCBF constraint becomes active. It is important to note that at some point a QP
becomes infeasible. However, using the PACBF method, the QPs are always feasible (blue
curve in Fig. 6.1), demonstrating the adaptivity of the PACBF to the time-varying control
bound (wheels slipping).

The computational time of the QP at each time step for both the HOCBF and PACBF
methods is less than 0.01s. Note that there is a control overshot when b(x) is small; this
can be alleviated by increasing the weight on the control u(t) or by decreasing the weights
P1, Q after the control constraint becomes inactive, as seen by the blue curve in Fig. 6.2.

The simulated trajectories for different (constant) cd(t)values (e.g., as the vehicle encoun-
ters different road surfaces) are shown in Figs. 6.2 and 6.3. As seen in Fig. 6.2, when
cd(t) = 0.4, theQPs exhibit good feasibility. This induces only a small change in the penalty

Fig. 6.1 Control input u(t)
variation as b(x(t)) → 0 for
HOCBF and PACBF for
linearly decreasing cd (t) (0.37
→ 0.2) after the PACBF (or
HOCBF) constraint becomes
active. The arrow denotes the
changing trend for b(x(t)) that
captures the safety constraint
(2.5) (distance between
vehicles) with respect to time
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Fig. 6.2 Control input u(t)
variations as b(x(t)) → 0
under different and
time-varying control lower
bounds. The arrow denotes the
changing trend for b(x(t)) with
respect to time. b(x) ≥ 0
implies the forward invariance
of C1 := {x : b(x) ≥ 0}

Fig. 6.3 Penalty functions
p1(t), p2(t) and control input
u(t) profiles under different
and time-varying control lower
bounds. The change in the
values of the penalty functions
p1(t), p2(t) demonstrates the
adaptivity of the PACBF to
changes in the control bound
(or tight control bound)

variable p1(t) and no change in p2(t), as shown in Fig. 6.3. As we decrease cd(t) (i.e., limit
the braking capability of the vehicle), the variation in the penalty p1(t) becomes large after
the PACBF constraint becomes active. When cd(t) = 0.23, the vehicle needs to brake with
u(t) = −cd(t)Mg almost all the way to the safety constraint (2.5) becoming active, as the
green curves show in Figs. 6.2 and 6.3. On the other hand, the penalty functions p1(t),
p2(t) both change to a large value, as shown in Fig. 6.3. If we further decrease cd(t), the
safety constraint (2.5) will be violated. The change in the values of the penalty functions
p1(t), p2(t) demonstrates the adaptivity of the PACBF to changes in the control bound. The
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penalty method [71] has shown that smaller penalties are needed to improve QP feasibility
before the HOCBF constraint becomes active, but the PACBF shows that we may actually
want to increase the value of the penalties after the PACBF constraint becomes active, as
the last plot in Fig. 6.3 demonstrates.

Adaptivity to noisy dynamics: Suppose we add two noise terms w1(t),w2(t) to the
speed and acceleration in (4.2), respectively, where w1(t),w2(t) denote two random pro-
cesses defined in an appropriate probability space. In the simulated system, w1(t),w2(t)
randomly take values in [−2, 2m/s] and [−0.45, 0.45m/s2] with equal probability at time
t , respectively. We fix the value of cd(t) to 0.23 in the control bound and set T = 30 s,
p1(0) = p∗

1 = 0.1, p∗
2 = 1. The simulation results under different noise levels are shown in

Figs. 6.4 and 6.5, the noise is based on [−2, 2m/s] and [−0.45, 0.45m/s2] forw1(t),w2(t),
respectively.

Fig. 6.4 Penalty functions
p1(t), p2(t) and control input
u(t) profiles under different
noise levels. The change in the
values of the penalty functions
p1(t), p2(t) demonstrates the
adaptivity of the PACBF to the
control bound and noise

Fig. 6.5 Profiles of
b(x), ψ1(x, p1) under different
noise levels for PACBF and
HOCBF,
b(x) ≥ 0, ψ1(x, p1) ≥ 0
imply the forward invariance
of C1 and C2
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When the control constraint is active, i.e., u(t) = −cd(t)Mg, it can easily conflict with
the HOCBF constraint (if we apply the HOCBF method) that is subjected to noise which
may make the safety constraint (2.5) violated as the blue line shows in Fig. 6.5. However,
the PACBF constraint is relaxed by the penalty functions p1(t) (through ν1(t)) and p2(t),
hence, it is adaptive to different noise levels and can enable the feasibility of the QPs, as
seen in Fig. 6.4.

The forward invariance of C1 := {x : b(x) ≥ 0} and C2 = {(x, p1) : ψ1(x, p1) ≥ 0} is
illustrated in Fig. 6.5. Note thatψ1(x, p1)might be temporarily negative due to noise during
simulation, but will be positive again soon after. This is due to the definition of ψ2 :=
ψ̇1 + p2(t)ψ1 in (8.9), in which α2(·) is defined as an extended class K function (linear
function), as shown in [4]. Whenψ1 < 0, the PACBF constraint ensures ψ̇1 + p2(t)ψ1 ≥ 0,
thus, ψ̇1 ≥ −p2(t)ψ1 > 0 since p2(t) > 0. Therefore, ψ1 will be increasing and eventually
becomes positive. In this paper, we have considered high-order polynomial classK functions
tomakeψi stay away fromzero [71] such thatb(x) ≥ 0 is guaranteed in the presence of noise.
The forward invariance guarantee can also be achieved by considering the noise bounds in the
PACBF constraint. Note that we can also define α2(·) as a quadratic function in the definition
of the PACBF in (8.9) to make ψ1(x, p1) also stay away from 0 in Fig. 6.5, and define α1(·)
as a higher-order polynomial function to make the PACBF b(x) stay further away to 0, so
that it can be adaptive (in the sense of both QP feasibility and forward invariance) to higher
noise levels.

6.3 Relaxation-Adaptive Control Barrier Functions

In this section, we introduce the Relaxation-Adaptive CBF (RACBF). The RACBF works
similarly as the PACBF, but aims at achieving adaptivity through a relaxation variable applied
to the original constraint instead of introducing penalty functions to theHOCBF inDefinition
3.3.

Recall that in PACBFs we define ψ0(x) = b(x) for a relative degree m function b(x),
where b : Rn → R, and introduce multiplicative penalty functions to all class K functions
in (6.6) to obtain adaptivity. As an alternative, we may relax ψ0 as follows:

ψ0(x, r(t)) := b(x) − r(t), (6.24)

where r(t) ≥ 0 is a relaxation variable that plays a similar role as penalty functions in a
PACBF to obtain adaptivity.

We require that r(t) ≥ 0, ∀t ≥ 0, therefore, we define r(t) to be a HOCBF, similar to
the definition of b(x) ≥ 0 in Definition 3.3. Just like b(x) is associated with the dynamic
system (2.11), we need to introduce an auxiliary dynamic system for r(t). Moreover,
as in Definition 3.3, the relaxation r(t) will be differentiated m times. Thus, we define
R(t) := (r1(t), r2(t), . . . , rm(t)) ∈ R

m , where r1(t) ≡ r(t) and r j ∈ R, j ∈ {2, . . . ,m} are
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the auxiliary state variables forwhichwe define input-output linearizable auxiliary dynamics
for r(t) (we henceforth omit the time variable t for simplicity) in the form:

Ṙ = f0(R) + g0(R)ν,

y = r ,
(6.25)

where y denotes the output, f0 : Rm → R
m, g0 : Rm → R

m , and ν ∈ R denotes the control
input for the auxiliary dynamics (6.25). The exact forms of f0, g0 may be defined based on
a specific application. For simplicity, we usually adopt a linear form. We can initialize r(0)
to any real number vector as long as r(0) > 0.

In order to properly define the RACBF, we augment system (2.11) with the auxiliary
dynamics (6.25) in the form:

[
ẋ
Ṙ

]
=

[
f (x)

f0(R)

]
︸ ︷︷ ︸

F(x,R)

+
[
g(x) 0
0 g0(R)

]
︸ ︷︷ ︸

G(x,R)

[
u
ν

]
, (6.26)

where F : Rn+m → R
n+m,G : Rn+m → R

(n+m)×(q+1). Since r is a HOCBF with relative
degree m for (6.25), similar to (3.8), we define a constraint set U0(R) for ν:

U0(R)={ν ∈ R : Lm
f0r+[Lg0L

m−1
f0

r ]ν+O(r) + αm(ψm−1(r)) ≥ 0}, (6.27)

where ψm−1(r) is defined similar to (3.3). With the auxiliary dynamics (6.25), we have
ψ0(x, R) = b(x) − r . We define a sequence of functions ψi : Rn+m → R, i ∈ {1, . . . ,m}
in the form:

ψi (x, R) := ψ̇i−1(x, R) + αi (ψi−1(x, R)), i ∈ {1, . . . ,m}, (6.28)

where αi (·), i ∈ {1, . . . ,m} denotes a (m − i)th order differentiable class K function. We
further define a sequence of sets Ci , i ∈ {1, . . . ,m} associated with (6.28) in the form:

Ci := {(x, R) ∈ R
n+m : ψi−1(x, R) ≥ 0}, i ∈ {1, . . . ,m}. (6.29)

Definition 6.2 (Relaxation-Adaptive Control Barrier Function (RACBF)) LetCi , i ∈
{1, . . . ,m} be defined by (6.29), ψi (x, R), i ∈ {1, . . . ,m} be defined by (6.28) with
ψ0(x, R) := b(x) − r(t), and the auxiliary dynamics be defined by (6.25). A func-
tion b : Rn → R is a Relaxation-Adaptive Control Barrier Function (RACBF) with
relative degree m for (6.26) if r is a HOCBF with relative degree m for the auxiliary
dynamics (6.25), and there exist (m − i)th, i ∈ {1, . . . ,m − 1} order differentiable
class K functions αi , and a class K function αm such that
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sup
u∈U ,ν∈U0

[Lm
Fψ0(x, R)+LGL

m−1
F ψ0(x, R)

[
u
ν

]
+

O(ψ0(x, R)) + αm(ψm−1(x, R))] ≥ 0,

(6.30)

for all (x, R) ∈ C1∩, . . . , ∩Cm . In (6.30), O(ψ0(x, R)) denotes the remaining Lie
derivative terms of ψ0(x, R) along F with degree less than m.

Theorem 6.4 ([77])Given a RACBF b(x) fromDefinition 6.2 with the associated sets
C1, . . . ,Cm defined by (6.29), if (x(0), R(0) ∈ C1∩, . . . , ∩Cm, then any Lipschitz
continuous controller (u(t), ν(t)) that satisfies (6.30), ∀t ≥ 0 renders C1∩, . . . , ∩Cm

forward invariant for system (6.26), and renders b(x(t)) ≥ 0, ∀t ≥ 0 for system (2.11).

Proof It follows from Theorem 3.2 that the set C1∩, . . . , ∩Cm is forward invariant for sys-
tem (6.26). Since r(t) is aHOCBF,we also have r(t) ≥ 0, ∀t ≥ 0. SinceC1 is forward invari-
ant, we have ψ0(x(t), R(t)) = b(x(t)) − r(t) ≥ 0, ∀t ≥ 0. Therefore, b(x(t)) ≥ r(t) ≥
0, ∀t ≥ 0. �

Remark 6.4 (Adaptivity of RACBF) The control u of system (2.11) depends on the control
ν of the auxiliary system (6.25) in the RACBF constraint (6.30). Similar to the PACBF, the
control ν is only constrained by the HOCBF constraint in (6.27) since we require that r is
a HOCBF. Therefore, we also relax the constraints on the control input of system (2.11) in
the RACBF by allowing the relaxation r to be time-varying. The satisfaction of the original
constraint b(x) ≥ 0 is still guaranteed. This is how a RACBF provides “adaptivity.” This
adaptivity can guarantee problem feasibility under time-varying control bounds and noisy
dynamics if some additional conditions are satisfied, as will be discussed in the next section.

6.3.1 Optimal Control with RACBFs

Consider an optimal control problem for system (2.11) with the cost defined as (6.16), and
the time-varying control bounds defined as (6.17). Assume a (safety) constraint b(x) ≥ 0
with relative degree m has to be satisfied by system (2.11). We use the RACBF method to
guarantee b(x) ≥ 0 so that u should satisfy the RACBF constraint (6.30). Moreover, each
ν is constrained by the HOCBF constraint (6.27) corresponding to the constraint r(t) ≥ 0
for the auxiliary dynamics (6.25).

However, if R(t) = 0, ∀t ∈ [0, T ], we have ν = 0 following from (6.25) and (6.27).
Then, a RACBF loses its adaptivity as the control u is not relaxed by ν in the RACBF
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constraint (6.30). Similar to the penalty function pi (t) of a PACBF, we also use a CLF to
stabilize r(t) to some desirable value r∗ > 0. Assuming the auxiliary dynamics (5.9) are
input-output linearized (otherwise, we perform input-output linearization), we can use either
the tracking control from [26] or the CLF to stabilize r(t), i.e., if m = 1, we define a CLF
V (r) := (r − r∗)2, and if m ≥ 2, we find a desired state feedback form r̂m for rm (note that
r1 ≡ r in (6.25)):

r̂m =
{−k1(r − r∗), m = 2,
−k1(r−r∗)−k2r2−· · · ,−km−1rm−1, m > 2,

(6.31)

where k1 > 0, . . . , km−1 > 0.

Remark 6.5 The desired value r∗ should be chosen such that the problem itself is feasible
when the RACBF constraint (6.30) first becomes active. We may find some r̄ > 0 such that
the problem is feasible under the worst-case conditions (e.g., the maximum approaching
speed of a vehicle towards another vehicle) and worst-case noise (i.e., its bound). Then any
r∗ ≥ r̄ would work when the noise is within the bound. The exact choice of r∗ depends on
the particular application. For the adaptive cruise control problem, we should choose r∗ to
be no less than the minimum braking distance as in [2].

We can now define a CLF V (R) := (rm − r̂m)2 (the relative degree of V (R) is one) to
stabilize r so that any control input ν should satisfy:

L f0V (R) + Lg0V (R)ν + εV (R) ≤ δr , (6.32)

where δr is a relaxation variable that we want to minimize. Therefore, we can reformulate
the cost (6.16) to incorporate the RACBF as follows:

min
u(t),ν(t),δr (t)

∫ T

0
[C(||u(t)||)+Prν

2(t) + Prδ
2
r (t)]dt (6.33)

subject to (2.11), (6.17), (6.30), (6.25), the HOCBF constraint in (6.27) for r ≥ 0, and the
CLF constraint (6.32). In (6.33), Pr > 0.We can then use the QP-based approach introduced
at the end of Chap. 2 to solve (6.33). We can also normalize each term in (6.33) and form a
convex combination as in (6.22).

In (6.33), the time complexity is still polynomial in the dimension d of the decision
variables, where d = q + 2. Note that this is smaller than q + 2m − 1 in the PACBFmethod
(the relative degree m does not affect the complexity).

Remark 6.6 (Forward invariance of RACBFwith noise) In order tomake sure that b(x) ≥ 0
is guaranteed under noisy dynamics, we can make r ≥ ra > 0 instead of r ≥ 0, i.e., define
r − ra as a HOCBF. The value of ra depends on the magnitude of the noise level.
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6.3.2 Comparison Between PACBF and RACBF

The PACBF achieves adaptivity by using penalty functions in its definition and this can
alleviate the conservativeness of the CBF method. On the other hand, the RACBF achieves
adaptivity through a relaxation variable in the original constraint. The definition of a RACBF
is close to aHOCBF inDefinition 3.3 such that conservativeness still exists,while a PACBF is
not conservative followingTheorem6.2. Therefore, a PACBFhas better adaptivity properties
than a RACBF. However, as already stated, RACBF has better time complexity than PACBF.
The trade-off between adaptivity and complexity depends on the available computational
resources and PACBF is preferable if computational resources are available. We can also
combine these two alternative approaches by simultaneously adding a relaxation variable as
in (6.24) and multiplying (partially) by penalty functions as in (6.6).

6.3.3 Control for ACC Using RACBF

We use the same problem setup as in Sect. 6.2.3. We first normalize each term in the
cost (6.33) by dividing its maximum value: ulim = ν2max = δ2r ,max = δ2acc,max = (cag)2,
respectively, where νmax denotes the maximum value of ν, and set c0 = pacc = e−4, Pr =
0.5, ra = 1m, r(0) = (3, 0).

We also change the lower control bound −cd(t)Mg. In each simulated trajectory, we set
the lower control bound coefficient cd(t) to a different constant or to be time-varying (e.g.,
linearly decreasing cd(t)). In this case, we set T = 30s, p1 = 0.1, p2 = 1. We first present
a case of linearly decreasing cd(t) representing, for example, tires slipping, as shown in
Fig. 6.6. When we decrease cd(t) (weaken the braking capability of the vehicle) after the
HOCBF constraint becomes active, the QPs can easily become infeasible in the HOCBF

Fig. 6.6 Control input u(t)
variation as b(x(t)) → 0 for
HOCBF and RACBF for
linearly decreasing cd (t) (0.37
→ 0.2) after the RACBF (or
HOCBF) constraint becomes
active
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Fig. 6.7 Control input u(t)
variations as b(x(t)) → 0
under different and
time-varying control lower
bounds for RACBFs

Fig. 6.8 Relaxation r(t), r2(t)
and control input u(t) profiles
under different and
time-varying control lower
bounds. The change in the
values of the relaxation
r(t), r2(t) demonstrates the
adaptivity of the RACBF to
changes in the control bound
(or tight control bound)

method, as the brown curve shows in Fig. 6.6. It is important to note that at some point a QP
becomes infeasible. However, using the RACBF method, the QPs are always feasible (blue
curve in Fig. 6.6), demonstrating the adaptivity of the RACBF to the time-varying control
bound (wheels slipping).

The computational time at each time step for the RACBF method is less than 0.01s in
MATLAB (Intel(R) Core(TM) i7-8700 CPU @ 3.2GHz×2). The simulated trajectories for
different (constant) cd(t) values (e.g., as the vehicle encounters different road surfaces) are
shown in Figs. 6.7 and 6.8. Similar to the PACBF, the RACBF can also be adaptive to the
time-varying control bounds. The adaptivity of RACBF to noise is shown in what follows
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Comparison between PACBF andRACBF. Here, we compare the PACBF and RACBF
methods. We set c0 = pacc = 0.005, Pr = 0.495, ra = 1m for (6.33) and set pacc = c0 =
e−12,W1 = 2e−12, P1 = Q = 0.5 for (6.22). The lower control bound coefficient is cd(t) =
0.23. p∗

1 = 0.1, p∗
2 = 1 for the PACBF, and k1 = 0.1, k2 = 1 for the RACBF. In the simu-

lated system, w1(t),w2(t) randomly take values in [−4, 4m/s] and [−0.9, 0.9m/s2] with
equal probability at time t , respectively. The simulation results are shown in Figs. 6.9 and
6.10.

It follows from Fig. 6.9 that the RACBF method is still conservative such that it cannot
utilize the space marked in the figure to obtain adaptivity. This is due to the fact that the
RACBF method achieves adaptivity by the relaxation r(t), and this will make the RACBF
constraint become active earlier than the PACBF method, as shown in Fig. 6.9. The PACBF
is not conservative, and thus is more adaptive than the RACBF. However, the complexity
of a PACBF-based method increases faster than the one of a RACBF-based approach as the

Fig. 6.9 Adaptivity
comparison between the
PACBF and RACBF methods

Fig. 6.10 Profiles of
b(x), ψ1(x, p1) under noise
for PACBF, RACBF and
HOCBF, b(x) ≥ 0 implies the
forward invariance of
C1 = {x : b(x) ≥ 0}
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relative degree m of the constraint becomes larger. It follows from Fig. 6.10 that the satis-
faction of b(x) ≥ 0 under noise is guaranteed with both the PACBF and RACBF methods,
thus the QPs used in solving the associated optimal control problem are always feasible.



7Safety Guarantees for Systems with Unknown
Dynamics: An Event-Driven Framework

7.1 Adaptive Affine Dynamics

We consider a system with state x ∈ X and control u ∈ U with unknown dynamics, as
shown in Fig. 7.1. For the unknown dynamics, we make the following assumption:

Assumption 7.1 The relative degree of each component of x is known with respect to the
real unknown dynamics.1

For example, if the position of a vehicle (whose dynamics are unknown) is a component
in x and the control is its acceleration, then the relative degree of the position with respect
to the unknown vehicle dynamics is two by Newton’s law. We assume that our system is
also equipped with sensors capable of monitoring x and its derivatives.

We now return to problem OCP introduced in Sect. 2.5, i.e., we wish to find a control
policy that satisfies safety and control constraints (2.18) and (2.19) for system (2.11) and
such that the cost (2.17) is minimized. When the dynamics are unknown, a control policy
is feasible if constraints (2.18) and (2.19) are satisfied at all times. We then consider the
following problem OCP-U, which differs from OCP in that the real system dynamics are
now unknown:

OCP-U: Find a feasible control policy for the real unknown dynamics such that the cost
(2.17) is minimized. �

1 The relative degree is as defined in Definition 3.1 for the real unknown dynamics.
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Our approach to solve OCP-U relies on the CBF-based QP method (2.21). There are
four steps involved in the solution:

Step 1:Define adaptive affine dynamics. Ourmotivation is thatwe need affine dynamics
of the form (2.11) in order to apply the CBF-based QP approach to solve OCP-U. Under
Assumption 7.1, we define affine dynamics that have the same relative degree for (2.18) as
the real system to estimate the real unknown dynamics in the form:

˙̄x = fa(x̄) + ga(x̄)u, (7.1)

where fa : Rn → R, ga : Rn → R
n×q , and x̄ ∈ X ⊂ R

n is the state vector corresponding
to x in the unknown dynamics. Since fa(·), ga(·) in (7.1) can be adaptively updated to
accommodate the real unknown dynamics, as shown in the next section, we refer to (7.1) as
adaptive affine dynamics. The real unknown dynamics and (7.1) are related through the error
states obtained from the real-time measurements of the system and the integration of (7.1).
Theoretically, we can take any affine dynamics in (7.1) to model the real system as long as
their states are of the same dimension and with the same physical interpretation within the
plant. Clearly, however, we would like the adaptive dynamics (7.1) to “stay close” to the
real dynamics. This notion will be formalized in the next section.

Step 2: Find a HOCBF that guarantees the safety constraints (2.18). Based on (7.1),
the error state and its derivatives, we use a HOCBF to enforce (2.18). Details are shown in
the next section.

Step 3: Formulate the CBF-based QPs. We use a relaxed CLF to achieve a minimal
value of the terminal state penalty in (2.17). If C(||u(t)||) = ||u(t)||2 in (2.17), then we can
formulate problemOCP-U using the same CBF-CLF-QP approach as in (2.21), with a CBF
replaced by a HOCBF if m > 1 as described in Chap.3.

Step 4: Determine the events required to solve each QP and the condition that
guarantees the satisfaction of (2.18) between events. Since there is obviously a difference
between the adaptive affine dynamics (7.1) and the real unknown dynamics, in order to
guarantee safety in the real system, we need to properly define events which are dependent
on the error state and the state of (7.1) in order to solve the QP. In other words, we need to
determine the times tk, k = 1, 2, . . . (t1 = 0) at which the QP must be solved in order to
guarantee the satisfaction of (2.18) for the real unknown dynamics.

The overall solution framework is outlined in Fig. 7.1 where we note that we apply the
same control from each QP solution to both the real unknown dynamics and (7.1).
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Fig. 7.1 Graphical illustration of our approach to OCP-U and the connection between the real
unknown dynamics and the adaptive affine dynamics (7.1). The state x is obtained from sensor
measurements of the plant

7.2 Event-Driven Control

In this section, we provide the details involved in formulating the CBF-based QPs that
guarantee the satisfaction of the safety constraints (2.18) for the real unknown system. We
begin with the case of relative-degree-one safety constraints (2.18).

7.2.1 Relative-Degree-One Constraints

Suppose the safety constraint in (2.18) has relative degree one with respect to both dynamics
(7.1) and the actual dynamics (2.11). Next, we show how to find a CBF that guarantees (2.18)
for the real unknown dynamics. Let

e := x − x̄ (7.2)

and note that x and x̄ are state vectors from direct measurements and from the adaptive
dynamics (7.1), respectively. Then,

b(x) = b(x̄ + e). (7.3)

Differentiating b(x̄ + e), we have

db(x̄ + e)
dt

= ∂b(x̄ + e)
∂ x̄

˙̄x + ∂b(x̄ + e)
∂e

ė. (7.4)

The CBF constraint that guarantees (2.18) for known dynamics (2.11) is as defined in (2.13),
where we replace ẋ with (2.11). However, for the unknown dynamics, the CBF constraint
is db(x)

dt + α1(b(x)) ≥ 0. Equivalently, we have

db(x̄ + e)
dt

+ α1(b(x̄ + e)) ≥ 0. (7.5)
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Combining (7.4), (7.5) and (7.1), we get the CBF constraint that guarantees (2.18):

∂b(x)

∂ x̄
fa(x̄) + ∂b(x)

∂ x̄
ga(x̄)u + ∂b(x)

∂e
ė + α1(b(x)) ≥ 0. (7.6)

where ė = ẋ − ˙̄x is evaluated online through ẋ (from direct measurements of the actual
state derivative) and ˙̄x is given through (7.1). Then, the satisfaction of (7.6) implies the
satisfaction of b(x̄ + e) ≥ 0 by Theorem 3.2 and (7.3). Therefore, (2.18) is guaranteed to
be satisfied for the real unknown dynamics.

Now, we can formulate a CBF-based optimal control problem in the form:

min
u(t),δ(t)

∫ T

0
[||u(t)||2 + pδ2(t)]dt (7.7)

subject to (7.6), (2.19), and the CLF constraint

L fa V (x̄) + Lga V (x̄)u + εV (x̄) ≤ δ(t), (7.8)

where V (x̄) = ||x̄ − K ||2, p > 0, and δ(t) is a relaxation variable for the CLF constraint.
Following the approach introduced in Sect. 2.5.1, we solve this problem by discretizing
time and solving a sequence of QPs of the form (2.21) at each time step that starts at
tk, k = 1, 2 . . . . However, at time tk , the associated QP does not generally know the error
state e(t) and its derivative ė(t), ∀t > tk . Thus, it cannot guarantee that the CBF constraint
(7.6) is satisfied in the time interval (tk, tk+1], where tk+1 is the next time instant when a QP
is solved.

In order to find a condition that guarantees the satisfaction of (7.6) ∀t ∈ (tk, tk+1], we
first let e = (e1, . . . , en) and ė = (ė1, . . . , ėn) be bounded byw = (w1, . . . , wn) ∈ R

n
>0 and

ν = (ν1, . . . , νn) ∈ R
n
>0:

|ei | ≤ wi , |ėi | ≤ νi , i ∈ {1, . . . , n}. (7.9)

These two inequalities can be rewritten in the form |e| ≤ w, |ė| ≤ ν for notational simplicity.
We now consider any state x̄ at time tk , which satisfies:

x̄(tk) − s ≤ x̄ ≤ x̄(tk) + s, (7.10)

where the inequalities are interpreted componentwise and s ∈ R
n
>0. The choice of the param-

eter vector s will be discussed later. We denote the set of states that satisfy (7.10) at time tk
by

S(tk) = { y ∈ X : x̄(tk) − s ≤ y ≤ x̄(tk) + s}. (7.11)

Now,with (7.9) and (7.10), we are ready to find a condition that guarantees the satisfaction
of (7.6) in the time interval (tk, tk+1]. This is done by considering the minimum value of
each component in (7.6), as shown next.
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In (7.6), let bmin
fa

(tk) ∈ R be the minimum value of ∂b(x̄+e)
∂ x̄ fa(x̄) for the preceding time

interval that satisfies y ∈ S(tk), |e| ≤ w, y + e ∈ C1 starting at time tk , i.e., let

bmin
fa (tk) = min

y∈S(tk ),|e|≤w, y+e∈C1

∂b( y + e)
∂ y

fa( y) (7.12)

Similarly, we can also find the minimum value bmin
α1

(tk) ∈ R and bmin
e (tk) ∈ R of α1(b(x))

and ∂b(x)
∂e ė, respectively, for the preceding time interval that satisfies y ∈ S(tk), |e| ≤ w, y +

e ∈ C1, |ė| ≤ ν starting at time tk , i.e., let

bmin
α1

(tk) = min
y∈S(tk ),|e|≤w, y+e∈C1

α1(b( y + e)) (7.13)

bmin
e (tk) = min

y∈S(tk ),|e|≤w,|ė|≤ν, y+e∈C1

∂b( y + e)
∂e

ė (7.14)

This leaves one more term to consider in (7.6): ∂b(x)
∂ x̄ ga(x̄). If this term is independent of x̄

and e, then we do not need to find its limit value within the set of y bounds S(tk) and
|e| ≤ w, y + e ∈ C1; otherwise, let x̄ = (x̄1, . . . , x̄n) ∈ R

n , u = (u1, . . . , uq) ∈ R
q and

ga = (g1, . . . , gq) ∈ R
n×q and proceed as follows.

We assume each component of ∂b(x)
∂ x̄ ga(x̄) does not change sign ∀x ∈ X ; otherwise,

we can define each sign change to be an additional update-triggering event. The sign of
ui (tk), i ∈ {1, . . . , q}, k = 1, 2 . . . can be determined by solving each CBF-based QP asso-
ciated with (7.7) at tk . Then, we can determine the limit value blimgi (tk) ∈ R, i ∈ {1, . . . , q}
of ∂b(x)

∂ x̄ gi (x̄), by

blimgi (tk) =
⎧⎨
⎩

min
y∈S(tk ),|e|≤w, y+e∈C1

∂b( y+e)
∂ y gi ( y), if ui (tk) ≥ 0,

max
y∈S(tk ),|e|≤w, y+e∈C1

∂b( y+e)
∂ y gi ( y), otherwise

(7.15)

Let blimga (tk) = (blimg1 (tk), . . . , blimgq (tk)) ∈ R
q , andwe set blimga (tk) = ∂b(x)

∂ x̄ ga(x̄) if ∂b(x)
∂ x̄ g(x̄)

is independent of x̄ and e for notational simplicity.
The condition that guarantees the satisfaction of (7.6) in the time interval (tk, tk+1] is

then given by
bmin
fa (tk) + blimga (tk)u(tk) + bmin

e (tk) + bmin
α1

(tk) ≥ 0. (7.16)

In order to apply the above condition to problem (7.7), we just replace (7.6) by (7.16), i.e.,
we have

min
u(t),δ(t)

∫ T

0
[||u(t)||2 + pδ2(t)]dt (7.17)

subject to (7.16), (2.19) and (7.8). As in Chap.2, (7.17) is solved through a sequence of
QPs of the form (2.21). However, rather than solving each QP based on a specific time
discretization (which requires a prespecified time step value), we define instead three events
that determine the triggering conditions for solving any such QP:
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• Event 1: |e| ≤ w is about to be violated.
• Event 2: |ė| ≤ ν is about to be violated.
• Event 3: the state of (7.1) reaches the boundaries of S(tk).

In other words, the next time instant tk+1, k = 1, 2 . . . to solve each QP associated with
(7.17) is determined by:

tk+1 = min{t > tk : |e(t)| = w or |ė(t)| = ν or |x̄(t) − x̄(tk)| = s}, (7.18)

where t1 = 0. The first two events can be detected by direct sensor measurements, while
Event 3 can be detected bymonitoring the dynamics (7.1). Themagnitude of each component
of s is a trade-off between the time complexity and the conservativeness of this approach.
If the magnitude is large, then the number of events is small at the expense of making this
approach more conservative as we determine the condition (7.16) through the minimum
values as in (7.12)–(7.15).

Formally, we have the following theorem to show that the satisfaction of the safety
constraint (2.18) is guaranteed for the real unknown dynamics through condition (7.16):

Theorem 7.1 ([75]) Given a HOCBF b(x) with m = 1 as in Definition 3.3, let
tk+1, k = 1, 2 . . . bedeterminedby (7.18)with t1 = 0, andbmin

fa
(tk), bmin

α1
(tk), bmin

e (tk),

blimga (tk) be determined by (7.12)–(7.15), respectively. Then, under Assumption 7.1,
any control u(tk) that satisfies (7.16) and updates the real unknown dynamics and
the adaptive dynamics (7.1) within time interval [tk, tk+1) renders the set C1 forward
invariant for the real unknown dynamics.

Proof By (7.18), we have:

y(t) ∈ S(tk), |e(t)| ≤ w, |ė(t)| ≤ ν, y(t) + e(t) ∈ C1

for all t ∈ [tk, tk+1], k = 1, 2 . . . . Thus, the limit values bmin
fa

(tk), bmin
α1

(tk), bmin
e (tk), deter-

mined by (7.12), (7.13), (7.14), respectively, are the minimum values for ∂b(x)
∂ x̄ fa(x̄(t)),

α1(b(x(t))), ∂b(x(t))
∂e(t) ė(t) for all t ∈ [tk, tk+1). In other words, we have

∂b(x)

∂ x̄
fa(x̄(t)) + α1(b(x(t))) + ∂b(x(t))

∂e(t)
ė(t) ≥ bmin

fa (tk)

+bmin
α1

(tk) + bmin
e (tk), ∀t ∈ [tk, tk+1).

where x = e + x̄.
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By (7.15), we have:

∂b(x)

∂ x̄
ga(x̄(t))u(tk) ≥ blimga (tk)u(tk), ∀t ∈ [tk, tk+1).

Following the last two equations and (7.16), we have

∂b(x)

∂ x̄
fa(x̄(t)) + ∂b(x)

∂ x̄
ga(x̄(t))u(tk) + α1(b(x(t)))

+∂b(x(t))

∂e(t)
ė(t) ≥ 0, ∀t ∈ [tk, tk+1).

