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Foreword

I met Tivadar during Covid. We were all stuck at home, unsure what to do with all the extra time, so we

started talking about building something together.

I wanted to teach people Machine Learning. I had this idea about building a website that would ask random
questions for people to answer. I wanted the site to do a hundred different things, but one thing was non-

negotiable: I wanted people to leave feeling they had learned something different.
Tivadar was the answer to that.

Machine Learning is tough, and unfortunately, most educational content you find online suffers from chronic

handwaving syndrome: overused buzzwords, skipped intuition, and more confusion than when you started.

At the time, Tivadar was already writing online about math. He wasn’t the only one, but he was different. He

was taking seemingly mundane topics and telling stories around them that were surprisingly effective.

There wasn’t any handwaving or burying people under a mountain of theoretical ideas. The writing was

different, sharp, and fresh.

I had never been excited about math before. I read every single one of Tivadar’s posts. I wasn’t just learning

the rules, I was learning how to think. And, shockingly, I was entertained.
I had never seen that combination before.

I asked Tivadar to help me with the site, and he did - for a while - until he decided to move on to start writing

this book. I remember telling him I understood, but I was secretly sad — really sad.
Today, I'm thrilled this happened the way it did.

Mathematics of Machine Learning is the inevitable consequence of those short posts that excited me about
math for the first time. It’s not just the best book I've read on the subject, it’s the one I wish had existed when

I started.

This book does something rare: it teaches you the math behind machine learning without boring you with

vague concepts—or making you forget why you showed up in the first place.



The book is laser-focused on what you need and says nothing about what you don’t. The explanations are

vintage Tivadar: sharp, detailed, and entertaining. You can’t just read or memorize them; you’ll understand

them.

I've been reading this book since it was an idea and a bunch of notes and sketches. I've watched it grow from
online posts to something polished and powerful. And I've learned a lot — not just about math, but about how

to explain math.
I'll leave you to it. You're in for a treat. Enjoy the journey — I know I did.

Santiago Valdarrama,

Founder of ml.school
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Introduction

Why do I have to learn mathematics? - This is a question I am asked daily.
Well, you don’t have to. But you should!

On the surface, advanced mathematics doesn’t impact software engineering and machine learning in a
production setting. You don’t have to calculate gradients, solve linear equations, or find eigenvalues by hand.
Basic and advanced algorithms are abstracted away into libraries and APIs, performing all the hard work for

you.

Nowadays, implementing a state-of-the-art deep neural network is almost equivalent to instantiating an
object in PyTorch, loading the pre-trained weights, and letting the data blaze through the model. Just like all
technological advances, this is a double-edged sword. On the one hand, frameworks that accelerate prototyping
and development enable machine learning in practice. Without them, we wouldn’t have seen the explosion in

deep learning that we witnessed in the last decade.

On the other hand, high-level abstractions are barriers between us and the underlying technology. User-level

knowledge is only sufficient when one is treading on familiar paths. (Or until something breaks.)

If you are not convinced, let’s do a thought experiment! Imagine moving to a new country without speaking

the language and knowing the way of life. However, you have a smartphone and a reliable internet connection.
How do you start exploring?

With Google Maps and a credit card, you can do many awesome things there: explore the city, eat in excellent
restaurants, and have a good time. You can do the groceries every day without speaking a word: just put the

stuff in your basket and swipe your card at the cashier.

After a few months, you’ll also start to pick up some language — simple things like saying greetings or

introducing yourself. You are off to a good start!

There are built-in solutions for everyday tasks that just work — food ordering services, public transportation,
etc. However, at some point, they will break down. For instance, you need to call the delivery person who

dropped off your package at the wrong door. You need to call help if your rental car breaks down.
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You may also want to do more. Get a job, or perhaps even start your own business. For that, you need to

communicate with others effectively.

Learning the language when you plan to live somewhere for a few months is unnecessary. However, if you

want to stay there for the rest of your life, it is one of the best investments you can make.
Now, replace the country with machine learning and the language with mathematics.

The fact is that algorithms are written in the language of mathematics. To get proficient with algorithms, you

have to speak it.

What is this book about?

“There is a similarity between knowing one’s way about a town and mastering a field of knowledge;
from any given point one should be able to reach any other point. One is even better informed if one

can immediately take the most convenient and quickest path from one point to the other.”

— George Polya and Gabor Szegd, in the introduction of the legendary book Problems and Theorems

in Analysis

The above quote is one of my all-time favorites. For me, it says that knowledge rests on many pillars. Like a
chair has four legs, a well-rounded machine learning engineer also has a broad skill set that enables them
to be effective in their job. Each of us focus on a balanced constellation of skills, and mathematics is a great
addition for many. You can start machine learning without advanced mathematics, but at some point in your
career, getting familiar with the mathematical background of machine learning can help you bring your skills

to the next level.

There are two paths to mastery in deep learning. One starts from the practical parts and the other starts
from theory. Both are perfectly viable, and eventually, they intertwine. This book is for those who started
on the practical, application-oriented path, like data scientists, machine learning engineers, or even software

developers interested in the topic.

This book is not a 100% pure mathematical treatise. At points, I will make some shortcuts to balance between
clarity and mathematical correctness. My goal is to give you the “Eureka!” moments and help you understand

the bigger picture instead of preparing you for a PhD in mathematics.
Most machine learning books I have read fall into one of two categories.

1. Focus on practical applications, but unclear and imprecise with mathematical concepts.

2. Focus on theory, involving heavy mathematics with almost no real applications.

I want this book to offer the best of both approaches: a sound introduction of basic and advanced mathematical

concepts, keeping machine learning in sight at all times.
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My goal is not only to cover the bare fundamentals but to give a breadth of knowledge. In my experience, to
master a subject, one needs to go both deep and wide. Covering only the very essentials of mathematics would
be like a tightrope walk. Instead of performing a balancing act every time you encounter a mathematical
subject in the future, I want you to gain a stable footing. Such confidence can bring you very far and set you

apart from others.
During our journey, we are going to follow a roadmap that takes us through

1. linear algebra,

2. calculus,

3. multivariable calculus,
4

. and probability theory.

We are going to begin our journey with linear algebra. In machine learning, data is represented by vectors.
Training a learning algorithm is the same as finding more descriptive representations of data through a series

of transformations.
Linear algebra is the study of vector spaces and their transformations.

Simply put, a neural network is just a function that maps the data to a high-level representation. Linear
transformations are the fundamental building blocks of these. Developing a good understanding of them will

go a long way, as they are everywhere in machine learning.

While linear algebra shows how to describe predictive models, calculus has the tools to fit them to the data.
When you train a neural network, you are almost certainly using gradient descent, a technique rooted in

calculus and the study of differentiation.

Besides differentiation, its “inverse” is also a central part of calculus: integration. Integrals express essential
quantities such as expected value, entropy, mean squared error, etc. They provide the foundations for probability

and statistics.

However, when doing machine learning, we deal with functions with millions of variables. In higher dimensions,
things work differently. This is where multivariable calculus comes in, where differentiation and integration

are adapted to these spaces.

With linear algebra and calculus under our belt, we are ready to describe and train neural networks. However,
we lack the understanding of extracting patterns from data. How do we draw conclusions from experiments
and observations? How do we describe and discover patterns in them? These are answered by probability
theory and statistics, the logic of scientific thinking. In the final chapter, we extend the classical binary logic

and learn to deal with uncertainty in our predictions.
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How to read this book

Mathematics follows a definition-theorem-proof structure that might be difficult to follow at first. If you are

unfamiliar with such a flow, don’t worry. I'll give a gentle introduction right now.

In essence, mathematics is the study of abstract objects (such as functions) through their fundamental properties.
Instead of empirical observations, mathematics is based on logic, making it universal. If we want to use the
powerful tool of logic, the mathematical objects need to be precisely defined. Definitions are presented in

boxes like this below.

Definition 0.0.1 (An example definition)

Definitions appear like this.

Given a definition, results are formulated as if A, then B statements, where A is the premise, and B is the
conclusion. Such results are called theorems. For instance, if a function is differentiable, then it is also
continuous. If a function is convex, then it has global minima. If we have a function, then we can approximate
it with arbitrary precision using a single-layer neural network. You get the pattern. Theorems are the core of

mathematics.

We must provide a sound logical argument to accept the validity of a proposition, one that deduces the
conclusion from the premise. This is called a proof; responsible for the steep learning curve of mathematics.
Contrary to other scientific disciplines, proofs in mathematics are indisputable statements, set in stone forever.

On a practical note, look out for these boxes.

Theorem 0.0.1 (An example theorem)
Let x be a fancy mathematical object. The following two statements hold.
(aIf A, then B.

(b)If C and D, then E.

Proof. This is where the proof goes.
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To enhance the learning experience, I'll often make good-to-know but not absolutely essential information

into remarks.

Remark 0.0.1 (An exciting remark)

Mathematics is awesome. You'll be a better engineer because of it.

The most effective way of learning is building things and putting theory into practice. In mathematics, this
is the only way to learn. What this means is that you need to read through the text carefully. Don’t take
anything for granted just because it is written down. Think through every sentence. Take every argument and

calculation apart. Try to prove theorems by yourself before reading the proofs.

With that in mind, let’s get to it! Buckle up for the ride; the road is long and full of twists and turns.

Conventions used

There are a number of text conventions used throughout this book.
CodeInText indicates code words in text, database table names, folder names, filenames, file extensions,
pathnames, or URLs. For example: “Slicing works by specifying the first and last elements with an optional

step size, using the syntax object[first:last:step]”

A block of code is set as follows:

from sklearn.datasets import load_iris
data = load_iris()

X, y = data["data"], data["target"]
X[:10]

Any command-line input or output is written as follows:

(3.5, -2.71, 'a string')

Italics indicate new concepts or emphasis. For instance, words in menus or dialog boxes appear in the text like

this. For example: “This is our first example of a non-differentiable function”

What this book covers

Chapter 1, Vectors and vector spaces covers what vectors are and how to work with them. We’ll travel from
concrete examples through precise mathematical definitions to implementations, understanding vector spaces

and NumPy arrays, which are used to represent vectors efficiently. Besides the fundamentals, we’ll learn
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Chapter 2, The geometric structure of vector spaces moves forward by studying the concept of norms, distances,
inner products, angles, and orthogonality, enhancing the algebraic definition of vector spaces with some
much-needed geometric structure. These are not just tools for visualization; they play a crucial role in machine
learning. We’ll also encounter our first algorithm, the Gram-Schmidt orthogonalization method, turning any set

of vectors into an orthonormal basis.

In Chapter 3, Linear algebra in practice, we break out NumPy once more, and implement everything that we’ve
learned so far. Here, we learn how to work with the high-performance NumPy arrays in practice: operations,
broadcasting, functions, culminating in the from-scratch implementation of the Gram-Schmidt algorithm. This

is also the first time we encounter matrices, the workhorses of linear algebra.

Chapter 4, Linear transformations is about the true nature of matrices; that is, structure-preserving trans-
formations between vector spaces. This way, seemingly arcane things — such as the definition of matrix
multiplication - suddenly make sense. Once more, we take the leap from algebraic structures to geometric
ones, allowing us to study matrices as transformations that distort their underlying space. We’ll also look at
one of the most important descriptors of matrices: the determinants, describing how the underlying linear

transformations affect the volume of the spaces.

Chapter 5, Matrices and equations presents the third (and for us, the final) face of matrices as systems of linear
equations. In this chapter, we first learn how to solve systems of linear equations by hand using the Gaussian
elimination, then supercharge it via our newfound knowledge of linear algebra, obtaining the mighty LU
decomposition. With the help of the LU decomposition, we go hard and achieve a roughly 70000 x speedup on

computing determinants.

Chapter 6 introduces two of the most important descriptors of matrices: eigenvalues and eigenvectors. Why do

we need them?

Because in Chapter 7, Matrix factorizations, we are able to reach the pinnacle of linear algebra with their help.
First, we show that real and symmetric matrices can be written in diagonal form by constructing a basis from
their eigenvectors, known as the spectral decomposition theorem. In turn, a clever application of the spectral

decomposition leads to the singular value decomposition, the single most important result of linear algebra.

Chapter 8, Matrices and graphs closes the linear algebra part of the book by studying the fruitful connection
between linear algebra and graph theory. By representing matrices as graphs, we are able to show deep results

such as the Frobenius normal form, or even talk about the eigenvalues and eigenvectors of graphs.

In Chapter 9, Functions, we take a detailed look at functions, a concept that we have used intuitively so far. This
time, we make the intuition mathematically precise, learning that functions are essentially arrows between

dots.