By (7.5), (7.6) and the last equation, we obtain

db(x̄(t) + e(t))
dt

+ α1(b(x̄(t) + e(t))) ≥ 0, ∀t ∈ [tk, tk+1), k = 1, 2 . . .

By Theorem 3.2, we have b(x̄(t) + e(t)) ≥ 0, ∀t ≥ 0 and by (7.3) it follows that C1 is
forward invariant for the real unknown dynamics. �

Remark 7.1 We may also consider the minimum value of ∂b( y+e)
∂ y fa( y) + ∂b( y+e)

∂e ė +
α1(b( y + e)) within the bounds y ∈ S(tk), |e| ≤ w, y + e ∈ C1, |ė| ≤ ν instead of consid-
ering them separately as in (7.12)–(7.15). This could be less conservative as the constraint
(7.16) is stronger compared with the CBF constraint (7.6), and we wish to find the largest
possible value of the left-hand side of (7.6) that can support the proof of Theorem 7.1.

Events 1 and 2 will be frequently triggered if the modelling of the adaptive dynamics
(7.1) has a large error with respect to the real dynamics. Therefore, we would like to model
the adaptive dynamics (7.1) as accurately as possible in order to reduce the number of events
required to solve (7.17) through a sequence of associated QPs.

An additional important step is to synchronize the state of the real unknown dynamics
and (7.1) such that we always enforce e(tk) = 0 and ė(tk) as close to 0 as possible by setting

x̄(tk) = x(tk), (7.19)

and by updating fa(x̄(t)) of the adaptive dynamics (7.1) right after an event occurs at t :

fa(x̄(t+)) = fa(x̄(t−)) +
k∑

i = 0

ė(ti ). (7.20)

where t+, t− denote instants right after and right before t . In this way, the dynamics (7.1)
are adaptively updated at each event, i.e., at tk, k = 1, 2, . . . . Note that we may also update
ga(·), a more challenging task than updating fa(·) since ga(·) is multiplied by u that is to
be determined, i.e., the update of ga(·) will depend on u.
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Enforcing (7.19) and (7.20) ensures that e(tk) = 0 and ė(tk) is close to 0. It is also easy
to check that there is no possibility of any Zeno behavior [26]. In particular, there exist
lower bounds for the occurrence times of Events 1 and 3 which are determined by the limit
values of the component of fa, ga within X and U , as well as the real unknown dynamics
(although they are unknown). Assuming the functions that define the real unknown dynamics
are Lipschitz continuous, and the functions fa, ga in (7.1) are also assumed to be Lipschitz
continuous, it follows that ė is also Lipschitz continuous. Suppose the largest Lipschitz
constant among all the components in ẋ is L, ∀x ∈ X , and the smallest Lipschitz constant
among all the components in ˙̄x is L̄, ∀x̄ ∈ X . Then, the lower bound time for Event 2 is
νmin
L−L̄

, where νmin > 0 is the minimum component in ν. On the other hand, since the control
is constant in each time interval and there exists a lower bound for the event time, Zeno
behavior will not occur.

We summarize the event-driven control scheme in Algorithm 1.

Algorithm 1: Event-driven control
Input: Measurements x and ẋ from a plant, adaptive model (7.1), settings for QP (7.17),

w, ν, s.
Output: Event time tk , k = 1, 2, . . . and u∗(tk).
k = 1, tk = 0;
while tk ≤ T do

Measure x and ẋ from the plant at tk ;
Synchronize the state of (7.1) and the plant by (7.19), (7.20);
Evaluate (7.12)–(7.15);
Solve the QP associated to (7.17) at tk and get u∗(tk);
while t ≤ T do

Apply u∗(tk) to the plant and (7.1) for t ≥ tk ;
Measure x and ẋ from the plant;
Evaluate tk+1 by (7.18);
if tk+1 is found with ε > 0 error then

k ← k + 1, break;
end

end
end

Remark 7.2 (Measurement uncertainties) If themeasurements x and ẋ are subject to uncer-
tainties and the uncertainties are bounded, then we can apply the bounds of x and ẋ in
evaluating tk+1 by (7.18) instead of x and ẋ themselves. In other words, e(t) and ė(t) are
determined by the bounds of x, ẋ and the state values of the adaptive system (7.1).
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7.2.2 High-Relative-Degree Constraints

In this subsection, we consider safety constraints (2.18) whose relative degree is larger than
one with respect to the real unknown dynamics and (7.1). In other words, unlike the last
subsection, we now need to consider the HOCBF constraint (3.8) to determine the state
feedback control that can ensure the satisfaction of (2.18).

Similar to the last subsection, we define the error state e as in (7.2) and rewrite theHOCBF
b(x) as in (7.3). The HOCBF constraint (3.8) that guarantees b(x̄ + e) ≥ 0 with respect to
the real unknown dynamics is

∂mb(x)

∂ x̄m
f [m]
a (x̄) + ∂mb(x)

∂ x̄m
f [m−1]
a (x̄)g[1]

a (x̄)u + ∂mb(x)

∂em
e(m) + O(b(x))

+αm(ψm−1(x)) ≥ 0,
(7.21)

where ∂mb(x)
∂ x̄m f [m]

a (x̄) denotes the m-times partial derivative of b(x) with respect to x̄ along
fa(x̄) (a similar concept to the Lie derivative in [26]), and we have similar definitions
for ∂mb(x)

∂ x̄m f [m−1]
a g[1]

a (x̄). The term O(b(x)) also contains the remaining time derivatives
of e with degree less than m, while e(i) = x(i) − x̄(i), i ∈ {1, . . . ,m} is the i th derivative
evaluated on line through x(i) (from a sensor) of the real system and x̄(i) is the one coming
from (7.1).

In order to find a condition that guarantees the satisfaction of the last equation in
[ti , ti+1), i = 1, 2, . . . , we let e and e(i), i ∈ {1, . . . ,m} be bounded by w ∈ R

n
>0 and

νi ∈ R
n
>0, i.e., we have

|e| ≤ w, |e(i)| ≤ νi , i ∈ {1, . . . ,m}, (7.22)

where the inequalities are interpreted componentwise and the absolute value function | · |
applies to each component.We also consider the set of states defined in (7.11) and we further
define a set Sh(tk):

Sh(tk) = { y, e, e(1), . . . , e(m) : y ∈ S(tk), |e| ≤ w,

∧m
i=1(|e(i)| ≤ νi ), y + e ∈ ∩m

i=1Ci }
(7.23)

where ∧m
i=1 denotes the conjunction from 1 to m.

Then,wecanfind theminimumvaluesbmin
f ma

(tk) ∈ R, bmin
αm

(tk) ∈ R, bmin
em (tk) ∈ R, bmin

R (tk) ∈
R for the preceding time interval that satisfy ( y, e, e(1), . . . , e(m)) ∈ Sh(tk) starting at time
tk by

bmin
f ma

(tk) = min
( y,e,e(1),...,e(m))∈Sh(tk )

∂mb( y + e)
∂ ym

fa
[m]( y) (7.24)

bmin
αm

(tk) = min
( y,e,e(1),...,e(m))∈Sh(tk )

αm(ψm−1( y + e)) (7.25)
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bmin
em (tk) = min

( y,e,e(1),...,e(m))∈Sh(tk)
∂mb( y + e)

∂em
e(m) (7.26)

bmin
R (tk) = min

( y,e,e(1),...,e(m))∈Sh(tk )
O(b( y + e)) (7.27)

If ∂mb(x)
∂ x̄m f [m−1]

a g[1]
a (x̄) is independent of x̄ and e, then we do not need to find its limit value

within the set Sh(tk); otherwise, we can determine blimgi (tk) ∈ R, i ∈ {1, . . . , q}, under the
assumption that ∂mb(x)

∂ x̄m f [m−1]
a g[1]

i (x̄) has the same sign for all x ∈ X , x̄ ∈ X (the sign of
ui (tk), i ∈ {1, . . . , q}, k = 1, 2 . . . can also be determined by solving each CBF-based QP
associated with (7.7) at tk with (7.21)), by

blimgi (tk) =

⎧⎪⎨
⎪⎩

min
( y,e,e(1)...e(m))∈Sh(tk )

∂mb( y+e)
∂ ym f [m−1]

a g[1]
i ( y), if ui (tk)≥0,

max
( y,e,e(1)...e(m))∈Sh(tk )

∂mb( y+e)
∂ ym f [m−1]

a g[1]
i ( y), otherwise

(7.28)

Let blimga (tk) = (blimg1 (tk), . . . , blimgq (tk)) ∈ R
1×q , andwe set blimga (tk) = ∂mb(x)

∂ x̄m f [m−1]
a g[1]

a (x̄)

if it is independent of x̄ and e for notational simplicity.
Similar to Remark 7.1, we can break the above terms into smaller components and deter-

mine their corresponding minimum values in order to make this approach less conservative.
The condition that guarantees the satisfaction of (7.21) in the time interval [tk, tk+1) is then
given by

bmin
f ma

(tk) + blimga (tk)u(tk) + bmin
em (tk) + bmin

αm
(tk) + bmin

R (tk) ≥ 0. (7.29)

In order to apply the above condition to problem (7.7), we just replace (7.6) by (7.29), i.e.,
we have

min
u(t),δ(t)

∫ T

0
[||u(t)||2 + pδ2(t)]dt (7.30)

subject to (7.29), (2.19) and (7.8).
Based on the above, we once again define three events that trigger a solution of each QP

associated with (7.30):

• Event 1: |e| ≤ w is about to be violated.
• Event 2: |e(i)| ≤ νi is about to be violated for each i ∈ {1, . . . ,m}.
• Event 3: the state of (7.1) reaches the boundaries of S(tk).

The next triggering time instant tk+1, k = 1, 2 . . . (t1 = 0) to solve a QP is determined by:

tk+1 = min{t > tk : |e(t)| = w or |e(i)(t)| = νi ,

i ∈ {1, . . . ,m} or |x̄(t) − x̄(tk)| = s} (7.31)

Formally, we have the following theorem that shows the satisfaction of the safety constraint
(2.18) for the real unknown dynamics:
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Theorem 7.2 ([75])Given a HOCBF b(x) as in Definition 3.3. Let tk+1, k = 1, 2 . . .

bedeterminedby (7.31)with t1 = 0, andbmin
f ma

(tk), bmin
αm

(tk), bmin
em (tk), bmin

R (tk), blimga (tk)
be determined by (7.24)–(7.28), respectively. Then, under Assumption 7.1, any control
u(tk) that satisfies (7.29) and updates the real unknown dynamics and (7.1) within
time interval [tk, tk+1) renders the set C1 ∩ · · · ∩ Cm forward invariant for the real
unknown dynamics.

Proof Similar to the proof of Theorem 7.1, we have

∂mb(x(t))

∂tm
+ O(b(x(t))) + αm(ψm−1(x(t))) ≥ 0, ∀t ∈ [tk, tk+1], k = 1, 2 . . .

which is equivalent to the HOCBF constraint (3.8) in Definition 3.3. Then, by Theorem 3.2,
(7.3) and e(i) = x(i) − x̄(i), i ∈ {1, . . . ,m}, we can recursively show thatCi , i ∈ {1, . . . ,m}
are forward invariant, i.e., the set C1 ∩ · · · ∩ Cm is forward invariant for the real unknown
dynamics. �

This event-driven control process can be summarized through an algorithm similar to
Algorithm 1. Measurement uncertainties can be dealt with as in Remark 7.2. We can also
synchronize the state of the real unknown dynamics and (7.1) as in (7.19) and (7.20) such
that we always have e(tk) = 0 and e(i)(tk), i ∈ {1, . . . ,m} stays close to 0.

7.2.3 Extension toMulti-agent Systems

The event-driven control scheme presented thus far is based on a systemwith general dynam-
ics as in (2.11). In the case of a multi-agent system [78], we consider a controlled agent (state
x ∈ X and control u ∈ U ) whose dynamics are unknown, and a set Sa of other agents (state
yi ∈ X for agent i ∈ Sa) whose dynamics are also unknown. For instance, the controlled
agent could be the ego vehicle in autonomous driving, and other agents are either other
vehicles or obstacles. The controlled agent is assumed to have on-board sensors to monitor
its own state and that of other agents. For the unknown dynamics of the controlled agent
and other agents, we adopt Assumption 7.1, i.e., we assume that the relative degree of each
component of x is known with respect to the real unknown dynamics and the same applies
to yi , i ∈ Sa .

The analysis proceeds exactly as in Sects. 7.2.1 and 7.2.2 by defining z :=
( y1, ex , ėx , y2, ei , ėi ), where y1 ∈ Sx (tk), y2 ∈ Sy,i (tk), ex pertains to the error state of
the controlled agent, and ei to the error state of the remaining agents i ∈ Sa . We also define
an overall set S(tk):

S(tk) = {z ∈ R
6n : y1 ∈ Sx (tk), |ex | ≤ w, |ėx | ≤ ν, y2 ∈ Sy,i (tk), |ei | ≤ W i ,

|ėi | ≤ V i , ( y1 + ex , y2 + ei ) ∈ C1}.
(7.32)
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where the definitions of Sx (tk) and Sy,i (tk) are similar to the one in (7.11).
In this case, the number of events required to trigger a QP solution in the corresponding

optimal control problem is increased from three in Sect. 7.2.1 to seven defined as follows:

• Event 1: |ex | ≤ w is about to be violated.
• Event 2: |ėx | ≤ ν is about to be violated.
• Event 3: the state of the controlled agent reaches the boundaries of Sx (tk).
• Event 4: |ei | ≤ W i is about to be violated.
• Event 5: |ėi | ≤ V i is about to be violated.
• Event 6: the state of any agent i ∈ Sa reaches the boundaries of Sy,i (tk).

• Event 7: ∂b(x, yi )
∂ x̄ g j (x̄), j ∈ {1, . . . , q} changes sign for t > tk compared to the sign it

had at tk .

A theorem similar to Theorems 7.1 or 7.2 can then be established and the process in Algo-
rithm 1 can be directly extended to the seven events above (and possibly an event that
indicates a sign change in the u term in (7.6)). For more details, the reader is referred to
[78].

7.3 ACC with UnknownVehicle Dynamics

In this section, we revisit the version of the ACC problem considered in Example 4.3. All
computations and simulations were conducted in MATLAB. We used quadprog to solve the
quadratic programs and ode45 to integrate the dynamics.

In this case, the real vehicle dynamics are unknown to the controller:

[
v̇(t)
ż(t)

]
=

[
σ1(t) + σ3(t)

M u(t) − 1
M Fr (v(t))

σ2(t) + vp − v(t)

]
(7.33)

where, as before, x = (v, z) and z(t) denotes the distance between the preceding and the
ego vehicle, vp > 0 and v(t) denote the velocities of the preceding and ego vehicles along
the same lane (the velocity of the preceding vehicle is assumed constant), respectively, and
u(t) is the control of the ego vehicle. In addition, σ1(t), σ2(t), σ3(t) denote three random
processeswhosepdf’s havefinite support.M denotes themass of the egovehicle and Fr (v(t))
denotes the resistance force,which is expressed [26] as: Fr (v(t)) = f0sgn(v(t)) + f1v(t) +
f2v2(t), where f0 > 0, f1 > 0 and f2 > 0 are unknown.
The adaptive dynamics will be automatically updated as shown in (7.20), and are in the

form: [ ˙̄v(t)
˙̄z(t)

]

︸ ︷︷ ︸
˙̄x(t)

=
[
h1(t) − 1

M Fn(v̄(t))
h2(t) + vp − v̄(t)

]

︸ ︷︷ ︸
fa(x̄(t))

+
[ 1

M
0

]

︸ ︷︷ ︸
ga(x̄(t))

u(t) (7.34)
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where h1(t) ∈ R, h2(t) ∈ R denote the two adaptive terms in (7.20), h1(0) = 0, h2(0) = 0.
z̄(t), v̄(t) are corresponding to z(t), v(t) in (7.33). Note that Fn(v̄(t)) = g0sgn(v̄(t)) +
g1v̄(t) + g2v̄2(t), which is different from Fr in (7.33), where g0 > 0, g1 > 0 and g2 > 0
are empirically determined.

The control bound is defined as −cdMg ≤ u(t) ≤ caMg, where ca > 0 and cd > 0 are
the maximum acceleration and deceleration coefficients, respectively, and g is the gravity
constant. We require that the distance z(t) between the ego vehicle (real dynamics) and its
immediately preceding vehicle be greater than l p > 0, i.e.,

z(t) ≥ l p, ∀t ≥ 0. (7.35)

The objective is tominimize
∫ T
0 ((u(t) − Fr (v(t)))/M)2dt . The ego vehicle is also trying

to achieve a desired speed vd > 0, which is implemented by a CLF V (x̄) = (v̄ − vd)
2 as

in Definition 2.4. Since the relative degree of the constraint (7.35) is two, we define an
HOCBF b(x) = z − l p with α1(b(x)) = b(x) and α2(ψ1(x)) = ψ1(x) as in Definition 3.3
to implement the safety constraint. Then, the HOCBF constraint (3.8) in this case is (with
respect to the real dynamics (7.33)): b̈(x) + 2ḃ(x) + b(x) ≥ 0.Combining (7.2), (7.34) and
this equation, we have an HOCBF constraint in the form:

−h1(t) + Fn(v̄(t))

M
+ −1

M
u(t) + ë2(t) + 2(h2(t) + vp

−v̄(t) + ė2(t)) + z̄(t) + e2(t) − l p ≥ 0
(7.36)

where e = (e1, e2), e1 = v − v̄, e2 = z − z̄.
Similar to (7.9), (7.10), we consider the state and bound the errors at step tk, k = 1, 2 . . .

for the above HOCBF constraint in the form: v̄(tk) − s1 ≤ v̄ ≤ v̄(tk) + s1, z̄(tk) − s2 ≤
z̄ ≤ z̄(tk) + s2, |e2| ≤ w2, |ė2| ≤ ν2,1, |ë2| ≤ ν2,2, where s1 > 0, s2 > 0, w2 > 0, ν2,1 >

0, ν2,2 > 0.
As in (7.11), (7.20), we also synchronize the state and update the adaptive dynamics

(7.34) at step tk, k = 1, 2 . . . in the form:

v̄(tk) = v(tk), z̄(tk) = z(tk),

h1(t
+) = h1(t

−) −
k∑

i=0

ë2(ti ), h2(t
+) = h2(t

−) +
k∑

i=0

ė2(ti ),
(7.37)

where

ė2(tk) = ż(tk) − (h2 + vp − v̄(tk)),

ë2(tk) = z̈(tk) − Fn(v̄(tk)) − u(t−k )

M
+ h1(tk),

u(t−k ) = u(tk−1) and u(t0) = 0. ż(tk), z̈(tk) are estimated by a sensor that measures the
dynamics (7.33) at tk .
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Then, we can find the limit values using (7.12)–(7.15), solve a sequence of QPs associated
with (7.7) at each time step tk, k = 1, 2 . . . , and evaluate the next time step tk+1 as in (7.18)
afterwards. In the evaluation of tk+1, we have e2 = z − z̄, ė2 = ż − (h2 + vp − v̄), ë2 =
z̈ − Fn(v̄)−u(tk)

M + h1, where z, ż, z̈ are estimated by a sensor that measures the ego real
dynamics (7.33), and u(tk) is already obtained by solving the QP and is held constant until
we evaluate tk+1. The optimizations similar to (7.12)–(7.15) are either QPs or LPs. Each QP
or LP can be solved with a computational time < 0.01s in MATLAB (Intel(R) Core(TM)
i7-8700 CPU @ 3.2GHz×2).

The simulation parameters are the same as those in Sect. 4.3. The pdf’s of
σ1(t), σ2(t), σ3(t) are uniform over the intervals [−0.2, 0.2]m/s2, [−2, 2]m/s, [0.9, 1],
respectively. The sensor sampling rate is 20Hz. We compare the proposed event-driven
framework with the time-driven approach, where the discretization time for the time-driven
approach is 
t = 0.1.

The simulation results are shown in Fig. 7.2a and b. In the event-driven approach (blue
lines), the control varies largely in order to be responsive to the random processes in the real
dynamics. If we decrease the uncertainty levels by a factor of 10, the control is smoother
(magenta lines). Thus, highly accurately modeled adaptive dynamics are desired.

It follows from Fig. 7.2b that the set C1 ∩ C2 is forward invariant for the real vehicle
dynamics (7.33), i.e., the safety constraint (7.35) is guaranteed with the proposed event
driven approach. In contrast, the safety is not guaranteed even with state synchronization
under the time-driven approach.

In the event-driven approach, the number of QPs (events) within the interval [0, T ] is
reduced by about 50% compared to the time-driven approach. If we multiply the bounds of
the random processes σ1(t), σ2(t) by 2, then the number of events increases by about 23%
for both 20 and 100Hz sensor sampling rate, which shows that accurate adaptive dynamics
can reduce the number of events, and thus improve computational efficiency.

(a) Speed and control profiles. (b) ( ( )) and 1 ( ( )).

Fig. 7.2 Results for the event-driven framework and the time-driven mechanism with or without
synchronization. b(x(t)) ≥ 0 and ψ1(x(t)) ≥ 0 imply the forward invariance of C1 ∩ C2 (for the
event-driven framework, but not for the time-driven case with or without synchronization)



8Hierarchical Optimal Control with Barrier
Functions

This chapter synthesizes controllers that combine optimal control and CBFmethods, aiming
for both optimality and guaranteed safety in real-time control. The motivation comes from
the fact that analytical solutions for constrained optimal control problems are only possible
for simple system dynamics and constraints. Moreover, the computational complexity for
deriving such solutions significantly increases as one or more constraints become active and
it grows as a power function of the number of constraints. Additional factors which further
limit the real-time use of these methods include the presence of noise in the dynamics,
model inaccuracies, environmental perturbations, and communication delays in the infor-
mation exchange among system components. Thus, there is a gap between optimal control
solutions (which represent a lower bound for the optimal achievable cost) and the execution
of controllers aiming to achieve such solutions under realistic operational conditions.

The key idea in combining optimal control formulations with CBF methods is to first
generate trajectories by solving a tractable optimal control problem and then seek to track
these trajectories using a controller that simultaneously ensures that all state and control
constraints are satisfied at all times. This is accomplished in two steps. The first step is to
solve a constrained optimal control problem. Given a set of initial conditions, it is usually
possible to derive simple conditions under which it can be shown that no constraint becomes
active. In this case, executing the unconstrained optimal control solution becomes a relatively
simple tracking problem. Otherwise, we can still often derive an optimal control solution
consisting of both unconstrained and constrained arcs. However, such derivations may not
always be feasible in real time. Either way, using the best possible analytical solution within
reasonable real-time computational constraints (possibly just the unconstrained solution),
this step leads to a reference control ure f (t), t ∈ [t0, t f ]. The second step is then to use
HOCBFs to account for constraints with arbitrary relative degrees, and define a sequence
of QPs whose goal is to optimally track ure f (t) at each discrete time step over [t0, t f ]. In
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
W. Xiao et al., Safe Autonomy with Control Barrier Functions,
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this step, we can allow noise in the system dynamics and include nonlinearities which were
ignored in the original optimal control solution. The resulting controller is termed Optimal
control with Control Barrier Functions (OCBF).

8.1 Problem Formulation and Approach

We begin with a class of constrained optimal control problems similar to that of Sect. 2.5,
the main difference being that the terminal time of these problems is unspecified. This class
of problems consists of an objective function, a set of safety requirements expressed as hard
constraints on the system state, and a set of constraints on the control.

Objective: (Cost minimization) Consider an optimal control problem for a system with
dynamics as in (2.11) and a cost defined as:

J =
∫ t f

t0
[β + C(x, u, t)] dt, (8.1)

where t0, t f denote the initial and final times, respectively, and C : Rn × R
q × [t0, t f ] →

R
+ is a cost function. The parameter β ≥ 0 is used to capture a trade-off between the

minimization of the time interval (t f − t0) and the operational cost C(x, u, t). Keeping in
mind that t f is free (unspecified) and a decision variable in this problem, the terminal state
t f is constrained as follows.

Terminal state constraint: The state of system (2.11) is constrained to reach a point
X̄ ∈ X , i.e.,

x(t f ) = X̄, (8.2)

Alternatively, this may also be considered as a soft constraint of the form ||x(t f ) − X̄||2
added on to the cost in (8.1) as in (2.17).

Constraint 1 (Safety constraints): Let So denote an index set for a set of safety constraints.
System (2.11) should always satisfy

b j (x(t)) ≥ 0, ∀t ∈ [t0, t f ], (8.3)

where each b j : Rn → R, j ∈ So, is continuously differentiable.
Constraint 2 (Control constraints): These are provided by the control constraint set in

(2.19).
Constraint 3 (State constraints): System (2.11) should always satisfy the state constraints

(componentwise):
xmin ≤ x(t) ≤ xmax, ∀t ∈ [t0, t f ] (8.4)

where xmin ∈ R
n and xmax ∈ R

n . Note that we distinguish the state constraints above from
the safety constraints in (8.3) since the latter are viewed as hard, while the former usually
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capture system capability limitations that can be relaxed to improve the problem feasibility;
for example, in traffic networks, vehicles are constrained by upper and lower speed limits.

Thus, the problem we have formulated, labeled OCP-F (to capture the fact that the
terminal time is “Free”) can be summarized as follows:

OCP-F: Find a control policy for system (2.11) such that the cost (8.1) is minimized,
and constraints (8.2), (8.3), (8.4) and (2.19) are strictly satisfied.

The cost in (8.1) can be properly normalized by defining

β := α supx∈X ,u∈U ,τ∈[t0,t f ] C(x, u, τ )

(1 − α)
(8.5)

where α ∈ [0, 1), and thenmultiplying (8.1) by α
β
. Thus, we construct a convex combination

within the integrand as follows:

J =
∫ t f

t0

(
α + (1 − α)C(x, u, t)

supx∈X ,u∈U ,τ∈[t0,t f ] C(x, u, τ )

)
dt . (8.6)

If α = 1, then we solve (8.1) as a minimum time problem. The normalized cost (8.6) facili-
tates a trade-off analysis between the two metrics, i.e., time and operational cost. However,
we will use the simpler cost expression (8.1) throughout this paper. Thus, we can take β ≥ 0
as a weight factor that can be adjusted to penalize time relative to the cost C(x, u, t) in (8.1).

Our approach to solve OCP-F consists of two main steps:

Step 1: Analytically solve a simplified version of OCP-F. We use a standard Hamil-
tonian analysis to obtain an optimal control u∗(t) and optimal state x∗(t), t ∈ [t0, t f ] for
the cost (8.1) and system (2.11), under the terminal state constraint (8.2), the safety con-
straints (8.3), and the control and state constraints (2.19), (8.4). However, in order to obtain
a tractable analytical solution, we linearize or simplify the dynamics (2.11).

Step 2: Optimally track the solution from Step 1 subject to HOCBF constraints.
There are usually unmodelleddynamics andmeasurement noise in (2.11)whichwere ignored
in Step 1. Thus, we now consider a modified version of system (2.11) to denote the real
dynamics:

ẋ = f (x) + g(x)u + w, (8.7)

where w ∈ R
n denotes all unmodeled uncertainties in the dynamics. We consider x as

a measured (observed) state which includes the effects of such unmodeled dynamics and
measurement noise and which can be used in what follows. Allowing for the noisy dynamics
(8.7), we set ure f (t) = u∗(t) (more generally, ure f (t) = h(u∗(t), x∗(t), x(t)), h : Rq ×
R
n × R

n → R
q ) and use the HOCBF method to track the optimal control as a reference,

i.e., we solve the problem
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min
u(t)

∫ t f

t0
||u(t) − ure f (t)||2dt (8.8)

subject to (i) the HOCBF constraints (3.8) corresponding to the safety constraints (8.3), (i i)
the state constraints (8.4), and (i i i) the control constraints (2.19).

Since we often treat the terminal state constraint (8.2) as a soft one and try to minimize
the deviation ||x(t f ) − X̄||2, we also define a CLF V (x − x∗). Thus, the cost (8.8) is also
subject to the correspondingCLF constraint (2.16). The resulting problem can then be solved
by the approach described at the end of Chap. 2.

8.2 From Planning to Execution of Optimal Trajectories

In this section, we describe how to solve problemOCP-F by seeking optimality as defined at
the planning stage (Step 1 described above) while providing safety guarantees which always
apply at the execution stage (Step 2 described above).

8.2.1 Optimal Trajectory Planning

To carry out Step 1 of the OCBF approach, let us consider a properly linearized version of
(8.7) without the noise w:

ẋ = Ax + Bu, (8.9)

where x = (x1, . . . , xn), u = (u1, . . . , uq), A ∈ R
n×n, B ∈ R

n×q .
In order to construct the Hamiltonian for the minimization of (8.1) subject to constraints

(8.2), (8.3), (8.4) and (2.19), let λ(t) be the costate vector corresponding to the state x in (8.9)
and b(x) denote the vector obtained by concatenating all b j (x), j ∈ So. The Hamiltonian
with the state constraints, control constraints and safety constraints adjoined (omitting time
arguments for simplicity) is

H(x, λ, u) = C(x, u, t) + λT (Ax + Bu) + μT
a (u − umax)

+μT
b (umin − u) + μT

c (x − xmax) + μT
d (xmin − x)

−μT
e b(x) + β

(8.10)

The components of the Lagrange multiplier vectors μa, μb, μc, μd , μe are positive when
the constraints are active and become 0 when the constraints are strict.

Let us first assume that all the constraints (2.19), (8.3), (8.4) are not active in the time
interval [t0, t f ]. The Hamiltonian (8.10) then reduces to

H(x, λ, u) = C(x, u, t) + λT (Ax + Bu) + β (8.11)
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Observing that the terminal constraints (8.2) expressed as ψ := x − X̄ = 0 are not explicit
functions of time, the transversality condition [12] is

H(x(t), λ(t), u(t))|t=t f = 0 (8.12)

with λ(t f ) = [(νT ∂ψ
∂x )T ]t=t f as the costate boundary condition, where ν denotes a vector

of Lagrange multipliers. The Euler-Lagrange equations become:

λ̇ = −∂H

∂x
= −∂C(x, u, t)

∂x
− ATλ, (8.13)

and the necessary condition for optimality is

∂H

∂u
= ∂C(x, u, t)

∂u
+ BTλ = 0. (8.14)

Given (8.11)–(8.14), the initial state of system (8.7), and the terminal constraint x(t f ) =
X̄ , we can derive an unconstrained optimal state trajectory x∗(t) and optimal control u∗(t),
t ∈ [t0, t f ], for problem OCP-F.

When one or more constraints in (2.19), (8.3), (8.4) become active in the time interval
[t0, t f ], we use the interior point analysis [12] to determine the conditions that must hold on
a constrained arc entry point and exit point (if one exists prior to t f ). We can then determine
the optimal entry and exit points, as well as the constrained optimal control u∗(t) and optimal
state trajectory x∗(t), t ∈ [t0, t f ]. Depending on the computational complexity involved in
deriving the complete constrained optimal solution, we can specify a planned reference
control ure f (t) and state trajectory xre f (t), t ∈ [t0, t f ]. For example, we may just plan for a
safety-constrained solution and omit the state and control constraints (2.19), (8.4), or even
plan for only the unconstrained optimal solution to simplify the trajectory planning process.

In summary, we obtain a solution ure f (t) to a simplified version of problem OCP-F
which is based on the linear system model (8.9) and as many constraints (possibly none)
as our computational budget permits. As detailed next, we then proceed to optimally track
ure f (t) subject to appropriateHOCBFconstraintswhich ensure the satisfactionof all original
constraints.

8.2.2 Safety-Guaranteed Optimal Control with HOCBFs

In order to carry out Step 2 of the OCBF approach, we now introduce a method that tracks
the planned optimal control and state trajectory while guaranteeing the satisfaction of all
constraints (2.19), (8.3), (8.4) in problem OCP-F.

As explained in Sect. 8.2.1, we use u∗(t) and x∗(t), t ∈ [t0, t f ], to denote the optimal
control and state trajectory derived under no active constraints or with some (or all) of
the constraints active, depending on the associated computational complexity considered
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acceptable in a particular setting.We can then reformulate (8.1) as the following optimization
problem in which t f is fixed at the optimal terminal time determined along with u∗(t):

min
u(t)

∫ t f

t0
||u(t) − ure f (t)||2dt (8.15)

subject to (2.19), (8.3), (8.4), where

ure f (t) = FU (u∗(t), x∗(t), x(t)) (8.16)

is a specific function of the optimal control and state trajectory, as well as the actual state
under noise w from (8.7). A typical choice for FU (u∗(t), x∗(t), x(t)) is

ure f (t) = e
∑n

j=1

x∗j (t)−x j (t)

σ j u∗(t), (8.17)

where x j (t), j ∈ {1, . . . , n} denote the observed state variables under noise w from (8.7),
x∗
j (t), j ∈ {1, . . . , n}, u∗

i (t), i ∈ {1, . . . , q} denote the optimal state and control from the last
subsection, and σ j > 0, j ∈ {1, . . . , n} are adjustable weight parameters. In (8.17), the sign
of the term x∗

j (t) − x j (t) depends on whether x j (t) is increasing with ui (t). In particular,
when x j (t) > x∗

j (t), for all j ∈ {1, . . . , n}, we have ui (t) < u∗
i (t) and the state errors can

be automatically eliminated. If x j (t) < x∗
j (t), for all j ∈ {1, . . . , n}, the state errors can

similarly be automatically eliminated.However,when x j(t) > x∗
j (t) and x j+1(t) < x∗

j+1(t),
we may wish to enforce ui (t) < u∗

i (t), i ∈ {1, . . . , q}. Thus, it is desirable that σ j < σ j+1

(similarly, when x j (t) < x∗
j (t) and x j+1(t) > x∗

j+1(t)). In summary, we select σ j > 0,
j ∈ {1, . . . , n} such that σ j < σ j+1, j ∈ {1, . . . , n − 1}.

Alternative forms of (8.16) include

ure f (t) =
∑

j∈{1,...,n}

x∗
j (t)

x j (t)
u∗(t) (8.18)

and the state feedback tracking control approach from [26]:

ure f (t) = u∗(t) +
n∑
j=1

k j (x
∗
j (t) − x j (t)), (8.19)

where k j > 0, ∈ {1, . . . , n}. Clearly, there are several possible choices for the formof ure f (t)
which may depend on the specific application of interest.

We emphasize that the cost (8.15) is subject to all the constraints (2.19), (8.3), (8.4). We
use HOCBFs to implement these constraints, as well as CLFs to better track the optimal
state x∗(t), as shown in the following subsections.
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8.2.2.1 Optimal State Tracking
First, we aim to track the optimal state x∗(t) obtained in Sect. 8.2.1 using CLFs. We can
always find a state variable xk, k ∈ {1, . . . , n} in x that has relative degree one (assume xk
is the output) with respect to system (8.7). This is because we only take the Lie derivative
of the Lyapunov function once in the CLF constraint (2.16). Then, we define a controller
aiming to drive xk(t) to xre f (t) where xre f (t) is of the form

xre f (t) = FX (x∗(t), x(t)) (8.20)

A typical choice analogous to (8.17) is

xre f (t) = e
∑

j∈{1,...,n}\k
x∗j (t)−x j (t)

σ j x∗
k (t) (8.21)

where σ j > 0, j ∈ {1, . . . , n} \ k and {1, . . . , n} \ k denotes excluding k from the set
{1, . . . , n}. An alternative form analogous to (8.18) is

xre f (t) =
∑

j∈{1,...,n}\k

x∗
j (t)

x j (t)
x∗
k (t) (8.22)

where x∗
j (t), j ∈ {1, . . . , n} \ k are the (unconstrained or constrained) optimal state tra-

jectories from the Sect. 8.2.1, and x j (t) �= 0; otherwise, we can use (8.21). In (8.22), if
x j (t) > x∗

j (t), then xre f (t) < x∗
k (t), thus automatically reducing (or eliminating) the track-

ing error. Note that while xre f (t) in (8.22) depends heavily on the exact value of x j (t),
an advantage of (8.21) is that it allows xre f (t) to depend only on the error. Clearly, we
can define different tracking forms instead of (8.22) and (8.21) depending on the specific
characteristics of an application.

Using a specific selected form of xre f (t), we can now proceed as in Definition 2.4 and
define an output yk(t) := xk(t) − xre f (t) for the state variable xk which has relative degree
one. Accordingly, we define a CLF V (yk(t)) = y2k (t) with c1 = c2 = 1, c3 = ε > 0 as in
Definition 2.4. Then, any control input u(t) should satisfy, for all t ∈ [t0, t f ],

L f V (yk(t)) + LgV (yk(t))u(t) + εV (yk(t)) ≤ δk(t) (8.23)

where δk(t) is a relaxation variable (to be minimized as explained in the sequel) enabling
the treatment of the requirement xk(t) = xre f (t) as a soft constraint. Note that we may also
identify other state variables with relative degree one and define multiple CLFs to better
track the optimal state. Note that (8.23) does not include any (unknown) noise term. Also
note that selecting a larger ε can improve the state convergence rate [1].
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8.2.2.2 Safety Constraints and State Limitations
Next, we use HOCBFs to map the safety constraints (8.3) and state limitations (8.4) from the
state x(t) to the control input u(t). Let b j (x), j ∈ So, be the HOCBF corresponding to the
j th safety constraint. In addition, let bi,max(x) = xi,max − xi and bi,min(x) = xi − xi,min,

i ∈ {1, . . . , n}, be the HOCBFs for all state limitations, where xmax = (x1,max, . . . , xn,max),

xmin = (x1,min, . . . , xn,min). The relative degrees of bi,max(x), bi,min(x), i ∈ {1, . . . , n} are
mi , and the relative degrees of b j (x), j ∈ So are m j . Therefore, in Definition 3.3, we
choose HOCBFs with m = mi or m j , including the penalty factors pi,min > 0, pi,max >

0, pi,sa f e > 0 (see discussion after Definition 3.3) for all the class K functions. Following
(3.8), any control input ui (t) should satisfy

L
m j
f b j (x)+LgL

m j−1
f b j (x)u+O(b j (x))+ pi,sa f eαm j (ψm j−1(x)) ≥ 0, j ∈ So, (8.24)

Lmi
f bi,max(x)+LgL

mi−1
f bi,max(x)u+O(bi,max(x))+ pi,maxαmi (ψmi−1(x)) ≥ 0, (8.25)

Lmi
f bi,min(x)+LgL

mi−1
f bi,min(x)u+O(bi,min(x))+ pi,minαmi (ψmi−1(x)) ≥ 0, (8.26)

for all t ∈ [t0, t f ], i ∈ {1, . . . , n}. Note that u ∈ U in (2.19) are already constraints on the
control inputs, hence, we do not need to use HOCBFs for them.

8.2.2.3 Joint Optimal and HOCBF (OCBF) Controller
Using the HOCBFs and CLFs introduced in the last two subsections, we can reformulate
problem (8.15) in the form:

min
u(t),δk(t)

∫ t f

t0

(
βδ2k (t)+ ||u(t) − ure f (t)||2

)
dt, (8.27)

subject to (8.7), (8.23), (8.24,), (8.25), (8.26), and (2.19), the initial conditions x(t0), and
given t0, t f . Thus, we have combined the HOCBF method and the optimal control solution
by using (8.16) to link the optimal state and control to ure f (t), and using (8.20) in the CLF
(x(t) − xre f (t))2 to combine with (8.8). We refer to the resulting control u(t) in (8.27) as
the OCBF control.

Finally, in order to explicitly solve (8.27) as in Sect. 2.5.1,we partition the continuous time
interval [t0, t f ] into equal time intervals {[t0 + ω�t, t0 + (ω + 1)�t)}, ω = 0, 1, 2, . . . . In
each interval [t0 + ω�t, t0 + (ω + 1)�t), we assume the control is constant and find a
solution to the optimization problem in (8.27) using the CLF yk = (xk(t) − xre f (t))2 and
associated relaxation variable δk(t). Specifically, at t = t0 + ω�t (ω = 0, 1, 2, . . . ), we
solve

QP :
t=t0+ω�t

(u�(t), δ�
k(t)) = argmin

u(t),δk (t)

[
βδ2k (t)+ ||u(t) − ure f (t)||2

]
(8.28)

subject to
Aclf[u(t), δk(t)]T ≤ bclf (8.29)
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Acbf_lim[u(t), δk(t)]T ≤ bcbf_lim (8.30)

Acbf_safe[u(t), δk(t)]T ≤ bcbf_safe (8.31)

The constraint parameters Aclf, bclf pertain to the reference state tracking CLF constraint
(8.23):

Aclf = [LgV (yk(t)), −1],
bclf = −L f V (yk(t)) − εV (yk(t)).

(8.32)

On the other hand, the constraint parameters Acbf_lim, bcbf_lim capture the state HOCBF
constraints (8.25) and the control bounds (2.19):

Acbf_lim =

⎡
⎢⎢⎢⎣

−LgL
mi−1
f bi,max(x(t)), 0

−LgL
mi−1
f bi,min(x(t)), 0

1, 0
−1, 0

⎤
⎥⎥⎥⎦ ,

bcbf_lim =

⎡
⎢⎢⎢⎣
Lmi

f bi,max(x) + O(bi,max(x)) + pi,maxαmi (ψmi−1(x))

Lmi
f bi,min(x) + O(bi,min(x)) + pi,minαmi (ψmi−1(x))

umax

−umin

⎤
⎥⎥⎥⎦ .

(8.33)

for all i ∈ {1, . . . , n}. Finally, the constraint parameters Acbf_safe, bcbf_safe capture the safety
HOCBF constraints (8.24), for all j ∈ So:

Acbf_safe=
[
−LgL

m j−1
f b j (x), 0

]
,

bcbf_safe= L
m j
f b j (x) + O(b j (x)) + p j,sa f eαm j (ψm j−1(x)).

(8.34)

From a computational complexity point of view, it normally takes a fraction of a second
to solve (8.28) in MATLAB, rendering the OCBF controller very efficient for real-time
implementation. After solving each QP (8.28) we obtain an optimal OCBF control u�(t),
not to be confused with a solution of the original optimal control problem (8.1). We then
update (8.7) and apply it to all t ∈ [t0 + ω�t, t0 + (ω + 1)�t). Several applications of the
OCBF approach are given in Chap.9.

Remark 8.1 If we can find conditions such that the constraints are not active [81], then
we can simply track the unconstrained optimal control and state. This simplifies the imple-
mentation of the optimal trajectory planning without considering constraints, i.e., we can
directly apply ure f in (8.16) as the control input of system (8.7) instead of solving (8.28).
The feasibility of QP (8.28) can be improved through smaller pi,min, pi,max, p j,sa f e at the
expense of possibly shrinking the initial feasible set [71].
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8.2.3 Constraint Violations Due to Noise

The presence of noise in the dynamics (8.7) will generally result in violations of the con-
straints (8.4) or (8.3), which prevents the HOCBF method from satisfying the forward
invariance property [71]. Therefore, we must seek to minimize the time during which such
a constraint is violated.

8.2.3.1 Relative Degree One Constraints
Suppose that a constraint b(x(t)) ≥ 0 (one of the constraints in (8.3) or (8.4)) has relative
degree one for system (8.7). Let us first assume that w in (8.7) is bounded by ||w|| ≤ W ,
where W > 0 is a scalar. Then, the following modified CBF constraint [30] can guarantee
that b(x(t)) ≥ 0 is always satisfied under ||w|| ≤ W :

L f b(x(t)) + Lgb(x(t))u(t) + α(b(x(t))) −
∣∣∣∣
∣∣∣∣db(x(t))

dx

∣∣∣∣
∣∣∣∣W ≥ 0. (8.35)

We may also consider

L f b(x(t)) + Lgb(x(t))u(t) + α(b(x(t))) −
∣∣∣∣db(x(t))

dx

∣∣∣∣W ≥ 0. (8.36)

if the noise is bounded in the form ||w|| ≤ W , W ≥ 0 (componentwise). The HOCBF
constraint (3.8) with m = 1 is equivalent to L f b(x(t)) + Lgb(x(t))u(t) + α(b(x(t))) +
db(x(t))

dx w ≥ 0 if we take the derivative of b(x(t)) along the noisy dynamics (8.7). Thus,
the satisfaction of (8.36) implies the satisfaction of this constraint. Note that the modified
CBF constraint (8.36) is conservative since it always considers the (deterministic) noise
bound W .

Next, suppose a boundW is unknown, in which case we can proceed as follows. Assume
the constraint is violated at time t1 ∈ [t0, t f ] due to noise, i.e., we have b(x(t1)) < 0. We
need to ensure that b(x(t)) is strictly increasing after time t1, i.e., ḃ(x(t)) ≥ c(t), where
c(t) is positive and is desired to take the largest possible value maintaining the feasibility
of the QP (8.28), i.e., we wish to maximize c(t) at each time step (alternatively, we can
set c(t) = c > 0 as a positive constant). Using Lie derivatives, we evaluate the change in
b(x(t)) along the flow defined by the state vector. Then, any control u(t) must satisfy

L f b(x(t)) + Lgb(x(t))u(t) ≥ c(t) (8.37)

since we wish to maximize c(t) so that b(x(t)) is strictly increasing even if the system is
subject to the worst possible noise case. For this reason, in what follows we assume that the
random process w(t) in (8.7) is characterized by a probability density function with finite
support and we incorporate the maximization of c(t) into the cost (8.27) as follows:
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min
u(t),δk (t),c(t)

∫ t f

t0

(
βδ2k (t)+||u − ure f ||2 − Kc(t)

)
dt, (8.38)

where K > 0 is a large scalar weight parameter.
Note that several constraints may be violated at the same time. Starting from t1, we

apply the constraint (8.37) to the HOCBF optimizer instead of the HOCBF constraint (3.8),
and b(x(t)) will be positive again in finite time since it is strictly increasing. When b(x(t))
becomes positive again at t2 ∈ [t1, t f ], we can once again apply the HOCBF constraint (3.8).

8.2.3.2 High Relative Degree Constraints
If a constraint b(x(t)) ≥ 0 is such that b : Rn → R has relative degree m > 1 for (8.7), we
can no longer find a modified CBF constraint as in (8.36) that guarantees b(x(t)) ≥ 0 under
noise w. This is because we need to know the bounds of the derivatives of w as b(x(t)) will
be differentiatedm times. In other words, we need to recursively drive b(i)(x(t)) = di b(x(t))

dti

to be positive from i = m to i = 1 after it is violated at some time t ∈ [t0, t f ]. Therefore,
we need knowledge of the positive degree of b(x(t)) at t which is defined as follows.

Definition 8.1 (Positive degree) The positive degree ρ(t) of a relative degreem func-
tion b : Rn → R at time t is defined as:

ρ(t) :=
{

min
i∈{0,...,m−1}:b(i)(x(t))>0

i, if ∃i ∈ {0, . . . ,m−1}
m otherwise

(8.39)

If b(i)(x(t)) ≤ 0, for all i ∈ {0, . . . ,m − 1}, u(t) shows up in b(m)(x(t)) since the function
b has relative degree m for system (8.7). Therefore, we may choose a proper control input
u(t) such that b(m)(x(t)) > 0, and, in this case, ρ(t) = m. The positive degree of b(x(t))
at time t is 0 if b(x(t)) > 0.

Lettingψ0(x, t) := b(x(t)),we can construct a sequenceof functionsψi : Rn → R, ∀i ∈
{1, . . . ,m} similar to (3.3):

ψi (x) :=
⎧⎨
⎩

ψ̇i−1, if i < ρ(t),
ψ̇i−1(x) − ε, if i = ρ(t),
ψ̇i−1(x) + αi (ψi−1(x)), otherwise.

(8.40)

where αi (·), i ∈ {1, . . . ,m}, denote class K functions of their argument and ε > 0 is a

constant. We may choose ε ≥
∣∣∣ dψi−1(x)

dx

∣∣∣W if w is bounded as in (8.36).

We can then define a sequence of setsCi similar to (3.4) associated with theψi−1(x), i ∈
{1, . . . ,m} functions in (8.40). We replace the definitions of ψi−1(x),Ci , i ∈ {1, . . . ,m} in
Definition 3.3 to define b(x) to be a HOCBF.
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If ρ(t) = m, then ψm(x(t)) = ψ̇m−1(x(t)) − ε ≥ 0, which is equivalent to the HOCBF
constraint (3.8). The control u that satisfies ψ̇m−1(x(t)) ≥ ε > 0 will driveψm−1(x(t)) > 0
in finite time. Otherwise, since ψρ(t)(x(t)) > 0 according to Definition 8.1, we can always
choose proper class K functions αi (·), i ∈ {ρ(t) + 1, . . . ,m} such that ψi (x) ≥ 0, i.e.,
we can construct a non-empty set Cρ(t)+1 ∩ · · · ∩ Cm [71]. By Theorem 3.2, the set
Cρ(t)+1 ∩ · · · ∩ Cm is forward invariant if the HOCBF constraint (3.8) is satisfied. In
other words, ψρ(t)(x(t)) ≥ 0 is guaranteed. Since ψρ(t)(x(t)) = ψ̇ρ(t)−1(x(t)) − ε, then
ψ̇ρ(t)−1(x(t)) ≥ ε > 0. The function ψρ(t)−1(x(t)) will become positive in finite time, and
the positive degree of b(x(t)) will decrease by one. Proceeding recursively at mostm times,
eventually the positive degree of b(x(t))will be 0, i.e., the original constraint b(x(t)) > 0 is
satisfied in finite time. The time needed for the constraint b(x(t)) > 0 to be satisfied depends
on the magnitude of ε.

In addition to the above approach, one may also consider finite time convergence CBFs
[57, 76] or time-varying CBFs [31] to ensure the satisfaction of a constraint within specified
time if it is initially violated.



9Applications to AutonomousVehicles in Traffic
Networks

Advancements in next generation transportation system technologies have seen the emer-
gence of Autonomous Vehicles (AVs) in traffic networks. When these AVs are further
equipped with the ability to communicate with each other and exchange information, they
are referred to as Connected Autonomous Vehicles or Connected and Automated Vehicles
(CAVs). Their deployment promises dramatic improvements in terms of safety, reductions in
congestion, energy consumption, and air pollution, as well as increased comfort for drivers
and passengers [55, 64, 68].

The control and coordination of CAVs is particularly challenging at critical conflict areas
of a transportation system such as merging points (usually, highway on-ramps), roundabouts
and intersections. Clearly, decentralized control mechanisms are preferable, since all com-
putation is performed on board each vehicle and shared only with a small number of other
vehicles that are affected by it. Optimal control problem formulations are used in some of
these approaches, while Model Predictive Control (MPC) techniques are employed as an
alternative, primarily to account for additional constraints and to compensate for distur-
bances by re-evaluating optimal actions [41, 46].

An alternative to MPC is provided by the use of CBFs since they have the property of
guaranteeing safety constraints which, in the case of CAVs, is the most crucial requirement
for the acceptance and viability of long-awaited self-driving vehicles. In this chapter, we
show how to apply the CBF-methods developed throughout the book to the coordination of
CAVs in traffic networks, specifically exploiting the OCBFmethod presented in Chap. 8 [84,
86]. We consider three specific applications corresponding to traffic merging, roundabouts,
and signal-free intersections.
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9.1 Traffic Merging

In this section,we consider the problemof coordinatingCAVsmerging from roads,which are
generally curved, with the goal of jointly minimizing their travel time and energy consump-
tion as well as passenger discomfort, which results from centrifugal forces experienced
at higher speeds during the merging process. The safety constraints include maintaining
a speed-dependent safe distance for collision avoidance at the merging point and every-
where throughout the approaching area. The lateral rollover avoidance constraint is obtained
through the Zero Moment Point (ZMP) [54] method that is usually used in balancing legged
robots.

We should point out that the case of CAVs traveling and merging along straight roads
was analyzed in [83] as an optimal control problem assuming simple linear dynamics for
all CAVs. In this case, explicit analytical solutions can be derived, even when all constraints
become active. The price to pay for such a complete analytical solution is the computational
cost, which can range from under 0.1 s to several seconds whenever multiple constraints
become active, in which case one has to derive optimal controls for all constrained arcs
along an optimal trajectory. In the case of curved roads, such analytical solutions become
intractable and we will proceed using the OCBF approach of Chap. 8 (see also [86]), where
optimal control and CBFs are combined. In particular, we first derive an optimal solution
when no constraints become active in the optimal control problem. Then, we employ the
OCBF framework to optimally track this solution while also guaranteeing the satisfaction
of all constraints. The OCBF framework also allows us to study the trade-off between travel
time, centrifugal comfort and energy consumption. A simulation study of an actual curved
road merging problem that arises in the Massachusetts Turnpike is included in Sect. 9.1.3
showing significant improvements in the performance of the OCBF controller compared to
a baseline with human-driven vehicles.

9.1.1 Traffic Merging Control as an Optimal Control Problem

The merging problem arises when traffic must be joined from two different roads, usually
associated with a main lane and a merging lane as shown in Fig. 9.1. We consider the case
where all traffic consists of CAVs randomly arriving at the two curved roads joined at the
Merging Point (MP) M where a lateral collision may occur. Each segment from the origin O
or O ′ to the merging point M has a length L for both roads and radii rmain > 0, rmerg > 0
for the main and merging roads, respectively. These two segments over which CAVs may
communicate with each other and exchange state information is called the Control Zone
(CZ). CAVs do not overtake each other in the CZ, as each road consists of a single lane. A
multi-lane merging problem has been studied in [85] (without road curvatures), in which
case overtaking is included. Thus, the problem here can be extended to one with multiple



9.1 Traffic Merging 123

Fig. 9.1 The merging problem for roads with curvature

lanes in each road along similar lines; in this case, there are multiple MPs, similar to the
multi-lane intersection problem presented in Sect. 9.3.

A coordinator is associated with the MP whose function is to maintain a First-In-First-
Out (FIFO) queue of CAVs based on their arrival time at the CZ and to enable real-time
communication with the CAVs that are in the CZ, including the last one leaving the CZ. The
FIFO assumption, imposed so that CAVs cross the MP in their order of arrival, is made for
simplicity and often to ensure fairness, but can be relaxed through dynamic resequencing
schemes (e.g., [82]). An explicit resequencing method is included in the sequel.

Let S(t) be the set of FIFO-ordered (according to arrival times at O or O ′) indices of all
CAVs located in the CZ at time t ; this includes the CAV (whose index is 0 as shown in Fig.
9.1) that has just left the CZ. Let N (t) be the cardinality of S(t). Thus, if a CAV arrives at
O or O ′ at time t , it is assigned the index N (t). All CAV indices in S(t) decrease by one
when a CAV passes over the MP and the vehicle whose index is −1 is dropped.

The vehicle dynamics for each CAV i ∈ S(t) along the lane to which it belongs take the
form

ẋi (t) = vi (t), v̇i (t) = ui (t), (9.1)
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where xi (t) denotes the distance to the origin O (O ′) along the main (merging) lane if the
vehicle i is located in the main (merging) lane, vi (t) denotes the velocity, and ui (t) denotes
the control input (acceleration). We consider three objectives for each CAV subject to four
constraints, as detailed next.

Objective 1 (Minimizing travel time): Let t0i and tmi denote the time that CAV i ∈ S(t)
arrives at the origin O or O ′ and the merging point M , respectively. We wish to minimize
the travel time tmi − t0i for CAV i .

Objective 2 (Minimizing energy consumption):We alsowish tominimize energy consump-
tion for each i ∈ S(t):

minui (t)

∫ tmi

t0i

Ci (ui (t))dt, (9.2)

whereCi (·) is a strictly increasing function of its argument, and it usually takes the quadratic
form:Ci (ui (t)) = u2i (t). More detailed energy consumption models are possible (e.g., [24])
and are considered in [86].

Objective 3 (Maximizing centrifugal comfort): In order to minimize the centrifugal dis-
comfort (or maximize the comfort), we wish to minimize the centrifugal acceleration

minui (t)

∫ tmi

t0i

κ(xi (t))v
2
i (t)dt, (9.3)

where κ : R → R
≥0 is the curvature of the road at position xi . The curvature κ(xi ) has a

sign which is determined by 1
r(xi )

, where r : R → R is the radius of the road at xi . Since we
just wish to minimize the centrifugal acceleration, we ignore the sign and set κ(xi ) ≥ 0 in
what follows.

Constraint 1 (Safety constraints): Let i p denote the index of the CAV which physically
immediately precedes i in the CZ (if one is present). We require that the distance zi,i p (t) :=
xi p (t) − xi (t) be constrained by the speed vi (t) of CAV i ∈ S(t) so that

zi,i p (t) ≥ ϕvi (t) + δ, ∀t ∈ [t0i , tmi ], (9.4)

where ϕ denotes the reaction time (as a rule, ϕ = 1.8 is used, e.g., [67]). If we define zi,i p
to be the distance from the center of CAV i to the center of CAV i p, then δ is a constant
determined by the length of these two CAVs (taken to be a constant over all CAVs for
simplicity).

Constraint 2 (Safe merging): There should be enough safe space at the MP M for a CAV
(which eventually becomes CAV 1, as shown in Fig. 9.1) to cut in, i.e.,
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z1,0(t
m
1 ) ≥ ϕv1(t

m
1 ) + δ. (9.5)

Constraint 3 (Vehicle limitations): There are constraints on the speed and acceleration for
each i ∈ S(t):

vi,min ≤ vi (t) ≤ vi,max , ∀t ∈ [t0i , tmi ],
umin ≤ ui (t) ≤ umax , ∀t ∈ [t0i , tmi ], (9.6)

where vi,max > 0 and vi,min ≥ 0 denote the maximum and minimum speed allowed in the
CZ, while umin < 0 and umax > 0 denote the minimum andmaximum control, respectively.

Constraint 4 (Lateral safety constraint): Finally, there is a constraint on the centrifugal
acceleration to avoid lateral rollover for each i ∈ S(t):

κ(xi (t))v
2
i (t) ≤ wh

i

hi
g, ∀t ∈ [t0i , tmi ], (9.7)

where wh
i > 0 denotes the half-width of the vehicle, hi > 0 denotes the height of the center

of gravity with respect to the ground, and g is the gravity constant. The above lateral safety
constraint is obtained through the Zero Moment Point (ZMP) [54] method (assuming the
road lateral slope is zero) that balances the CAV considering both gravity and inertia.

Problem Formulation. Our goal is to determine a control law to achieve objectives 1–3
subject to constraints 1–4 for each i ∈ S(t) governed by the dynamics (9.1). We first choose
Ci (ui (t)) = 1

2u
2
i (t) in (9.2), noting that the OCBF method allows for more elaborate fuel

consumption models, e.g., as in [24]; in what follows, we shall limit ourselves to this model.
Normalizing each objective, and combining objectives 1, 2 and 3 with α1 ∈ [0, 1], α2 ∈
[0, 1 − α1], we formulate the following optimal control problem for each CAV:

minui (t),tmi

∫ tmi

t0i

[
α1+α2

κ(xi (t))v2i (t)

κmaxv2max
+(1−α1−α2)

1
2u

2
i (t)

1
2u

2
lim

]
dt, (9.8)

subject to (9.1), (9.4), (9.5), (9.6), (9.7), the initial and terminal position conditions
xi (t0i ) = 0, xi (tmi ) = L , and given t0i , v0i (where v0i denotes the initial speed), and ulim :=
max{u2max, u

2
min}. Observe that the merging time tmi is a decision variable in this problem.

Finally, the weight factor α1 ≥ 0, α2 ≥ 0 can be adjusted to penalize travel time and comfort
relative to the energy cost.

Multiplying (9.8) by
u2lim

2(1−α1−α2)
and letting

β1 = α1u2lim
2(1 − α1 − α2)

, β2 = α2u2lim
2(1 − α1 − α2)κmaxv2max

(9.9)
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we have a simplified and normalized version of (9.8):

minui (t),tmi

∫ tmi

t0i

[
β1 + β2κ(xi (t))v

2
i (t) + 1

2
u2i (t)

]
dt . (9.10)

9.1.2 Decentralized Online Control

Note that (9.10) can be locally solved by each CAV i provided that there is some information
sharing with only two other CAVs: CAV i p which physically immediately precedes i and
is needed in (9.4) and CAV i − 1 so that i can determine whether this CAV is located in
the same road or not. With this information, CAV i can determine which of two possible
cases applies: (i) i p = i − 1, i.e., i p is the CAV immediately preceding i in the FIFO queue
(e.g., i = 3, i p = 2 in Fig. 9.1), and (i i) i p < i − 1, which implies that CAV i − 1 is in a
different road from i (e.g., i = 4, i p = 1, i − 1 = 3 in Fig. 9.1). It is now clear that we can
solve problem (9.10) for any i ∈ S(t) in a decentralized way in the sense that CAV i needs
only its own local state information and state information from i − 1, as well as from i p in
case (i i) above. Observe that if i p = i − 1, then (9.5) is a redundant constraint; otherwise,
we need to separately consider (9.4) and (9.5). Therefore, we will analyze each of these two
cases in what follows.

Assumption 1 The safety constraint (9.4), state constraints (9.6), and lateral safety con-
straint (9.7) are not active at t0i .

Since CAVs arrive randomly, this assumption cannot always be enforced. However, we
can handle violations ofAssumption 1 by foregoing optimality and simply controlling aCAV
that violates it until all constraints become feasible within the CZ using the CBF method
[86].

UnderAssumption 1,wewill start by analyzing the case of no active constraints. The anal-
ysis of the cases where one or more constraints become active is similar to the straight road
merging problem studied in [83]. However, the computational time significantly increases
with constrained optimal solutions, which prevents the optimal control from being imple-
mentable in real-world merging problems. Therefore, in what follows, we use CBFs to
guarantee the satisfaction of all the constraints, and employ the OCBF framework from
Chap. 8 to optimally track the tractable unconstrained optimal solutions.

9.1.2.1 Unconstrained Optimal Control
Let Xi (t) := (xi (t), vi (t)) be the state vector of CAV i and λi (t) := (λx

i (t), λ
v
i (t)) be the

costate vector (for simplicity, in the sequel we omit explicit time dependence when no
ambiguity arises). The Hamiltonian associated with (9.10) with the state constraint, control
constraint and safety constraint adjoined is
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Hi (Xi , λi , ui ) = 1

2
u2i +β2κ(xi )v

2
i + λx

i vi + λv
i ui

+ μa
i (ui −umax ) + μb

i (umin − ui )

+ μc
i (vi − vmax ) + μd

i (vmin − vi )

+ μe
i (xi + ϕvi + δ − xi p )

+ μ
f
i (κ(xi )v

2
i − wh

i

hi
g) + β1.

(9.11)

TheLagrangemultipliersμa
i , μ

b
i , μ

c
i , μ

d
i , μ

e
i , μ

f
i are positivewhen the constraints are active

and become 0 when the corresponding inequalities are strict. Note that when the safety
constraint (9.4) becomes active, i.e., μe

i > 0, the expression above involves xi p (t). When
i = 1, the optimal trajectory is obtained without this term, since (9.4) is inactive over all
[t01 , tm1 ]. Thus, once the solution for i = 1 is obtained (based on the analysis that follows),
x∗
1 is a given function of time and available to i = 2. Based on this information, the optimal

trajectory of i = 2 is obtained. Similarly, all subsequent optimal trajectories for i > 2 can
be recursively obtained based on x∗

i p
(t) with i p = i − 1.

Since the terminal state constraint ψi,1 := xi (tmi ) − L = 0 is not an explicit function of
time, the transversality condition [12] is

Hi (Xi (t), λi (t), ui (t))|t=tmi
= 0, (9.12)

with the costate boundary condition λi (tmi ) = [(νi,1 ∂ψi,1
∂Xi

)T ]t=tmi
, where νi,1 denotes a

Lagrange multiplier.
The Euler-Lagrange equations become

λ̇x
i = −∂Hi

∂xi
= −μe

i − β2
∂κ(xi )

∂xi
v2i − μ

f
i

∂κ(xi )

∂xi
v2i , (9.13)

and

λ̇v
i = −∂Hi

∂vi

= −λx
i − μc

i + μd
i − ϕμe

i − 2β2κ(xi )vi − 2μ f
i κ(xi )vi ,

(9.14)

and the necessary condition for optimality is

∂Hi

∂ui
= ui + λv

i + μa
i − μb

i = 0. (9.15)

Since the curvature κ(xi ) of the road usually depends on the specific road configuration
and it prevents the derivation of an explicit solution, we replace κ(xi ) by the average (or
possiblymaximum) curvature κ̂ ≥ 0 of the road in the CZ. In the case of no active constraints
throughout an optimal trajectory, we also have μa

i = μb
i = μc

i = μd
i = μe

i = μ
f
i = 0.

Applying (9.15), the optimal control input is given by ui + λv
i = 0 and the Euler-Lagrange
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equation (9.14) yields λ̇v
i = −λx

i − 2β2κ̂vi . In the case of no active constraints through-
out an optimal trajectory, (9.13) implies λx

i (t) = ai , where ai is an integration constant.
Combining the last two equations, we have u̇i = a + 2β2κ̂vi .

Combining dynamics (9.1) with the above, we have

v̈i = a + 2β2κ̂vi . (9.16)

We can solve this differential equation and get the explicit solution for the speed as

v∗
i (t) = bi e

√
2β2κ̂t + ci e

−
√

2β2κ̂t − ai
2β2κ̂

, (9.17)

where bi , ci are integration constants.
Consequently, we obtain the following optimal solution for the unconstrained problem:

u∗
i (t) =

√
2β2κ̂(bi e

√
2β2κ̂t − ci e

−
√

2β2κ̂t ), (9.18)

x∗
i (t) = 1√

2β2κ̂
(bi e

√
2β2κ̂t − ci e

−
√

2β2κ̂t ) − ai
2β2κ̂

t + di , (9.19)

where di is also an integration constant. In addition, we have the initial conditions xi (t0i ) =
0, vi (t0i ) = v0i and the terminal condition xi (tmi ) = L . The costate boundary conditions and
(9.15) offer us ui (tmi ) = −λv

i (t
m
i ) = 0 and λi (tmi ) = (ai , 0), therefore, the transversality

condition (9.12) gives us an additional relationship:

β1 + β2κ̂v2i (t
m
i ) + aivi (t

m
i ) = 0. (9.20)

Then, for each i ∈ S(t), we need to solve the following five nonlinear algebraic equations
to get ai , bi , ci , di and tmi :

bi e
√

2β2κ̂t0i + ci e
−
√

2β2κ̂t0i − ai
2β2κ̂

= v0i ,

1√
2β2κ̂

(
bi e

√
2β2κ̂t0i − ci e

−
√

2β2κ̂t0i
)

− ai
2β2κ̂

t0i + di = 0,

1√
2β2κ̂

(
bi e

√
2β2κ̂tmi −ci e

−
√

2β2κ̂tmi
)
− ai
2β2κ̂

tmi +di = L,

√
2β2κ̂

(
bi e

√
2β2κ̂tmi − ci e

−
√

2β2κ̂tmi
)

= 0,

β1 + β2κ̂

(
bi e

√
2β2κ̂tmi + ci e

−
√

2β2κ̂tmi − ai
2β2κ̂

)2

+ ai

(
bi e

√
2β2κ̂tmi + ci e

−
√

2β2κ̂tmi − ai
2β2κ̂

)
= 0.