Chapter 10, Numbers, sequences, and series continues down the rabbit hole, looking at the concept of numbers.
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Each step from natural numbers towards real numbers represents a conceptual jump, peaking at the study of

sequences and series.

With Chapter 11, Topology, limits, and continuity, we are almost at the really interesting parts. However, in
calculus, the objects, concepts, and tools are most often described in terms of limits and continuous functions.

So, we take a detailed look at what they are.

Chapter 12 is about the single most important concept in calculus: Differentiation. In this chapter, we learn that
the derivative of a function describes 1) the slope of the tangent line, and 2) the best local linear approximation
to a function. From a practical side, we also look at how derivatives behave with respect to operations, most

importantly the function composition, yielding the essential chain rule, the bread and butter of backpropagation.

After all the setup, Chapter 13, Optimization introduces the algorithm that is used to train virtually every
neural network: gradient descent. For that, we learn how the derivative describes the monotonicity of functions

and how local extrema can be characterized with the first and second order derivatives.

Chapter 14, Integration wraps our study of univariate functions. Intuitively speaking, integration describes
the (signed) area under the functions’ graph, but upon closer inspection, it also turns out to be the inverse of
differentiation. In machine learning (and throughout all of mathematics, really), integrals describe various

probabilities, expected values, and other essential quantities.

Now that we understand how calculus is done in single variables, Chapter 15 leads us to the world of
Multivariable functions, where machine learning is done. There, we have an entire zoo of functions: scalar-

vector, vector-scalar, and vector-vector ones.

In Chapter 16, Derivatives and gradients, we continue our journey, overcoming the difficulties of generalizing
differentiation to multivariable functions. Here, we have three kinds of derivatives: partial, total, and directional;

resulting in the gradient vector and the Jacobian and Hessian matrices.

As expected, optimization is also slightly more complicated in multiple variables. This issue is cleared up by
Chapter 17, Optimization in multiple variables, where we learn the analogue of the univariate second-derivative

test, and implement the almighty gradient descent in its final form, concluding our study of calculus.

Now that we have a mechanistic understanding of machine learning, Chapter 18, What is probability? shows
us how to reason and model under uncertainty. In mathematical terms, probability spaces are defined by the

Kolmogorov axioms, and we’ll also learn the tools that allow us to work with probabilistic models.

Chapter 19 introduces Random variables and distributions, allowing us not only to bring the tools of calculus

into probability theory, but to compact probabilistic models into sequences or functions.

Finally, in Chapter 20, we learn the concept of The expected value, quantifying probabilistic models and

distributions with averages, variances, covariances, and entropy.
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To get the most out of this book
The code for this book is provided in the form of Jupyter notebooks, hosted on GitHub at https://github.c

om/cosmic-cortex/mathematics-of-machine-learning-book. To run the notebooks, you’ll need to install

the required packages.

The easiest way to install them is using Conda. Conda is a great package manager for Python. If you don’t
have Conda installed on your system, the installation instructions can be found here: https://bit.ly/Insta

11Conda.

Note that Conda’s license might have some restrictions for commercial use. After installing Conda, follow the

environment installation instructions in the book’s repository README.md.

Download the example code files

The code bundle for the book is hosted on GitHub at https://github.com/cosmic-cortex/mathematic
s-of-machine-learning-book. We also have other code bundles from our rich catalog of books and videos

available at https://github.com/PacktPublishing/. Check them out!

Download the color images

We also provide a PDF file that has color images of the screenshots/diagrams used in this book. You can

download it here: https://packt.link/gbp/9781837027873.

Get in touch

Feedback from our readers is always welcome.

General feedback: Email feedback@packtpub.comand mention the book’s title in the subject of your message.
If you have questions about any aspect of this book, please email us at questions@packtpub.com.

Errata: Although we have taken every care to ensure the accuracy of our content, mistakes do happen.
If you have found a mistake in this book, we would be grateful if you reported this to us. Please visit
http://www.packtpub.com/submit-errata, click Submit Errata, and fill in the form.

Piracy: If you come across any illegal copies of our works in any form on the internet, we would be grateful if
you would provide us with the location address or website name. Please contact us at copyright@packtpub.com
with a link to the material.

If you are interested in becoming an author: If there is a topic that you have expertise in and you are

interested in either writing or contributing to a book, please visit http://authors.packtpub.com.


https://github.com/cosmic-cortex/mathematics-of-machine-learning-book
https://github.com/cosmic-cortex/mathematics-of-machine-learning-book
https://bit.ly/InstallConda
https://bit.ly/InstallConda
https://github.com/cosmic-cortex/mathematics-of-machine-learning-book
https://github.com/cosmic-cortex/mathematics-of-machine-learning-book
https://github.com/PacktPublishing/
https://packt.link/gbp/9781837027873
http://www.packtpub.com/submit-errata
http://authors.packtpub.com

Introduction XXIX

Share your thoughts

Once you’ve read Mathematics of Machine Learning, we’d love to hear your thoughts! Click here to go straight

to the Amazon review page for this book and share your feedback.

Your review is important to us and the tech community and will help us make sure we’re delivering excellent

quality content.
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Download a free PDF copy of this book

Thanks for purchasing this book!

Do you like to read on the go but are unable to carry your print books everywhere? Is your eBook purchase

not compatible with the device of your choice?
Don’t worry; with every Packt book, you now get a DRM-free PDF version of that book at no cost.

Read anywhere, on any device. Search, copy, and paste code from your favorite technical books directly into

your application.

The perks don’t stop there! You can get exclusive access to discounts, newsletters, and great free content in

your inbox daily.
Follow these simple steps to get the benefits:

1. Scan the QR code or visit the link below:

https://packt.link/free-ebook/9781837027873
2. Submit your proof of purchase.

3. That’s it! We’ll send your free PDF and other benefits to your email address directly.
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PART |
LINEAR ALGEBRA

This part comprises the following chapters:

Chapter 1, Vectors and Vector Spaces

Chapter 2, The Geometric Structure of Vector Spaces
Chapter 3, Linear Algebra in Practice

Chapter 4, Linear Transformations

Chapter 5, Matrices and Equations

Chapter 6, Eigenvalues and Eignevectors

Chapter 7, Matrix Factorizations

Chapter 8, Matrices and Graphs






Vectors and Vector Spaces

‘T want to point out that the class of abstract linear spaces is no larger than the class of spaces whose
elements are arrays. So what is gained by abstraction? First of all, the freedom to use a single
symbol for an array; this way we can think of vectors as basic building blocks, unencumbered by

components. The abstract view leads to simple, transparent proofs of results.”
— Peter D. Lax, in Chapter 1 of his book Linear Algebra and its Applications

The mathematics of machine learning rests upon three pillars: linear algebra, calculus, and probability theory.
Linear algebra describes how to represent and manipulate data; calculus helps us fit the models; while

probability theory helps interpret them.
These build on top of each other, and we will start at the beginning: representing and manipulating data.

To guide us throughout this section, we will look at the famous Iris dataset ( https://en.wikipedia.org/w
iki/Iris_flower_data_set). This contains the measurements from three species of Iris: the lengths and
widths of sepals and petals. Each data point includes these four measurements, for which we also have the
corresponding species: Iris setosa, Iris virginica, or Iris versicolor. (Sepals are the typically green, leaf-like
structures at the base of a flower that protect the developing bud before it opens. Petals are the colorful, soft

parts of a flower that attract pollinators like insects or birds.)


https://en.wikipedia.org/wiki/Iris_flower_data_set
https://en.wikipedia.org/wiki/Iris_flower_data_set

4 Vectors and Vector Spaces

The dataset can be loaded right away from scikit-learn (https://scikit-learn.org/), so let’s take a look!

from sklearn.datasets import load_iris
data = load_iris()

X, y = data["data"], data["target"]
X[:10]
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Before going into the mathematical definitions, let’s establish a common vocabulary first. The measurements
themselves are stored in a tabular format. Rows represent samples, and columns represent measurements. A
particular measurement type is often called a feature. As X.shape tells us, the Iris dataset has 150 data points

and four features:

X.shape

IIIII|HHIIIiiIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

(Don’t worry if you are not familiar with NumPy. We’ll learn about the details in due time. For now, it’s

enough to understand that an array’s shape describes its dimensions.)

For a given sample, the corresponding species is called the label. In our case, this is either Iris setosa, Iris

virginica, or Iris versicolor. Here, the labels are encoded with the numbers 0, 1, and 2:

array ([0,
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2,2,2,2,2,2,2,2,2,2,2,2,2,2, 2, 2,2, 2])

In mathematical terms, the Iris dataset forms a matrix, and the data points form vectors. Simply speaking,
matrices are tables, while vectors are tuples. (Tuples are just finite and ordered sequences of objects, like
(1.297,-2.35,32.3, 29.874).) However, this simplistic view doesn’t show us the big picture. Vectors and matrices
have a beautiful geometrical and algebraic structure, and exploring their mathematical theory allows us to see

the patterns behind the data.

How so? Say, besides representing the data points in a compact form, we want to perform operations on them,
like addition and scalar multiplication. Why do we need to add data points together? To give you a simple
example, it is often beneficial if the features are on the same scale. If a given feature is distributed on a smaller

scale than the others, it will have less influence on the predictions.

Think about this: if somebody is whispering to you something from the next room while speakers blast loud
music right next to your ear, you won’t hear anything of what the person is saying to you. Large-scale features
are the blasting music, while the smaller ones are the whisper. You may obtain much more information from

the whisper, but you need to quiet down the music first.

To see this phenomenon in action, let’s take a look at the distribution of the features of our dataset!

import pandas as pd

import seaborn as sns

import matplotlib.pyplot as plt
import numpy as np

sns.set_theme(style="white", rc={"axes.facecolor": (0, @0, 0, 0)})

# Create the data

x = X.ravel()

labels = ["sepal length", "sepal width", "petal length", "petal width"]
g = np.tile(labels, len(X))

df = pd.DataFrame(dict(x=x, g=g))

# Initialize the FacetGrid object
pal = sns.cubehelix_palette(10, rot=-.25, light=.7)
g = sns.FacetGrid(df, row="g", hue="g", aspect=10, height=1.5, palette=pal)

# Draw the densities
g.map(sns.kdeplot, "x", bw_adjust=.5, clip_on=False, fill=True, alpha=1, linewidth=1.5)
g.map(sns.kdeplot, "x", clip_on=False, color="w", lw=2, bw_adjust=.5)

# Add reference line
g.refline(y=0, linewidth=2, linestyle="-", color=None, clip_on=False)
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# Label each plot
g.map(lambda x, color, label: plt.gca().text(@, .2, label, fontweight="bold",
color=color,ha="left", va="center", transform=plt.gca().transAxes), "x")

# Adjust subplots and aesthetics
g.figure.subplots_adjust(hspace=-.25)
g.set_titles("")

g.set(yticks=[], ylabel="")
g.despine(bottom=True, left=True)

plt.show()

sepal width

petal length - _

petal width

0 2 4 6 8

Figure 1.1: The raw features of the Iris dataset

You can see in the figure above that some are more stretched out (like sepal length), while others are narrower

(like sepal width). In practical scenarios, this can hurt the predictive performance of our algorithms.

To solve it, we can remove the mean and the standard deviation of a dataset. If the dataset consists of the

vectors xi, Xz, ..., X150 , We can calculate their mean by

and their standard deviation by

150

150 Z(xi —p? eRY,

i=1

where the subtraction and square operation in (x; — p)? is taken elementwise.
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The components of g = (1, i2, i3, pa) and o = (071, 02, 03, 04) are the means and variances of the individual

features. (Recall that the Iris dataset contains 150 samples and 4 features per sample.)

In other words, the mean describes the average of samples, while the standard deviation represents the average

distance from the mean. The larger the standard deviation is, the more spread out the samples are.

With these quantities, the scaled dataset can be described as

X1 —H X2—H X150 — M
bl PR 3

o o o

where both the subtraction and the division are taken elementwise.

If you are familiar with Python and NumPy;, this is how it is done. (Don’t worry if you are not — everything

you need to know about them will be explained in the next chapter, with example code.)