(9.21)
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Note that when β2 → 0 (i.e., α2 → 0), the optimal control (9.18) degenerates to the case
without any comfort consideration. In other words, the optimal control (9.18) is in linear
form as in [83]: limβ2→0 ui (t) = fat + fb, where fa = 2β2κ̂(bi + ci ), fb = √

2β2κ̂(bi −
ci ) following a Taylor series expansion.

The equations in (9.21) are usually hard to solve as there are too many exponential terms
(it usually takes about one second using solve in Matlab to solve them). This motivates us
to use a computationally efficient solution approach as shown in the next subsection.

9.1.2.2 Explicit Solution for Integration Constants
In this section, we show how to determine an explicit solution for the integration constants
of the optimal control (9.18) which significantly reduces the computational complexity.
By Lemma 2 in [83], we have tmi − t0i = tmj − t0j if v0i = v0j , i ∈ S(t), j ∈ S(t) if β2 = 0.
This is also true if β2 > 0 as the total travel time clearly does not depend on the arrival
time t0i of a CAV i ∈ S(t). Moreover, observe that v0i shows up only in the first of the
five equations in (9.21). Therefore, given β1, β2, we can get the solution for tmi for some
fixed v0i ∈ [vmin, vmax ] by solving (9.21) off line with t0i = 0. We can then construct a
look-up table over a finite number of v0i values constrained by v0i ∈ [vmin, vmax ] and use a
simple linear interpolation for any possible v0i value actually observed. However, since v0i
is continuous and this approach may induce non-negligible errors, we choose instead to use
regression (e.g., with polynomial or Gaussian kernels) to obtain the solution of tmi for all
v0i ∈ [vmin, vmax ] in the form:

tmi = t0i + R(v0i ), (9.22)

where R : R → R denotes the regression model. Thus, we can immediately obtain tmi on
line from (9.22) for any CAV arriving at time t0i with speed v0i .

Since the last equation of (9.21) is used to determine tmi , which is already evaluated as
discussed above, it remains to use the first four equations to determine ai , bi , ci , di , which
are all in linear form. Therefore, we get

⎡
⎢⎢⎣
ai
bi
ci
di

⎤
⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

− 1
2β2κ̂

e
√

2β2κ̂t0i e−
√

2β2κ̂t0i 0

− t0i
2β2κ̂

e
√

2β2 κ̂t0i√
2β2κ̂

− e−√
2β2 κ̂t0i√
2β2κ̂

1

− tmi
2β2κ̂

e
√

2β2 κ̂tmi√
2β2κ̂

− e−√
2β2 κ̂tmi√
2β2κ̂

1

0 e
√

2β2κ̂tmi −e−
√

2β2κ̂tmi 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

−1
⎡
⎢⎢⎣
v0i
0
L
0

⎤
⎥⎥⎦ . (9.23)

The above equation is then the explicit solution for the four integration constants of (9.18),
and it is much more computationally efficient than solving (9.21). The above matrix is
invertible if there exists a solution in (9.21).
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9.1.2.3 Constrained Optimal Control
When one or more constraints in the merging problem becomes active, we can use the stan-
dard interior point analysis [12] for determining all constrained arcs in an optimal trajectory
and their times when they start, similar to the straight-road merging case with no comfort
constraints shown in [83]. This leads to a complete constrained optimal control solution.
However, this solution can become complicatedwhen two ormore constraints become active
in an optimal trajectory and very time-consuming to obtain, hence possibly prohibitive for
real-time implementation. It is for this reason that we resort to the CBF method to guarantee
the satisfaction of all constraints while sacrificing some performance if some constraints
become active. This method can be implemented on line for the merging problems studied
in [86].

9.1.2.4 Joint Optimal Control and Control Barrier Function (OCBF) Method
In this section,we briefly review theOCBFapproach fromChap. 8 (see also [86]) as it applies
to our merging problem. The OCBF controller aims to track the OC solution (9.18)–(9.19)
while satisfying all constraints (9.4), (9.5), and (9.6). Each of the constraints in (9.4), (9.5),
(9.6), and (9.7) can be enforced by a CBF as discussed in previous chapters. In particular,
each of the continuously differentiable state constraints is mapped onto another constraint
on the control input such that the satisfaction of this new constraint implies the satisfaction
of the original constraint, as detailed in Chaps. 2 and 3. In addition, a Control Lyapunov
Function (CLF), as defined in Sect. 2.4, can also be used to track (stabilize) the optimal
speed trajectory (9.17)

Therefore, the OCBF controller solves the following problem:

min
ui (t),ei (t)

Ji (ui (t), ei (t))=
∫ tmi

t0i

(
βe2i (t)+

1

2
(ui (t)−ure f (t))

2
)
dt, (9.24)

subject to the CBF constraints that enforce (9.4), (9.6), (9.5), and (9.7), and to the CLF
constraint for tracking. Here, β > 0 and ei (t) is a relaxation variable in the CLF constraint.
The obvious selection for the control (acceleration) reference signal is ure f (t) = u∗

i (t) given
by (9.18).However,we can improve the tracking process using x∗

i (t) from (9.19) by selecting
instead:

ure f (t) = x∗
i (t)

xi (t)
u∗
i (t). (9.25)

Alternative choices of ure f (t) are also possible as shown in [84, 86].
We refer to the resulting control ui (t) in (9.24) as the “OCBF control”. The solution to

(9.24) is obtained through the familiar by now method first presented at the end of Chap. 2:
we discretize the time interval [t0i , tmi ] with time steps of length � and solve (9.24) over
[t0i + k�, t0i + (k + 1)�], k = 0, 1, . . ., with ui (t), ei (t) as decision variables held constant
over each such interval. Consequently, each such problem is a QP since we have a quadratic
cost and a number of linear constraints on the decision variables at the beginning of each
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interval. The solution of each such problem gives u∗
i (t

0
i + k�), k = 0, 1, . . ., allowing us

to update (9.1) in the kth time interval. This process is repeated until CAV i leaves the CZ.

9.1.2.5 Dynamic Resequencing
The FIFO assumption imposed on the curved-roadmerging problem can potentially decrease
CAV performance as the main and merging roads may have different curvatures. This non-
symmetric structure generally benefits from non-FIFO CAV ordering as observed in [82]. In
order to relax the FIFO assumption, the Optimal Dynamic Resequencing (ODR) approach
in [82] includes a step before a new CAV arrives at one of the origins where the CAV
obtains the constrained optimal solution and uses the joint objective function to determine
the passing order at the MP. This approach is computationally expensive and, as already
seen, the constrained optimal solutions are harder to be found in the curved-road merging
problem.

In order to improve the computational efficiency of this process, wewill relax the require-
ment for optimal resequencing by considering only the travel time under the unconstrained
optimal control (9.18) as the objective used to determine the passing order. Since this rese-
quencing may not be the optimal policy, we refer to it as Dynamic Resequencing (DR).
Specifically, if the MP arrival time tmi under the unconstrained optimal control (9.18) of a
new arrival CAV i ∈ S(t) satisfies

tmj − tmi ≥ ϕ + δ

v∗
j (t

m
i )

, (9.26)

for some j ∈ S(t) such that i p < j < i (i.e., j is located at a different road from i), then the
newly arriving CAV i overtakes CAV j under v∗

j (t
m
i ) which is the unconstrained optimal

speed of j from (9.17) at time tmi . If such j is found in (9.26), its safe merging constraint
will change after resequencing. We conclude by noting that this analysis is still subject to
the problem of possibly infeasible QPs which we have studied throughout the book, starting
with Chap. 4.

9.1.3 Simulation Results for Traffic Merging Control

We have selected a merging configuration that occurs in the US interstate highway I-
90 (known as the Massachusetts Turnpike) in the Boston area, as shown in Fig. 9.2. All
CAVs start to communicate with a coordinator (at the merging point) in the resequenc-
ing/connection zone as shown in the figure. In order to compare the performance of the
OCBF controller used in this setting to a baseline consisting entirely of human-driven vehi-
cles, we have used the Vissim microscopic multi-model traffic flow simulation tool. The
car-following model in Vissim is based on [69] and simulates human psycho-physiological
driving behavior.
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Fig. 9.2 A merging configuration at the I-90 Massachusetts Turnpike, USA

The parameters of the map shown in Fig. 9.2 are as follows: L = 200m, κ̂ = 1
200 , vi,max

= 20m/s in the main road, and κ̂ = 1
50 , vi,max = 15m/s in the merging road. In addition,

� = 0.1 s, ϕ = 1.8 s, δ = 0m, vmin = 0m/s, umax = −umin = 0.4 g, g = 9.81m/s2. We
set different cost weights for the main and merging roads, i.e., we set α1 = 0.3, α2 = 0.1
in the main road, and α1 = 0.3, α2 = 0.4 in the merging road. The simulation under opti-
mal control is conducted in MATLAB by using the same arrival process input and initial
conditions as in Vissim. The CAVs enter the CZ under a Poisson arrival process with an
initial speed in the range 6.5−12.5m/s at the origins. The MATLAB computation time for
the OCBF framework is minimal, i.e., less than 0.01 s for each QP of the OCBF controller
(9.24) (Intel(R) Core(TM) i7-8700 CPU @ 3.2GHz×2).

Simulation results comparing the OCBF controller to the VIssim car-following model
under two different traffic rates are summarized in Table9.1. Since we choose different
α1, α2 for the main and merging roads, we list the metrics separately in Table9.1.

When the traffic rates in the main and merging roads are equal at 500 CAVs/h, the overall
objective function of CAVs in the main road improves about 22% with the OCBF method
(using FIFO) compared with Vissim, and it further improves about 4% with the OCBF
method when DR is included (see Sect. 9.1.2.5). Note that the energy consumption in the
main road is 10 times worse for the OCBF method relative to Vissim, while the energy
consumption in the merging road is 10 times better for the OCBF method. This is due to the
fact that the CAVs in the main road have a higher speed limit than the ones in the merging
road. Therefore, a CAV i in the main road may need a large energy consumption in order
to satisfy the safe merging constraint at the MP when it has to coordinate with a CAV i − 1
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Table 9.1 Objective function comparison

Rate(CAVs/h) Main:500, Merg.:500 Main:500, Merg.:800

Method Vissim OCBF DR Vissim OCBF DR

Main time (s) 22.27 13.35 12.49 22.43 15.57 13.30

Main comfort 9.07 15.75 16.71 9.03 13.46 15.72

Main 1
2u

2
i (t) 1.21 10.93 10.42 1.23 12.86 14.35

Main obj. 92.76 72.42 69.22 93.37 81.43 75.63

Merg. time (s) 26.71 15.92 15.94 39.02 16.40 16.32

Merg. comfort 35.89 50.77 50.73 30.61 49.50 49.75

Merg. 12u
2
i (t) 13.78 0.05 1.13 13.29 1.79 3.20

Merg. obj. 301.3 238.4 239.6 606.6 241.0 242.3

whose speed is low in the merging road. Similar results are obtained when the arrival rate
increases to 800 CAVs/h in the merging road.

When the traffic arrival rate increases to 1000 CAVs/h for both the main and merging
roads, the human driven vehicles in the merging road will cause a heavy traffic congestion in
Vissim, while the OCBFmethod can successfully manage the traffic without any congestion
at all (see videos1).

9.2 Roundabout Traffic Control

Roundabouts are important components of a traffic network because they usually perform
better than typical intersections in terms of efficiency and safety [20]. However, they can
become significant bottleneck points as the traffic rate increases if traffic coordination is not
properly executed, resulting in significant delays. Studies to date have mainly focused on
conventional human-driven vehicles and have tried to solve the problem through improved
road design or traffic signal control [38, 95, 101]. More recently, however, new methods
have been proposed based on decentralized optimal control of CAVs in a roundabout.

In this section, we formulate an optimal control problem for controlling CAVs traveling
through a roundabout as introduced in [97]. Unlike [14, 104], we jointlyminimize the travel
time and energy consumption and also consider speed-dependent safety constraints at a set of
Merging Points (MPs) rather than merging zones (which makes solutions less conservative
by improving roadway utilization). In addition, to improve computational efficiency, we
adopt the joint Optimal Control and Control Barrier Function (OCBF) approach presented in
Chap. 8 (see also [86]): we first derive an optimal solutionwhen no constraints become active
and subsequently optimally track this solution while also guaranteeing the satisfaction of all

1 https://sites.google.com/view/xiaowei2021/research?authuser=0#h.o3pn0s7rv2ye.

https://sites.google.com/view/xiaowei2021/research?authuser=0#h.o3pn0s7rv2ye
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constraints through the use of CBFs. Similar to the merging problem in Sect. 9.1, we initially
assume a First-In-First-Out (FIFO) sequencing policy over the entire system. However, in
this case the FIFO policy does not perform well in many “asymmetric” configurations.
Thus, we also adopt an alternative sequencing policy, termed Shortest Distance First (SDF),
which our experimental results show to be superior to FIFO. Nonetheless, the problem of
systematically studying the effect of the passing order at roundaboutMPs remains the subject
of ongoing research.

9.2.1 Roundabout Traffic Control as an Optimal Control Problem

We consider a simplified single-lane triangle-shaped roundabout with 3 entries and 3 exits
as shown in Fig. 9.3. The more common case of circular roundabouts has been recently
analyzed in [98] based on similar ideas. We consider the case where all traffic consists of
CAVs which randomly enter the roundabout from three different origins O1, O2 and O3 and
have assigned exit points E1, E2 and E3. The gray road segments which include the triangle
and three entry roads form the Control Zone (CZ) where CAVs can share information and
thus be automatically controlled.We assume all CAVsmove in a counterclockwise direction
in the CZ. The entry road segments are connected with the triangle at the three Merging
Points (MPs) where CAVs from different road segments may potentially collide with each
other. The MPs are labeled M1, M2 and M3. We assume that each road segment has one
single lane (extensions to multiple lanes and MPs are possible following the analysis in
[85]) The three entry road segments, which are labeled l1, l2 and l3, have the same length
L , while the road segments in the triangle, which are labeled l4, l5 and l6, have the same
length La (extensions to different lengths are straightforward). In Fig. 9.3, a circle, square
and triangle represent entering from O1, O2 and O3 respectively. The color red, green and
blue represents exiting from E1, E2 and E3 respectively. The full trajectory of a CAV in
terms of the MPs it must go through can be determined by its entry and exit points.

A coordinator, i.e., a Road Side Unit (RSU) associated with the roundabout, maintains a
passing sequence and records the information of each CAV. The CAVs communicate with
the coordinator but are not controlled by it. All control inputs are evaluated on board each
CAV in a decentralized way. Each CAV is assigned a unique index upon arrival at the
CZ according to the passing order. The most common scheme for maintaining a passing
sequence is the First-In-First-Out (FIFO) policy according to each CAV’s arrival time at the
CZ. The FIFO rule is one of the simplest schemes, yet works well in many situations as also
shown in [93]. For simplicity, in what follows we use the FIFO policy, but we point out that
any policy may be used, such as the Dynamic Resequencing (DR) method in [102]. We also
introduce one such alternative in Sect. 9.2.2.
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Fig. 9.3 A roundabout with 3 entries

Let S(t) be the set of CAV indices in the coordinator queue table at time t . The cardinality
of S(t) is denoted as N (t). When a newCAV arrives, it is allocated the index N (t) + 1. Each
time a CAV i leaves the CZ, it is dropped and all CAV indices larger than i decrease by one.
When CAV i ∈ S(t) is traveling in the roundabout, there are several important eventswhose
times are used in our analysis: (i) CAV i enters the CZ at time t0i , (i i) CAV i arrives at MP

Mk at time tki , k ∈ {1, 2, 3}, (i i i) CAV i leaves the CZ at time t fi . Based on this setting, we
can formulate an optimal control problem as described next.

Let x j
i (t) denote the distance from the origin Oj , j ∈ {1, 2, 3} to the current location

of CAV i along its trajectory as x j
i (t). Since the CAV’s unique identity i contains the

information about the CAV’s origin Oj , we can use xi (t) instead of x
j
i (t) (without any loss

of information) to describe the vehicle dynamics as

ẋi (t) = vi (t), v̇i (t) = ui (t), (9.27)
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where vi is the velocity CAV i along its trajectory and ui is the acceleration (control input).
We can now proceed similar to the traffic merging problem formulation in Sect. 9.1.1 to
define an optimal control problem for each CAV as follows.

Objective 1 Minimize the travel time Ji,1 = t fi − t0i where t0i and t fi are the times CAV i
enters and exits the CZ.

Objective 2 Minimize energy consumption:

Ji,2 =
∫ t fi

t0i

Ci (ui (t))dt (9.28)

where Ci (·) is a strictly increasing function of its argument. Since the energy consumption
rate is amonotonic function of the acceleration, we adopt this general form to achieve energy
efficiency.

Constraint 1 (Rear-end safety constraint) Let i p denote the index of the CAVwhich imme-
diately precedes CAV i on road segment lk . The distance between i p and i , zi,i p (t) ≡
xi p (t) − xi (t), should be constrained by a speed-dependent constraint:

zi,i p (t) ≥ ϕvi (t) + δ, ∀t ∈ [t0i , t fi ], ∀i ∈ S(t) (9.29)

where ϕ denotes the reaction time (as a rule, ϕ = 1.8 is suggested, see [67]), δ denotes the
minimum safety distance (in general, we may use δi to make this distance CAV-dependent
but will use a fixed δ for simplicity). The index of the preceding CAV’s index i p may change
due to road segment changing events and is determined by the method described later in
Sect. 9.2.2.2.

Constraint 2 (Safe merging constraint) Let tki , k ∈ {1, 2, 3} be the arrival time of CAV i
at MP Mk . Let im denote the index of the CAV that CAV i may collide with when arriving
at its next MP Mk . The distance between im and i , zi,im (t) ≡ xim (t) − xi (t), is constrained
by:

zi,im (tki ) ≥ ϕvi (t
k
i ) + δ, ∀i ∈ S(t), k ∈ {1, 2, 3} (9.30)

where im can be determined and updated by the method described in Sect. 9.2.2.2.

Constraint 3 (Vehicle limitations) The CAVs are also subject to velocity and acceleration
constraints due to physical limitations or road rules:

vi,min ≤ vi (t) ≤ vi,max, ∀t ∈ [t0i , t fi ], ∀i ∈ S(t)

ui,min ≤ ui (t) ≤ ui,max, ∀t ∈ [t0i , t fi ], ∀i ∈ S(t)
(9.31)
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where vi,max > 0 and vi,min ≥ 0 denote the maximum and minimum speed for CAV i ,
ui,max < 0 and ui,min < 0 denote the maximum and minimum acceleration for CAV i . We
further assume common speed limits dictated by the traffic rules at the roundabout, i.e.
vi,min = vmin, vi,max = vmax.

As in the trafficmergingproblem,weconstruct a convex combinationof the twoobjectives
above:

Ji =
∫ t0i

t fi

[
α + (1 − α)

1
2u

2
i (t)

1
2max{u2max, u

2
min}

]
dt, (9.32)

where Ji,1 and Ji,2 are combined with α ∈ [0, 1] after proper normalization. Here, we
simply choose the quadratic function Ci (ui ) = 1

2u
2
i (t). If α = 1, the problem degenerates

into a minimum traveling time problem. If α = 0, it degenerates into a minimum energy
consumption problem.

By defining β ≡ α
2(1−α)

max{u2max, u
2
min}, α ∈ [0, 1) and proper scaling, we can rewrite

this minimization problem as

Ji (ui ) = β(t fi − t0i ) +
∫ t fi

t0i

1

2
u2i (t)dt, (9.33)

where β is the weight factor derived from α. This minimization is subject to constraints
(9.27), (9.29), (9.30), (9.31), the initial condition xi (t0i ) = 0, and given t0i , v

0
i and xi (t

f
i ).

9.2.2 Decentralized Online Control

Compared to the single-lane merging control problem where the constraints are determined
and fixed immediately when CAV i enters the CZ, the main difficulty in a roundabout is that
the constraints generally change after every event (defined earlier). In particular, for each
CAV i at time t only the merging constraint related to the next MP ahead is considered. In
other words, we need to determine at most one i p to enforce (9.29) and one im to enforce
(9.30) at any time instant. There are two different ways to deal with this problem: (i) Treat
the system as a single CZwith threeMPswith knowledge of eachCAV’s sequence ofMPs, or
(i i) Decompose the roundabout into three separate merging problems corresponding to the
three MPs, each with a separate CZ. The first approach is more complex and heavily relies
on the CAV sequencing rule used. If FIFO is applied, it is likely to perform poorly in a large
roundabout, because a new CAVmay experience a large delay in order to preserve the FIFO
passing sequence. The second approach is easier to implement but may cause congestion
in a small roundabout due to the lack of space for effective control at each separate CZ
associated with each MP.
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Table 9.2 The extended coordinator queue table S(t)

S(t)

Idx State Curr. Ori. 1st MP 2nd MP 3rd MP i p im

0 x0 l6 l1 M1, M M2, M M3, M

1 x1 l6 l1 M1, M M2, M M3, M 0

2 x2 l5 l2 M2, M

3 x3 l2 l2 M2 M3 M1 2

4 x4 l2 l2 M2 M3 3

5 x5 l3 l3 M3 M1 1

6 x6 l4 l1 M1, M

7 x7 l4 l1 M1, M M2 M3 6 4

8 x8 l1 l1 M1 M2 7

9 x9 l1 l1 M1 M2 M3 8

In order to solve problem (9.33) for each CAV i , we need to first determine the corre-
sponding i p and im (when they exist) required in the safety constraints (9.29) and (9.30).
Once this task is complete and (9.29) and (9.30) are fully specified, then this problem can
be solved. In what follows, this first task is accomplished through a method designed to
determine the constraints in an event-driven manner which can be used in either of the two
approaches above and for any desired sequencing policy. An extended queue table, an exam-
ple of which is shown in Table9.2 corresponding to Fig. 9.3, is used to record the essential
state information and identify all conflicting CAVs. We specify the state-updating mecha-
nism for this queue table so as to determine for each CAV i the corresponding i p and im .
Then, we focus on the second approach above and develop a general algorithm for solving
(9.33) based on the OCBF method.

9.2.2.1 The Extended Coordinator QueueTable
Starting with the coordinator queue table shown in Fig. 9.3, we extend it to include six
additional columns for each CAV i . The precise definitions are given below:

• idx: Unique CAV index, which allows us to determine the order in which the CAV will
leave the roundabout according to some policy (e.g., FIFO in Table9.2 where rows are
ordered by the index value).

• state: CAV state xi = (xi , vi ) where xi denotes the distance from the entry point to the
location of CAV i along its current road segment.

• curr.: Current CAV road segment, which allows us to determine the rear-end safety
constraints.
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• ori.: Original CAV road segment, which allows us to determine its relative position when
in road segment curr.

• 1st-3rd MP: These columns record all the MPs on the CAV trajectory. If a CAV has
already passed an MP, this MP is marked with an M . Otherwise, it is unmarked. As a
CAVmay not pass all threeMPs in the roundabout, some of these columns may be blank.

• i p: Index of the CAV that immediately precedes CAV i in the same road segment (if such
a CAV exists).

• im : Index of the CAV that may conflict with CAV i at the next MP. CAV im is the last
CAV that passes the MP ahead of CAV i . Note that if im and i are in the same road
segment, then im (= i p) is the immediately preceding CAV. In this case, the safe merging
constraint is redundant and need not be included.

The extended coordinator queue table S(t) is updated whenever an event (as defined ear-
lier) occurs. Thus, there are three different update processes corresponding to each triggering
event:

• A new CAV enters the CZ: The CAV is indexed and added to the bottom of the queue
table.

• CAV i exits the CZ: All information of CAV i is removed. All rows with index larger
than i decrease their index values by 1.

• CAV i passes an MP: Mark the MP with M and update the current road segment value
curr of CAV i with the one it is entering.

9.2.2.2 Determination of Safety Constraints
Recall that for each CAV i in the CZ, we need to consider two different safety constraints:
(9.29) and (9.30). First, by looking at each row j < i and the corresponding current road
segment value curr, CAV i can determine its immediately preceding CAV i p if one exists.
This fully specifies the rear-end safety constraint (9.29).

Next, we determine the CAV which possibly conflicts with CAV i at the next MP it will
pass so as to specify the safe merging constraint (9.30). To do so, we find in the extended
queue table the last CAV j < i thatwill pass or has passed the sameMPasCAV i . In addition,
if the CAV is in the same road segment as CAV i , it coincides with the preceding CAV i p.
Otherwise, we find im , if it exists. As an example, in Table9.2 (a snapshot of Fig. 9.3), CAV
8 has no immediate preceding CAV in l1, but it needs to yield to CAV 7 (although CAV 7
has already passed M3, when CAV 8 arrives at M3 there needs to be adequate space between
CAV 7 and 8 for CAV 8 to enter l4). CAV 9, however, only needs to satisfy its rear-end safety
constraint with CAV 8.
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It is now clear that we can use the information in S(t) in a systematic way to determine
both i p in (9.29) and im in (9.30). Thus, there are two functions i p(e) and im(e) which need
to be updated after event e if this event affects CAV i . The index i p can be easily determined
by looking at rows j < i in the extended queue table until the first one is found with the
same value curr as CAV i . For example, CAV 9 searches for its i p from CAV 8 to the top
and sets i p = 8 as CAV 8 has the curr value l1. Next, the index im is determined. To do
this, CAV i compares its MP information to that of each CAV in rows j < i . The process
terminates the first time that any one of the following two conditions is satisfied:

• The MP information of CAV im matches CAV i . We define im to “match” i if and only if
the last markedMP or the first unmarkedMP of CAV im is the same as the first unmarked
MP of CAV i .

• All prior rows j < i have been looked up and none of them matches the MP information
of CAV i .

Combining the two updating processes for i p and im together, there are four different
cases as follows:

1. Both i p and im exist. In this case, there are two possibilities: (i) i p �= im . CAV i has
to satisfy the safe merging constraint (9.30) with i p < i and also satisfy the rear-end safety
constraint (9.29) with im < i . For example, for i = 7, we have i p = 6 and im = 4 (M2 is
the first unmarked MP for CAV 7 and that matches the first unmarked MP for CAV 4). (i i)
i p = im . CAV i only has to follow i p and satisfy the rear-end safety constraint (9.29) with
respect to i p. Thus, there is no safe merging constraint for CAV i to satisfy. For example,
i = 4 and i p = im = 3.

2. Only i p exists. In this case, there is no safe merging constraint for CAV i to satisfy.
CAV i only needs to follow the preceding CAV i p and satisfy the rear-end safety constraint
(9.29) with respect to i p. For example, i = 1 and i p = 0.

3. Only im exists. In this case, CAV i has to satisfy the safe merging constraint (9.30)
with the CAV im in S(t). There is no preceding CAV i p, thus there is no rear-end safety
constraint. For example, i = 5, im = 1 (M3 is the first unmarked MP for CAV 5 and that
matches the last marked MP for CAV 1 with no other match for j = 4, 3, 2).

4. Neither i p nor im exists. In this case, CAV i does not have to consider any safety
constraints. For example, i = 2.

9.2.2.3 Sequencing Policies with Sub-coordinator QueueTables
Thus far, we have assumed a FIFO sequencing policy in the whole roundabout and defined
a systematic process for updating i p(e) and im(e) after each event e, hence, the entire
extended queue table S(t). However, FIFO may not be a good sequencing policy if applied
to the whole roundabout. In order to allow possible resequencing when a CAV passes anMP,
we introduce next a sub-coordinator queue table Sk(t) associated with each Mk , k = 1, 2, 3.
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Table 9.3 The sub-coordinator queue table S1(t)

S1(t)

Idx Info Curr. Ori. 1st MP 2nd MP 3rd MP i p im

6 x6 l4 l1 M1, M

7 x7 l4 l1 M1, M M2 M3 6

8 x8 l1 l1 M1 M2 7

0 x0 l6 l1 M1, M M2, M M3, M

1 x1 l6 l1 M1, M M2, M M3, M 0

9 x9 l1 l1 M1 M2 M3 8

Sk(t) coordinates all the CAVs for which Mk is the next MP to pass or it is the last MP that
they have passed. We define CZk as the CZ corresponding to Mk that consists of the three
road segments directly connected to Mk . A sub-coordinator queue table can be viewed as a
subset of the extended coordinator queue table except that the CAVs are in different order
in the two tables. As an example, Table9.3 (a snapshot of Fig. 9.3) is the sub-coordinator
queue table corresponding to M1 (in this case, still based on the FIFO policy).

The sub-coordinator queue table Sk(t) is updated as follows after each event that has
caused an update of the extended coordinator queue table S(t):

• For each CAV i in a sub-coordinator queue table Sk(t), update its information depending
on the event observed: (i) A new CAV j enters CZk (either from an entry point to the
roundabout CZ or a MP passing event): Add a new row to Sk(t) and resequence the
sub-coordinator queue table according to the sequencing policy used. (i i) CAV j exits
CZk : Remove all the information of CAV j from Sk(t).

• Determine i p and im in each sub-coordinator queue table with the same method as
described in Sect. 9.2.2.2.

• Update CAV j’s i p and im in the extended coordinator queue table with the corresponding
information in Sk(t), while Mk is the next MP of CAV j .

Note that CAV j may appear in multiple sub-coordinator queue tables with different i p
and im values. However, only the one in Sk(t) where Mk is the next MP CAV j will pass
is used to update the extended coordinator queue table S(t). The information of CAV j in
other sub-coordinator queue tables is necessary for determining the safety constraints as
CAV j may become CAV i p or im of other CAVs.

9.2.2.4 Resequencing Rule
The sub-coordinator queue table allows resequencing when a CAV passes a MP. A rese-
quencing rule generally designs and calculates a criterion for each CAV and sorts the CAVs
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in the queue table when a new event happens. For example, FIFO takes the arrival time in
the CZ as the criterion while the Dynamic Resequencing (DR) policy [102] uses the overall
objective value in (9.33) as the criterion.

We describe here a straightforward yet effective (see Sect. 9.2.3) resequencing rule for
the roundabout as follows. Let x̃ ki ≡ xi − dkj be the position of CAV i relative to Mk , where

dkj denotes the fixed distance from the entry point (origin) Oj to merging point Mk along
the trajectory of CAV i . Then, consider

yi (t) = −x̃ ki (t) − ϕvi (t). (9.34)

This resequencing criterion reflects the distance between the CAV and the next MP. The
CAV which has the smallest yi (t) value is allocated first, thus referring to this as the Short-
est Distance First (SDF) policy. Note that ϕvi (t) introduces a speed-dependent term corre-
sponding to the speed-dependent safety constraints. This simple resequencing rule is tested
in Sect. 9.2.3. Other resequencing policies can also be easily implemented with the help of
the sub-coordinator queue tables.

9.2.2.5 Unconstrained Optimal Control
We now return to the solution of problem (9.33) subject to constraints (9.27), (9.29), (9.30),
(9.31), the initial condition xi (t0i ) = 0, and given t0i , v

0
i and xi (t

f
i ). The problem formulation

is complete sincewe have used the extended coordinator table to determine i p and im (needed
for the safety constraints) associated with the closest MP to CAV i given the sequence of
CAVs in the system. After introducing the sub-coordinator queue tables, we also allow
some resequencing for CAVs passing each MP and focus on the CZ associated with that
MP. Thus, each such problem resembles the merging control problem of Sect. 9.1 which can
be analytically solved as in [83]. However, when one or more constraints become active,
this solution becomes computationally intensive. The problem here is exacerbated by the
fact that the values of i p and im change due to different events in the roundabout system.
Therefore, to ensure that a solution can be obtained in real time while also guaranteeing that
all safety constraints are always satisfied, we adopt the OCBF approach fromChap. 8, which
is obtained as follows: (i) an optimal control solution is first obtained for the unconstrained
roundabout problem. (i i) This solution is used as a reference control which is optimally
tracked subject to a set of CBFs, one for each of the constraints (9.29), (9.30), (9.31). Using
the forward invariance property of CBFs, this ensures that these constraints are always
satisfied. This whole process is carried out in a decentralized way.

With all constraints inactive (including at t0i ), the solution of (9.33) can be derived by
the same approach (the analysis is simpler due to the absence of any road curvature) as that
of the merging problem of Sect. 9.1. In particular, the optimal control, velocity and position
trajectories of CAV i have the form:
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u∗
i (t) = ai t + bi , (9.35)

v∗
i (t) = 1

2
ai t

2 + bi t + ci , (9.36)

x∗
i (t) = 1

6
ai t

3 + 1

2
bi t

2 + ci t + di , (9.37)

where the parameters ai , bi , ci , di and t
f
i are obtained by solving a set of nonlinear algebraic

equations:
1

2
ai · (t0i )2 + bi · t0i + ci = v0i ,

1

6
ai · (t0i )3 + 1

2
bi · (t0i )2 + ci t

0
i + di = 0,

1

6
ai · (t fi )3 + 1

2
bi · (t fi )2 + ci t

f
i + di = xi (t

f
i ),

ai t
f
i + bi = 0,

β + 1

2
a2i · (t fi )2 + aibi t

f
i + ai ci = 0.

(9.38)

This set of equations only needs to be solved when CAV i enters the CZ and, as already
mentioned, it can be done very efficiently.

9.2.2.6 Joint Optimal Control and Barrier Function (OCBF) Method
Once we obtain the unconstrained optimal control solution (9.35) through (9.37), we use a
function h(u∗

i (t), x
∗
i (t), xi (t)) as a control reference ure f (t) = h(u∗

i (t), x
∗
i (t), xi (t)), where

xi (t) provides feedback from the actual observedCAV trajectory.We then design a controller
by proceeding exactly as in Sect. 9.1.2.4.

First, let xi (t) ≡ (xi (t), vi (t)). Due to the vehicle dynamics (9.27), define f (xi (t)) =
[vi (t), 0]T and g(xi (t)) = [0, 1]T . The constraints (9.29), (9.30) and (9.31) are expressed
in the form bk(xi (t)) ≥ 0, k ∈ {1, . . . , b} where b is the number of constraints. The CBF
method maps the constraint bk(xi (t)) ≥ 0 to a new constraint, which directly involves the
control ui (t) and takes the usual form

L f bk(xi (t)) + Lgbk(xi (t))ui (t) + γ (bk(xi (t))) ≥ 0. (9.39)

To optimally track the reference speed trajectory, aCLF function V (xi (t)) is used. Letting
V (xi (t)) = (vi (t) − vre f (t))2, the CLF constraint takes the form

L f V (xi (t)) + LgV (xi (t))ui (t) + εV (xi (t)) ≤ ei (t), (9.40)

where ε > 0, and ei (t) is a relaxation variable which makes the constraint soft. Then, the
OCBF controller optimally tracks the reference trajectory by solving the optimization prob-
lem:
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minui (t),ei (t)

∫ t fi

t0i

(
βe2i (t) + 1

2
(ui (t) − ure f (t))

2
)

(9.41)

subject to the vehicle dynamics (9.27), the CBF constraints (9.39) and the CLF constraints
(9.40). As already discussed in Chap. 8, there are several possible choices for ure f (t) and
vre f (t). In the sequel, we choose the simplest and most straightforward one:

vre f (t) = v∗
i (t), ure f (t) = u∗

i (t), (9.42)

where v∗
i (t) and u

∗
i (t) are obtained from (9.36) and (9.35).

Considering all constraints in (9.33), the rear-end safety constraint (9.29) and the vehicle
limitations (9.31) are straightforward to transform into a CBF form. As an example, consider
(9.29) by setting b1(xi (t)) = zi,i p (t) − ϕvi (t) − δ. After calculating the Lie derivatives, the
CBF constraint (9.39) can be obtained. The safe merging constraint (9.30) differs from the
rest in that it only applies to specific time instants tmk

i . This poses a technical complication
due to the fact that a CBF must always be in a continuously differentiable form. We can
convert (9.30) to such a form using the technique in [73] to obtain

zi,im (t) − �(xi (t))vi (t) − δ ≥ 0, t ∈ [tk,0i , tki ] (9.43)

where t
mk,0
i denotes the time CAV i enters the road segment connected to Mk and �(·) is

any strictly increasing function as long as it satisfies the boundary constraints zi,im (tk,0i ) −
φvi (t

k,0
i ) − δ ≥ 0 and zi,im (tki ) − φvi (tki ) − δ ≥ 0 (which is precisely (9.30)). Note that we

need to satisfy (9.43) when a CAV changes road segments in the roundabout and the value of
im changes. Since zi,im (tk,0i ) ≥ −Lim + Li , where Li is the length of the road segment CAV

i is in, to guarantee the feasibility of (9.43), we set �(xi (t
k,0
i ))vi (t

k,0
i ) + δ = −Lim + Li .

Then, from (9.30), we get �(xi (tki )) = ϕ. Simply choosing a linear �(·) as follows:

�(xi (t)) =
(

ϕ + Lim − Li + δ

vi (t
k,0
i )

)
xi (t)

Li
− Lim − Li + δ

vi (t
k,0
i )

(9.44)

it is easy to check that it satisfies the boundary requirements. Note that when implementing
the OCBF controller, xi (t) needs to be transformed into a relative position x̃ ki + Li , which
reflects the distance between CAV i and the origin of the current road segment. Then, zi,i p
and zi,im are calculated after this transformation, where zi,i p = x̃ ki p − x̃ ki , zi,i p = x̃ kim − x̃ ki .

With all constraints converted to CBF constraints in (9.41), the solution is obtained, as in
the traffic merging control problem, through the familiar method first presented at the end of
Chap. 2 : we discretize the time interval [t0i , tmi ]with time steps of length� and solve (9.41)
over [t0i + k�, t0i + (k + 1)�], k = 0, 1, . . ., with ui (t), ei (t) as decision variables held
constant over each such interval. Consequently, each such problem is a QP since we have a
quadratic cost and a number of linear constraints on the decision variables at the beginning
of each interval. The solution of each such problem gives an optimal control u∗

i (t
0
i + k�),
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k = 0, 1, . . ., allowing us to update the vehicle dynamic in the kth time interval. This process
is repeated until CAV i leaves the CZ.

9.2.3 Simulation Results for Traffic Control in Roundabouts

As in Sect. 9.1.3, we use the multi-model traffic flow simulation platform Vissim, as a
baseline to compare the performance of traffic consisting of all CAVs in a roundabout as
shown in Fig. 9.3 using the OCBF controller to that of human-driven vehicles as a baseline.

Simulation 1: The first simulation focuses on the performance of the OCBF controller. The
basic parameter settings are as follows: La = 60m, L = 60m, δ = 10m, ϕ = 1.8s, vmax =
17m/s, vmin = 0, umax = 5m/s2, umin = −5m/s2. This scenario considers a symmetric
configuration in the sense that La = L . The traffic in the three incoming roads is generated
through Poisson processes with all rates set to 360CAVs/h. Under these traffic rates, vehicles
will sometimes form queues waiting for other vehicles to go through the roundabout. A total
number of approximately 200CAVs are simulated. The simulation results of the performance
of OCBF compared to that in Vissim are listed in Table9.4.

In this simulation, FIFO is chosen as the sequencing policy in the OCBFmethod. As seen
in Table9.4, the travel time of CAVs in the roundabout improves by about 34% using the
OCBF method compared with that of Vissim when α = 0.1 (with some additional improve-
ment when α = 0.2). The CAVs using the OCBF method consume 52 and 26% less energy
than that in Vissim with α set to 0.1 and 0.2 respectively. A larger α value means more
emphasis on the travel time than the energy consumption, which explains the shorter travel
time and the larger energy consumption. When it comes to the total objective, the OCBF
controller shows 44 and 32% improvement over the human-driven performance in Vissim
when α equals to 0.1 and 0.2 respectively. This improvement in both the travel time and the
energy consumption is to be expected as the CAVs using the OCBF method never stop and
wait for CAVs in another road segment to pass as in Vissim.

Table 9.4 Objective function comparison for a symmetric roundabout

Items OCBF Vissim

Weight α = 0.1 α = 0.2 α = 0.1 α = 0.2

Ave. time (s) 13.7067 13.3816 20.6772

Ave. energy 16.0698 24.6336 33.2687

Ave. obj. 1 35.1084 66.4511 61.9893 97.8850
1 Ave. obj = β× Ave. time + Ave. energy,

β = αmax{u2max,u
2
min}

2(1−α)
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Table 9.5 Objective function comparison of different resequencing rules in an asymmetric round-
about

Items OCBF+FIFO OCBF+SDF Vissim

Ave. time (s) 16.4254 14.7927 24.6429

Ave. energy 56.9643 23.1131 30.8947

Ave. obj. 108.2937 69.3403 107.9038

Simulation 2: The second simulation compares the performance of OCBF under different
sequencing rules in an asymmetric configuration. The parameter settings are the same as the
first case except that L = 100m. The weight is set to α = 0.2. The simulation results of the
performance of OCBF with FIFO and OCBF with the SDF sequencing policy, as well that
in Vissim, are shown in Table 9.5.

Table9.5 shows that a CAV using OCBF with FIFO spends around 33% less travel
time but 84% more energy than that in Vissim. The average objective values of the two
cases are almost the same, indicating that OCBF with FIFO works poorly in an asymmetric
roundabout. For example, when a CAV enters segment l4, it has to wait for another CAV that
has entered l2 just before it to run 40 more meters for safe merging. This is unreasonable and
may also result in some extreme cases when the OCBF problem becomes infeasible. This
problem can be resolved by choosing a better sequencing policy such as SDF. As shown in
Table9.5, OCBF+SDF outperforms OCBF+FIFO, achieving an improvement of 40% in
travel time, 26% in energy consumption and 36% in the objective value compared to that in
Vissim.

Simulation 3: The purpose of this simulation experiment is to study the effect of traffic
volume. The roundabout is set to be asymmetric with the same parameter settings as in
Simulation 2. A total number of approximately 500 CAVs are simulated under two sets of
incoming traffic rates: balanced incoming traffic (360 CAVs/h for each origin) and imbal-
anced incoming traffic (540 CAVs/h from O1, 270 CAVs/h from O2 and O3). The simulation
results of the performance of OCBF+SDF compared to that in Vissim under both balanced
and imbalanced incoming traffic are shown in Tables9.6 and 9.7.

From Table9.6, it is seen that the imbalanced traffic causes longer travel times (∼2s)
and more energy consumption (∼13%) although the total traffic rates are the same. The
imbalanced traffic results in an imbalanced performance of CAVs from different origins.
The CAVs originated from O1 with heavy traffic perform worse than those from O2 and O3

with light traffic. However, whenOCBF+SDF is applied to the system, the imbalanced traffic
brings almost no performance loss and becomes somewhat more balanced after passing the
roundabout. This result is interesting because the fact that traffic is imbalanced was not
taken into consideration in the OCBF method. An explanation of this phenomenon is that
SDF gives the CAVs from O1 a higher priority as they are more likely to be the closest to the
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Table 9.6 Objective function comparison (Vissim)

Traffic type CAV Origin Time Energy Ave. Obj.

Balanced All 24.7615 32.1295 109.5092

From O1 24.7631 33.7724 111.1570

From O2 23.6934 31.4432 105.4851

From O3 25.8458 31.0375 111.8057

Imbalanced Total 26.5170 36.0547 118.9203

From O1 28.1765 39.5067 127.5582

From O2 25.6977 35.5803 115.8857

From O3 23.8207 29.2346 103.6744

Table 9.7 Objective function comparison (OCBF+SDF)

Traffic type CAV Origin Time Energy Ave. Obj.

Balanced All 15.1650 24.8601 72.2507

From O1 15.1613 24.8453 72.2245

From O2 14.8221 25.3610 71.6801

From O3 15.5156 24.3696 72.8560

Imbalanced Total 15.2437 24.1693 71.8059

From O1 15.4035 24.9519 73.0880

From O2 14.6235 19.8901 65.5885

From O3 15.5163 26.7188 75.2072

MP while OCBF allows the CAVs to pass the roundabout quickly without stop; therefore,
the CAVs from a heavy traffic flow are less likely to get congested.

9.3 Multi-lane Signal-Free Intersections

Intersections are the main bottlenecks in urban traffic networks. As reported in [52], con-
gestion in these areas causes US commuters to spend 6.9 billion hours more on the road and
to purchase an extra 3.1 billion gallons of fuel, resulting in a substantial economic loss to
society. The coordination and control problems at intersections are particularly challenging
in terms of safety, traffic efficiency, and energy consumption [15, 52].

In this section, as in the last two, we also combine the use of Control Barrier Functions
(CBFs) with conventional optimal control to seek optimality in the performance of CAVs
while provably guaranteeing the on-line safe execution of their trajectories. The key idea
(see [94]) is to design CAV trajectories which optimally track analytically tractable solutions
of the basic intersection-crossing optimization problem while also ensuring that all safety
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constraints are satisfied. As in the cases of merging and roundabout traffic control, we use
CBFs tomap continuously differentiable state constraints into new control-based constraints
using the techniques developed through the book, starting with Chap. 2. Due to the forward
invariance of the associated safe set, a control input that satisfies these new constraints is also
guaranteed to satisfy the original state constraints. This property makes the CBF method
effective even when the vehicle dynamics and constraints become complicated and include
noise.

9.3.1 Multi-lane Signal-Free Intersection Traffic Control as an Optimal
Control Problem

Figure9.4 shows a typical intersection with multiple lanes. The area within the outer red cir-
cle is called theControl Zone (CZ), and the length of eachCZ segment is L1 which is initially
assumed to be the same for all entry points to the intersection; extensions to asymmetrical
intersections are straightforward and discussed later in this section. The significance of the
CZ is that it allows all vehicles to share information and be automatically controlled while
in it, as long as all vehicles in the CZ are CAVs. Red dots show all Merging Points (MPs)
where potential collisions may occur. We assume that the motion trajectory of each CAV in
the intersection is determined upon its entrance to the CZ (see grey lines in Fig. 9.4). Based
on these trajectories, all MPs in the intersection are fixed and can be easily determined.
However, unlike most prior similar studies, we also allow possible lane-changing behav-
iors in the CZ, which adds generality to this analysis. In order to avoid potential collisions
with newly arriving vehicles and to conform to the driving rules that vehicles are prohibited
from changing lanes when they are very close to the intersection, these lane changes are only
allowed in a “lane-changing zone,” i.e., an area between the two blue lines shown in Fig. 9.4.
We use dotted lines to differentiate these zones from the rest of the area where solid lines are
shown. The distance from the entry of the CZ to the lane-changing zone is L2 and the length
of the lane-changing zone is L3. Since we initially consider a symmetrical intersection, L2

and L3 are the same for all lanes. However, it is easy to extend this approach to asymmet-
rical intersections and set different parameters for each lane, as shown in the sequel. Due
to lane-changing, apart from the fixed MPs in the intersection, some “floating” MPs may
also appear in lane-changing zones which are not fixed in space. Thus, there are two kinds
of MPs: (i) the fixed MPs in the intersection and (ii) the floating MPs in the lane-changing
zones.

We label the lanes from l1 to l8 in a counterclockwise direction with corresponding
origins O1 to O8. The rightmost lanes in each direction only allow turning right or going
straight, while the leftmost lanes only allow turning left or going straight. However, all CAVs
have three possible movements: going straight, turning left, and turning right. Thus, some
CAVs must change their lanes so as to execute a movement, e.g., left-turning CAV 2 in l2 in
Fig. 9.4. Due to such lane-changing behavior, a new MP M2,1 is generated since a conflict
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Fig.9.4 The multi-lane signal-free intersection problem. Collisions may happen at theMPs (red dots
shown in above figure)

of CAV 2 with a CAV in l1 may arise. Similarly, possible MPs may also appear in other
lanes when vehicles perform lane-changing maneuvers, as the red dots (Mi,2, Mi,3, . . ., and
Mi,8) indicate in Fig. 9.4. Moreover, it is worth noting that if a CAV needs to change lanes,
then it has to travel an additional (lateral) distance; we assume that this extra distance is
a constant l > 0. In what follows, we consider an intersection that has two lanes in each
direction, which, in our view, represents one of themost common intersection configurations
worldwide, and observe that this model is easy to generalize to intersections with more than
two lanes.

The intersection has a coordinator (typically aRoadSideUnit (RSU))whose function is to
maintain the crossing sequence and all individual CAV information. As already discussed in
prior sections, themost common crossing sequence is based on the First-In-First-Out (FIFO)
queue formed by all CAVs using their arrival time at the CZ, regardless of the lane each CAV
belongs to. The FIFO queue is fair and simple to implement, however, its performance can
occasionally be poor, especially when an intersection is asymmetric in terms of its geometry
or the traffic rates at different entry points. Thus, various cooperative driving strategies have
been proposed to generate a more promising crossing sequence, as in [82, 96, 102]. Our
approach for controlling CAVs does not depend on the specific crossing sequence selected.
Therefore, we first use the FIFO queue so as to enable accurate comparisons with related
work which also uses this scheme and then generalize it to include other resequencing
methods which adjust the crossing sequence whenever there is a new arriving vehicle, e.g.,
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theDynamicResequencing (DR)method in [102]. This allowsCAVs to overtake other CAVs
in the CZ from different roads, which better captures actual intersection traffic behaviors.

The signal-free intersection model described so far introduces several new elements
to prior intersection models, including: (i) replacing merging zones with merging points,
which are less conservative since they reduce the spacing between CAVs; (i i) allowing lane-
changing; (i i i) allowing resequencing to improve the intersection throughput. In subsequent
sections, the following additional features will be introduced: (iv) an extended coordinator
table to identify pairs of conflicting CAVs at MPs, necessary to enforce safe merging con-
straints; (v) safety guarantees provided through the use of CBFs; (vi) we allow noise and
more complicated vehicle dynamics through the use of the OCBF controller.

When a CAV enters the CZ, the coordinator will assign it a unique index. Let S(t) be the
set of FIFO-ordered CAV indices and N (t) be the cardinality of S(t). Based on S(t), the
coordinator stores andmaintains an information table, as shown in Fig. 9.4. For example, the
current lane of CAV 2 changes from l2 to l1 after it completes a lane-changing maneuver. In
addition, after CAV 0 passes the intersection, its index will be dropped from the table and the
indices of all other CAVs decrease by one. This table enables each CAV to quickly identify
other CAVs that have potential collisions with it and to optimize its trajectory to maximize
some specific objectives. The search algorithm for identifying conflicting vehicles will be
introduced in detail in the next section.

The vehicle dynamics for CAV i take the form

ẋi (t) = vi (t) + wi,1(t), v̇i (t) = ui (t) + wi,2(t), (9.45)

where xi (t) is the distance to its origin along the lane that CAV i is located in when it
enters the CZ, vi (t) denotes the velocity, and ui (t) denotes the control input (acceleration).
Moreover, to compensate for possible measurement noise and modeling inaccuracy, we use
wi,1(t) and wi,2(t) to denote two random processes defined in an appropriate probability
space.

We can now formulate an optimization problem where we consider two objectives for
each CAV subject to three constraints, including the rear-end safety constraint with the
preceding vehicle in the same lane, the lateral safety constraints with vehicles in the other
lanes, and the vehicle physical constraints, as detailed next.

Objective 1 (Minimize travel time): Let t0i and tmi denote the time that CAV i arrives at the
origin and the time that it enters the intersection, respectively. To improve traffic efficiency,
we wish to minimize the travel time tmi − t0i for CAV i .

Objective 2 (Minimize energy consumption): Apart from traffic efficiency, another objec-
tive is energy efficiency. Ignoring any noise terms in (9.45) for the time being, since the
energy consumption rate is a monotonic function of the acceleration control input, an energy
consumption function we use is defined as
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Ji =
∫ tmi

t0i

C(ui (t))dt, (9.46)

where C(·) is a strictly increasing function of its argument.

Constraint 1 (Rear-end safety constraint): Let i p denote the index of the CAV which
physically immediately precedes i in the CZ (if one is present). To avoid rear-end collisions,
we require that the spacing zi,i p (t) ≡ xi p (t) − xi (t) be constrained by:

zi,i p (t) ≥ ϕvi (t) + δ, ∀t ∈ [t0i , tmi ], (9.47)

where δ is the minimum safety distance, and ϕ denotes the reaction time (as a rule, ϕ = 1.8s
is suggested, e.g., [67]). If we define zi,i p to be the distance from the center of CAV i to the
center of CAV i p, then δ is a constant determined by the length of these two CAVs (thus, δ is
generally dependent on CAVs i and i p but taken to be a constant over all CAVs in the sequel,
only for simplicity). Note that i p may change when a lane change event or an overtaking
event occurs.

Constraint 2 (Lateral safety constraint): Let tki denote the time that CAV i arrives at the
MP Mk, k ∈ {1, 2, . . . , 32}. CAV i may collide with other vehicles that travel through the
same MP. For all MPs, including the floating MPs Mi,l due to lane-changing, there must be
enough safe space when CAV i is passing through, that is,

zi, j (t
k
i ) ≥ ϕvi (t

k
i ) + δ, (9.48)

where j �= i is a CAV that may collide with i (note that j may not exist and that there may
also be multiple CAVs indexed by j for which this constraint applies at different tki ). The
determination of j is challenging, and will be addressed in the following section. Compared
with related work that requires no more than one CAVwithin a conflict (or merging) zone at
any time, we use (9.48) to replace this conservative constraint. Instead of such a fixed zone,
the space defining collision avoidance around each MP now depends on the CAV’s speed
(and possibly size if we allow δ to be CAV-dependent), hence it is much more flexible.

Constraint 3 (Vehicle physical limitations): Due to the physical limitations on motors and
actuators, there are physical constraints on the velocity and control inputs for each CAV i :

vmin ≤ vi (t) ≤ vmax, ∀t ∈ [t0i , tmi ],
ui,min ≤ ui (t) ≤ ui,max, ∀t ∈ [t0i , tmi ], (9.49)

where vmax > 0 and vmin ≥ 0 denote the maximum and minimum velocity allowed in the
CZ, while ui,min < 0 and ui,max > 0 denote the minimum and maximum control input for
each CAV i , respectively. We assume that all vehicles are homogeneous passenger cars and
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their minimum and maximum control inputs are the same. Thus, in what follows, we use
umin and umax instead of ui,min and ui,max; this is done only for simplicity and does not limit
our analysis.

We use a quadratic function for C(ui (t)) in (9.46) thus minimizing energy consumption
by minimizing the control input effort 1

2u
2
i (t). By normalizing travel time and 1

2u
2
i (t), and

using α ∈ [0, 1), we construct a convex combination as follows:

minui (t),tmi

∫ tmi

t0i

(
α + (1 − α) 12u

2
i (t)

1
2max{u2max, u

2
min}

)
dt . (9.50)

Ifα = 1, problem (9.50) is equivalent to aminimum travel timeproblem; ifα = 0, it becomes
a minimum energy consumption problem.

By defining β ≡ αmax{u2max,u
2
min}

2(1−α)
(assuming α < 1) andmultiplying (9.50) by the constant

β
α
, we have:

minui (t),tmi β(tmi − t0i ) +
∫ tmi

t0i

1

2
u2i (t)dt, (9.51)

where β ≥ 0 is a weight factor that can be adjusted through α ∈ [0, 1) to penalize travel
time relative to the energy cost. This minimization problem is subject to constraints (9.45),
(9.47), (9.48), (9.49), given t0i and the initial and final conditions xi (t0i ) = 0, vi (t0i ), xi (tmi ).

9.3.2 Decentralized Online Control Framework

The solution of problem (9.51) can be obtained as described in Sect. 9.1.2 (see also [83])
where a single MP is involved in a two-road single-lane merging configuration where the
value of j in (9.5) is immediately known. The difficulty here is that there may be more than
one CAV j defining lateral safety constraints for any i ∈ S(t). Determining the value(s) of
j is challenging since there are eight lanes and three possible movements at intersections
as shown in Fig. 9.4. Obviously, this can become even harder as more lanes are added
or asymmetrical intersections are considered. Therefore, we propose a general MP-based
approach which involves two steps. The first step addresses the following two issues: (i)
a strategy for determining “floating” MPs due to CAVs possibly changing lanes within the
CZ, and (i i) a strategy for determining all lateral safety constraints, hence the values of j in
(9.5). Once these issues are addressed in the following subsections, problem (9.51) is well-
defined. The second step consists of solving problem (9.51) through an OCBF controller
as described in Chap. 8 and similar to the solutions of the merging and roundabout traffic
control problems in prior sections. The overall process is outlined in Algorithm 1 which is
implemented in time-driven manner by replanning the control inputs of all CAVs every T
seconds.
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Algorithm 1: MP-based Algorithm for Multi-lane intersection problems

Initialize an empty queue table S(t);
for every T seconds do

if a new vehicle enters the CZ then
Determine a passing order for all CAVs according to the FIFO rule or other
resequencing methods, e.g., the DR scheme;
Plan an unconstrained optimal control trajectory for the new CAV;
if the new CAV needs to change lanes then

Use the lane-changing MP determination strategy to determine the lane-changing
location and time for the new CAV;

end
Add the information of the new CAV into S(t);

end
for each CAV in S(t) do

Use the lateral safety constraint determination strategy to determine which constraints it
needs to meet;
Use the OCBF controller to obtain control inputs for it;
if this CAV has left the intersection then

Remove the information of this CAV from S(t);
end

end
end

9.3.2.1 Determination of Lane-ChangingMPs
When a new CAV i ∈ S(t) arrives at the origins O2, O4, O6, O8 (or O1, O3, O5, O7) and
must turn left (or right), it has to change lanes before getting close to the intersection.
Therefore, CAV i must determine the location of the variable (floating) MP Mi,k, k ∈
{1, 2, . . . , 8}.

There are three important observations to make:
(i) The unconstrained optimal control for such i is independent of the location of Mi,k,

k ∈ {1, 2, . . . , 8} since we have assumed that lane-changing will only induce a fixed extra
length l regardless of where it occurs.

(i i) The optimal control solution under the lateral safety constraint is better (i.e., lower
cost in (9.51)) than onewhich includes an active rear-end safety constrained arc in its optimal
trajectory. This is because the former applies only to a single time instant tki whereas the
latter requires the constraint (9.47) to be satisfied over all t ∈ [t0i , tki ]. It follows that any
MP Mi,k should be as close as possible to the intersection (i.e., Li,k should be as large as
possible, and its maximum value is L2 + L3), since the lateral safety constraint after Mi,k

will become a rear-end safety constraint with respect to some j in the adjacent lane. For
instance, suppose that CAV 10 in Fig. 9.4 is a right-turn vehicle. After changing lanes to the
destination lane l6, it will be constrained by the rear-end safety constraint with its preceding
vehicle (e.g., CAV 9), which will influence its optimal trajectory. Thus, to reduce the impact
time, CAV 10 should change lanes as late as possible.
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(i i i) In addition, CAV i may also be constrained by its physically preceding CAV i p (if
one exists) in the same lane as i . In this case, CAV i needs to consider both the rear-end
safety constraint with i p and the lateral safety constraint with some j �= i . Thus, the solution
is more constrained (hence, more sub-optimal) if i stays in the current lane after the rear-end
safety constraint due to i p becoming active. We conclude that in this case CAV i should
change its lane to the left (right) lane as late as possible, i.e., just as the rear-end safety
constraint with i p first becomes active, i.e., Li,k is determined by

Li,k = x∗
i (tai ), (9.52)

where x∗
i (t) denotes the unconstrained optimal trajectory of CAV i , and tai ≥ t0i is the time

instant when the rear-end safety constraint between i and i p first becomes active; if this
constraint never becomes active, then Li,k = L2 + L3. The value of tai is determined from
(9.47) by

x∗
i p (t

a
i ) − x∗

i (tai ) = ϕv∗
i (t

a
i ) + δ, (9.53)

where x∗
i p

(t) is the unconstrained optimal position of CAV i p and v∗
i (t) is the unconstrained

optimal speed of CAV i . If, however, CAV i p’s optimal trajectory itself happened to include
a constrained arc, then (9.53) is only an upper bound of tai .

In summary, it follows from (i) − (i i i) above that if CAV i never encounters a point in
its current lane where its rear-end safety constraint becomes active, we set Li,k = L2 + L3,
otherwise, Li,k is determined through (9.52)–(9.53).

We note that the distances from the origins O1, . . . , O8 to MPs are not all the same, and
the CAVs that make a lane change will induce an extra l distance. Therefore, we need to
perform a coordinate transformation for those CAVs that are in different lanes and will meet
at the same MP Mk, k ∈ {1, . . . , 32}. In other words, when i ∈ S(t) obtains information for
j ∈ S(t) from the FIFO queue table to account for the lateral safety constraint at an MP Mk ,
the position information x j (t) is transformed into x ′

j (t) through

x ′
j (t) :=

⎧⎨
⎩
x j (t) + Li,k − L j,k + l, if only i changes lane,
x j (t) + Li,k − L j,k − l, if only j changes lane,

x j (t) + Li,k − L j,k, otherwise
(9.54)

where Li,k and L j,k denote the distances of the MPs Mk from the origins of CAVs i and j ,
respectively. Note that the coordinate transformation (9.54) only applies to CAV i obtaining
information on j from S(t), and does not involve any action by the coordinator.

9.3.2.2 Determination of Lateral Safety Constraints
We begin with the observation (by simple inspection of Fig. 9.4) that CAVs can be classified
into two categories, depending on the lane that a CAV arrives at, as follows:
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Table 9.8 The extended coordinator queue table for Fig. 9.4

S1(t)

Idx Info. Curr. Ori. 1st MP 2nd MP 3rd MP 4th MP 5th MP

0 x0, v0, u0 l3 l3 M29 M25 M21 M18 M13

1 x1, v1, u1 l4 l4 M30 M26 M19 M14 M9

2 x2, v2, u2 l2 l2 M2,1 M22 M20 M17 M13

3 x3, v3, u3 l7 l7 M12 M16 M20 M23 M28

4 x4, v4, u4 l7 l7 M12 M16 M20 M23 M28

5 x5, v5, u5 l4 l4 M5,3 M29 M24 M20 M15

6 x6, v6, u6 l1 l1 M22 M20 M17 M13

7 x7, v7, u7 l6 l6 M9

8 x8, v8, u8 l8 l8 M10

9 x9, v9, u9 l6 l6 M14 M13 M12 M11 M10

10 x10, v10, u10 l5 l5 M19 M18 M17 M16 M15

1. The CAVs arriving at lanes l1, l3, l5, l7 will pass

• twoMPs if they choose to turn right (including the floatingMPMi,k, k ∈ {2, 4, 6, 8});
• four MPs it they turn left;
• five MPs if they go straight.

2. The CAVs arriving at lanes l2, l4, l6, l8 will pass

• only one MP if they choose to turn right;
• five MPs if they turn left (including the floating MP Mi,k, k ∈ {1, 3, 5, 7}) or if they

go straight.

Clearly, the maximum number of MPs a CAV may pass is 5. Since all such MPs are
determined upon arrival at the CZ, we augment the queue table in Fig. 9.4 by adding the
original lane and the MP information for each CAV as shown in Table9.8 for a snapshot
of Fig. 9.4. This is an extended coordinator queue table similar to the one introduced in
Sect. 9.2.2.1. The current and original lanes are shown in the third and fourth column,
respectively. The original lane is fixed, while the current lane may vary dynamically: in
Algorithm 1, the state of all CAVs in the queue is updated if any of them has changed
lanes. The remaining five columns show all MPs a CAV will pass through in order. For
example, left-turning CAV 2 in Fig. 9.4 passes through five MPs M2,1, M22, M20, M17, and
M13 sequentially, where we label the 1st MP as M2,1 and so forth.

When a new CAV enters the CZ, it first determines whether it will change lanes (as
described above) and identifies allMPs that it must pass. At this point, it looks at the extended
queue table S(t) (an example is shown in Table9.8) which already contains all prior CAV
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states and MP information. First, from the current lane column, CAV i can determine its
current physically immediately preceding CAV i p if one exists. Next, since the passing
priority has been determined by the sequencing method selected (FIFO or otherwise), CAVs
need to yield to other CAVs that rank higher in the queue S(t). In addition, for any MP that
CAV i will pass through, it only needs to yield to the closest CAV that has higher priority
than it, and this priority is determined by the order of S(t). For instance, CAVs 3, 4, and
5 will all pass through M20, as shown in Table9.8. For the MP M20, CAV 5 only needs
to meet the lateral safety constraint with CAV 4, while the constraint with CAV 3 will be
automatically met since CAV 4 yields to CAV 3. Similarly, we can find indices of CAVs for
other MPs crossed by CAV 5. Since CAV 5 passes through five MPs, we define an index
set �5 for CAV 5 which has at most 5 elements. In this example, CAV 5 only conflicts with
CAV 0 at M29 besides M20, so that �5 = {0, 4}.

Algorithm 2: Search Algorithm for Conflict CAVs
Input: The extended coordinator queue table S(t), CAV i
Output: The index of conflict CAVs for CAV i
Initialize an empty index set �i ;
Initialize a set �i including all MPs CAV i will pass through;
Find the position k of CAV i in the S(t);
for j = k − 1 : −1 : 1 do

if the j th CAV in S(t) passes at least one MP in �i then
Add the index of this CAV into the set �i ;
Remove the same MPs from �i ;

end
if �i is empty then

break;
end

end
return �i

Therefore, it remains to use the information in S(t) in a systematic way so as to determine
all the indices of those CAVs that CAV i needs to yield to; these define each index j in (9.48)
constituting all lateral safety constraints that CAV i needs to satisfy. This is accomplished
by a search algorithm (Algorithm 2) based on the following process. CAV i compares its
original lane and MP information to that of every CAV in the table starting with the last row
of itself and moving up. The process terminates the first time that any one of the following
three conditions is satisfied at some row j < i :

1. All MP information of CAV i matches row j and �i is empty.
2. Every MP for CAV i has been matched to some row j .
3. All prior rows j < i have been looked up.
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These three conditions are examined in order:

Constraint 1 If this is satisfied, there are no conflicting MPs for CAV i and this implies
that CAV i p is the physically immediately preceding CAV all the way through the CZ. Thus,
CAV i only has to satisfy the safety constraint (9.47) with respect to i p, i.e., it just follows
CAV i p. For example, i = 4 and i p = 3 in Fig. 9.4 (and Table9.8).

Constraint 2 If this holds, then CAV i has to satisfy several lateral safety constraints with
one or more CAV j ∈ �i . Moreover, it also has to satisfy the rear-end safety constraint
(9.47) with CAV i p, where i p is determined by the first matched row in the current lane
column of Table9.8. For example, i = 10, j = 0, 1, 4, 5, and 6 in Fig. 9.4 (and Table9.8).

Constraint 3 There are two cases. First, if the index set �i is empty, then CAV i does not
have to satisfy any lateral safety constraint; for example, i = 7 in Fig. 9.4 (and Table9.8).
Otherwise, it needs to yield to all CAVs in �i ; for example, i = 2, j = 0 in Fig. 9.4 (and
Table9.8).