X_scaled = (X - X.mean(axis=@))/X.std(axis=0)
X_scaled[:10]

90068117, .01900435, -1.34022653, -1.3154443
.14301691, .13197948, -1.34022653, -1.3154443
.38535265, .32841405, -1.39706395, -1.3154443
.50652052, .09821729, -1.2833891 , -1.3154443
.02184904, .24920112, -1.34022653, -1.3154443

.53717756, .93979142, -1.16971425, -1.05217993],
.50652052, .78880759, -1.34022653, -1.18381211],
.02184904, .78880759, -1.2833891 , -1.3154443 ],
.74885626, .36217625, -1.34022653, -1.3154443 ],
.14301691, .09821729, -1.2833891 , -1.44707648]])

# Create the data

x = X_scaled.ravel()

labels = ["sepal length", "sepal width", "petal length", "petal width"]
g = np.tile(labels, X_scaled.shape[0])

df = pd.DataFrame(dict(x=x, g=g))

# Initialize the FacetGrid object
pal = sns.cubehelix_palette(10, rot=-.25, light=.7)
grid = sns.FacetGrid(df, row="g", hue="g", aspect=10, height=1.5, palette=pal)

# Draw the densities

grid.map(sns.kdeplot, "x", bw_adjust=.5, clip_on=False, fill=True, alpha=1,
linewidth=1.5)

grid.map(sns.kdeplot, "x", clip_on=False, color="w", lw=2, bw_adjust=.5)
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# Add reference line
grid.refline(y=0, linewidth=2, linestyle="-", color=None, clip_on=False)

# Add labels to each plot
grid.map(lambda x, color, label: plt.gca().text(@, .2, label, fontweight="bold",
color=color,ha="left", va="center", transform=plt.gca().transAxes), "x")

# Adjust subplots and aesthetics

grid. figure.subplots_adjust(hspace=-.25)
grid.set_titles("")

grid.set(yticks=[], ylabel="")
grid.despine(bottom=True, left=True)

plt.show()

sepal length

sepal width

petal length

petal width

-3

Figure 1.2: The scaled features of the Iris dataset

If you compare the modified version to the original, you can see that its features are on the same scale. In other
words, we transformed the dataset to a more expressive one. From a (very) abstract point of view, machine
learning is nothing else but a series of learned data transformations, turning raw data into a form where

prediction is simple.

In a mathematical setting, manipulating data and modeling its relations to the labels arise from the concept of
vector spaces and transformations between them. Let’s take the first steps by making the definition of vector

spaces precise!
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11 Whatis a vector space?

Representing multiple measurements as a tuple (xi, X2, ..., X,) is a natural idea that has a ton of merits. The
tuple form suggests that the components belong together in a precise order, giving a clear and concise way to

store information.

However, this comes at a cost: now we have to work with more complex objects. Despite dealing with tuples

like (x1, ..., x,) instead of numbers, there are similarities. For instance, any two tuple x = (xy,..., x,) and
y = ()h, eees }/n)
« can be added together by x + y = (o1 + y1,..., Xu + Yn),

« and can be multiplied with scalars: if ¢ € R, then cx = (cx, ..., cx,).
It’s almost like using a number.

These operations have clear geometric interpretations as well. Addition is the same as translation, while

multiplication with a scalar is a simple stretching. (Or squeezing, if |c| < 1.)

X+y

CX X

Figure 1.3: Geometric interpretation of addition and scalar multiplication
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On the other hand, if we want to follow our geometric intuition (which we definitely do), it is unclear how to

define vector multiplication. Even though the definition

xy = (X1Y1, . XnYn)

makes sense algebraically, we don’t see what it means in a geometric sense.

When we think about vectors and vector spaces, we are thinking about a mathematical structure that fits our

intuitive views and expectations. So, let’s turn these into the definition!

Definition 1.1.1 (Vector spaces)

A vector space is a mathematical structure (V, F, +,-), where

(a) V is the set of vectors,

(b) F is a field of scalars (most commonly the real numbers R or the complex numbers C),
(¢)+ : VxV — V is the addition operation, satisfying the following properties:

+ x +y =y + x (commutativity),
« x+ (y+z) =(x+y)+ z (associativity),
« there is an element 0 € V such that x + 0 = x (existence of the null vector),

- and there is an inverse —x € V for each x € V such that x + (—x) = 0 (existence of additive inverses)
for all vectors x,y,z € V,
(d)and - : FxV — V is the scalar multiplication operation, satisfying

« a(bx) = (ab)x (associativity),
« a(x + y) = ax + ay (distributivity),

e and 1x = x

for all scalars a, b € F and vectors x,y € V.

This definition is overloaded with new concepts, so let’s unpack it.

First, looking at operations like addition and scalar multiplication as functions might be unusual for you, but
this is a perfectly natural representation. (We’ll learn about functions later in detail, but for now, feel free to
think about them intuitively.) In writing, we use the notation x + y , but when thinking about + as a function
of two variables, we might as well write +(x, y). The form x + y is called infix notation, while +(x, y) is called

prefix notation.

In vector spaces, the inputs of addition are two vectors and the result is a single vector, thus + is a function

that maps the Cartesian product V x V to V.
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Similarly, scalar multiplication takes a scalar and a vector, resulting in a vector; meaning a function that maps

FxVtoV.

(The Cartesian product V x V is just a set of ordered pairs:

VxV={(u,v) : u,veV}

Feel free to check out the set theory appendix (Appendix C) for more details, but for now, the intuitive

understanding is enough.)

This is also good place to note that mathematical definitions are always formalized in hindsight, after the
objects themselves are somewhat crystallized and familiar to the users. Mathematics is often presented as
definitions first, theorems second. This is not how it is done in practice. Examples motivate definitions, not

the other way around.

In general, the field of scalars can be something other than real or complex numbers. The term field refers to a
well-defined mathematical structure, which makes a natural notion mathematically precise. Without going
into the technical details, we will think about fields as “a set of numbers where addition and multiplication

work just as for real numbers”.

Since we are not concerned with the most general case, we will use R or C to avoid unnecessary difficulty. If
you are not familiar with the exact mathematical definition of a field, don’t worry — just think of R each time

you read the word “field”.

When everything is clear from the context, (V, R, +, -) will often be referred to as V for notational simplicity.
So, if the field F is not specified, it is implicitly assumed to be R. When we want to emphasize this, we’ll call

these real vector spaces.

At first sight, Definition 1.1.1 is certainly too complex to comprehend. It seems like just a bunch of sets,
operations, and properties thrown together. However, to help us build a mental model, we can imagine a
vector as an arrow, starting from the null vector. (Recall that the null vector 0 is that special one for which

x + 0 = x holds for all x. Thus, it can be considered as an arrow with zero length; the origin.)

To further familiarize ourselves with the concept, let’s see some examples of vector spaces!

111 Examples of vector spaces
Examples are one of the best ways of building insight into seemingly difficult concepts like vector spaces. We
humans, usually think in terms of models instead of abstractions. (Yes, this includes pure mathematicians.

Even though they might deny it.)
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Example 1. The most ubiquitous instance of the vector space is (R", R, +, -), the same one we used to motivate
the definition itself. (R" refers to the n-fold Cartesian product of the set of real numbers. If you are unfamiliar

with this notion, check the set theory tutorial in Appendix C.)

(R", R, +, ) is the canonical model, the one we use to guide us throughout our studies. If n = 2, we are simply

talking about the familiar Euclidean plane.

x = (r1,%2)

Figure 1.4: The Euclidean plane as a vector space

Using R? or R® for visualization can help a lot. What works here will usually work in the general case, although
sometimes this can be dangerous. Math relies on both intuition and logic. We develop ideas using our intuition,

but we confirm them with our logic.

Example 2. Vector spaces are not just a collection of finite tuples. An example is the space of polynomial

functions with real coefficients, defined by

R[x] = { > pixt: p; eJR,n:O,l,...}.
i=0
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Two polynomials p(x) and g(x) can be added together by

p(x) +g(x) := Z(Pi + g)x',

k=1

and can be multiplied with a real scalar by

n
cp(x) = Z cpix’.
k=1
With these operations, (R[x], R, +, -) is a vector space. Although most of the time we percieve polynomials as

functions, they can be represented as tuples of coefficients as well:

n
Z pixi < (Pos -+ Pn)-
i=0
Note that n — the degree of the polynomial - is unbounded. As a consequence, this vector space has a

significantly richer structure than R".

Example 3. The previous example can be further generalized. Let C([0, 1]) denote the set of all continuous real
functions f : [0,1] — R. Then (C(R), R, +,-) is a vector space, where the addition and scalar multiplication

are defined elementwise:

(f+8)(x) := fG) +g(x),  (cf)x) = cf(x)

for all f, g € C(R) and ¢ € R. (Although continuity is a concept that we haven’t defined yet, feel free to think

of a continuous function as one whose graph can be drawn without lifting your pen.)

Yes, that is right: functions can be thought of as vectors as well. Spaces of functions play a significant role in
mathematics, and they come in several different forms. We often restrict the space to continuous functions,

differentiable functions, or basically any subset that is closed under the given operations.
(In fact, R" can be also thought of as a function space. From an abstract viewpoint, each vector x = (xy, ..., x,)
is a mapping from {1,2, ..., n} to R.)

Function spaces are encountered in more advanced topics, such as inverting ResNet architectures, which we
won’t deal with in this book. However, it is worth seeing examples that are different (and not as straightforward)

as R™.


http://proceedings.mlr.press/v97/behrmann19a/behrmann19a.pdf
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1.2 The basis

Although our vector spaces contain infinitely many vectors, we can reduce the complexity by finding special

subsets that can express any other vector.

To make this idea precise, let’s consider our recurring example R". There, we have a special vector set

e = (1,0,,0)
ey = (0, 1,,0)
e, = (0,0,...,1)

which can be used to express each vector x = (xy, ..., x,) as

n
X = inei, Xi E]R, eiEJR”
i=1

For instance, e; = (1,0) and e, = (0,1) in R?.

What we have just seen feels extremely trivial and it seems to only complicate things. Why would we need to
write vectors in the form of x = ). | x;e;, instead of simply using the coordinates (x, ..., x,) ? Because, in
fact, the coordinate notation depends on the underlying vector set ({ey, ..., e,} in our case) used to express

other vectors.

A vector is not the same as its coordinates! A single vector can have multiple different coordinates in different

systems, and switching between these is a useful tool.

Thus, the set E = {ey, ..., e,} C R” is rather special, as it significantly reduces the complexity of representing
vectors. With the vector addition and scalar multiplication operations, it spans our vector space entirely. E is

an instance of a vector space basis, a set that serves as a skeleton of R".

In this section, we are going to introduce and study the concept of vector space basis in detail.
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1.2.1 Linear combinations and independence

Let’s zoom out from the special case R" and start talking about general vector spaces. From our motivating

example regarding bases, we have seen that sums of the form

n
Z Xii,
i=1

where the v;-s are vectors and the x; coefficients are scalars, play a crucial role. These are called linear

combinations. A linear combination is called trivial if all of the coefficients are zero.

Given a set of vectors, the same vector can potentially be expressed as a linear combination in multiple ways.

For example, if v; = (1,0),v; = (0,1), and v; = (1, 1), then

(2, 1) = 21]1 + 0y

=v; + Us.

This suggests that the set S = {v;, v3, 03} is redundant, as it contains duplicate information. The concept of

linear dependence and independence makes this precise.

Definition 1.2.1 (Linear dependence and independence)

Let V be a vector space and S = {vy, ..., v} be a subset of its vectors. S is said to be linearly dependent if it
only contains the zero vector, or there is a nonzero vy that can be expressed as a linear combination of the

other vectors vy, ..., Ug_1, Ugi1, - > Un-

S is said to be linearly independent if it is not linearly dependent.

Linear dependence and independence can be looked at from a different angle. If

k-1 n
Uk = Z Xiv; + Z XV,
i=1

i=k+1
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for some nonzero vy, then by subtracting vy, we obtain that the null vector can be obtained as a nontrivial

linear combination

n
0= Z XiUj
i=1

for some scalars x;, where x; = —1. This is an equivalent definition of linear dependence. With this, we have

proved the following theorem.

Theorem 1.2.1 Let V be a vector space and S = {v1, ..., v,} be a subset of its vectors.
(a) S is linearly dependent if and only if the null vector 0 can be obtained as a nontrivial linear combination.

(b) S is linearly independent if and only if whenever 0 = Y./, x;v;, all coefficients x; are zero.

1.2.2 Spans of vector sets
Linear combinations provide a way to take a small set of vectors and generate a whole lot of others from them.
For a set of vectors S, taking all of its possible linear combinations is called spanning, and the generated set is

called the span. Formally, it is defined by

span(S) = { Z xv; c n€N,v; €8,x;isa scalar}.

i=1

Note that the vector set S is not necessarily finite. To help illustrate the concept of span, we can visualize the

process in three dimensions. The span of two linearly independent vectors is a plane.

Figure 1.5: The span of two linearly independent vectors u,v € R®
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When we talk about the span of a finite set {v1, ..., v,}, we denote the span as

span(vy, ..., Up).
This helps us avoid overcomplicating notations by naming every set.

Proposition 1.2.1 Let V be a vector space and S, S1, Sy C V be subsets of its vectors.
(a) If S1 C Sy, then span(S;) C span(Sz).
(b) span(span(S)) = span(S).

This is our very first proof! Give it a read, and if it’s too difficult, move on and revisit it later. Just make sure

that you understand what the proposition says.

Proof. The property (a) follows directly from the definition. To prove (b), we have to show that span(S) C
span(span(S)) and span(span(S)) C span(S).

(This is one of those steep learning curve moments, but think about it for a second: two sets A and B are equal

ifand only if AC Band B C A)

The former follows from the definition. For the latter, let x € span(span(S)). Then

n
X = Z XiUj
i=1

for some v; € span(S). Because of v; being in the span of S, we have

m
vi = ), viju;
j=1

for some u; € S. Thus,
n n m m n
x:inUi:in l)i’juj:Z< xivi,j)uj,
i=1 i=1 j=1 j=1 " i=1

implying that x € span(S) as well.

Because of span(span(S)) = span(S), if S is linearly dependent, we can remove the redundant vectors and still

keep the span the same.
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Think about it: if S = {vy,...,v,} and, say, v, = Y.} x,v; , then v, € span(S \ {v,}). So,

span(S\ {v,}) = span(span(S \ {un})) = span($).

(The operation A \ B is the set difference, containing all that are elements of A, but not elements of B. Feel

free to check out Appendix C for more details.)

Among sets of vectors, those that generate the entire vector space are special. After all this setup, we are ready
to make a formal definition. Any set of vectors S that have the property span(S) = V is called a generating set
for V.

S can be thought of as a “lossless compression” of V, as it contains all the information needed to reconstruct
any element in V, yet it is smaller than the entire space. Thus, we want to reduce the size of the generating set
as much as possible. This leads us to one of the most important concepts in linear algebra: minimal generating

sets, or bases, as we prefer to call them.

1.2.3 Bases, the minimal generating sets

With all the intuition we have built so far, let’s jump into the definition right away!

Definition 1.2.2 (Basis)

Let V be a vector space and S be a subset of its vectors. S is a basis of V if:
(a) S is linearly independent,

(b) and span(S) = V.

The elements of a basis set are called basis vectors.

It can be shown that these defining properties mean that every vector x can be uniquely written as a linear

combination of S. (This is left as an exercise for the reader.)

Let’s see some examples! In R, the set {(1, 0,0), (0, 1, 0), (0, 0, 1)} is a basis, but so is {(1, 1, 1), (1, 1,0), (0, 1, 1)}.

So, there can be more than one basis for the same vector space.

For R", the most commonly used basis is {ey, ..., e,}, where e; is a vector whose all coordinates are 0, except

the i-th one, which is 1. This is called the standard basis.

In terms of the “information” contained in a set of vectors, bases hit the sweet spot. Adding any new vector to

a basis set would introduce redundancy; removing any of its elements would cause the set to be incomplete.
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These notions are formalized in the two theorems below.

Theorem 1.2.2 Let V be a vector space and S = {v1, ..., v} be a subset of vectors. The following are equivalent:
(a) S is a basis.

(b) S is linearly independent and for any x € V \ S, the vector set S U {x} is linearly dependent. In other words, S

is a maximal linearly independent set.

Proof. To show the equivalence of two propositions, we have to prove two things: that (a) implies (b); and that

(b) implies (a). Let’s start with the first one!

(a) = (b)If S is a basis, then any x € V can be written as

n
X = Z XiUj
i=1

for some x; € R. Thus, by definition, S U {x} is linearly dependent.

(b)) = (a) Our goal is to show that any x can be written as a linear combination of the vectors in S. By our

assumption, S U {x} is linearly dependent, so 0 can be written as a nontrivial linear combination:

n
0=oax+ Z X;Vi,
i=1

where not all coefficients are zero. Because S is linearly independent, « cannot be zero (as it would imply the

linear dependence of S, which would go against our assumptions). Thus,

showing that S is a basis.
Next, we are going to show that every vector of a basis is essential.

Theorem 1.2.3 Let V be a vector space and S = {vy, ..., v,} a basis. Then, for anyv; € S,

span(S \ {v;}) C V,

that is, the span of S \ {v;} is a proper subset of V.



20 Vectors and Vector Spaces

Proof. We are going to prove this by contradiction. Without loss of generality, we can assume that i = 1. If

span(S\ {or}) = V.,

then

n
U1 = Z XjUj.
i=2

This means that S = {vy, ..., vy} is not linearly independent, contradicting our assumptions.

In other words, the above results mean that a basis is a maximal linearly independent and a minimal generating

set at the same time.

Given a basis S = {vy,...,v,}, we implictly write the vector x = Y./, x;v; as x = (xy,...,x,). Since this
decomposition is unique, we can do this without issues. The coefficients x; are also called coordinates. (Note
that the coordinates strongly depend on the basis. Given two different bases, the coordinates of the same

vector can be different.)

1.2.4 Finite dimensional vector spaces

As we have seen previously, a single vector space can have many different bases, so bases are not unique. A
very natural question that arises in this context is the following. If S; and S, are two bases for V, then does

|S1] = |S| hold? (Where |S| denotes the cardinality of the set S, that is, its “size”.)

In other words, can we do better if we select our basis more cleverly? It turns out that we cannot, and the

sizes of any two basis sets is equal. We are not going to prove this, but here is the theorem in its entirety.
Theorem 1.2.4 Let V be a vector space, and let S and Sy be two bases of V. Then, |S1| = |Sa].

This gives us a way to define the dimension of a vector space, which is simply the cardinality of its basis. We’'ll

denote the dimension of V as dim(V). For example, R" is n-dimensional, as shown by the standard basis
{(1,0,...,0),...,(0,0,..., D}

If you recall the previous theorems, we assumed that a basis is finite. You might ask the question: is this always

true? The answer is no. Examples 2 and 3 show that this is not the case. For instance, the countably infinite

2

set {1, x, x%, x>, ... } is a basis for R[x]. So, according to the theorem above, no finite basis can exist there.
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This marks an important distinction between vector spaces: those with finite bases are called finite-dimensional.
I have some good news: all finite-dimensional real vector spaces are essentially R". (Recall that we call a

vector space real if its scalars are the real numbers.)

To see why, suppose that V is an n-dimensional real vector space with basis {v1, ..., v,}, and define the mapping

¢ : V->R"by

n
(7 invi = (X1, ..., Xn).
i=1

¢ is invertible and preserves the structure of V, that is, the addition and scalar multiplication operations.
Indeed, if u,v € V and a, § € R, then ¢(au + fv) = ap(x) + f¢p(y). Such mappings are called isomorphisms.
The word itself is derived from ancient Greek, with isos meaning same and morphe meaning shape. Even
though this sounds abstract, the existence of an isomorphism between two vector spaces mean that they have
the same structure. So, R” is not just an example of finite dimensional real vector spaces, it is a universal
model of them. Note that if the scalars are not the real numbers, the isomorphism to R" is not true. (We’ll talk

more about transformations like this in later chapters.)

Considering that we’ll almost exclusively deal with finite dimensional real vector spaces, this is good news.

Using R" is not just a heuristic, it is a good mental model.

1.2.5 Why are bases so important?
If every finite-dimensional real vector space is essentially the same as R", what do we gain from abstraction?
Sure, we can just work with R” without talking about bases, but to develop a deep understanding of the core

mathematical concepts in machine learning, we need the abstraction.

Let’s look ahead briefly and see an example. If you have some experience with neural networks, you know that
matrices play an essential role there. Without any context, matrices are just a table of numbers with seemingly

arbitrary rules of computation. Have you ever wondered why matrix multiplication is defined the way it is?

Although we haven’t precisely defined matrices yet, you have probably encountered them previously. We’ll

learn all about them in Chapter 3 and Chapter 4, but for the two matrices

ai,r 412 ... QAin b1,1 bI,Z bl,n

dz1 422 ... Qan b2,1 b2,2 bZ,n

An1  Qn2 - Qun bui bnz ... bun



22 Vectors and Vector Spaces

their product AB is defined by

n n n
Y1 Arkbetr  Dger arkbra o Di—q dikbin
n n n
D1 G2kbietr Yoger Gakbia o Di—q G2kbin
AB = . . . >
n n n
Zk:l an,kbk,l 2,(:1 an,kbk,z Zk:l an,kbk,n

that is, the (i, j)-th element of AB is defined by

n
Z ai)kbk’j.
k=1

This definition feels random. Why not just take the componentwise product (a;;b;;)!..;? The definition

n

i, j=1
becomes crystal clear once we look at a matrix as a tool to describe linear transformations between vector
spaces, as the elements of the matrix describe the images of basis vectors. In this context, multiplication of

matrices is just the composition of linear transformations.

Instead of just putting out the definition and telling you how to use it, I want you to understand why it is

defined that way. In the next chapters, we are going to learn every nook and cranny of matrix multiplication.

1.2.6 The existence of bases

At this point, you might ask the question: for a given vector space, are we guaranteed to find a basis? Without

such a guarantee, the previous setup might be wasted. (As there might not be a basis to work with.)

Fortunately, this is not the case. As the proof is extremely difficult, we will not show this, but this is so
important that we should at least state the theorem. If you are interested in how this can be done, I included a

proof sketch. Feel free to skip this, as it is not going to be essential for our purposes.

Theorem 1.2.5 Every vector space has a basis.

Proof. (Sketch.) The proof of this uses an advanced technique called transfinite induction, which is way beyond
our scope. (Check out Naive Set Theory by Paul Halmos for details.) Instead of being precise, let’s just focus

on building intuition about how to construct a basis for any vector space.
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For our vector space V, we will build a basis one by one. Given any non-null vector vy, if span(S;) # V, the
set S; = {v1} is not yet a basis. Thus, we can find a vector vz € V \ span(S7) so that Sy := S; U {vp} is still

linearly independent.

Is Sy a basis? If not, we can continue the process. In case the process stops in finitely many steps, we are
done. However, this is not guaranteed. Think about R[x], the vector space of polynomials, which is not

finite-dimensional, as we saw in Section 1.2.4.
This is where we need to employ some set-theoretical heavy machinery (which we don’t have).

If the process doesn’t stop, we need to find a set Sy, that contains all S; as a subset. (Finding this Sy, set is the

tricky part.) Is Sy, a basis? If not, we continue the process.

This is difficult to show, but the process eventually stops, and we can’t add any more vectors to our linearly
independent vector set without destroying the independence property. When this happens, we have found a

maximal linearly independent set — that is, a basis.

For finite dimensional vector spaces, the above process is easy to describe. In fact, one of the pillars of linear
algebra is the so-called Gram-Schmidt process, used to explicitly construct special bases for vector spaces. As

several quintessential results rely on this, we are going to study it in detail during the next chapters.

1.2.7 Subspaces

Before we get our hands dirty with vectors in Python, there is one more subject we need to talk about, one
that will come in handy when talking about linear transformations. (But again, linear transformations are at
the heart of machine learning. Everything we learn is to get to know them better.) For a given vector space
V, we are often interested in one of its subsets that is a vector space in its entirety. This is described by the

concept of subspaces.

Definition 1.2.3 (Subspaces)
Let V be a vector space. The set U C V is a subspace of V if it is closed under addition and scalar multiplication.

U is a proper subspace if it is a subspace and U C V.

By definition, subspaces are vector spaces themselves, so we can define their dimension as well. There are at
least two subspaces of each vector space: itself and {0}. These are called trivial subspaces. Besides those, the

span of a set of vectors is always a subspace. One such example is illustrated in Figure 1.5.
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One of the most important aspects of subspaces is that we can use them to create more subspaces. This notion

is made precise below.

Definition 1.2.4 (Direct sum of subspaces)

Let V be a vector space and Uy, Uz be two of its subspaces. The direct sum of U; and U, is defined by

U1+U2={u1+u2 8 u1€U1,u2€Uz}.

You can easily verify that U; + U, is a subspace indeed, moreover U; + U, = span(U; U U,). Subspaces and
their direct sum play an essential role in several topics, such as matrix decompositions. For example, we’ll see

later that many of them are equivalent to decomposing a linear space into a sum of vector spaces.

The ability to select a basis whose subsets span certain given subspaces often comes in handy. This is formalized

by the next result.

Theorem 1.2.6 Let V be a vector space and Uy, Uy be two of its subspaces such that Uy + Uy = V. Moreover, let
{P1, .-, P} C Uy be a basis of Uy and{qa, ..., q;} € Uz be a basis of Uy. Then the union

{p1....pitviqu. ... qi}
isa basisinV.

Proof. This follows directly from the direct sum’s definition. If V' = U; + Uy, then any x € V can be written in

the form x = a + b, where a € U; and b € Us.