We observe that Algorithm 2 can be implemented for all CAVs in an event-driven way
(since S(t) needs to be updated only when an event that changes its state occurs). The
triggering events are: (i) a CAV entering the CZ, (i i) a CAV departing the CZ, (i i i) a
CAV completing a lane change at a floating MP, and (iv) a CAV overtaking event (a lane
change event at a fixed MP). This last event may occur when a CAV merges into another
lane at an MP through which it leaves the CZ. In particular, consider three CAVs i, j , and
k such that k > j > i , and CAV j merges into the same lane as i and k. Then, CAV k
looks at the first row above it where there is a CAV with the same lane; that’s now CAV
j . However, i is physically ahead of k. Thus, we need to re-order the queue according to
the incremental position order, so that a CAV following i (CAV k) can properly identify its
physically preceding CAV. For example, consider i = 7, j = 8, and k = 9 in Fig. 9.4, and
suppose that CAV 7 turns right, CAV 8 turns right, and CAV 9 goes straight. Their order
in S(t) is 7, 8, 9. CAV 8 can overtake CAV 7, and its current lane will become l6 when it
passes all MPs. Since CAV 7 and CAV 9 also are in l6, CAV 9 will mistake CAV 8 as its
new preceding CAV after the current lane of CAV 8 is updated. However, in reality CAV 7
is still the preceding CAV of CAV 9, hence CAV 9 may accidentally collide with CAV 7.
To avoid this problem, we need to re-order the queue according to the position information
when this event occurs, i.e., making CAV 8 have higher priority than CAV 7 in the queue.
Alternatively, this problem may be resolved by simply neglecting CAVs that have passed all
MPs when searching for the correct identity of the CAV that precedes i .
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9.3.2.3 Unconstrained Optimal Control
Once a newly arriving CAV i ∈ S(t) has determined all the lateral safety constraints (9.48)
it has to satisfy, it can solve problem (9.51) subject to these constraints along with the rear-
end safety constraint (9.47) and the state limitations (9.49). Obtaining a solution to this
constrained optimal control problem is computationally intensive. Therefore, proceeding as
in the case of the roundabout traffic control problem, we begin by obtaining an analytical
solution of problem (9.51) when all state and safety constraints are inactive. This solution is
of the same form as (9.35)–(9.37) for the unconstrained optimal control, speed, and position
trajectories where ai , bi , ci and di are integration constants that can be solved along with
tmi by the following five algebraic equations (details given in [102]):

1

2
ai · (t0i )2 + bi t

0
i + ci = v0i ,

1

6
ai · (t0i )3 + 1

2
bi · (t0i )2 + ci t

0
i + di = 0,

1

6
ai · (tmi )3 + 1

2
bi · (tmi )2 + ci t

m
i + di = Lk,

ai t
m
i + bi = 0,

β − 1

2
b2i + ai ci = 0,

(9.55)

where the third equation is the terminal condition for the total distance traveled on a lane.
This solution is computationally very efficient to obtain and will be used as a reference
CAV trajectory in the OCBF approach, similar to the merging and roundabout traffic control
problems considered in prior sections.

9.3.2.4 Joint Optimal Control and Control Barrier Function (OCBF) Method
As in the merging and roundabout traffic control problems addressed through the OCBF
approach, we proceed in two steps: (i) We solve the unconstrained version using only
initial and final conditions with a free terminal time in problem (9.51), as described in
Sect. 9.3.2.3, and (i i) We optimally track the unconstrained problem solution while using
CBFs to account for all constraints and guarantee that they are never violated (as well as
Control Lyapunov Functions (CLFs) to better track the unconstrained optimal states).

To accomplish the optimal tracking performed by the OCBF controller, first let xi (t) ≡
(xi (t), vi (t)). Referring to the vehicle dynamics (9.45), let f (xi (t)) = [xi (t), 0]T and
g(xi (t)) = [0, 1]T . Each of the constraints in (9.47), (9.48) and (9.49) can be expressed
as bk(xi (t)) ≥ 0, k ∈ {1, · · · , n} where n is the number of constraints and each bk(xi (t))
is a CBF. For example, b1(xi (t)) = zi,i p (t) − ϕvi (t) − δ for the rear-end safety constraint
(9.47). As usual, each of the continuously differentiable state constraints bk(xi (t)) ≥ 0
is mapped onto another constraint on the control input such that the satisfaction of this
new constraint implies the satisfaction of the original constraint bk(xi (t)) ≥ 0. The forward
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invariance property (see Chap. 2) ensures that a control input that satisfies the new constraint
is guaranteed to also satisfy the original one. In particular, each of these new constraints
takes the form

L f bk(xi (t)) + Lgbk(xi (t))ui (t) + γ (bk(xi (t))) ≥ 0, (9.56)

where L f and Lg denote the Lie derivatives of bk(xi (t)) along f and g (defined above from
the vehicle dynamics) respectively and γ (·) denotes a class K function (typically, linear or
quadratic functions). Similarly, a CLF V (xi (t)), instead of bk(xi (t)), can also be used to
track (stabilize) the optimal speed trajectory through a CLF constraint of the form

L f V (xi (t)) + LgV (xi (t))ui (t) + εV (xi (t)) ≤ ei (t), (9.57)

where ε > 0 and ei (t) is a relaxation variable that makes this constraint soft. As is usually
the case, we select V (xi (t)) = (vi (t) − vre f (t))2 where vre f (t) is the reference speed to be
tracked (specified below). Therefore, the OCBF controller solves the following problem:

minui (t),ei (t) Ji (ui (t), ei (t))=
∫ tmi

t0i

(
βe2i (t)+

1

2
(ui (t)−ure f (t))

2
)
dt, (9.58)

subject to the vehicle dynamics (9.45), the CBF constraints (9.56) and the CLF constraint
(9.57). The obvious selection for speed and acceleration reference signals is vre f (t) = v∗

i (t),
ure f (t) = u∗

i (t) with v∗
i (t), u

∗
i (t) given by (9.36) and (9.35) respectively. In [86], ure f (t) =

x∗
i (t)
xi (t)

u∗
i (t) is used to provide the benefit of feedback obtained by observing the actual CAV

trajectory xi (t) and automatically reducing the tracking position error; we use only uref (t) =
u∗
i (t) in the sequel for simplicity.
The CBF conversions from the original constraints to the form (9.56) are straightforward.

For example, using a linear function γ (·) in (9.56), we can directly map Constraint 1 onto
the following constraint in terms of control inputs:

vi p (t) − vi (t)︸ ︷︷ ︸
L f b(xi (t))

+ −ϕ︸︷︷︸
Lgb(xi (t))

ui (t) + zi,i p (t) − ϕvi (t) − δ ≥ 0. (9.59)

However, there are some points that deserve some further clarification as follows.

Constraint 2 (Lateral safety constraint): The lateral safety constraints in (9.48) are speci-
fied only at time instants tki . However, to use CBFs as in (9.56), they have to be converted to
continuously differentiable forms. Thus, we use the same technique as in Sect. 9.2.2.6 (see
also [73]) to convert (9.48) into:

zi, j (t) ≥ �(xi (t))vi (t) + δ, i ∈ S(t), t ∈ [t0i , tki ], (9.60)
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where j ∈ �i is determined through the lateral safety constraint determination strategy
(Algorithm 2). Recall that CAV j depends on some MP Mk and we may have several
j ∈ �i since CAV i may conflict with several CAVs j at different MPs. The selection of
function � : R → R is flexible as long as it is a strictly increasing function that satisfies
�(xi (t0i )) = 0 and �(xi (tki )) = ϕ where tki is the arrival time at MP Mk corresponding to
the constraint and xi (tki ) is the location of MP Mk . Thus, we see that at t = tki all constraints
in (9.60) match the safe-merging constraints (9.5), and that at t = t0i we have zi,i p (t

0
i ) = δ.

Since the selection of �(·) is flexible, for simplicity, we define it to have the linear form
�(xi (t)) = ϕ

xi (tki )
xi (t) which we can immediately see satisfies the properties above.

Improving the feasibility of Constraints 1 and 2: In order to ensure that a feasible solution
always exists for these constraints, we need to take the braking distance into consideration.
CAV i should stop within a minimal safe distance when its speed vi (t) approaches the
speed v j (t) for any j such that CAV j is the preceding vehicle of CAV i or any vehicles
that may laterally collide with CAV i . Thus, we use the following stricter constraint when
vi (t) ≥ v j (t):

zi, j (t) ≥ ϕ
(
xi (t) + 1

2
v2i (t)−v2j (t)

umin

)
v j (t)

L
+ 1

2

(v j (t) − vi (t))2

umin
+ δ, (9.61)

A detailed analysis of this constraint is given in [73].
With all constraints converted to CBF constraints in problem (9.51), the solution is

obtained, as in the merging and roundabout traffic control problems, through the usual
method first presented at the end of Chap. 2: we discretize the time interval [t0i , tmi ] with
time steps of length � and solve (9.41) over [t0i + k�, t0i + (k + 1)�], k = 0, 1, . . ., with
ui (t), ei (t) as decision variables held constant over each such interval. Consequently, each
such problem is a QP since we have a quadratic cost and a number of linear constraints on
the decision variables at the beginning of each interval. The solution of each such problem
gives an optimal control u∗

i (t
0
i + k�), k = 0, 1, . . ., allowing us to update (9.45) in the kth

time interval. This process is repeated until CAV i leaves the CZ.

9.3.2.5 The Impact of Noise and ComplicatedVehicle Dynamics
Aside from the potentially long computation time, other limitations of the original optimal
control problem (9.33) include: (i) It only plans the optimal trajectory once. However, the
trajectory may violate safety constraints due to noise in the vehicle dynamics and control
accuracy; (i i) The analytical solution of (9.33) is limited to simple vehicle dynamics as in
(9.45) and becomes difficult to obtain when more complicated vehicle dynamics are con-
sidered to better match realistic operating conditions. For instance, in practice, we usually
need to control the input driving force of an engine instead of directly controlling acceler-
ation. Compared to solving (9.33), the OCBF approach can effectively deal with the above
problems with only slight modifications as described next.
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First, due to the presence of noise, constraintsmaybe temporarily violated,whichprevents
the CBF method from satisfying the forward invariance property. Thus, when a constraint
is violated at time t1, i.e., bk(xi (t1)) < 0, we add a threshold to the original constraint as
follows:

L f bk(xi (t)) + Lgbk(xi (t))ui (t) ≥ ck(t), (9.62)

where ck(t) ≥ 0 is a large enough value so that bk(xi (t)) is strictly increasing even if the
system is under the worst possible noise case. Since it is hard to directly determine the value
of ck(t), we add it to the objective function and have

minui (t),ei (t),ck(t)

∫ tmi

t0i

(
βe2i (t)+

1

2
(ui (t)−ure f (t))

2 − ηck(t)

)
dt, (9.63)

where η is a weight parameter. If there are multiple constraints that are violated at one time,
we rewrite them all as (9.62) and add all thresholds into the optimization objective. Starting
from t1, we use the constraint (9.62) and objective function (9.63) to replace the original
CBF constraint and objective function; then, bk(xi (t)) will be positive again in finite time
since it is increasing. When bk(xi (t)) becomes positive again, we revert to the original CBF
constraint.

Next, considering vehicle dynamics, there are numerous models which achieve greater
accuracy than the simple model (9.45) depending on the situation of interest. As an example,
we consider the following frequently used nonlinear model:

[
ẋi (t)
v̇i (t)

]
=

[
vi (t)

− 1
mi

Fr (vi (t))

]
+

[
0
1
mi

]
ui (t), (9.64)

where mi denotes the vehicle mass and Fr (vi (t)) is the resistance force that is normally
expressed as

Fr (vi (t)) = α0sgn(vi (t)) + α1vi (t) + α2v
2
i (t), (9.65)

where α0 > 0, α1 > 0, and α2 > 0 are parameters determined empirically, and sgn(·) is
the signum function. It is clear that due to the nonlinearity in these vehicle dynamics, it is
unrealistic to expect an analytical solution for it. However, in the OCBF method, we only
need to derive the Lie derivative along these new dynamics and solve the corresponding
QP based on these new CBF constraints. For instance, it is easy to see that for these new
dynamics, the CBF constraint (9.59) becomes

vi p (t) − vi (t) + ϕFr (vi (t))

mi︸ ︷︷ ︸
L f b(xi (t))

+ − ϕ

mi︸ ︷︷ ︸
Lgb(xi (t))

ui (t)

+ zi,i p (t) − ϕvi (t) − δ ≥ 0.

(9.66)
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Thus, the OCBF method can be easily extended to more complicated vehicle dynamics
dictated by any application of interest.

9.3.3 Simulation Results for Traffic Control in Intersections

In this section, we demonstrate the effectiveness of the OCBF method in the intersection
traffic control problem compared to a state-of-the-art method presented in [103]where CAVs
calculate the fastest arrival time to the merging zone (where CAV conflict occurs) first when
they enter the CZ and then derive an energy-time-optimal trajectory. This is based on the
same objective function (9.51) used in this section. The main differences are: (i) the model
in [103] considers the merging (conflict) zone as a whole and imposes the conservative
requirement that any two vehicles that have potential conflict cannot be in the merging zone
at the same time; (i i) when it plans an energy-time-optimal trajectory for a new incoming
vehicle, it takes all safety constraints into account, which makes it time-consuming; (i i i)
the rear-end safety constraints used in [103] only depend on distance, i.e., ϕ = 0 and δ > 0
in (9.47). Thus, in order to carry out a fair comparison with this method, we adopt the same
form of rear-end safety constraints, that is,

zi,i p (t) ≥ δ, ∀t ∈ [t0i , tmi ]. (9.67)

A complication caused by this choice is that after using the standard CBF method (simply
substituting ϕ = 0 into (9.59)), the control input should satisfy

vi p (t) − vi (t)︸ ︷︷ ︸
L f b(xi (t))

+ 0︸︷︷︸
Lgb(xi (t))

ui (t) + zi,i p (t) − δ ≥ 0, (9.68)

which violates the condition Lgb(xi (t)) �= 0. This is becausewe cannot obtain a relationship
involving the control input ui (t) from the first-order derivative of the constraint (9.67), a
problemwe dealt with inChap. 3 by usingHOCBFs. In this case, we use aHOCBFof relative
degree 2 for system (9.45). In particular, letting bk(xi (t)) = zi,i p (t) − δ and considering all
class K functions to be linear functions, we define

ψ1(xi (t)) = ḃ(xi (t)) + pb(xi (t),

ψ2(xi (t)) = ψ̇1(xi (t)) + pψ1(xi (t)).
(9.69)

where p is a tunable penalty coefficient. Combining the vehicle dynamics (9.45) with (9.69),
any control input should satisfy

0︸︷︷︸
L2

f b(xi (t))

+ −1︸︷︷︸
LgL f b(xi (t))

ui (t) + 2pḃ(xi (t)) + p2b(xi (t)) ≥ 0. (9.70)
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Thus, in the following simulation experiments, we set ϕ in (9.47) for Constraint 1 and in
(9.48) for Constraint 2 to be ϕ = 0 and ϕ = 1.8s, respectively.

Our simulation experiments are organized as follows. First, in Sect. 9.3.3.1 we consider
an intersection with a single lane in each direction which only allows a CAV to go straight.
Our purpose here is to show that using MPs instead of an entire arbitrarily defined merging
zone can effectively reduce the conservatism of the latter. Then, in Sect. 9.3.3.2, we allow
turns so as to analyze the influence of different behaviors (going straight, turning left, and
turning right) on the performance of themethods compared. Next, Sect. 9.3.3.3 is intended to
validate the effectiveness of our OCBF method for intersections with two lanes and include
possible lane-changing behaviors. Section9.3.3.4 shows simulations that quantify how our
proposed method outperforms the signal-based method in all metrics. In Sect. 9.3.3.5, we
extend our method to combine it with the Dynamic Resequencing (DR) method and show
that the performance of the combined OCBF+DR method is better than the OCBF+FIFO
method for asymmetrical intersections. Finally, Sect. 9.3.3.6 demonstrates how the OCBF
method can effectively deal with complicated vehicle dynamics and noise.

The baseline for our simulation results uses SUMO, a microscopic traffic simulation
software package (in contrast to using the Vissim simulator as in earlier sections). In SUMO
simulations, we set most models and their parameters at their default values. For example,
the car-following model used in SUMO is the default Krauss model, and its parameters are
also set at their default values. Interested readers can refer to [34] for more details. Then,
we use our OCBF controller and the controller in [103] to control CAVs for intersection
scenarios with the same vehicle arrival patterns as SUMO. The parameter settings (see
Fig. 9.4) are as follows: L1 = 300m, L2 = 50m, L3 = 200m, l = 0.9378m, w = 3.5m,
r = 4m, δ = 10m, vmax = 15m/s, vmin = 0m/s, umax = 3m/s2, and umin = −3m/s2.

The energy model we used in the objective function (9.51) is an approximate one. The
1
2u

2 metric treats acceleration and deceleration the same and does not account for speed as
contributing to energy consumption. This metric is viewed as a simple surrogate function for
energy or simply as a measure of how much the solution deviates from the ideal constant-
speed trajectory. In contrast, the following energy model [24] captures fuel consumption in
detail and provides another measure of performance:

Fi =
∫ ai

0
fV ,i (t)dt,

fV ,i (t) = fcruise,i (t) + faccel,i (t),

fcruise,i (t) = b0 + b1vi (t) + b2v
2
i (t) + b3v

3
i (t),

faccel,i (t) = u(t)(c0 + c1vi (t) + c2v
2
i (t)),

(9.71)

where fcruise,i (t) denotes the fuel consumed per second when CAV i drives at a steady
velocity vi (t), and faccel,i (t) is the additional fuel consumed due to the presence of positive
acceleration. If u(t) ≤ 0, then faccel,i (t) will be 0 since, in this case, the engine is rotated
by the kinetic energy of the CAV. b0, b1, b2, b3, c0, c1, and c2 are seven model parameters;
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Table 9.9 Comparison results for a single-lane intersection disallowing turns

β Methods Energy Travel time (s) Fuel (mL) Ave. obj.1

0.1 SUMO 23.1788 28.3810 30.3597 26.0169

OC 0.1498 28.3884 14.6266 2.9886

OCBF 0.9501 25.0863 18.3088 3.4587

0.5 SUMO 23.1788 28.3810 30.3597 37.3693

OC 0.6515 26.0315 17.1585 13.6673

OCBF 2.1708 22.6623 18.9396 13.5020

1 SUMO 23.1788 28.3810 30.3597 51.5598

OC 0.8782 25.6961 17.1555 26.5743

OCBF 2.9106 22.2617 18.9589 25.1723

2 SUMO 23.1788 28.3810 30.3597 79.9408

OC 1.1869 25.4834 17.1658 52.1537

OCBF 3.9157 21.9139 18.9852 47.7435
1Ave. obj. = β× Travel time + Energy

here we use the same parameters as in [24], which are obtained through curve-fitting for
data from a typical vehicle.

9.3.3.1 Merging Points Versus aMerging Zone
We start by allowing CAVs to only go straight in order to investigate the relative performance
of the OCBF controller based on Merging Points (MPs) and the method used in [103] (OC
controller) that uses a Merging Zone (MZ). We set the arrival rates at all lanes to be the
same, i.e., 270veh/h/lane. The comparison results are shown in Table 9.9.

It is clear that both controllers significantly outperform the results obtained from the
SUMO car-following controller. The OC controller is energy-optimal since it has considered
all safety constraints for each CAV upon its arrival at the CZ. Subsequently, CAVs strictly
follow the planned trajectory assuming the absence of noise. However, the OCBF controller
only uses an unconstrained reference trajectory and employs CBFs to account for the fact
that this reference trajectory may violate the safety constraints: for each CAV, this controller
continuously updates its control inputs according to the latest states of other CAVs. As a
result, its energy consumption is larger than that of the OC controller, although still small
and much lower than the one evaluated under the SUMO car-following controller.

In terms of travel time, we find that the travel time of the OCBF controller is better than
that of the OC controller. This is because the safety requirements in the OC controller are
too strict because CAV i must wait until a CAV j �= i that conflicts with it leaves the MZ.
Instead, the OCBF controller using MPs allows us to relax a merging constraint and still
ensure safety by requiring that only one CAV can arrive at the same MP ϕ a short time after
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Table 9.10 Influence of turns on different controllers

Groups Methods Energy Travel time (s) Fuel (mL) Ave. obj.

1 SUMO 23.7011 28.2503 28.3357 51.9514

OC 1.2957 22.4667 18.8433 23.7624

OCBF 2.6193 21.8514 18.9208 24.4707

2 SUMO 26.5612 31.3822 29.0524 57.9434

OC 1.0666 24.2179 18.0072 25.2845

OCBF 2.4537 21.8707 18.8704 24.3244

3 SUMO 19.9066 24.2937 25.6778 44.2003

OC 1.3775 22.0706 18.8803 23.4481

OCBF 2.3623 21.4874 18.8306 23.8497

4 SUMO 21.7450 26.6148 29.4484 48.3598

OC 1.2602 22.7417 18.7339 24.0019

OCBF 2.5884 22.0114 18.9230 24.5998

the other vehicle leaves. Since the OCBF method reduces conservatism, it shows significant
improvement in travel time when compared with the OC controller in [103].

In addition, we can adjust the parameter β to emphasize the relative importance of one
objective (energy or time) relative to the other. If we are more concerned about energy
consumption, we can use a smaller value of β; otherwise, a larger β value emphasizes travel
time reduction. Thus, when β is relatively large, the average objective under the OCBF
controller is better than that of the OC controller since it is more efficient with respect to
travel time.

Another interesting observation is that even though the relationship between the accurate
fuel consumption model and the estimated energy is complicated, we see that a larger
estimated energy consumption usually corresponds to larger fuel consumption. Thus, it is
reasonable to optimize energy consumption through a simple model, e.g., 1

2u
2, which also

significantly reduces the computational complexity caused by the accurate energy model.

9.3.3.2 The Influence of Turns
We now allow turns at the intersection assuming that the intention (i.e., going straight,
turning left, and turning right) of a CAVwhen it enters the CZ is known.We have conducted
four groups of simulations as shown in Table9.10. In the first group, all CAVs choose their
behavior with the same probability, i.e., 13 going straight, 13 turning left, and 1

3 turning right.
In the second group, 80% of CAVs turn left while 10% CAVs go straight and 10% CAVs
turn right. In the third group, 80% CAVs turn right while 10% CAVs go straight and 10%
CAVs turn left. In the fourth group, 80% CAVs go straight while 10% CAVs turn left and
10% CAVs turn right. We set β = 1 in all results shown in Table9.10.
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Table 9.11 Comparison results for a two-lane intersection

β Methods Energy Travel time (s) Fuel (mL) Ave. obj.

0.1 SUMO 24.0124 29.5955 30.5588 26.9720

OC 0.1514 28.5711 14.6685 3.0085

OCBF 1.0350 25.0804 18.5086 3.5430

0.5 SUMO 24.0124 29.5955 30.5588 38.8102

OC 0.6722 26.1284 17.2866 13.7364

OCBF 2.2244 22.6351 19.0753 13.5420

1 SUMO 24.0124 29.5955 30.5588 53.6079

OC 0.9063 25.8000 17.2933 26.7063

OCBF 2.9955 22.2347 19.1126 25.2302

2 SUMO 24.0124 29.5955 30.5588 83.2034

OC 1.2294 25.5773 17.3042 52.3840

OCBF 4.2353 22.1167 19.1500 48.4687

First, we can draw the same conclusion as in Table9.9 that the OC controller is energy-
optimal and the OCBF controller achieves the lowest travel time since it reduces conser-
vatism. Next, we also observe that when we increase the ratio of left-turning vehicles, the
average travel times under all controllers increase;whenwe increase the ratio of right-turning
vehicles, the average travel times all decrease. This demonstrates that the left-turning behav-
ior usually has the largest impact on traffic coordination since left-turning CAVs cross the
conflict zone diagonally and are more likely to conflict with other CAVs. In addition, it
is worth noting that going straight produces the largest travel time since this involves the
largest number of MPs. However, when we use the OCBF controller, the travel times under
all situations are similar, which shows that this controller can utilize the space resources of
the conflict zone and handle the influence of turns more effectively.

9.3.3.3 Comparison Results for More Complicated Intersections
In this set of simulation experiments, we consider more complicated intersections with two
lanes in each direction as shown in Fig. 9.4. The left lane in each direction only allows
going straight and turning left, while the right lane only allows going straight and turning
right. We set the arrival rate at all lanes to be the same, i.e., 180veh/h/lane and disallow
lane-changing. Each new incoming CAV chooses its behavior from the allowable behaviors
with the same probability, e.g., the CAV arriving at the entry of the left lane can go straight
or turn left with probability 0.5. The comparison results are shown in Table9.11.

The results here are similar to those in the single-lane intersections. Although the number
of MPs increases with the number of lanes, the OCBF method can still effectively ensure
safety and reduce travel time. It is worth noting that the values of safety time headway for
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the OC controller are difficult to determine. The OC controller requires that no CAV can
enter the MZ until the conflict CAV leaves it. However, the time spent for passing through
the MZ differs from vehicle to vehicle. If we choose a larger value, then this significantly
increases travel time and amplifies conservatism. In contrast, if we choose a smaller value,
the potential of collision increases. Therefore, the MP-based method is significantly better
since it not only ensures safety but also reduces conservatism.

In what follows, we briefly discuss the computation time involved in the OCBF method.
The method is driven by solving a QP problem using the latest information from all CAVs
over each control period. The average computation time for solving such a QP is 3.5ms
(Intel(R) Core(TM) i7-6700 CPU), which is suitable for real-time implementation. In con-
trast, the OC-based controller plans a trajectory for each vehicle when it enters the control
zone, and the average computation time for such a plan is about 1 s (Intel(R) Core(TM) i7-
6700 CPU). Furthermore, when multiple constraints become active, the computation time
ranges from 3 to 30s (Intel(R) Core(TM) i7-8700 CPU). Thus, the OCBF method is more
suitable for complicated vehicle dynamics and constraints since its computation time is not
affected by these factors.

Next, we consider the impact of lane-changing on the OCBF method. For the same
two-lane intersection, we allow lane-changing and CAVs can choose any movement (going
straight, turning left and right). Since the left lane only allows going straight and turning
left, the right-turning CAV in this lane must change its lane. The situation is similar for the
left-turning CAV in the right lane. To make a better comparison with the scenario without
lane-changing, we use the same arrival data (including the times all CAVs enter the CZ and
initial velocities) as the last experiment and only change the lane that the turning CAV arrives
at. For example, the left-turning CAVs must arrive at the left lane in the last experiment, but,
in this experiment, the lane they enter can be random. The results are shown in Table9.12.

We can see that the lane-changing behavior slightly increases all performance measures
compared with the results in scenarios disallowing lane-changing. This is expected since a
new (floating) MP is added and more control is required to ensure safety. Nevertheless, the
changes are minor, fully demonstrating the effectiveness of the OCBF method in handling
lane changing. Although we have assumed that lane changing only induces a fixed length,
we can extend the OCBF method to more complicated lane-changing trajectories, e.g.,
trajectories fitted by polynomial functions. Note that in the SUMO simulation, it is assumed
that a vehicle can jump directly from one lane to another. However, the OCBF method still
outperforms it in all metrics, further supporting the advantages of the OCBF controller.

Next, we explore the effect of asymmetrical arrival rates through two scenarios, in order
to confirm that the OCBF method is effective even when traffic flows are heavy. In the first
scenario, we set the arrival rates in Lanes 1, 2 to be three times as large as Lanes 3–8; while
in the second scenario, the arrival rates in Lanes 1, 2, 5, 6 are three times as large as the
remaining lanes. The comparison results are shown in Table9.13.

We can see in the SUMO simulation that traffic flows in lanes with high arrival rates are
highly congested with CAVs forming long queues in these lanes. All metrics obtained from
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Table 9.12 Influence of lane-changing behavior on OCBF method

β Methods Energy Travel time (s) Fuel (mL) Ave. obj.

0.1 SUMO with
LC

23.9988 30.0337 30.0000 27.0022

OCBF w/o LC 1.0350 25.0804 18.5086 3.5430

OCBF with
LC

1.0738 25.1200 18.5474 3.5858

0.5 SUMO with
LC

23.9988 30.0337 30.0000 39.0157

OCBF w/o LC 2.2244 22.6351 19.0753 13.5420

OCBF with
LC

2.2584 22.6689 19.1148 13.5929

1 SUMO with
LC

23.9988 30.0337 30.0000 54.0325

OCBF w/o LC 2.9955 22.2347 19.1126 25.2302

OCBF with
LC

3.0282 22.2684 19.1575 25.2966

2 SUMO with
LC

23.9988 30.0337 30.0000 84.0662

OCBF w/o LC 4.2353 22.1167 19.1500 48.4687

OCBF with
LC

4.2887 22.1536 19.2457 48.5959

Table 9.13 Influence of asymmetrical and heavy traffic flows

Scenario Methods Energy Travel time (s) Fuel (mL) Ave. obj.

1 SUMO 43.1656 68.6488 40.4731 111.8144

OCBF 2.6312 22.1812 19.1493 24.8124

2 SUMO 44.4815 96.0517 44.6265 140.5332

OCBF 3.0999 22.5594 19.5380 25.6593

Scenario 1: arrival rates at l1 and l2 are 540veh/h/lane; while at l3 to l8 they are 180veh/h/lane.
Scenario 2: arrival rates at l1, l2, l5, and l6 are 540veh/h/lane; while at l3, l4, l7, and l8 they are
180veh/h/lane

SUMO significantly increase comparedwith the results obtained frommedium traffic shown
in Table9.11. However, since the coordination performance under the OCBF controller is
much better than SUMO, all metrics remain at low levels, indicating the effectiveness of the
OCBF approach in congested situations.
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9.3.3.4 Comparison Results with an Actuated Signal-basedTraffic Controller
To further demonstrate that the OCBF method can achieve more efficient use of road
resources, we carry out a comparison with a baseline scenario under the control of adap-
tive four-phase traffic lights using SUMO. In this baseline scenario, an intersection has two
lanes in each direction as shown in Fig. 9.4. It is also worth noting that SUMO employs
a gap-based actuated traffic control method whose main idea is to prolong a traffic phase
when detecting a continuous stream of traffic. In this simulation, all model parameters used
are set at their default values. Then, to investigate the influence of different traffic volumes,
we vary the arrival rates to generate different traffic demands. The comparison results are
shown in Fig. 9.5.

The simulation results show thatwhen the traffic volume is low, the actuated traffic control
method tends to shorten each phase’s duration to reduce the waiting time of vehicles before
the stop line. However, we can still observe the undesirable phenomenon that a vehicle is
waiting for a green light in order to pass, while the intersection is empty. In contrast, when
the traffic volume is high, the actuated traffic control method makes each phase’s duration
as long as possible to avoid interrupting the traffic flow in that direction. However, vehicles
need to wait for an excessive amount of time before the stop line in this situation. Compared
with the signal-basedmethod, our optimized signal-free-basedmethod is significantly better
in all metrics. Although its performance deteriorates when traffic congestion builds up, the
changes inmetric values are relatively small. Based on the SUMOsimulations, themaximum
traffic volume the intersection can support under the signal-based method is approximately
3000veh/h (or 375veh/h/lane). When we continue to increase the arrival rates, almost all
roads are jammed so that new vehicles cannot enter the control zone. Thus, the throughput
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Fig. 9.5 Comparison results between the OCBF method and the actuated signal-based method
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Table 9.14 The effect of the DR method on the OCBF controller

Scenario Methods Energy Travel time (s) Fuel (mL) Ave. obj.

1 OCBF+FIFO 5.1261 21.6973 19.1518 113.6126

OCBF+DR 5.1439 21.6404 18.9364 113.3459

2 OCBF+FIFO 5.9218 20.8093 18.6319 109.9683

OCBF+DR 6.1080 20.6102 18.9077 109.1590

3 OCBF+FIFO 8.9344 19.3548 17.7396 105.7084

OCBF+DR 7.0501 17.3253 17.2104 93.6766

Scenario 1 is a symmetrical intersection with all lanes are 300m
Scenario 2 is an asymmetrical intersection with lane 3 and 4 are 200m while lane 1, 2, 5, 6, 7, and 8
are 300m
Scenario 3 is an asymmetrical intersection with lane 3 and 4 are 200m, lane 5 and 6 are 100m, while
lane 1, 2, 7, and 8 are 300m

values when arrival rates are 360 and 720veh/h/lane do not differ much. Conversely, traffic
flows in all directions are still smooth under the control of the proposed method when the
arrival rate is 360veh/h/lane, hence effectively increasing the intersection throughput.

9.3.3.5 The Inclusion of Dynamic Resequencing
Thus far in all simulation experiments, the FIFO-based queue was used to determine the
passing priority when potential conflicts occur. We now combine the OCBF controller with
a typical resequencing policy, in particular the Dynamic Resequencing (DR) method [102].
When a new CAV enters the CZ, the DR policy inserts it into the optimal position of the
original crossing sequence. Note that when combining the OC method with a resequencing
policy, an update of the arrival times and trajectories of CAVs is required whenever we adjust
the original crossing sequence. However, in the OCBF method, CAV i only needs to update
the indices of the CAVs with which it conflicts according to the new DR-based queue and
follow the original unconstrained optimal trajectory without replanning. In the following
simulations, we set β = 5 and vary the length of some lanes to generate different scenarios.
The comparison results are shown in Table9.14.

TheDRmethodhelps decrease travel times and achieves a better averageobjective value at
the expense of energy consumption, since CAVs need to take more acceleration/deceleration
actions to adjust their crossing order. The benefits of the DR method relative to the FIFO
policy are more evident in asymmetrical intersections. This is because the FIFO rule may
require a CAV that enters the CZ later but is much closer to the intersection to yield to a
CAV that is further away from the intersection. For example, in the above Scenario 3, a CAV
enters the CZ from lane 5 that is 100m away from the intersection. It is unreasonable to
force it to yield to a CAV entering earlier but located 250m away from the intersection. Our
resequencing method can effectively avoid such situations by adjusting crossing sequences
in an event-driven way. Note that the OCBF+DR method outperforms the OCBF+FIFO
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Table 9.15 Influence of nonlinear vehicle dynamics on the OCBF method

β Energy Travel time (s) Fuel (mL) Ave. obj.