In turn, since pj, ..., pi form a basis in U; and qj, ..., q; form a basis in Us, the vectors a and b can be written

as

k !
a=)Y aip, b= bg.
i=1 i=1

Thus, any x takes the form

k !
x=) aipi+ ) big,
i=1 i=1

which is the definition of the basis.
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We are barely scratching the surface. Bases are essential, but they only provide the skeleton for the vector
spaces encountered in practice. To properly represent and manipulate data, we need to build a geometric
structure around this skeleton. How can we measure the “distance” between two measurements? What about
their similarity?

Besides all that, there is an even more crucial question: how on earth will we represent vectors inside a

computer? In the next section, we will take a look at the data structures of Python, laying the foundation for

the data manipulations and transformations we’ll do later.

1.3 Vectors in practice

So far, we have mostly talked about the theory of vectors and vector spaces. However, our ultimate goal is to
build computational models for discovering and analyzing patterns in data. To put theory into practice, we

will take a look at how vectors are represented in computations.

In computer science, there is a stark contrast between how we think about mathematical structures and how
we represent them inside a computer. Until this point, our goal was to develop a mathematical framework that

enables us to reason about the structure of data and its transformations. We want a language that is

» expressive,
« easy to speak,

« as compact as possible.

However, our goals change when we aim to do computations instead of pure logical reasoning. We want

implementations that are

« easy to work with,
« memory-efficient,

« fast to access, manipulate and transform.

These are often contradicting requirements, and particular situations might prefer one over the other. For
instance, if we have plenty of memory but want to perform lots of computations, we can sacrifice size for
speed. Because of all the potential use-cases, there are multiple formats to represent the same mathematical

concepts. These are called data structures.

Different programming languages implement vectors differently. Because Python is ubiquitous in data science
and machine learning, it’ll be our language of choice. In this chapter, we are going to study all the possible

data structures in Python to see which one is suitable to represent vectors for high performance computations.
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1.3.1 Tuples

In standard Python, there are (at least) two built-in data structures that can be used to represent vectors: tuples
and lists. Let’s start with tuples! They can be simply defined by enumerating their elements between two

parentheses, separating them with commas.

v_tuple = (1, 3.5, -2.71, "a string", 42)
v_tuple

(1, 3.5, -2.71, 'a string',6 42)

type(v_tuple)

tuple

A single tuple can hold elements of various types. Even though we’ll exclusively deal with floats in computa-

tional linear algebra, this property is extremely useful for general-purpose programming.

We can access the elements of a tuple by indexing. Just like in several other programming languages, indexing
starts from zero. This is in stark contrast with mathematics, where we often start indexing from one. Accord-
ingly, in most languages designed for scientific computing, such as Fortran, Matlab, or Julia, indexing starts

from one.

(Don’t tell this to anybody else, but indexing from zero used to drive me crazy. I am a mathematician by

training.)

v_tuple[0]

The size of a tuple can be accessed by calling the built-in 1en function.

len(v_tuple)

Besides indexing, we can also access multiple elements by slicing.
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v_tuple[1:4]

(3.5, -2.71, 'a string')

Slicing works by specifying the first and last elements with an optional step size, using the syntax

object[first:last:step].

Tuples are rather inflexible, as you cannot change their components. Attempting to do so results in a TypeErroxr,
Python’s standard way of telling you that the object does not support the method you are trying to call. (In

our case, item assignment.)

v_tuple[0] = 2

TypeExrror Traceback (most recent call last)
Cell In[22], line 1
----> 1 v_tuple[0]

TypeExrror: 'tuple' object does not support item assignment

Besides that, extending the tuple with additional elements is also not supported. As we cannot change the state
of a tuple object in any way after it has been instantiated, they are immutable. Depending on the use-case,
immutability can be an advantage and a disadvantage as well. Inmutable objects eliminate accidental changes,
but each operation requires the creation of a new object, resulting in a computational overhead. Thus, tuples

are not going to be optimal to represent large amounts of data in complex computations.

This issue is solved by lists. Let’s take a look at them, and the new problems they introduce!

1.3.2 Lists

Lists are the workhorses of Python. In contrast with tuples, lists are extremely flexible and easy to use, albeit
this comes at the cost of runtime. Similarly to tuples, a 1ist object can be created by enumerating its objects

between square brackets, separated by commas.

v_list = [1, 3.5, -2.71, "qwerty"]
type(v_list)




28 Vectors and Vector Spaces

Just like tuples, accessing the elements of a list is done by indexing or slicing. We can do all kinds of operations

on a list: overwrite its elements, append items, or even remove others.

v_list[@] = "this is a string"
v_list

['this is a string', 3.5, -2.71, 'qwerty']

This example illustrates that lists can hold elements of various types as well. Adding and removing elements

can be done with methods like append, push, pop, and remove.
Before trying that, let’s quickly take note of the memory address of our example list, accessed by calling the

id function.

v_list_addr = id(v_list)
v_list_addr

126433407319488

This number simply refers to an address in my computer’s memory, where the v_1ist object is located. Quite

literally, as this book is compiled on my personal computer.
Now, we are going to perform a few simple operations on our list and show that the memory address doesn’t

change. Thus, no new object is created.

v_list.append([42]) # adding the 1list [42] to the end of our 1list
v_list

['this is a string', 3.5, -2.71, 'qwerty', [42]]

id(v_list) == v_1list_addr # adding elements doesn't create any new objects

v_list.pop(1) # removing the element at the index "1"
v_list
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['this is a string', -2.71, 'qwerty', [42]]

id(v_list) == v_list_addr # removing elements still doesn't create any new objects

Unfortunately, adding lists together achieves a result that is completely different from our expectations.

[1, 2, 3] + [4, 5, 6]

[1, 2, 3, 4, 5, 6]

Instead of adding the corresponding elements together, like we want vectors to behave, the lists are concate-
nated. This feature is handy when writing general-purpose applications. However, this is not well-suited for

scientific computations. “Scalar multiplication” also has strange results.

3*[1, 2, 3]

(1, 2, 3, 1, 2, 3, 1, 2, 3]

Multiplying a list with an integer repeats the list by the specified number of times. Given the behavior of the +

operator on lists, this seems logical as multiplication with an integer is repeated addition:

a-b=b+-+b.
—_—
a times
Overall, lists can do much more than we need to represent vectors. Although we potentially want to change
elements of our vectors, we don’t need to add or remove elements from them, and we also don’t need to store
objects other than floats. Can we sacrifice these extra features and obtain an implementation that’s suitable

for our purposes yet has lightning-fast computational performance? Yes. Enter NumPy arrays.

1.3.3 NumPy arrays
Even though Python’s built-in data structures are amazing, they are optimized for ease of use, not for scientific
computation. This problem was realized early on in the language’s development and was addressed by the

NumPy library.


https://numpy.org/
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One of the main selling points of Python is how fast and straightforward it is to write code, even for complex
tasks. This comes at the price of speed. However, in machine learning, speed is crucial for us. When
training a neural network, a small set of operations are repeated millions of times. Even a small percentage of

improvement in performance can save hours, days, or even weeks in the case of extremely large models.

The C language is at the other end of the spectrum. While C code is hard to write, it executes blazingly fast
when done correctly. As Python is written in C, a tried and true method for achieving fast performance is to
call functions written in C from Python. In a nutshell, this is what NumPy provides: C arrays and operations,

all in Python.

To get a glimpse into the deep underlying issues with Python’s built-in data structures, we should put numbers
and arrays under our magnifying glass. Inside a computer’s memory, objects are represented as fixed-length
0-1 sequences. Each component is called a bit. Bits are usually grouped into 8-, 16-, 32-, 64-, or even 128 sized
chunks. Depending on what we want to represent, identical sequences can mean different things. For instance,

the 8-bit sequence 00100110 can represent the integer 38 or the ASCII character “&”.

©/0(1/0/0]1|1]|0

1 bit

in memory
Figure 1.6: An 8-bit object in memory
By specifying the data type, we can decode binary objects. 32-bit integers are called int32 types, 64-bit floats
are float64, and so on.

Since a single bit contains very little information, memory is addressed by dividing it into 32- or 64-bit sized
chunks and numbering them consecutively. This address is a hexadecimal number, starting from 0. (For

simplicity, let’s assume that the memory is addressed by 64 bits. This is customary in modern computers.)

A natural way to store a sequence of related objects (with matching data type) is to place them next to each

other in the memory. This data structure is called an array.
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array of int64 objects

" —

address: 0x23A0 0x23A1 0x23D4

12024 -759 « e+ | -97464

|

64 bit memory segment

Figure 1.7: An array of int64 objects

By storing the memory address of the first object, say 0x23A0, we can instantly retrieve the k-th element by

accessing the memory at @x23A0 + k.

We call this the static array or often the C array because this is how it is done in the magnificent C language.
Although this implementation of arrays is lightning fast, it is relatively inflexible. First, you can only store
objects of a single type. Second, you have to know the size of your array in advance, as you cannot use memory
addresses that overextend the pre-allocated part. Thus, before you start working with your array, you have to

allocate memory for it. (That is, reserve space so that other programs won’t overwrite it.)
However, in Python, you can store arbitrarily large and different objects in the same list, with the option of

removing and adding elements to it.

1 = [2**142 + 1, "a string"]
1.append(lambda x: x)
1

[5575186299632655785383929568162090376495105,

'a string',
<function __main__.<lambda>(x)>]

In the example above, 1[0] is an integer so large that it doesn’t fit into 128 bits. Also, there are all kinds of

objects in our list, including a function. How is this possible?
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Python’s 1ist provides a flexible data structure by

1. Overallocating the memory, and

2. Keeping memory addresses to the objects in the list instead of the objects themselves.

(At least in the most widespread CPython implementation (https://docs.python.org/3/faq/design.html#

how-are-1ists-implemented-in-cpython).)

unused space for inserting
memory addresses of objects elements later

T~ —

0x2129 | Ox02BD | Ox3F20 | + ++« | Ox19DB

object object object object

0x02BD 0x19DB 0x2129 0x3F20

Figure 1.8: CPython implementation of lists
By checking the memory addresses of each object in our list 1, we can see that they are all over the memory.

[id(x) for x in 1]

[126433412959232, 126433407528240, 126433410174944]

Due to the overallocation, deletion or insertion can always be done simply by shifting the remaining elements.
Since the list stores the memory address of its elements, all types of objects can be stored within a single

structure.

However, this comes at a cost. Because the objects are not contiguous in memory, we lose locality of reference
(https://en.wikipedia.org/wiki/Locality_of_reference), meaning that since we frequently access

distant locations of the memory, our reads are much slower. Thus, looping over a Python list is not efficient.

So, NumPy arrays are essentially the good old C arrays in Python, with the user-friendly interface of Python
lists. (If you have ever worked with C, you know how big of a blessing this is.) Let’s see how to work with

them!


https://docs.python.org/3/faq/design.html#how-are-lists-implemented-in-cpython
https://docs.python.org/3/faq/design.html#how-are-lists-implemented-in-cpython
https://en.wikipedia.org/wiki/Locality_of_reference
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First, we import the numpy library. (To save on the characters, it is customary to import it as np.)

import numpy as np

The main data structure is np.ndarray, short for n-dimensional array. We can use the np.array function
to create NumPy arrays from standard Python containers or initialize from scratch. (Yes, I know. This is
confusing, but you’ll get used to it. Just take a mental note that np.ndarray is the class, and np.array is the

function you use to create NumPy arrays from Python objects.)

X = np.array([87.7, 4.5, -4.1, 42.1414, -3.14, 2.001]) # creating a NumPy array from a
Python 1list
X

array([87.7 o 0 , 42.1414, -3.14 , 2.001 ])

np.ones (shape=7) # initializing a NumPy array from scratch using ones

array([1., 1., 1., 1., 1., 1., 1.1)

np.zeros (shape=5) # initializing a NumPy array from scratch using zeros

array([e., 0., 0., 0., 0.])

We can even initialize NumPy arrays using random numbers.

np.random.rand(10)

array([0.92428404, ©.37719596, 0.92071695, 0.56905245, 0.12024811,

0.02868856, ©0.53215047, ©.51749348, ©.21022765, ©.96749756])

Most importantly, when we have a given array, we can initialize another one with the same dimensions using

the np.zeros_like, np.ones_like, and np.empty_like functions.
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np.zeros_like(X)

array([e., 0., 0., 0., 0., 0.])

Just like Python lists, NumPy arrays support item assignments and slicing.

X[0] = 1545.215
X

array([1545.215 , 5 5 42.1414, -3.14 2.001 1)

X[1:4]

array([ 4.5 , -4.1 , 42.1414])

However, as expected, you can only store a single data type within each ndarray. When trying to assign a

string as the first element, we get an error message.