0.1 0.4751 24.5680 16.6496 2.9319

0.5 1.6822 22.3889 18.2822 12.8767

1 2.4702 21.9973 18.4682 24.4675

2 3.4667 21.7871 18.5832 47.0409

method in all metrics in Scenario 3, since nearly all CAVs arriving at lanes 5 and 6 need to
decelerate and even stop due to the FIFO rule, indicating that theDRmethod ismore effective
when an intersection geometric configuration is asymmetrical. This finding is consistentwith
the conclusion given in [93] which provides detailed and comprehensive comparisons for
different resequencing methods.

9.3.3.6 The Influence of Nonlinear Vehicle Dynamics and Noise
We now consider the nonlinear vehicle dynamics in (9.64) and reformulate all CBF con-
straints according to the new dynamics. For the symmetrical intersection with two lanes in
each direction, we vary β from 0.1 to 2 and use the OCBF+FIFO method to coordinate the
movements of CAVs. The results are shown in Table9.15.

It is clear that the results conform to the results for the double integrator vehicle dynamics
(9.45). When β increases, we are more concerned about the travel time, thus travel time
decreases while the energy and fuel consumption rise. Note that although the nonlinear
vehicle dynamics are more complicated than the double integrator vehicle dynamics, the
only necessary modification is to derive the CBF constraints based on the new dynamics.
The computation times for these two different dynamics are nearly the same.

Next, we have considered both noise and nonlinear dynamics. Due to the measurement
errors of sensors and imperfect actuators, there exists random noise in position, velocity,
and control inputs. To analyze the influence of noise to the OCBF method, we consider
uniformly distributed noise processes (wi,p(t) for the position of CAV i , wi,v(t) for the
velocity, and wi,u(t) for the control inputs) for this simulation. We set β = 0.1 and use the
OCBF+FIFO method for all experiments. The results are shown in Table9.16.

The results show that the measurement errors of positions and velocities significantly
increase energy consumption. This is because noise causes CAVs to misjudge their states,
thus necessitating additional control actions. For example, suppose CAV i is following CAV
j and their actual distance is 10m at some time point, but, due to noise, CAV i maymisjudge
this distance to be 8m, therefore decelerating to enlarge their relative spacing. Then, at
the next time point, it may accelerate to keep a desired inter-vehicle space. These frequent
acceleration/deceleration maneuvers cause a considerable waste of energy. As uncertainty
increases, more control effort is needed to ensure the safety of CAVs when the number
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Table 9.16 Influence of noise on the OCBF method

Noise Energy Travel time Fuel Ave. obj.

No noise 0.4751 24.5680 16.6496 2.9319

wi,u(t) ∈ [−0.5, 0.5] 0.5777 24.6067 16.8714 3.0384

wi,p(t) ∈ [−1, 1] 5.4662 24.8587 22.3935 7.9521

wi,v(t) ∈ [−1, 1]
wi,p(t) ∈ [−1, 1] 5.5723 24.8458 22.3933 8.0569

wi,v(t) ∈ [−1, 1]
wi,u(t) ∈ [−0.5, 0.5]
wi,p(t) ∈ [−2, 2] 31.3250 24.5667 34.1352 33.7817

wi,v(t) ∈ [−2, 2]
wi,u(t) ∈ [−0.5, 0.5]

of noise sources increases and the noise magnitudes goes up. Note that CAVs may even
collide with other CAVs when we continuously increase the magnitude of noise. However,
when noise is limited, the OCBF method can effectively handle it and does not add any
computational burden.
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10.1 Ground Robot Obstacle Avoidance

We begin with the standard unicycle model commonly used to capture the motion of a
wheeled mobile robot:

ẋ = v cos θ, ẏ = v sin θ, v̇ = u2, θ̇ = u1, (10.1)

where (x, y) denotes the two-dimensional location, θ is the heading angle, v denotes the
linear speed, and u1, u2 are the two control inputs (turning speed and forward acceleration).
Note that the dynamics are in the form (2.11), with x = (x, y, θ, v)T , u = (u1, u2)T , f =
(v cos θ, v sin θ, 0, 0)T , and g = (0, 0; 0, 0; 1, 0; 0, 1).

A typical navigation task involves two objectives subject to two constraints as follows:
Objective 1 (Minimize energy consumption) The goal here is tominimize the total control

effort captured as the energy metric

J (u(t)) =
∫ t f

t0
(u21(t) + u22(t))dt . (10.2)

Objective 2 (Reach destination) The robot is required to reach a given point (xd, yd) ∈ R
2

over a time interval [t1, t2], t0 ≤ t1 ≤ t2 ≤ t f .
Constraint 1 (Safety) The robot must avoid a circular obstacle described by

(x(t) − xo)
2 + (y(t) − yo)

2 ≥ r2,

where (xo, yo) ∈ R
2 denotes the location of the obstacle and r = 7m is its size (a little larger

than the actual size, which is 6m).
Constraint 2 (Robot limitations) The robot’s motion is subject to the constraints
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vmin ≤ v(t) ≤ vmax ,

u1,min ≤ u1(t) ≤ u1,max , u2,min ≤ u2(t) ≤ u2,max ,

where vmin = 0m/s, vmax = 2m/s, u1,max = −u1,min = 0.2 rad/s, and u2,max = −u2,min

= 0.5m/s2.
We use HOCBFs to (strictly) impose Constraint 1 and Constraint 2. In addition, we

define two CLFs:

V1(x) =
(

θ − atan

(
yd − y

xd − x

))2

, V2(x) = (v − vd)
2, (10.3)

with vd = 2m/s in order to achieve Objective 2. As for Objective 1, we capture it by
formulating an optimization problem aimed at minimizing the cost (10.2).

For Constraint 1, we define a HOCBF:

b(x) = (x(t) − xo)
2 + (y(t) − yo)

2 − r2, (10.4)

whose relative degree is m = 2. Since L2
f b(x) = 2v2 is guaranteed to be non-negative, the

penalty method presented in Chap. 4 always works given proper x(t0). However, we use the
parameterization method described in Chap. 5, since we also wish to minimize the HOCBF
value when the HOCBF constraint first becomes active. This approach gives good results in
an unknown environment with obstacles, as shown below.

We use two HOCBFs to impose the speed part of Constraint 2:

bmax (x) = vmax − v, bmin(x) = v − vmin, (10.5)

which both have relative degree 1, and we get L f bmax (x) = L f bmin(x) = 0. If we set
u = 0, the speed will not change, which will not violate the speed limitations if they are
initially satisfied. Therefore, theseHOCBFconstraints do not conflictwith the control bound,
and we do not need to use either the penalty or parameterization methods.

We now consider aworst case scenario forwhichwe can easily determine penalties p1, p2
and powers q1, q2 in applying the parameterization method of Chap. 5. Thus, we select a
maximum initial speed v(t0) = vmax and an initial position (x(t0), y(t0)) = (5, 25m). We
assume the obstacle center (xo, yo) = (32, 25m) and the destination (xd , yd) = (45, 25m)

are aligned, and the initial heading θ(t0) = 0 is also parallel to this line, as seen in Fig. 10.1a.
In what follows, we study the feasibility robustness of the solution (i.e., how feasibility is
affected by changes in the state and/or environment) following the definitions and method-
ologies presented in Chap. 5.

When the destination component yd is exactly 25m, the robot stops before the obstacle
(if p1, p2, q1, q2 are feasible for the QP), i.e., it cannot arrive at the destination. We call this
stop point an “equilibrium point,” as shown in Fig. 10.1a. However, if yd has a positive offset
(arbitrary small), the robot can bypass the obstacle and arrive at the destination following the
left trajectories shown in Fig. 10.1a. Otherwise, the robot will produce right trajectories also
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(c) Trajectories under different obstacle-

approaching speeds.

(d) Trajectories for obstacles of

      different sizes.

(a) Trajectories under different

      parameters.

(b) Trajectories under different obstacle-

approaching angles.

Fig. 10.1 Robot obstacle avoidance problem using HOCBFs and the parameterization method

shown in Fig. 10.1a. Therefore, we choose a small offset for yd (i.e., yd = 25.0000001m)
when trying to find the optimal p1, p2, q1, q2.

We randomly sample p1, p2, q1, q2 (p1, p2 ∈ (0, 3], q1, q2 ∈ [1, 3]) to get 2000 points,
and run simulations for 30s. We use the FGO algorithm in Algorithm 1 shown in Chap. 5
to optimize each sample and get the optimal (p∗

1, p
∗
2, q

∗
1 , q∗

2 ) = (0.7535, 0.6664, 1.0046,
1.0267) such that the associated QPs are feasible and the HOCBF value is minimized
when the HOCBF constraint first becomes active. The HOCBF constraint is active when
b(x) = Dmin (Dmin = 5.4m2, a distance metric instead of the real distance).



176 10 Applications to Robotics

In the rest of this section we study the feasibility robustness of the proposed method,
assuming the optimal (p∗

1, p
∗
2, q

∗
1 , q∗

2 ) given above. Note that the QP feasibility does not
depend on the specific initial condition as long as the robot initially has a distance (in terms
of b(x)) of at least Dmin from the obstacle, and the initial state is within the predefined
bound (see [74]).

10.1.1 Feasibility Robustness

Feasibility Robustness to the Heading Angle In this case, we only change the value
of the destination component yd . Based on yd = 25.0000001m and yd = 24.9999999m,
we further offset yd by +2m for yd = 25.0000001m (−2m for yd = 24.9999999m), and
generate 7 destinations for both cases, respectively. These 14 destinations are all feasible,
which shows good feasibility robustness of the penalty method to changes in the heading
angle when approaching the obstacle, as shown in Fig. 10.1b. The HOCBF values when the
HOCBF constraint becomes active are all smaller thanDmin .

FeasibilityRobustness to theObstacleApproachingSpeedNext,wevary the approach-
ing speed to the obstacle between 1.8 and 2.5m/s (2m/s was the value for the original prob-
lem). All these values all feasible, which shows good feasibility robustness of the penalty
method to the change in speed when approaching the obstacle. The HOCBF values when the
HOCBF constraint becomes active increase as the approaching speed increases, as shown
in Fig. 10.1c.

Feasibility Robustness to the Obstacle Size Here, we only change the obstacle size
from the predefined value r = 7m. We consider a range of r between 2 and 9m. The results
show good feasibility robustness to the change of obstacle size as the QPs are always feasible
and the robot can safely arrive at its destination, as shown in Fig. 10.1d. The HOCBF values
when the HOCBF constraint becomes active do not change under different-size obstacles.

10.1.2 Safe Exploration in an Unknown Environment

Finally, in order to show that the feasibility robustness is independent of the location of the
obstacles, we present an application of robot safe exploration in an unknown environment.
Suppose the robot is equipped with a sensor ( 23π field of view (FOV) and 7m (greater than
the one corresponding toDmin) sensing distance with 1m sensing uncertainty) to detect the
obstacles, and there are three unknownobstacles (to the robot)whose center locations are (32,
25m), (28, 35m), (30, 40m)with radius 6, 5, 6m, respectively. The robot is required to arrive
sequentially at points a := (39, 35m), b := (30, 15m), c := (38, 40m), d := (20, 28m).
The robot can safely arrive at these four destinations with the penalties and powers
(p1, p2, q1, q2) = (0.7535, 0.6664, 1.0046, 1.0267) as calculated above,which shows good
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Fig. 10.2 Safe exploration in
an unknown environment

feasibility robustness. The robot trajectory is shown in Fig. 10.2. The computation time to
solve the QP at each time step is less than 0.01 s (Intel(R) Core(TM) i7-8700 CPU @
3.2GHz×2).

10.2 Rule-Based Autonomous Driving

Autonomous driving is a prominent example of a cyber-physical system which is safety-
critical. The proliferation of such systems has given rise to an increasing need for compu-
tational tools that can facilitate and enable their verification and control subject to rich and
complex specifications. In the case of autonomous driving, there are common objectives
for Autonomous Vehicles (AVs) which are captured in optimal control problems, such as
minimizing energy consumption and travel time, and constraints on control variables, such
as a maximum acceleration. In addition, however, AVs need to follow complex and possibly
conflicting traffic laws with different priorities. They should also meet culture-dependent
expectations of reasonable driving behavior [17, 23, 45, 47, 50, 56, 65]. For example, an AV
has to avoid collisions with other road users (higher priority), maintain longitudinal clear-
ance with respect to a lead vehicle (lower priority), and drive faster than the minimum speed
limit (still lower priority). Inspired by [13], we formulate these behavior specifications as a
set of rules with a priority structure that captures their importance.

To accommodate the various rules an AV should follow, in this section we formulate an
optimal control problem in which the satisfaction of the rules and some vehicle limitations
are enforced by CBFs, while CLFs are used to achieve convergence to desired states, similar
to the traffic control problems considered in Chap. 9. On the other hand, to minimize the
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violation of the rules, we formulate iterative rule relaxations according to their priorities.
The online implementation of the rule-based optimal control framework can be found in
[89]. We begin by formulating the basic rule-based control problem in Sect. 10.2.1, and
then introduce the rules and their priority structure in Sect. 10.2.2. The rule-based control
framework is presented in Sect. 10.2.3, and several case studies under different driving
scenarios are presented in Sect. 10.2.4.

10.2.1 Problem Formulation

For a vehicle with dynamics given by (2.11) and starting at a given state x(0) = x0, consider
an optimal control problem in the form:

min
u(t)

∫ T

0
J (||u(t)||)dt, (10.6)

where || · || denotes the 2-norm of a vector, T > 0 denotes a bounded final time, and
J is a strictly increasing function of its argument (e.g., an energy consumption function
J (||u(t)||) = ||u(t)||2). We consider the following additional requirements:

Trajectory tracking: We require the vehicle to stay as close as possible to a desired
reference trajectory Xr (e.g., the middle of its current lane).

State constraints:We impose a set of constraints (componentwise) on the state of system
(2.11) in the following form:

xmin ≤ x(t) ≤ xmax , ∀t ∈ [0, T ], (10.7)

where xmax := (xmax,1, xmax,2, . . . , xmax,n) ∈ R
n and xmin := (xmin,1, xmin,2, . . . , xmin,n)

∈ R
n denote the maximum and minimum state vectors, respectively. Examples of such con-

straints for a vehicle include maximum acceleration, maximum braking, and maximum
steering rate.

Priority structure: We require the system trajectory X of (2.11) starting at x(0) = x0
to satisfy a priority structure 〈R, ∼p, ≤p〉, i.e.,

X |= 〈R, ∼p, ≤p〉, (10.8)

where ∼p is an equivalence relation over a finite set of rules R and ≤p is a total order
over the equivalence classes. Our priority structure, called Total ORder over eQuivalence
classes (TORQ), is related to the rulebooks from [13]. However, rather than allowing for a
partial order over the set of rules R, we require that any two rules are either comparable or
equivalent. Informally, (10.8) means that X is the “best” trajectory that (2.11) can produce,
considering the violation metrics of the rules in R and the priorities captured by∼p and≤p.
A formal definition for a priority structure and its satisfaction will be given in the sequel.
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Control bounds: We impose control bounds as given in (2.19). Examples include jerk
and steering acceleration.

Formally, we can define the optimal control problem with rules (OCP-R) as follows:

OCP-R: Find a control policy for system (2.11) such that the objective function in (10.6)
is minimized, and the trajectory tracking, state constraints (10.7), the TORQ priority struc-
ture 〈R, ∼p, ≤p〉, and control bounds (2.19) are satisfied by the generated trajectory given
x(0). �

Our approach to Problem OCP-R can be summarized as follows. We use CLFs for
tracking the reference trajectory Xr and HOCBFs to implement the state constraints (10.7).
For each rule in R, we define violation metrics. We show that satisfaction of the rules can be
expressed as forward invariance for sets described by differentiable functions, and enforce
them using HOCBFs. The control bounds (2.19) are considered as constraints. We provide
an iterative solution to Problem OCP-R, where each iteration involves solving a sequence
of QPs. In the first iteration, all the rules from R are considered. If the corresponding QPs are
feasible, then an optimal control is found. Otherwise, we iteratively relax the satisfaction of
rules from subsets of R based on their priorities, andminimize the corresponding relaxations
by including them in the cost function.

10.2.2 Rules and Priority Structures

In this section, we extend the rulebooks from [13] by formalizing the rules and defining
violation metrics. We introduce the TORQ priority structure from the last section, in which
all rules are comparable, and it is particularly suited for the hierarchical optimal control
framework shown in the sequel.

Rules. In the definition below, an instance i ∈ Sp is a traffic participant or artifact that is
involved in a rule, where Sp is the set of all instances involved in the rule. For example, in
a rule to maintain clearance from pedestrians, a pedestrian is an instance, and there can be
many instances encountered by ego in a given scenario. Instances can also be traffic artifacts
like the road boundary (of which there is only one), lane boundaries, or stop lines.

Definition 10.1 (Rule) A rule is composed of a statement and three violationmetrics.
A statement is a formula that is required to be satisfied for all times. A formula is
inductively defined as:

ϕ := μ|¬ϕ|ϕ1 ∧ ϕ2, (10.9)

where ϕ, ϕ1, ϕ2 are formulas, μ := (h(x) ≥ 0) is a predicate on the state vector x
of system (2.11) with h : Rn → R. ∧, ¬ are Boolean operators for conjunction and
negation, respectively. The three violation metrics for a rule r are defined as:
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1. Instantaneous violation metric �r ,i (x(t)) ∈ [0, 1],
2. Instance violation metric ρr ,i (X) ∈ [0, 1], and
3. Total violation metric Pr (X) ∈ [0, 1],

where i is an instance, x(t) is a trajectory at time t and X is a whole trajectory of
ego. The instantaneous violation metric �r ,i (x(t)) quantifies violation by a trajectory
at a specific time t with respect to a given instance i . The instance violation metric
ρr ,i (X) captures a violation with respect to a given instance i over the whole time of a
trajectory; it is obtained by aggregating �r ,i (x(t)) over the entire time of a trajectory
X. The total violation metric Pr is the aggregation of the instance violation metric
ρr ,i (X) over all instances i ∈ Sp.

The aggregations in the above definition can be implemented through a selection of
a maximum or a minimum, integration over time, summation over instances, or by using
general L p norms. A zero value for a violation score shows satisfaction of the rule. A strictly
positive value denotes violation—the larger the score, the more the ego AV violates the rule.
In what follows, for simplicity, we use �r and ρr instead of �r ,i and ρr ,i if there is only one
instance. Examples of rules (statements and violations metrics and scores) are given in the
simulation examples in Sect. 10.2.4.

We divide the set of rules into two categories: (i) clearance rules—safety relevant rules
enforcing the requirement that the ego AV maintains a minimal distance to other traffic
participants and to the side of the road or lane, and (i i) non-clearance rules—rules that
are not contained in the first category, such as speed limits. In the following, we provide
a general methodology to express clearance rules as inequalities involving differentiable
functions, which will allow us to enforce their satisfaction using HOCBFs.

Remark 10.1 The violationmetrics fromDefinition 10.1 are inspired fromSignal Temporal
Logic (STL) robustness [18, 37, 39], which quantifies how a signal (trajectory) satisfies a
temporal logic formula. Here, we focus on rules that we aim to satisfy at all times. Therefore,
the rules in (10.9) can be seen as (particular) STL formulas, which all start with an “always”
temporal operator (omitted here).

Priority Structure. The pre-order rulebook from [13] defines a “base” pre-order that
captures relative priorities of some (comparable) rules, which are often similar in different
states and countries. A pre-order rulebook can bemademore precise for a specific legislation
by adding rules and/or priority relations through priority refinement, rule aggregation and
augmentation. This can be done through empirical studies or learning from local data to
construct a total order rulebook. To order trajectories, authors of [13] enumerated all the
total orders compatible with a given pre-order. Motivated by the hierarchical optimal control
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framework, we require that any two rules are in a relationship, in the sense that they are
either equivalent or comparable with respect to their priorities.

Definition 10.2 (TORQ Priority Structure) A Total ORder over eQuivalence classes
(TORQ) priority structure is a tuple 〈R, ∼p, ≤p〉, where R is a finite set of rules, ∼p

is an equivalence relation over R, and ≤p is a total order over the set of equivalence
classes determined by ∼p.

Equivalent rules (i.e., rules in the same class) have the same priority. Given two equiv-
alence classes O1 and O2 with O1 ≤p O2, every rule r1 ∈ O1 has lower priority than every
rule r2 ∈ O2. Since≤p is a total order, any two rules r1, r2 ∈ R are comparable, in the sense
that exactly one of the following three statements is true: (i) r1 and r2 have the same priority,
(i i) r1 has higher priority than r2, and (i i i) r2 has higher priority than r1.

Given a TORQ 〈R, ∼p, ≤p〉, we can assign numerical (integer) priorities to the rules. We
assign priority 1 to the equivalence class with the lowest priority, priority 2 to the next one
and so on. The rules inside an equivalence class inherit the priority from their equivalence
class. Given a priority structure 〈R, ∼p, ≤p〉 and violation scores for the rules in R, we can
compare trajectories:

Definition 10.3 (Trajectory Comparison) A trajectory X1 is said to be better (less
violating) than another trajectory X2 if the highest priority rule(s) violated by X1 has
a lower priority than the highest priority rule(s) violated by X2. If both trajectories
violate an equivalent highest priority rule(s), then the one with the smaller (maximum)
total violation score is better. In this case, if the trajectories have equal violation scores,
then they are equivalent.

It is easy to see that, by followingDefinition 10.3, given two trajectories, one can be better
than the other, or they can be equivalent (i.e., two trajectories cannot be incomparable).

Example 10.1 Consider the driving scenario from Fig. 10.3a and TORQ 〈R, ∼p, ≤p〉 in
Fig. 10.3b, where R = {r1, r2, r3, r4}, and r1: “No collision,” r2: “Lane keeping,” r3: “Speed
limit” and r4: “Comfort”. There are three equivalence classes given by O1 = {r4}, O2 =
{r2, r3} and O3 = {r1}. Rule r4 has priority 1, r2 and r3 have priority 2, and r1 has priority
3. Assume the instance (same as total, as there is only one instance for each rule) violation
scores of rules ri , i = 1, 2, 3, 4 by trajectories a, b, c are given by ρi = (ρi (a), ρi (b), ρi (c))
as shown in Fig. 10.3b. Based on Definition 10.3, trajectory b is better (less violating) than
trajectory a since the highest priority rule violated by b (r2) has a lower priority than the
highest priority rule violated by a (r1). The same argument holds for trajectories a and c, i.e.,
c is better than a. The highest priority rules violated by trajectories b and c have the same
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(a) Possible trajectories (b) TORQwith instance violation scores (the
colors for the scores correspond to the colors
of the trajectories. The rectangles show the
equivalence classes.

Fig.10.3 An autonomous driving scenario with three possible trajectories, 4 rules, and 3 equivalence
classes

priorities. Since the maximum violation score of the highest priority rules violated by b is
smaller than that for c, i.e., max(ρ2(b), ρ3(b)) = 0.1, max(ρ2(c), ρ3(c)) = 0.4, trajectory
b is better than c. �

Definition 10.4 (TORQ satisfaction) A trajectory X of system (2.11) starting at x(0)
satisfies a TORQ 〈R, ∼p, ≤p〉 (i.e., X |= 〈R, ∼p, ≤p〉), if there are no better trajec-
tories of (2.11) starting at x(0).

Definition 10.4 is central to our solution of Problem OCP-R, which is based on an
iterative relaxation of the rules according to their satisfaction of the TORQ.

10.2.3 Rule-Based Optimal Control

In this section, we present the detailed steps of our approach to solve Problem OCP-R.

10.2.3.1Trajectory Tracking
The system dynamics in (2.11) are viewed as “traditional” vehicle dynamics with respect
to an inertial reference frame [4] or as dynamics defined along a given reference trajectory
[53] (see (10.21)). The problem setting considered here falls in the second category (the
middle of ego’s current lane is the default reference trajectory). We use the model from
[53], in which part of the state of (2.11) captures the tracking errors with respect to the
reference trajectory. The tracking problem then becomes one of stabilizing the error states
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to 0. Suppose the error state vector is y ∈ Rn0 , n0 ≤ n (the components in y are a subset
of the components in x). We define a CLF V (x) = || y||2. Any control u that satisfies the
relaxed CLF constraint [4] given by

L f V (x) + LgV (x)u + εV (x) ≤ δe, (10.10)

exponentially stabilizes the error states to 0 if δe(t) = 0, ∀t ∈ [0, T ], where δe > 0 is a
relaxation variable that compromises between stabilization and feasibility. Note that the
CLF constraint (10.10) only works for V (x) with relative degree 1. If the relative degree
is larger than 1, we can use input-to-state linearization and state feedback control [26] to
reduce the relative degree to one [77].

10.2.3.2 Clearance and Optimal Disk Coverage
Satisfaction of a priority structure can be enforced by formulating real-time constraints on
the ego AV state x(t) that appear in the violation metrics. Satisfaction of the non-clearance
rules can be easily implemented using HOCBFs. For clearance rules, we define a notion of
clearance region around ego and around the traffic participants in Sp that are involved in the
rule (e.g., pedestrians and other vehicles).

The clearance region for the egoAV is defined as a rectanglewith tunable speed-dependent
lengths (i.e., we may choose to have a larger clearance from pedestrians when the ego AV
is driving at higher speeds) and defined based on the ego AV’s footprint and functions
h f (x), hb(x), hl(x), hr (x) that determine the front, back, left, and right clearances as illus-
trated in Fig. 10.4, where h f , hb, hl , hr : Rn → R≥0. The clearance regions for participants
(instances) are defined such that they comply with their geometry and cover their footprints,
e.g., (fixed-length) rectangles for other vehicles and (fixed-radius) disks for pedestrians, as
shown in Fig. 10.4.

Fig.10.4 The clearance regions and their coverage with disks: the clearance region and the disks are
speed-dependent for the ego AV and fixed for the other vehicle and the pedestrian. We consider the
distances between all the possible pairs of disks from the ego AV and other traffic participants (e.g.,
pedestrians, parked vehicles). There are 12 distance pairs in total, and we only show two of them
w.r.t. the pedestrian and another vehicle, respectively
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To satisfy a clearance rule involving traffic participants, we need to avoid any overlaps
between the clearance regions of the ego AV and its traffic participants. We define a function
dmin(x, xi ) : Rn+ni → R to determine the signed distance between the clearance regions
of the ego AV and participant i ∈ Sp (xi ∈ R

ni denotes the state of participant i), which
is negative if the clearance regions overlap. Therefore, satisfaction of a clearance rule can
be imposed by having a constraint on dmin(x, xi ) be non-negative. For the clearance rules
“stay in lane” and “stay in drivable area,” we require that the ego AV clearance region be
within the lane and the drivable area, respectively.

However, finding dmin(x, xi ) can be computationally expensive. For example, the dis-
tance between two rectangles could be from corner to corner, corner to edge, or edge to
edge. Since each rectangle has four corners and four edges, there are 64 possible cases.
More importantly, this computation leads to a non-smooth dmin(x, xi ) function, which can-
not be used to enforce clearance using a CBF approach. To address these issues, we propose
an optimal coverage of the rectangles with disks, which allows to map the satisfaction of
the clearance rules to a set of smooth HOCBF constraints (i.e., there will be one constraint
for each pair of centers of disks pertaining to different traffic participants).

We use l > 0 and w > 0 to denote the length and width of the ego AV’s footprint,
respectively. Assume we use z ∈ N disks with centers located on the center line of the
clearance region to cover it (see Fig. 10.5). Since all the disks have the same radius, the
minimum radius to fully cover the ego AV’s clearance region, denoted by r > 0, is given by:

r =
√(

w + hl(x) + hr (x)

2

)2

+
(
l + h f (x) + hb(x)

2z

)2

. (10.11)

The minimum radius ri of the rectangular clearance region for a traffic participant i ∈ Sp
with disks number zi is defined in a similar way using the length and width of its footprint
and setting hl , hr , hb, h f = 0.

Assume the center of the disk j ∈ {1, . . . , z} for the ego AV and the center of the disk
k ∈ {1, . . . , zi } for the instance i ∈ Sp are given by (xe, j , ye, j ) ∈ R

2 and (xi,k, yi,k) ∈ R
2,

respectively (see Fig. 10.5). To avoid any overlap between the corresponding disks of ego
and the instance i ∈ Sp, we impose the following constraints:

Fig. 10.5 The optimal disk
coverage of a clearance region
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√
(xe, j − xi,k)2 + (ye, j − yi,k)2 ≥ r + ri ,

∀ j ∈ {1, . . . , z}, ∀k ∈ {1, . . . , zi }.
(10.12)

Since disks fully cover the clearance regions, enforcing (10.12) also guarantees that
dmin(x, xi ) ≥ 0. For the clearance rules “stay in lane” and “stay in drivable area,” we can
get similar constraints as (10.12) to make the disks that cover the ego AV’s clearance region
stay within them (e.g., we can consider hl , hr , hb, h f = 0 and formulate (10.12) such that
the distance between the ego AV disk centers and the line in the middle of its current lane be
less than wl

2 − r, where wl > 0 denotes the lane width). Thus, we can formulate satisfaction
of all the clearance rules as continuously differentiable constraints (10.12), and implement
them using HOCBFs.

To efficiently formulate the proposed optimal disk coverage approach, we need to find
the minimum number of the disks that fully cover the clearance regions as it determines the
number of constraints in (10.12). Moreover, we need to minimize the lateral approximation
error since large errors imply overly conservative constraint (see Fig. 10.5). This can be
formally defined as an optimization problem, and solved offline to determine the numbers
and radii of the disks in (10.12). In what follows, we present this procedure.

To construct disks to fully cover the clearance regions, we need to find their number and
radius. From Fig. 10.5, the lateral approximation error σ > 0 is given by:

σ = r − w + hl(x) + hr (x)

2
. (10.13)

Since σ for the ego AV depends on its state x (speed-dependent), we consider the accumu-
lated lateral approximation error for all possible x ∈ X . This allows us to determine z and
r such that the disks fully cover the ego AV clearance region for all possible speeds in x.
Let h̄i = supx∈X hi (x), hi = inf x∈X hi (x), i ∈ { f , b, l, r}. We can formally formulate the
construction of the approximation disks as an optimization problem:

min
z

z + β

∫ h̄ f

h f

∫ h̄b

hb

∫ h̄l

hl

∫ h̄r

hr

σdh f (x)dhb(x)dhl(x)dhr (x) (10.14)

subject to
z ∈ N, (10.15)

where β ≥ 0 is a trade-off between minimizing the number of the disks (so as to minimize
the number of constraints considered with CBFs) and the coverage approximation error.
The above optimization problem is solved offline. A similar optimization problem is for-
mulated for the construction of disks for instances in Sp (we remove the integrals due to
speed independence). Note that for the driving scenarios studied in this chapter, we omit the
longitudinal approximation errors in the front and back. The lateral approximation errors are
considered in the disk formulation since they induce conservativeness in the lateral maneu-
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vers of the ego AV required for surpassing other instances (such as parked car, pedestrians,
etc.); see Sect. 10.2.4.

Let (xe, ye) ∈ R
2 be the center of the ego AV and (xi , yi ) ∈ R

2 be the center of instance
i ∈ Sp. The center of disk j for the ego AV (xe, j , ye, j ), j ∈ {1, . . . , z} is determined by:

xe, j = xe + cos θe

(
− l

2
− hb(x) + l + h f (x) + hb(x)

2z
(2 j − 1)

)

ye, j = ye + sin θe

(
− l

2
− hb(x) + l + h f (x) + hb(x)

2z
(2 j − 1)

) (10.16)

where j ∈ {1, . . . , z} and θe ∈ R denotes the heading angle of the ego AV. The center of
disk k for instance i ∈ Sp denoted by (xi,k, yi,k), k ∈ {1, . . . , zi }, can be defined similarly.

Theorem 10.1 If the clearance regions of the ego AV and instance i ∈ Sp are covered
by the disks constructed by solving (10.14), then the clearance regions of ego and
instance i do not overlap if (10.12) is satisfied.

Proof Let z and zi be the disks with minimum radius r and ri from (10.11) associated with
the clearance regions of the ego AV and instance i ∈ Sp, respectively. The constraints in
(10.12) guarantee that there is no overlap of the disks between vehicle i ∈ Sp and instance
j ∈ Sp. Since the clearance regions are fully covered by these disks, we conclude that the
clearance regions do not overlap. �

10.2.3.3Optimal Control
We now present our complete framework to solve problem OCP-R. We propose a recursive
algorithm to iteratively relax the satisfaction of the rules in the priority structure 〈R, ∼p, ≤p〉
(if needed) based on the total order over the equivalence classes.