X[0] = "str"

ValueError Traceback (most recent call last)
Cell In[48], line 1
----> 1 X[0] = "str"

ValueError: could not convert string to float: 'str'

As you might have guessed, every ndarray has a data type attribute that can be accessed at ndarray.dtype. If
a conversion can be made between the value to be assigned and the data type, it is automatically performed,

making the item assignment successful.

X.dtype

dtype('float64"')
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val = 23
type(val)

array([23. 5 - , 42.1414, -3.14 , 2.001 ])

NumPy arrays are iterable, just like other container types in Python.

for x in X:
print(x)

23.0
4.5
-4.1

42.1414
-3.14
2.001

Are these suitable to represent vectors? Yes. We’ll see why!

1.3.4 NumPy arrays as vectors

Let’s talk about vectors once more. From now on, we are going to use NumPy ndarray-s to model vectors.

<
I

= np.array([-4.0, 1.0, 2.3])
np.array([-8.3, -9.6, -7.7])

The addition and scalar multiplication operations are supported by default and perform as expected.

v_1l + v 2 # adding v_1 and v_2 together as vectors

array([-12.3, -8.6, ~-5.4])
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10.0*v_1 # multiplying v_1 with a scalar

array([-40., 10., 23.])

v_1l *v_2 # the elementwise product of v_1 and v_2

array([ 33.2 , -9.6 , -17.71])

np.zeros(shape=3) + 1

array([1., 1., 1.])

Because of the dynamic typing of Python, we can (often) plug NumPy arrays into functions intended for

scalars.
def f(x):

return 3*x**2 - x**4
f(v_1)

array([-208. 0 5 ,  -12.1141])

So far, NumPy arrays satisfy almost everything we require to represent vectors. There is only one box to be

checked: performance. To investigate this, we measure the execution time with Python’s built-in timeit tool.

In its first argument, timeit (https://docs.python.org/3/1library/timeit.html) takes a function to be
executed and timed. Instead of passing a function object, it also accepts executable statements as a string.
Since function calls have a significant computational overhead in Python, we are passing code rather than a

function object in order to be more precise with the time measurements.

Below, we compare adding together two NumPy arrays vs. Python lists containing a thousand zeros.

from timeit import timeit

n_runs = 100000
size = 1000


https://docs.python.org/3/library/timeit.html
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t_add_builtin = timeit(
"[x +y for x, y in zip(v_1l, v_2)1",
setup=f"size={size}; v_1 = [0 for
number=n_runs

_ in range(size)]; v_2 = [0 for

in range(size)]",

t_add_numpy = timeit(
"v_1 + v_2",
setup=f"import numpy as np; size={size}; v_1 = np.zeros(shape=size);
Vv_2 = np.zeros(shape=size)",
number=n_runs

print(f"Built-in addition: \t{t_add_builtin} s")
print(f"NumPy addition: \t{t_add_numpy} s")
print (f"Performance improvement: \t{t_add_builtin/t_add_numpy:.3f} times faster")

Built-in addition: 3.3522969299992837 s
NumPy addition: 0.09616518099937821 s

Performance improvement: 34.860 times faster

NumPy arrays are much-much faster. This is because they are

« contiguous in memory,
« homogeneous in type,

« with operations implemented in C.

This is just the tip of the iceberg. We have only seen a small part of it, but NumPy provides much more than a
fast data structure. As we progress in the book, we’ll slowly dig deeper and deeper, eventually discovering the

vast array of functionalities it provides.

1.3.5 Is NumPy really faster than Python?
NumPy is designed to be faster than vanilla Python. Is this really the case? Not all the time. If you use it
wrong, it might even hurt performance! To know when it is beneficial to use NumPy, we will look at why

exactly it is faster in practice.

To simplify the investigation, our toy problem will be random number generation. Suppose that we need just
a single random number. Should we use NumPy? Let’s test it! We are going to compare it with the built-in

random number generator by running both ten million times, measuring the execution time.
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from numpy.random import random as random_np
from random import random as random_py

n_runs = 10000000
t_builtin = timeit(random_py, number=n_runs)
t_numpy = timeit(random_np, number=n_runs)

print(f"Built-in random:\t{t_builtin} s")
print (f"NumPy random: \t{t_numpy} s")

Built-in random: 0.47474874800172984 s

NumPy random: 5.1664929229991685 s

For generating a single random number, NumPy is significantly slower. Why is this the case? What if we need

an array instead of a single number? Will this also be slower?

This time, let’s generate a list/array of a thousand elements.

size = 1000
n_runs = 10000

t_builtin_list = timeit(
"[random_py() for _ in range(size)]",
setup=f"from random import random as random_py; size={size}",
number=n_runs

t_numpy_array = timeit(
"random_np(size)",
setup=f"from numpy.random import random as random_np; size={size}",
number=n_runs

print(f"Built-in random with lists:\t{t_builtin_list}s")
print (f"NumPy random with arrays: \t{t_numpy_array}s")

Built-in random with lists: 0.5773125300001993s

NumPy random with arrays: 0.08449692800058983s

(Again, I don’t want to wrap the timed expressions in lambdas since function calls have an overhead in Python.

I want to be as precise as possible, so I pass them as strings to the timeit function.)
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Things are looking much different now. When generating an array of random numbers, NumPy wins hands

down.

There are some curious things about this result as well. First, we generated a single random number 10000000
times. Second, we generated an array of 1000 random numbers 10000 times. In both cases, we have 10000000
random numbers in the end. Using the built-in method, it took ~2x time when we put them in a list. However,
with NumPy, we see a ~30x speedup compared to itself when working with arrays! (The actual numbers might

be different on your computer.)

To see what happens behind the scenes, we are going to profile the code using cProfiler (https://docs.pytho
n.org/3/library/profile.html). With this, we’ll see exactly how many times a given function was called

and how much time we spent inside it.

Let’s take a look at the built-in function first. In the following function, we create 10000000 random numbers,

just as before.

def builtin_random_single(n_runs):
for _ in range(n_runs):

random_py ()

From Jupyter Notebooks, where this book is written, cProfiler can be called with the magic command %prun.

n_runs = 10000000

%prun builtin_random_single(n_xuns)

10000558 function calls (10000539 primitive calls) in 2.082 seconds
Ordered by: internal time
ncalls tottime percall cumtime percall filename:lineno(function)

1 0.937 0.937 1.671 1.671 2471337341.py:1(builtin_random_single)
10000000 0.911 0.000 0.911 0.000 {method 'random' of '_random.Random'

objects}
4/0 0.213 0.053 0.000 {method 'poll' of 'select.epoll' objects}
10 0.009 0.001 0.016 0.002 socket.py:626(send)
2 0.009 0.004 0.015 0.008 {method '__exit__' of 'sqglite3.Connection'
objects}

There are two important columns here for our purposes. ncalls shows how many times a function was called,

while tottime is the total time spent in a function, excluding time spent in subfunctions.


https://docs.python.org/3/library/profile.html
https://docs.python.org/3/library/profile.html
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The built-in function random.random() was called 10000000 times as expected. Take note of the total time

spent in the function. (I can’t give you an exact figure here, as it depends on the machine this book is built on.)

What about the NumPy version? The results are surprising.

def numpy_random_single(n_runs):
for _ in range(n_runs):
random_np()

%prun numpy_random_single(n_xruns)

448 function calls (444 primitive calls) in 7.2@3 seconds
Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)
1 7.029 7.029 7.029 7.029 2015715881 .py:1(numpy_random_single)
2 0.136 0.068 0.136 0.068 {method 'poll' of 'select.epoll' objects}
2 0.015 0.007 0.015 0.007 {method '__exit__' of 'sqglite3.Connection'
objects}
1 0.011 .011 .011 .011 {method 'execute' of 'sglite3.Connection'
objects}
3 0.010 .003 .339 . base_events.py:1910(_run_once)
7 0.000 .000 .000 . socket.py:626(send)
1 0.000 .000 .000 . {method 'disable' of '_lsprof.Profiler'
objects}
1 0.000 .000 .026 . history.py:833(_writeout_input_cache)
1 0.000 .000 .000 . inspect.py:3102(_bind)

88/84 0.000 .000 .000 . {built-in method builtins.isinstance}

Similarly, as before, the numpy . random.random() function was indeed called 10000000 times, as expected. Yet,
the script spent significantly more time in this function than in the Python built-in random before. Thus, it is

more costly per call.

When we start working with large arrays and lists, things change dramatically. Next, we generate a list/array

of 1000 random numbers, while measuring the execution time.

def numpy_random_single(n_runs):
for _ in range(n_runs):

random_np()
%prun numpy_random_single(n_xuns)
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448 function calls (444 primitive calls) in 7.

Ordered by: internal time

ncalls
1
2
2

tottime
7.029
0.136
0.015

objects}

1

0.011

objects}

3
7
1

0.010
0.000
0.000

objects}

1
1
88/84

0.000
0.000
0.000

percall
7.029
0.068
0.007

.011

.003
.000
.000

.000
.000
.000

cumtime
7.029
0.136
0.015

.011

.339
.000
.000

.026
.000
.000

percall
7.029
0.068
0.007

.011

203 seconds

filename:1lineno(function)

2015715881 .py:1(numpy_random_single)
{method 'poll' of 'select.epoll' objects}
{method '__exit__' of 'sglite3.Connection'

{method 'execute' of 'sqlite3.Connection'

base_events.py:191@(_run_once)
socket.py:626(send)
{method 'disable' of '_lsprof.Profiler'

history.py:833(_writeout_input_cache)
inspect.py:3102(_bind)
{built-in method builtins.isinstance}

As we see, about 60% of the time was spent on the list comprehensions. (Note that tottime doesn’t count

subfunction calls like calls to random.random() here.)

Now we are ready to see why NumPy is faster when used right.

def numpy_random_array(size, n_runs):
for _ in range(n_runs):
random_np(size)
%prun numpy_random_array(size, n_runs)

149 function calls (148 primitive calls) in ©.132 seconds

Ordered by: internal time

ncalls
1
2

tottime
0.122
0.009

objects}

2/1

0.000

percall
0.122
0.004

0.000

cumtime
0.122
0.009

0.122

percall
0.122
0.004

0.122

filename:1lineno(function)
1681905588.py:1(numpy_random_array)
{method '__exit__' of 'sqglite3.Connection'

{built-in method builtins.exec}

With each of the 10000 function calls, we get a numpy .ndarray of 1000 random numbers. The reason why

NumPy is fast when used right is that its arrays are extremely efficient to work with. They are like C arrays

instead of Python lists.
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As we have seen, there are two significant differences between them.

« Python lists are dynamic, so for instance, you can append and remove elements. NumPy arrays have
fixed lengths, so you cannot add or delete without creating a new one.

« Python lists can hold several data types simultaneously, while a NumPy array can only contain one.

So, NumPy arrays are less flexible but significantly more performant. When this additional flexibility is not

needed, NumPy outperforms Python.

To see precisely at which size does NumPy overtakes Python in random number generation, we can compare

the two by measuring the execution times for several sizes.
sizes = list(range(1, 100))

runtime_builtin = [
timeit(
"[random_py() for _ in range(size)]",
setup=f"from random import random as random_py; size={size}",
number=100000
)

for size in sizes

runtime_numpy = [
timeit(
"random_np(size)",
setup=f"from numpy.random import random as random_np; size={size}",
number=100000
)

for size in sizes

import matplotlib.pyplot as plt

with plt.style.context("seaborn-v@_8"):
plt.figure(figsize=(10, 5))
plt.plot(sizes, runtime_builtin, label="built-in")
plt.plot(sizes, runtime_numpy, label="NumPy")
plt.xlabel("array size")
plt.ylabel("time (seconds)")
plt.title("Runtime of random array generation")
plt.legend()
plt.show()
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Runtime of random array generation
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Figure 1.9: Runtime of random array generation

Around 20, NumPy starts to beat Python in performance. Of course, this number might be different for other
operations like calculating the sine or adding numbers together, but the tendency will be the same. Python

will slightly outperform NumPy for small input sizes, but NumPy wins by a large margin as the size grows.

14 Summary

In this chapter, we have learned what vectors are and why we must use them in data science and machine
learning. Vectors are not just a bunch of numbers bundled together but a mathematical structure that allows
us to reason about data more effectively, both in theory and in practice. Contrary to popular belief, vectors are

vectors not because they have direction and magnitude but because you can add them together.

This is formalized by the concept of vector spaces, providing the mathematical framework for our studies. Vector
spaces are best described by bases, that is, minimal and linearly independent generating sets. Understanding
vector spaces and their bases will pay enormous dividends when we study linear transformations, the most

important building block of predictive models.