Let RO be the set of equivalence classes in 〈R, ∼p, ≤p〉, and NO be the cardinality of
RO. We construct the power set of equivalence classes denoted by S = 2RO , and incre-
mentally (from low to high priority) sort the sets in S based on the highest priority of the
equivalence classes in each set according to the total order and denote the sorted set by
Ssorted = {S1, S2, . . . , S2NO }, where S1 = {∅}. We use this sorted set in our optimal control
formulation to obtain satisfaction of the higher priority classes, even at the cost of relaxing
satisfaction of the lower priority classes. Therefore, from Definition 10.4, the solution of the
optimal control will satisfy the priority structure.
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Example 10.2 (Example 10.1 revisited).We define RO = {O1,O2,O3}. Based on the given
total order O1 ≤p O2 ≤p O3, we can write the sorted power set as Ssorted =
{{∅}, {O1}, {O2}, {O1,O2}, {O3}, {O1,O3}, {O2,O3}, {O1,O2,O3}}. �

In order to find a trajectory that satisfies a given TORQ, we first assume that all the rules
are satisfied. Starting from S1 = {∅} in the sorted set Ssorted , we solve ProblemOCP-R given
that no rules are relaxed, i.e., all the rules must be satisfied. If the problem is infeasible, we
move to the next set S2 ∈ Ssorted , and relax all the rules of all the equivalence classes in
S2 while enforcing satisfaction of all the other rules in the equivalence class set denoted
by RO \ S2. This procedure is done recursively until we find a feasible solution of Problem
OCP-R. Formally, at k = 1, 2 . . . , 2NO for Sk ∈ Ssorted , we relax all the rules i ∈ O for all
the equivalence classes O ∈ Sk and reformulate Problem OCP-R as the following optimal
control problem:

min
u,δe,δi ,i∈O,O∈Sk

∫ T

0

⎡
⎣J (||u||) + peδ

2
e +

∑
i∈O,O∈Sk

piδ
2
i

⎤
⎦ dt (10.17)

subject to: dynamics (2.11), control bounds (2.19), CLF constraint (10.10), and

L
m j
f b j (x) + LgL

m j−1
f b j (x)u + O(b j (x))

+αm j (ψm j−1(x)) ≥ 0, ∀ j ∈ O, ∀O ∈ RO \ Sk,
(10.18)

Lmi
f bi (x) + LgL

mi−1
f bi (x)u + O(bi (x))

+αmi (ψmi−1(x)) ≥ δi , ∀i ∈ O, ∀O ∈ Sk,
(10.19)

Lml
f bl(x) + LgL

ml−1
f blim,l(x)u + O(blim,l(x))

+αml (ψml−1(x)) ≥ 0, ∀l ∈ {1, . . . , 2n},
(10.20)

where pe > 0 and pi > 0, i ∈ O,O ∈ Sk assign the trade-off between the CLF relaxation
δe (used for trajectory tracking) and the HOCBF relaxations δi . mi ,m j ,ml denotes the
relative degree of bi (x), b j (x), blim,l(x), respectively. The functions bi (x) and b j (x) are
HOCBFs for the rules in 〈R, ∼p, ≤p〉, and are implemented directly from the rule statement
for non-clearance rules or by using the optimal disk coverage framework for clearance
rules. At relaxation step k, HOCBFs corresponding to the rules in O, ∀O ∈ Sk are relaxed
by adding pi > 0, i ∈ O,O ∈ Sk in (10.19), while for other rules in R in (10.18) and the
state constraints (10.20), regular HOCBFs are used. We assign pi , i ∈ O,O ∈ Sk according
to their relative priorities, i.e., we choose a larger pi for the rule i that belongs to a higher
priority class. The functions blim,l(x), l ∈ {1, . . . , 2n} are HOCBFs for the state limitations
(10.7). The functions ψmi (x), ψm j (x), ψml (x) are defined as in (3.3). αmi , αm j , αml can be
penalized to improve the feasibility of the problem above [71, 74].

If the above optimization problem is feasible for all t ∈ [0, T ], we can specifically
determine which rules (within an equivalence class) are relaxed based on the values of
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δi , i ∈ O,O ∈ Sk in the optimal solution (i.e., if δi (t) = 0, ∀t ∈ {0, T }, then rule i does not
need to be relaxed). This procedure is summarized in Algorithm 5.

Remark 10.2 (Complexity) The optimization problem (10.17) is solved using the usual
sequence of QPs introduced in Chap. 2. The complexity of each QP is O(y3), where y ∈ N

is the dimension of decision variables. It usually takes less than 0.01s to solve each QP in
MATLAB. The total time for each iteration k ∈ {1, . . . , 2NO} depends on the final time T
and the length of the reference trajectoryXr . The computation time can be further improved
by running the code in parallel over multiple processors.

10.2.3.4 Pass/Fail Evaluation
As an extension to Problem OCP-R, we formulate and solve a pass/fail (P/F) procedure, in
which we are given a vehicle trajectory, and the goal is to accept (pass, P) or reject (fail,
F) it based on the satisfaction of the rules. Specifically, given a candidate trajectory Xc of
system (2.11), and given a TORQ 〈R, ∼p, ≤p〉, we pass (P) Xc if we cannot find a better
trajectory according to Definition 10.3. Otherwise, we fail (F) Xc. We proceed as follows:
We find the total violation scores of the rules in 〈R, ∼p, ≤p〉 for the candidate trajectoryXc.
If no rules in R are violated, then we pass the candidate trajectory. Otherwise, we investigate
the existence of a better (less violating) trajectory. We take the middle of ego’s current lane
as the reference trajectory Xr and re-formulate the optimal control problem in (10.17) to
recursively relax rules such that if the optimization is feasible, the generated trajectory is
better than the candidate trajectory Xc. Specifically, assume that the highest priority rule(s)
that the candidate trajectoryXc violates belongs toOH , H ∈ N. Let RH ⊆ RO denote the set
of equivalence classes with priorities not larger than H , and NH ∈ N denote the cardinality
of RH . We construct a power set SH = 2RH , and then apply Algorithm 5, in which we
replace RO by RH .

Remark 10.3 The procedure described above would fail a candidate trajectory Xc even if
only a slightly better alternate trajectory (i.e., violating rules of the same highest priority but
with slightly smaller violation scores) can be found by solving the optimal control problem.
In practice, this might lead to an undesirably high failure rate. One way to deal with this
is to allow for more classification categories, e.g., “Provisional Pass” (PP), which can then
trigger further investigation of Xc.

Example 10.3 (Example 10.1 revisited) Returning to the example in Fig. 10.3, assume tra-
jectory b is a candidate trajectory which violates rules r2, r4, thus, the highest priority rule
that is violated by trajectory b belongs to O2. We construct RH = {O1,O2}. The power set
SH = 2RH is then defined as SH = {{∅}, {O1}, {O2}, {O1,O2}}, and is sorted based on the
total order as SHsorted = {{∅}, {O1}, {O2}, {O1,O2}}. �
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Algorithm 5: Recursive relaxation algorithm for finding optimal trajectory
Input: System (2.11) with x(0), cost function (10.6), control bound (2.19), state constraint

(10.7), TORQ 〈R, ∼p, ≤p〉, reference trajectory Xr
Output: Optimal ego trajectory and set of relaxed rules
1. Construct the power set of equivalence classes S = 2RO ;
2. Sort the sets in S based on the highest priority of the equivalence classes in each set
according to the total order and get Ssorted = {S1, S2, . . . , S2NO };
3. k = 0;

while k + + ≤ 2NO do
Solve (10.17) s.t. (2.11), (2.19), (10.10), (10.19), (10.18) and (10.20);
if the above problem is feasible for all t ∈ [0, T ] then

Generate the optimal trajectory X∗ from (2.11);
Construct relaxed set Rrelax = {i : i ∈ O,O ∈ Sk};
if δi (t) = 0,∀t ∈ [0, T ] then

Remove i from Rrelax ;
end
break;

end
end
4. Return X∗ and Rrelax ;

10.2.4 Simulation Examples

In this section, we apply the methodology we have developed to specific vehicle dynamics
and various driving scenarios. EgoAVdynamics (2.11) are definedwith respect to a reference
trajectory [53], which measures the along-trajectory distance s ∈ R and the lateral distance
d ∈ Rof the vehicleCenter ofGravity (CoG)with respect to the closest point on the reference
trajectory as follows:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṡ
ḋ
μ̇

v̇

ȧ
δ̇

ω̇

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
ẋ

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v cos(μ+β)
1−dκ

v sin(μ + β)
v
lr
sin β − κ

v cos(μ+β)
1−dκ

a
0
ω

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
f (x)

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0
0 0
0 0
0 0
1 0
0 0
0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
g(x)

[
u jerk

usteer

]

︸ ︷︷ ︸
u

, (10.21)

whereμ is the vehicle local heading error determined by the difference of the global vehicle
heading θ ∈ R in (10.16) and the tangent angle φ ∈ R of the closest point on the reference
trajectory (i.e., θ = φ + μ); v, a denote the vehicle linear speed and acceleration; δ, ω

denote the steering angle and steering rate, respectively; κ is the curvature of the reference
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Fig. 10.6 Coordinates of ego
AV with respect to a reference
trajectory

trajectory at the closest point; lr is the length of the vehicle from the tail to the CoG; and
u jerk , usteer denote the two control inputs for jerk and steering acceleration as shown in

Fig. 10.6. β = arctan
(

lr
lr+l f

tan δ
)
where l f is the length of the vehicle from the head to the

CoG.
We consider the cost function in (10.17) as:

min
u jerk (t),usteer (t)

∫ T

0

[
u2jerk(t) + u2steer (t)

]
dt . (10.22)

The reference trajectory Xr is the middle of ego’s current lane, and is assumed to be
given as an ordered sequence of points p1, p2, . . . , pNr

, where pi ∈ R
2, i = 1, . . . , Nr (Nr

denotes the number of points).Wecanfind the reference point pi(t), i : [0, T ] → {1, . . . , Nr }
at time t as follows:

i(t) =
{
i(t) + 1 || p(t) − pi(t)|| ≤ γ,

j ∃ j ∈ {1, 2, . . . , Nr } : || p(t)− pi(t)||≥|| p(t)− p j ||,
(10.23)

where p(t) ∈ R
2 denotes ego’s location. γ > 0, and i(0) = k for a k ∈ {1, 2, . . . , Nr } is

chosen such that || p(0) − p j || ≥ || p(0) − pk |, ∀ j ∈ {1, 2, Nr }. Once we get pi(t), we can
update the progress s, the error states d, μ and the curvature κ in (10.21). The trajectory
tracking in this case is to stabilize the error states d, μ ( y = (d, μ) in (10.10)) to 0. We
also wish the ego AV to achieve a desired speed vd > 0 (otherwise, it may stop in curved
lanes). We achieve this by re-defining the CLF V (x) in (10.10) as V (x) = || y||2 + c0(v −
vd)

2, c0 > 0. As the relative degree of V (x) w.r.t. (10.21) is larger than 1, we use input-
to-state linearization and state feedback control [26] to reduce the relative degree to one
[77]. For example, for the desired speed part in the CLF V (x) ((10.21) is in linear form
from v to u jerk , so we do not need to do linearization), we can find a desired state feedback
acceleration â = −k1(v − vd), k1 > 0. Then we can define a new CLF in the form V (x) =
|| y||2 + c0(a − â)2 = || y||2 + c0(a + k1(v − vd))

2 whose relative degree is just one w.r.t.
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u jerk in (10.21). We proceed similarly for driving d, μ to 0 in the CLF V (x) as the relative
degrees of d, μ are also larger than one.

The control bounds (2.19) and state constraints (10.7) are given by:

speed constraint: vmin ≤ v(t) ≤ vmax,

acceleration constraint: amin ≤ a(t) ≤ amax,

jerk control constraint: u j,min ≤ u jerk(t) ≤ u j,max,

steering angle constraint: δmin ≤ δ(t) ≤ δmax,

steering rate constraint: ωmin ≤ ω(t) ≤ ωmax,

steering control constraint:us,min ≤ usteer (t) ≤ us,max,

(10.24)

We use a set of 8 rules, which we describe below. According to Definition 10.1, each rule
statement should be satisfied at all times.

r1 : Maintain clearance with pedestrians

Statement: dmin, f p(x, xi ) ≥ d1 + v(t)η1, ∀i ∈ Sped

�r ,i (x(t)) = max

(
0,

d1 + v(t)η1 − dmin, f p(x, xi )

d1 + vmaxη1

)2

,

ρr ,i (X) = max
t∈[0,T ] �r ,i (x(t)), Pr =

√√√√ 1

n ped

∑
i∈Sped

ρr ,i .

(10.25)

where dmin, f p : Rn+ni → R denotes the distance between the footprints of the ego AV and
pedestrian i , and dmin, f p(·, ·) < 0 denotes the footprint overlap. The clearance threshold is
given based on a fixed distance d1 ≥ 0 and increases linearly by η1 > 0 based on ego AV
speed v(t) ≥ 0 (d1 and η1 are determined empirically). Sped denotes the index set of all
pedestrians, and xi ∈ R

ni denotes the state of pedestrian i . vmax is the maximum feasible
speed of the vehicle and is used to define the normalization term in �r ,i , which assigns a
violation score (based on a L-2 norm) if formula is violated by x(t). ρr ,i defines the instance
violation score as the most violating instant over X. Pr aggregates the instance violations
over all units (pedestrians), where n ped ∈ N denotes the number of pedestrians.

r2 : Stay in the drivable area

Statement: dle f t (x(t)) + dright (x(t)) = 0

�r (x(t)) =
(
dle f t (x(t)) + dright (x(t))

2dmax

)2

,

ρr (X) =
√

1

T

∫ T

0
�r (x(t))dt, Pr = ρr .

(10.26)
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where dle f t : Rn → R
≥0, dright : Rn → R

≥0 denote the left and right infringement dis-
tances of the ego AV footprint into the non-drivable areas, respectively, R≥0 denotes a
non-negative real scalar. dmax > 0 denotes the maximum infringement distance and is used
to normalize the instantaneous violation score defined based on a L-2 norm, and ρr is the
aggregation over trajectory duration T .

r3 : Stay in lane

Statement: dle f t (x(t)) + dright (x(t)) = 0

�r (x(t)) =
(
dle f t (x(t)) + dright (x(t))

2dmax

)2

,

ρr (X) =
√

1

T

∫ T

0
�r (x(t))dt, Pr = ρr .

(10.27)

where dle f t : Rn → R
≥0, dright : Rn → R

≥0 denote the left and right infringement dis-
tances of the ego AV footprint into the left and right lane boundaries, respectively. The
violation scores are defined similar to rule r2.

r4 : Satisfy the maximum speed limit

Statement: v(t) ≤ vmax,s

�r (x(t)) = max

(
0,

v(t) − vmax,s

vmax

)2

,

ρr (X) =
√

1

T

∫ T

0
�r (x(t))dt, Pr = ρr .

(10.28)

where vmax,s > 0 denotes the maximum speed in a scenario s and varies for different road
types (e.g., highway, residential, etc.).

r5 : Satisfy the minimum speed limit

Statement: v(t) ≥ vmin,s

�r (x(t)) = max(0,
vmin,s − v(t)

vmin,s
)2,

ρr (X) =
√

1

T

∫ T

0
�r (x(t))dt, Pr = ρr .

(10.29)

where vmin,s > 0 denotes the minimum speed in a scenario s, which is dependent on the
road type.
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r6 : Drive smoothly

Statement: |a(t)| ≤ amax,s ∧ |alat (t)| ≤ alat,s

�r (x(t)) =
(
max(0,

amax,s − |a(t)|
amax

) + max(0,
alat,s − |alat (t)|

alatm
)

)2

,

ρr (X) =
√

1

T

∫ T

0
�r (x(t))dt, Pr = ρr .

(10.30)

where alat (t) = κv2(t) denotes the lateral acceleration at time instant t ; amax,s > 0, alat,s
> 0 denote the maximum and the allowed lateral acceleration in a scenario s, respectively;
and amax and alatm > 0 denote the maximum feasible acceleration and maximum feasible
lateral acceleration of the vehicle, respectively.

r7 : Maintain clearance with parked vehicles

Statement: dmin, f p(x, xi ) ≥ d7 + v(t)η7, ∀i ∈ Spveh

�r ,i (x(t)) = max(0,
d7 + v(t)η7 − dmin, f p(x, xi )

d7 + vmaxη7
)2,

ρr ,i (X) = max
t∈[0,T ] �i (x(t)), Pr =

√√√√ 1

n pveh

∑
i∈Spveh

ρr ,i

(10.31)

where dmin, f p : Rn+ni → R denotes the distance between the footprints of the ego AV and
the parked vehicle i , d7 ≥ 0, η7 > 0, and violation scores are defined similar to r1, Spveh and
n pveh ∈ N denote the index set and number of parked vehicles, respectively, and xi ∈ R

ni

denotes the state of parked vehicle i .

r8 : Maintain clearance with active vehicles

Statement: dmin,l(x, xi ) ≥ d8,l + v(t)η8,l

∧ dmin,r (x, xi ) ≥ d8,r + v(t)η8,r

∧ dmin, f (x, xi ) ≥ d8, f + v(t)η8, f , ∀i ∈ Saveh

�r ,i (x(t)) = 1

3
(max(0,

d8,l + v(t)η8,l − dmin,l(x, xi )
d8,l + vmaxη8,l

)2

+ max(0,
d8,r + v(t)η8,r − dmin,r (x, xi )

d8,r + vmaxη8,r
)2

+ max(0,
d8, f + v(t)η8, f − dmin, f (x, xi )

d8, f + vmaxη8, f
)2),

ρr ,i (X) = 1

T

∫ T

0
�r ,i (x(t))dt, Pr =

√√√√ 1

naveh − 1

∑
i∈Saveh\ego

ρr ,i

(10.32)
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Fig.10.7 Formulationof r8 with the optimal disk coverage approach: r8 is satisfied since the clearance
regions of the ego AV and the active vehicle i ∈ Sp do not overlap

where dmin,l : Rn+ni → R, dmin,r : Rn+ni → R, dmin, f : Rn+ni → R denote the distance
between the footprints of the ego AV and active vehicle i on the left, right and front, respec-
tively; d8,l ≥ 0, d8,r ≥ 0, d8, f ≥ 0, η8,l > 0, η8,r > 0, η8, f > 0 are defined similarly as in
r1. Saveh and naveh ∈ N denote the index set and number of active vehicles, and xi ∈ R

ni

denotes the state of active vehicle i . Similar to Fig. 10.4, we show in Fig. 10.7 how r8 is
defined based on the previous described clearance region and optimal disk coverage.

We consider the TORQ 〈R, ∼p, ≤p〉 from Fig. 10.8, with rules R = {r1, r2, r3, r4,
r5, r6, r7, r8}. The optimal disk coverage is used to compute the optimal controls for all
the clearance rules, which are implemented using HOCBFs.

In the following, we consider three common driving scenarios. For each of them, we
solve the optimal control problem OCP-R and perform a pass/fail evaluation. In all three
scenarios, in the pass/fail evaluation, an initial candidate trajectory is drawn “by hand” using
the tool described below. We use CLFs to generate a feasible trajectory Xc which tracks the
candidate trajectory subject to the vehicle dynamics (2.11), control bounds (2.19) and state
constraints (10.7).

All the following examples were produced using a user-friendly software tool in MAT-
LAB. The tool allows to load a map represented by a .json file and place vehicles
and pedestrians on it. It provides an interface to generate smooth reference/candidate
trajectories and it implements our proposed optimal control and pass/fail frameworks.
The quadprog optimizer was used to solve the QPs (solve time < 0.01s for each
QP) and ode45 to integrate the vehicle dynamics (10.21). All computations were per-
formed on a Intel(R) Core(TM) i7-8700 CPU @ 3.2GHz×2. The simulation parame-
ters used are as follows: vmax = 10m/s, amax = −amin = 3.5m/s2, u j,max = −u j,min =
4m/s3, δmax = −δmin=1 rad, ωmax = −ωmin = 0.5 rad/s, us,max = −us,min = 2 rad/s2,
w = 1.8m, l = 4m, l f = lr = 2m, d1 = 1m, η1 = 0.067 s, vmax,s = 7m/s, vmin,s = 3
m/s, amax,s = 2.5m/s2, alatm = 3.5m/s2, alat,s=1.75m/s2, d7 = 0.3m, η7=0.13 s, d8,l
= d8,r=0.5m, d8, f = 1m, η8,r=η8,l = 0.036 s, η8, f =2 s, vd = 4m/s, β = 2 in (10.14).
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Fig. 10.8 TORQ priority
structure for case study

Scenario 1: Assume there is an active vehicle, a parked (inactive) vehicle and a pedestrian,
as shown in Fig. 10.9.

Optimal control: We solve the optimal control problem (10.17) by starting the rule
relaxation from S1 = {∅} (i.e., without relaxing any rules). This problem is infeasible in the
given scenario since the ego AV cannot maintain the required distance between both the
active and the parked vehicles as the clearance rules are speed-dependent. Therefore, we
relaxed the next lowest priority equivalence class set in Ssorted , i.e., the minimum speed
limit rule in S2 = {{r5}}, for which it is possible to find a feasible trajectory as illustrated in
Fig. 10.9. By checking δi for r5 from (10.17), we found it is positive in some time intervals
in [0, T ], thus, r5 is indeed relaxed. The total violation score for rule r5 from (10.29) for the
generated trajectory is 0.539, and all other rules in R are satisfied. Thus, by Definition 10.4,
the generated trajectory satisfies 〈R, ∼p, ≤p〉 in Fig. 10.8.

Pass/Fail: The candidate trajectory Xc is shown in Fig. 10.10. This candidate trajectory
only violates rule r5 with a total violation score 0.682. Following the proposed pass/fail
approach, we can either relax r5 or not relax any rules to find a possibly better trajectory.
As shown in the above optimal control problem for this scenario, we cannot find a feasible
solution if we do not relax rule r5. However, since the violation of r5 by the candidate
trajectory is larger than that of the optimal trajectory in Fig. 10.9, we “fail” the candidate
trajectory.

Scenario 2: Assume there is an active vehicle, two parked (inactive) vehicles and two
pedestrians, as shown in Fig. 10.11.

Optimal control: Similar to Scenario 1, the optimal control problem (10.17) starting from
S1 = {∅} (without relaxing any rules in R) is infeasible. We relax the next lowest priority
rule set in Ssorted , i.e., the minimum speed rule in S2 = {{r5}}, for which it is possible to
find a feasible trajectory as illustrated in Fig. 10.11. Again, the value of δi for r5 is positive



196 10 Applications to Robotics

Fig. 10.9 Optimal control for
Scenario 1: the subset of
optimal ego AV trajectories
violating r5 is shown in blue

Fig. 10.10 Pass/Fail for
Scenario 1: the subset of
candidate trajectories violating
r5 is shown in blue; the
alternative trajectory in this
scenario is the same as in
Fig. 10.9

in some time intervals in [0, T ], thus, r5 is indeed relaxed. The total violation score of the
rule r5 for the generated trajectory is 0.646, and all other rules in R are satisfied.

Pass/Fail: The candidate trajectory Xc shown as a red dashed line in Fig. 10.12 (left)
violates rules r1, r3 and r8 with total violation scores 0.01, 0.23, 0.22 found from (10.25),
(10.27), (10.32), respectively. In this scenario, we know that the ego AV can change lanes
(where the lane keeping rule r3 is in a lower priority equivalence class than r1) to get a
reasonable trajectory. Thus, we show the case of relaxing the rules in the equivalence classes
O2 = {r3, r6} andO1 = {r5} to find a feasible trajectory that is better than the candidate one.
The optimal control problem (10.17) generates a trajectory as the red-solid curve shown in
Fig. 10.12, and only δi for r6 is 0 for all [0, T ]. Thus, r6 does not need to be relaxed. The
generated trajectory violates rules r3 and r5 with total violation scores 0.124 and 0.111,
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Fig.10.11 Optimal control for Scenario 2: the subset of optimal ego trajectories violating r5 is shown
in blue

respectively, but satisfies all the other rules including the highest priority rule r1. According
to Definition 10.3 for the given 〈R, ∼p, ≤p〉 in Fig. 10.8, the new generated trajectory is
better than the candidate one, thus, we fail the candidate trajectory. Note that although this
trajectory violates the lane keeping rule, it has a smaller violation score for r5 compared to
the trajectory obtained from the optimal control in Fig. 10.11 (0.111 versus 0.646), i.e., the
average speed of ego in the red-solid trajectory in Fig. 10.12 is larger.

Fig.10.12 Pass/Fail for Scenario 2: the subsets of the candidate trajectory (left) violating r8, r3, r1 are
shown in green, magenta and blue, respectively; the subsets of alternative trajectory (right) violating
r5, r3 are shown in yellow and magenta, respectively
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Fig. 10.13 Optimal control for
Scenario 3: the subsets of the
optimal ego AV trajectory
violating r5, r3 are shown in
blue and green, respectively

Scenario 3: Assume there is an active vehicle, a parked vehicle and two pedestrians (one
just gets out of the parked vehicle), as shown in Fig. 10.13.

Optimal control: Similar to Scenario 1, the optimal control problem (10.17) starting
from S1 = {∅} (without relaxing any rules in R) is infeasible. We relax the lowest priority
rule set in Ssorted , i.e., the minimum speed rule S2 = {{r5}}, and solve the optimal control
problem. In the (feasible) generated trajectory, the ego AV stops before the parked vehicle,
which satisfies all the rules in R except r5. Thus, by Definition 10.4, the generated trajectory
satisfies the TORQ 〈R, ∼p, ≤p〉. However, this might not be a desirable behavior, thus, we
further relax the lane keeping r3 and comfort r6 rules and find the feasible trajectory shown
in Fig. 10.13. In this case, δi for r6 is 0 for all [0, T ], therefore, r6 does not need to be relaxed.
The total violation scores for the rules r3 and r5 are 0.058 and 0.359, respectively, and all
other rules in R are satisfied.

Pass/Fail: The candidate trajectory Xc shown as the red-dashed curve in Fig. 10.14 vio-
lates rules r3 and r8 with total violation scores 0.025 and 0.01, respectively. In this scenario,
from the optimal control in Fig. 10.13 we know that ego can change lane (where the lane
keeping rule is in a lower priority equivalence class than r8).We show the case of relaxing the
rules in the equivalence classes O2 = {r3, r6} and O1 = {r5} (all have lower priorities than
r8). The optimal control problem (10.17) generates the red-solid curve shown in Fig. 10.14.
By checking δi for r6, we find that r6 is indeed not relaxed. The generated alternative tra-
jectory violates rules r3 and r5 with total violation scores 0.028 and 0.742, respectively, but
satisfies all other rules including r8. According to Definition 10.3 and Fig. 10.8, the new
generated trajectory (although violates r3 more than the candidate trajectory, it does not
violate r8 which has a higher priority) is better than the candidate one. Thus, we fail the
candidate trajectory.
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Fig. 10.14 Pass/Fail for Scenario 3: the subsets of the candidate trajectory (left) violating r8, r3 are
shown in green and blue, respectively; the subsets of the alternative trajectory (right) violating r5, r3
are shown in magenta and blue, respectively

10.3 Quadrotor Safe Navigation

In this section,we consider a quadrotormodeled through a set of standard equations capturing
its dynamics and employ HOCBFs to guarantee safe navigation.

The quadrotor dynamics are defined in (10.33) through (10.35), capturing the position
dynamics, attitude dynamics [36, 61], and rotor dynamics [11], respectively. The inertial
frame of the quadrotor denotes the global/earth frame, while the body frame denotes the
frame attached to the quadrotor itself.

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ẋ
v̇x

ẏ
v̇y

ż
v̇z

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

vx

0
vy

0
vz

−g

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

+ F

M

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
Cψ SθCφ + Sψ Sφ

0
Sψ SθCφ − Cψ Sφ

0
CθCφ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

− 1

M

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
Ax 0 0
0 0 0
0 Ay 0
0 0 0
0 0 Az

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎣ vx

vy

vz

⎤
⎦ , (10.33)

⎡
⎢⎢⎢⎢⎢⎢⎣

φ̇

ω̇φ

θ̇

ω̇θ

ψ̇

ω̇ψ

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

ωφ 0 0
0 ωφCφTθ + ωθ Sφ/C2

θ −ωφSφCθ + ωθCφ/C2
θ

ωθ 0 0
0 −ωφSφ −ωφCφ

ωψ 0 0
0 ωφCφ/Cθ + ωθ SφTθ /Cθ −ωφSφ/Cθ + ωθCφTθ /Cθ

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎣ 1
q
r

⎤
⎦ + W−1

η

⎡
⎣ ṗ
q̇
ṙ

⎤
⎦ ,

(10.34)
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ω̇i = b1ui − β0 − β1ωi − β2ω
2
i , i ∈ {1, 2, 3, 4}. (10.35)

In (10.33), (x, y, z) ∈ R
3 denotes the 3-D location of the quadrotor in the inertial

frame, (vx , vy, vz) ∈ R
3 denotes the speed vector along (x, y, z) in the inertial frame, and

Ax > 0, Ay > 0, Az > 0 are the drag force coefficients for velocities in the correspond-
ing directions of the inertial frame. Moreover, M denotes the mass of the quadrotor, g is
the gravity constant. Note that Cangle, Sangle are abbreviations for cos(angle), sin(angle),
respectively. The angles φ ∈ R, θ ∈ R, ψ ∈ R denote the roll, pitch, and yaw angles (Euler
angles) of the quadrotor in the inertial frame, respectively. Finally, F denotes the thrust
from the four rotors in the direction of the z−axis in the body frame of the quadrotor, and
is defined as

F = k
4∑

i=1

ω2
i , (10.36)

where k > 0 denotes the thrust constant, and ωi denotes the angular speed of rotor i ∈
{1, 2, 3, 4}.

In (10.34), ωφ ∈ R, ωθ ∈ R, ωψ ∈ R denote the angular speeds of the quadrotor along
φ, θ, ψ in the inertial frame, respectively. (p, q, r) ∈ R

3 denotes the speed vector of the
quadrotor along roll, pitch, yaw in the body frame. Tθ is short for tan θ . W−1

η is a matrix
defined as

W−1
η =

⎡
⎣ 1 SφTθ CφTθ

0 Cφ −Sθ

0 Sφ/Cθ Cφ/Cθ

⎤
⎦ , (10.37)

The vector [ ṗ, q̇, ṙ ]T in (10.34) is defined as

⎡
⎣ṗq̇
ṙ

⎤
⎦=

⎡
⎣(Iyy − Izz)qr/Ixx
(Izz − Ixx )pr/Iyy
(Ixx − Iyy)pq/Izz

⎤
⎦− Ir

⎡
⎣ q/Ixx
−p/Iyy

0

⎤
⎦ ω�+

⎡
⎣τφ/Ixx
τθ/Iyy
τψ/Izz

⎤
⎦ , (10.38)

where ω� = ω1 − ω2 + ω3 − ω4, Ixx , Iyy, Izz denote the inertial moment of the quadrotor
along x, y, z axis respectively. Ir denotes the inertial moment of the rotor. τφ, τθ , τψ denote
the torques in the direction of the corresponding body frame angles, and are given by

⎡
⎣ τφ

τθ

τψ

⎤
⎦ =

⎡
⎣ lk(−ω2

2 + ω2
4)

lk(−ω2
1 + ω2

3)

b0(−ω2
1 + ω2

2 − ω2
3 + ω2

4)

⎤
⎦ , (10.39)

where b0 > 0 denotes the drag constant, and l > 0 is the distance between the rotor and the
center of mass of the quadrotor.

In (10.35), b1 = km
RIr

, β0 = Cs
Ir

, β1 = kekm
RIr

, β2 = kr
Ir
, where ke, km denote the electrical

and mechanical torque constants, respectively, kr denotes the load constant torque, Cs

denotes the solid friction, and R denotes the motor internal resistance. ui denotes the input
(voltage) of the rotor i ∈ {1, 2, 3, 4} (control inputs of the quadrotor).
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In the safe navigation problemwe consider, there are two objectives: (i)Minimize energy
consumption

J (u(t)) =
∫ t f

t0
[u21(t) + u22(t) + u23(t) + u24(t)]dt,

and (i i) Reach destination (xd , yd , zd) ∈ R
3, over a time interval [t1, t2], t0 ≤ t1 ≤ t2 ≤ t f .

There are also two types of constraints: (i) Safety expressed as

(x(t) − xo)
2 + (y(t) − yo)

2 + (z(t) − yo)
2 ≥ r20 , (10.40)

where (xo, yo, zo) ∈ R
3 denotes the location of a spherical obstacle and r0 is its size, and (i i)

Quadrotor limitations, consisting of the minimum and maximum speed limits on vx , vy, vz ,
the minimum and maximum angular limits on pitch and roll, respectively.

Our goal is to determine control laws to achieve the two objectives above subject to the
safety constraint (10.40) and the quadrotor limitations (both must be strictly satisfied), for
the quadrotor governed by dynamics (10.33) through (10.35).

Based on the current location of the quadrotor and its desired destination, we can specify
desired angles for roll and pitch, and a desired height for the state variable z. Then, we
define three CLFs to stabilize the above three states to the desired values. In addition, we
also define a CLF to stabilize the yaw rotation speed r to zero.We defineHOCBFs to enforce
the quadrotor limitations.
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Fig.10.15 Quadrotor (drone) trajectory under the HOCBF method with a spherical obstacle defined
as in (10.40)
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Fig.10.16 Quadrotor (drone) trajectory under the HOCBFmethod with a superellipse-type obstacle.
The safety constraint (10.40) in this case becomes (x(t) − xo)4 + (y(t) − yo)4 + (z(t) − yo)4 ≥ r40

As for the safety constraint (10.40), we use a HOCBF to enforce it. The relative degree
of (10.40) is three. The corresponding HOCBF constraint is too complicated to provide an
explicit expression here due to the complex dynamics (10.33)–(10.35), thus we omit it.

The simulation parameters used are: x(0) = (x(0), vx (0), y(0), vy(0), z(0), vz(0), φ(0),
ωφ(0), θ(0), ωθ (0), ψ(0), ωψ(0), ω1(0), ω2(0), ω3(0), ω4(0)) = (0, 0, 0, 0, 0.01, 0,
0, 0, 0, 0, 0, 0, 622.2, 622.2, 622.2, 622.2), (xd , yd , zd) = (50, −50, 10)m, (xo, yo, zo) =
(30, −30, 10)m, r0 = 7m, M = 0.468 kg, g = 9.81ms/s2, Ixx = Iyy=4.856 e−3kg · m2

,

Izz = 8.801 e−3kg · m2
, Ir=3.357 e−5kg · m2

, l=0.225m, k=2.980 e−6, b0 = 1.140 e−7,

b1 = 280.19, β0 = 189.63, β1 = 6.0612, β2 = 0.0122, k1 = 0.5, p1 = 5 e−7, p∗ = 0.5.
The simulation trajectories of the quadrotor are shown in Fig. 10.15. As expected, the

HOCBF method can guarantee safety (collision-free trajectories) for the quadrotor. We
have also tested a superellipse-type (cube-like) obstacle with the associated safe simulated
trajectory shown in Fig. 10.16.
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