Besides the leap of abstraction provided by vectors, we reap significant benefits in practice by vectorizing our

code, compressing complex logic into one-liners such as data scaling:

X_scaled = (X - X.mean(axis=0)) / X.std(axis=0)
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Besides the conceptual jump from scalars to vectors and matrices, efficient data processing is made possible
by NumPy (short for Numerical Python), the number one library in the machine learning toolkit. If a tensor
library doesn’t use NumPy, it is inspired by it. We already understand its basics and know why and when to

use it.

In the next chapter, we continue exploring vector spaces. Bases are cool and all, but besides them, vector

spaces have a beautiful and rich geometric structure. Let’s see it!

1.5 Problems

Problem 1. Not all vector spaces are infinite. There are some that only contain a finite number of vectors, as

we shall see next in this problem. Define the set

ZZ = {0! 1}:

where the operations +,- are defined by the rules

04+0=0
0+1=1
1+0=1
1+41=0
and
0-0=0
0-1=0
1-0=0
1-1=1

This is called binary (or modulo-2) arithmetic.
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(a) Show that (Z,, Z,, +,) is a vector space.

(b) Show that(Z}, Z,, +,-) is also a vector space, where Z} is the n-fold Cartesian product

n _
7y =7y % X2y,
[ —
n times

and the addition and scalar multiplication are defined elementwise:

x+y=01+ YL, Xn+Vn), x,yEZ],

cx = (cxy,...,cx,), €€ Zs.

Problem 2. Are the following vector sets linearly independent?
(a) S; ={(1,0,0),(1,1,0),(1,1, 1)} C R®

(b) S ={(1,1,1),(1,2,4),(1,3,9)} C R?

(c) S3 ={(1,1,1),(1,1,-1), (1, -1, -1} C R?

(d) Sy = {(, e),(—42,13/6), (*,-2)} C R?

Problem 3. Let V be a finite n-dimensional vector space and let S = {vy, ..., v} be a linearly independent set

of vectors, m < n. Show that there is a basis set B such that S C B.

Problem 4. Let V be a vector space and S = {vy, ..., v,} be its basis. Show that every vector x € V can be
uniquely written as a linear combination of vectors in S. (That is, if x = Y./, a;v; = Y., fivi, then o; = f3; for

alli=1,...,n)

Problem 5. Let V be an arbitrary vector space and Uj, U, C V be two of its subspaces. Show that U; + U, =
span(U; U U).

Hint: to prove the equality of these two sets, you need to show two things: 1) if x € U; + U,, then x €
span(U; U U,) as well,

2) if x € span(U; U Uy), then x € U; + U, as well.
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Problem 6. Consider the vector space of polynomials with real coefficients, defined by

Rlx] = {p(x) = Zn:p,-xi cpieRn=01,.. }

i=0

(a) Show that

xR[x] := {p(x) = Zpixi pieRn= 1,2,...}
i=1

is a proper subspace of R[x].

(b) Show that

[+ Rlx] = xR[x],  p(x) = xp(x)

is a bijective and linear. (A function f : X — Y is bijective if every y € Y has exactly one x € X for which

f(x) = y. If you are not comfortable with this notion, feel free to revisit this problem after Chapter 9.)

In general, a linear and bijective function f : U — V between vector spaces is called an isomorphism. Given
the existence of such a function, we call the vector spaces U and V isomorphic, meaning that they have an

identical algebraic structure.

Combining (a) and (b), we obtain that R[X] is isomorphic with its proper subspace xR[X]. This is quite an
interesting phenomenon: a vector space that is algebraically identical to its proper subspace. (Note that this

cannot happen in finite dimensions, such as R".)
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The Geometric Structure of
Vector Spaces

Let’s revisit the Iris dataset introduced in the previous chapter! I want to test your intuition. I plotted the petal

widths against the petal lengths while hiding the class labels in Figure 2.1:

import matplotlib.pyplot as plt
from sklearn.datasets import load_iris

# Load the iris dataset
iris = load_iris()
data = iris.data

# Extract petal length (3rd column) and petal width (4th column)
petal_length = data[:, 2]
petal_width = data[:, 3]

with plt.style.context("seaborn-v@_8"):
# Create the scatter plot
plt.figure(figsize=(7, 7))
plt.scatter(petal_length, petal_width, color='indigo', alpha=0.8, edgecolor='none',
s=7@0, marker='o")
plt.xlabel('petal length (cm)')
plt.ylabel('petal width (cm)')
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Figure 2.1: The “petal width” and “petal length” features of the Iris dataset

Even without knowing any labels, we can intuitively point out that there are probably at least two classes.

Can you summarize your reasoning in a single sentence?

There are many valid arguments, but the most prevalent one is that the two clusters are far away from each
other. As this example illustrates, the concept of distance plays an essential role in machine learning. In this

chapter, we will translate the notion of distance into the language of mathematics and put it into the context

of vector spaces.
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2.1 Norms and distances

Previously, we saw that vectors are essentially arrows, starting from the null vector. In addition to their
direction, vectors also have magnitude. For example, as we have learned in high school mathematics, the

magnitude in the Euclidean plane is defined by

x| = x? + x5, x=(x1, %),

while we can calculate the distance between x and y as

d(x,y) = J(x1 = y1)? + (e — y2)°.

(The function | - | simply denotes the magnitude of a vector.)

I

W

Z2

Figure 2.2: Magnitude in the Euclidean plane

The magnitude formula \/x? + xZ can be simply generalized to higher dimensions by

Ix| = X%+ +x2, x=(x1,.... %) €R™
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However, just from looking at this formula, it is not clear why it is defined this way. What does the square
root of a sum of squares have to do with distance and magnitude? Behind the scenes, it is just the Pythagorean

theorem.

Recall that the Pythagorean theorem states that in right triangles, the squared length of the hypotenuse equals
the sum of the squared lengths of the other sides, as illustrated by Figure 2.3.

Figure 2.3: The Pythagorean theorem

To put this into an algebraic form, it states that a* + b? = ¢?, when c is the hypotenuse of the right triangle,
and a and b are its two other sides. If we apply this to a two-dimensional vector x = (x1, x), we can see that

the Pythagorean theorem gives its magnitude x| = /xZ + xZ .

This can be generalized to higher dimensions. To see what is happening, we are going to check the three-
dimensional case, as illustrated by Figure 2.4. Here, we can apply the Pythagorean theorem twice to obtain the

magnitude!

I

Figure 2.4: The Pythagorean theorem in three dimensions
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For each vector x = (x1, X2, x3), we can take a look at the triangle determined by (0, 0, 0), (x;, 0, 0), and (x1, x2,0)
first. The length of the hypotenuse can be calculated by /x? + x2. However, the points (0,0, 0), (x1, x2,0), and

(1, X2, x3) form a right triangle. Applying the Pythagorean theorem once again, we obtain

x| = Vi + x5 + x5,

which is called the Euclidean norm. This is exactly what is going on in the general n-dimensional case.

The notions of magnitude and distance are critical in machine learning, as we can use them to determine the

similarity between data points, measure and control the complexity of neural networks, and much more.
Is the Pythagorean theorem the only viable way to measure magnitude and distance? Certainly not.

Because Manhattan’s street layout is essentially a rectangular grid, its residents are famed for measuring
distances in blocks. If something is two blocks to the north and three blocks east, it means that you have
to travel two intersections to the north and three to the east to find it. This gives rise to a mathematically

perfectly valid notion of measurement called Manhattan distance, defined by

d(x,y) = |x1 — y1l + |x2 — yal.

When using the Manhattan distance, the shortest path between two points is not unique.

—

Figure 2.5: For the Manhattan distance, the shortest path between two points is not unique

Besides the Euclidean and Manhattan distances, there are several other metrics. Once again, we are going to

step away from the concrete examples to take an abstract viewpoint.

If we talk about measurements and metrics in general, what are the properties that we expect from all of

them? What makes a measurement distance? Essentially, there are three such traits:

« the distance should be nonnegative,
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« it should preserve scaling (that is, d(cx, cy) = ¢ d(x,y) for all scalars c),

« the distance straight from point x to y is always equal to or smaller than touching any other point z.

These are formalized by the notion of norms.

Definition 2.1.1 (Norms)

Let V be a vector space. A function |- | : V — [0, ) is said to be a norm if for all x,y € V, the following

properties hold:

1. Positive definiteness: x| > 0 and |x| = 0 if and only if x = 0.
2. Positive homogeneity: |cx| = |c||x] for all ¢ € R.

3. Triangle inequality: |x + y| < x| + |y| for all x,y € V.

A vector space equipped with a norm is called a normed space.

Let’s see some examples!

Example 1. Let p € [1, o) and define

n 1/p
Ixl, = (Z x,~|P> X G )
i=1

on R™. The function | - ||, is called the p-norm. Showing that | - |, is indeed a norm is a bit technical. Thus, we
won’t go into the details. (The triangle inequality requires some work, but the other two properties are easy to

see.)

We have already seen two special cases: the Euclidean norm (p = 2) and the Manhattan norm (p = 1). Both of
them frequently appear in machine learning. For instance, the familiar mean squared error is just the scaled

Euclidean distance between prediction and ground truth:

1 NP R .
MSE(y,§) = —ly =¥l = — > (3 = 30)°
i=1

As mentioned before, the 2-norm, along with the 1-norm, is commonly used to control the complexity
of models during training. To give a concrete example, suppose that we are fitting a polynomial f(x) =
>, gix' to the data {(x1, ¥1), ..., (%, Yn)} . To obtain a model that generalizes well to new data, we prefer our
models to be as simple as possible. Thus, instead of using the plain mean squared error, we might consider

minimizing the loss:

Loss(y,¥,q) = MSE(y,¥) + Alql,,  q=1(q0,q1, -, gm), A €[0,00)
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where the term |q|,, is responsible for keeping the coefficients of the polynomial f(x) small, while A controls

the strength of regularization. Usually, p is either 1 or 2, but other values from [1, o) are also valid.

Example 2. Let’s stay in R" for a bit longer! The so-called co-norm is defined by

[Xleo = max{|xi], ..., |xa[}.

Showing that | - | is indeed a norm is a simple task and left to you for practice. (This is perhaps one of the
most notorious sentences written in mathematical textbooks, but trust me, this is truly easy. Give it a shot! If

you don’t see it, try the special case R%.)

This is called the co-norm, and is strongly related to the p-norm that we have just seen. In fact, if we let the

value p grow infinitely, [x|, will be very close to [x|. , ultimately reaching it at the limit.

Remark 2.1.1 (The co-norm as the limit of p-norm)

If you are already familiar with convergent sequences and limits, you can see that this is called the co-norm
because

lim x| = [x]co.
p—)OO

To show this, consider that

n » 1/p |] PNVP
lim = lim X = lim [x]e :
Jim by = Jim (Db ) = pim il 35 (L))

i=1

||
[x]o

Since < 1 by definition,

" \P 1/p /s
<(B(me) ) =

lim n/? =1,

p—

holds. Because

we can conclude that

lim [x[p = |]co.
p—)OO
This is the reason why the co-norm is considered a p-norm with p = .

If you are not familiar with taking limits of sequences, don’t worry. We’ll cover everything in detail when

studying single-variable calculus.
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Example 3. co-norms can be generalized for function spaces. Remember C([0, 1]), the vector space of functions
continuous on [0, 1]? We introduced this when talking about examples of vector spaces in Section 1.1.1. There,

|- |o can be defined as

Iflles = sup [fCol.

x€[0,1

This norm can be defined on other function spaces, like C(R), the space of continuous real functions. Since
the maximum is not guaranteed to exist (as for the sigmoid function in C(R)), the maximum is replaced with

supremum. Hence, the co-norm is often called the supremum norm.

If you imagine the function as a landscape, the supremum norm is the height of the highest peak or the depth

of the deepest trench (whichever is larger in absolute value).

[f(@o)| = [ flloo

o

Zo

Figure 2.6: The supremum norm

When encountering this norm for the first time, it might seem challenging to understand what this has to
do with any notion of magnitude. However, |f — g|w is a natural way to measure the distance between two

functions f and g, and in general, magnitude is just the distance from 0.

|/ (x0) = g(xo)| = [If = 9lloo

>

¢

Zo

Figure 2.7: The distance between two functions, given by the supremum norm
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2.11 Defining distances from norms

Besides measuring the magnitude of vectors, we are also interested in measuring the distance between them.
If you are at the location x in some normed space, how far is y? In normed vector spaces, we can define the
distance between any x and y by

d(x,y) =[x —yl.

This is called the norm-induced metric. Thus, norms measure the distance from the zero vector, and the metric

d measures the norm of the difference.

In general, we say that a function d : V x V — [0, ) is a metric if the following hold.

Definition 2.1.2 (Metrics)

Let V be a vector space and d : V x V — [0, o) be a function. d is a metric if the following conditions hold

for all x,y,z € V:

1. Whenever d(x,y) = 0, we have x =y (positive definiteness).

2. d(x,y) = d(y, x) (symmetry).
3. d(x,z) < d(x,y) + d(y, z) (triangle inequality).

One of the immediate consequences of the definition is that if x # y, then d(x,y) > 0. (As the positive
definiteness gives that d(x,y) = 1 implies x = y.)

Given the properties of norms, we can quickly check that d(x,y) = |x —y| is indeed a metric. Due to the linear
structure of vector spaces, the norm-generated metric is invariant to translation. That is, for any x,y,z € V,
we have

dix,y) =dx+1z,y + z).

In other words, it doesn’t matter where you start: the distance only depends on your displacement. This is not
true for any metric. Thus, norm-induced metrics are special. In our studies, we only deal with these special

cases. Because of this, we won’t even talk about metrics, just norms.

In itself, a vector space is just a skeleton that provides a way to represent data. On top of this, norms define
a geometric structure that reveals properties such as magnitude and distance. Both of these are essential in
machine learning. For instance, some unsupervised learning algorithms separate data points into clusters

based on their mutual distances from each other.

There is yet another way to enhance the geometric structure of vector spaces: inner products, also called dot

products. We are going to put this concept under our magnifying glass in the next section.
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2.2 Inner products, angles, and lots of reasons to
care about them

In the previous section, we imbued our vector spaces with norms, measuring the magnitude of vectors and the
distance between points. In machine learning, these concepts can be used, for instance, to identify clusters in
unlabeled datasets. However, without context, distance is often not enough. Following our geometric intuition,
we can aspire to measure the similarity of data points. This is done by the inner product (also known as the

dot product).

You can recall the inner product as a quantity that we used to measure the angle between two vectors in high
school geometry classes. Given two vectors x = (x1, x2) and y = (y1, y2) from the plane, we defined their inner

product by

(X, y) = x1y1 + 121,

for which it can be shown that

x,y) = [xllyl cos « (2.1)

holds, where « is the angle between x and y. (In fact, there are two such angles, but their cosine is equal.)

Thus, the angle itself can be extracted by

(x,y)
Ixllyl”

= arccos

where arccos x is the inverse of the cosine function. We can use the inner products to determine whether
two vectors are orthogonal, as this happens if and only if (x,y) = 0 holds. During our earlier encounters with
mathematics, geometric intuition (such as orthogonality) came first, on which we built tools such as the inner
product. However, if we zoom out and take an abstract viewpoint, things are exactly the opposite. As we’ll see

soon, inner products emerge quite naturally, giving rise to the general concept of orthogonality.

In general, this is the formal definition of an inner product.

Definition 2.2.1 (Inner products and inner product spaces)

Let V be a real vector space. The function (-,-) : V x V — R is called an inner product if the following holds

forallx,y,z€ Vanda € R:
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1. (ax+y,z) = a(x,z) + (y, z) (linearity of the first variable).

2. (x,y) = (y,x) (symmetry).
3. (x,x) > 0 for all x # 0 (positive definiteness).

Vector spaces with an inner product are called inner product spaces.

Right off the bat, we can immediately deduce two properties. First,

(0,x) = (0x,x) = 0(x,x) = 0. (2.2)

As a special case, (0,0) = 0. Just like we have seen for norms, a bit more is true: if (x, x) = 0, then x = 0. This
follows from positive definiteness and (2.2).

In addition, due to the symmetry and linearity of the first variable, inner products are also linear in the second

variable. Because of this, they are called bilinear.
To familiarize ourselves with the concept, let’s see some examples!

Example 1. As usual, the canonical and most prevalent example of inner product spaces is R", where the

inner product (-, -) is defined by

(x,y) = Z Xy, X=(x1 %), Y= Y1seees Vo)

i=1
This bilinear function is often called the dot product. Equipped with this, R" is called the n-dimensional
Euclidean space. This is a central concept in machine learning, as data is most frequently represented in

Euclidean spaces. Thus, we are going to explore the structure of this space in great detail throughout this

book.

Example 2. Besides Euclidean spaces, there are other inner product spaces that play a significant role in
mathematics and machine learning. If you are familiar with integration, in certain function spaces, the bilinear

function

(o= [  f@gdx

defines an inner product space with a very rich and beautiful structure.

The symmetry and linearity of {f, g) is clear. Only the positive definiteness seems to be an issue.
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For instance, if f is defined by

1 ifx=0,
flx) =

0 otherwise,

then f = 0, but (f, f) = 0. This problem can be circumvented by “overloading” the equality operator and
letting f = g if and only if /" |f(x) — g(x)? dx = 0. Even though function spaces such as this play an

important role in mathematics and machine learning, their study falls outside of our scope.

2.2.1 The generated norm

1/2
Recall that the 2-norm in R" was defined by |x], = ( > xlz) , which, according to our definition of the
inner product there, equals \/(x, x). This is not a coincidence. Inner products can be used to define norms on

vector spaces.

To show exactly how, we need a simple tool: the Cauchy-Schwarz inequality.

Theorem 2.2.1 (Cauchy-Schwarz inequality)

Let V be an inner product space. Then, for any X,y € V, the inequality

[Gx, y)I? < (x,x)(y. y)
holds.

Proof. At this point, we don’t know much about the inner product except its core defining properties. So, we

are going to use a little trick. For any A € R, the positive definiteness implies that

(x+ Ay, x + Ay) > 0.

On the other hand, because of bilinearity (that is, linearity in both variables) and symmetry, we have

(x+ Ay, x + Ay) = (x, %) + 2A(x,y) + 14y, y), (2.3)

which is a quadratic polynomial in A. In general, we know that for any quadratic polynomial of the form

ax? + bx + c, the roots are given by the formula
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—b + Vb? — dac
R

Since

(x+ Ay, x + y) > 0,

the polynomial defined by (2.3) must have at most one real root. Thus, the discriminant b2 —4ac is non-positive.

Plugging in the coefficients of the polynomial (2.3) into the discriminant formula, we obtain

x )P = (xx)Xy.y) <0,
which completes the proof.

The Cauchy-Schwarz inequality is probably one of the most useful tools in studying inner product spaces.

One application we are going to see next is to show how inner products define norms.
Theorem 2.2.2 (The norm generated by the inner product)
Let V be an inner product space. Then, the function || -| : V — [0, 0) defined by
Ixl = J{x.x)
isanormonV.

Proof. According to the definition of norms, we have to show that three properties hold: positive definiteness,
homogeneity, and the triangle inequality. The first two follow easily from the properties of inner products.

The triangle inequality follows from the Cauchy-Schwarz inequality:

Ix+yI* = (x+y.x+y)
= |xI? + |yl + 2(x, y)
< IxI? + Iyl + 2xllyl

= (Ixl + Iyl)%,

from which the triangle inequality follows.
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Thus, inner product spaces are normed spaces as well. They have the proper algebraic and geometric structure

that we need to represent, manipulate, and transform data.

Most importantly, Theorem 2.2.2 can be reversed! That is, given a norm | - |, we can define a matching inner

product.

Theorem 2.2.3 (The polarization identity)

Let V be an inner product space, and let | - | be the norm induced by the inner product. Then,
xy) = %(IIX +yl? = IxI* = lyl?). 2.4
In other words, one can generate an inner product from a norm, not just the other way around.
Proof. As the inner product is bilinear, we have
x+y.x+y) =(xx)+2xy) +(y.y)
from which the polarization identity (2.4) follows.

2.2.2 Orthogonality

In vector spaces other than R?, the concept of enclosed angles is not clear at all. For instance, in spaces where
vectors are functions, there is no intuitive way to define the angles between two functions. However, as (2.1)

suggests, in the special case R?, these can be generalized.

Definition 2.2.2 (Orthogonality of vectors)

Let V be an inner product space, and let x,y € V. We say that x and y are orthogonal if
(xy)=0.

Orthogonality is denoted as x L y.
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To illustrate how inner products and orthogonality define geometry on vector spaces, let’s see how the classic
Pythagorean theorem looks in this new form. Recall that the “original” version states that in right triangles,

a? + b? = ¢?, where c is the length of the hypotenuse, while a and b are the lengths of the other two sides.

In inner product spaces, this generalizes in the following way.

Theorem 2.2.4 (The Pythagorean theorem)

Let V be an inner product space, and let x,y € V. Then, x andy are orthogonal if and only if
(X +y.x+y) = (%) +(y.y). (25)

Proof. Given the definition of inner products and orthogonality, the proof is straightforward. Due to bilinearity,

we have

(x+y,x+y) =(xx+y) +{y,x+y) = (X, %) + 2xy) +({y,y)

Since x and y are orthogonal, we have (x,y) = 0. Thus, the equation simplifies to:

xty.x+y)=xx)+{y.y)
This completes the proof.
Why is this the Pythagorean theorem in another form? Because the norm and the inner product is related by
(x,x) = |x]?, (2.5) is equivalent to
lx + yI* = IxI* + Iyl

which is exactly the famous “a® + b? = ¢?”.

2.2.3 The geometric interpretation of inner products

Looking at the general definition, it is hard to get an insight into the inner product. However, by using the

concept of orthogonality, we can visualize what (x,y) represents for any x and y.
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Intuitively, any x can be decomposed into the sum of two vectors x, + x,,, where x, is orthogonal to y and x,

is parallel to it.

v

Figure 2.8: Decomposition of x into components parallel and orthogonal to y

Let’s make the intuition precise. How can we find x, and x,? Since x, has the same direction as y, it
can be written in the form x, = cy for some scalar ¢ € R. Because x, and x, sum up to x, we also have

X, =X —X, =X~ Y.
Since x, is orthogonal to y, the constant ¢ can be determined by solving the equation
(x—cy,y)=0.

By using the bilinearity of the inner product, we can express ¢ from this equation. Thus, we have

_{xy)
Ty

So,

_{xy)

BRTA

. <X,y>y
’ v,y

Xp
(2.6)

We call x, the orthogonal projection of x onto y. This is a common transformation, so we are going to introduce

the notation

proj, ) = (=T, @)
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From this, we can see that the scaling ratio between y and proj (x) can be described by inner products.

So far, we have seen that we can use inner products to define the orthogonality relation between two vectors.
Can we use it to measure (and, in some cases, even define) the angle? The answer is yes! In the following, we

are going to see how, arriving at the formula (2.1) already familiar from basic geometry.

To build our intuition, let’s select two arbitrary n-dimensional vectors x,y € R". The inner product of the sum

X +y can be calculated using the bilinearity property.

X

Figure 2.9: The sum of x and 'y

With this, we obtain

x+y.x+y) =lx+yl 5
= [xI* + [yl + 2(x, y).

On the other hand, considering that x, y, and x + y form a triangle, we can use the law of cosines ( https:

//en.wikipedia.org/wiki/Law_of_cosines) to express (x + y,x +y) = |x + y|? in a different form.

Here, the law of cosines implies

Ix +yI* = [xI® + Iyl* = 2Ixllyl cos(r — a). (2.9)
——

=—cosa

By combining (2.8) and (2.9), we get

x.y) = [xllyl cos a.


https://en.wikipedia.org/wiki/Law_of_cosines
https://en.wikipedia.org/wiki/Law_of_cosines
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That is, in R”, the angle enclosed by x and y can be extracted by

(x,y)
Ixllyl

a = arccos (2.10)

X

Figure 2.10: The triangle formed by x,y, andx +y

What about vector spaces where the angle between vectors is not defined? We have seen instances of vector
spaces (Section 1.1.1) where the elements are polynomials, functions, and other mathematical objects. There,

(2.10) can be used to define the angle!
Let’s explore this idea further and see how to use inner products to measure similarity.

Given our geometric interpretation of inner products as orthogonal projections, let’s focus on the case when

both x and y have unit norms. In this special case, the orthogonal projection equals
projy(x) = (x.y)y (x| = [yl = 1).

Thus, (x,y) precisely describes the signed magnitude of the orthogonal projection. (It can be negative when

projy(x) and y have an opposite direction.)

With this in mind, we can see that the inner product is equal to the cosine of the angle enclosed by the two
vectors. Let’s draw a picture to illustrate! (Recall that in right triangles, the cosine is the ratio of the length of
the adjacent side and the hypotenuse. In this case, the adjacent side has a length of (x, y), while the hypotenuse
is of unit length.)
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%[l =yl =1
X

Figure 2.11: The inner product of two unit vectors equals the cosine of their angle

In machine learning, this quantity is frequently used to measure the similarity of two vectors.

Because any vector x can be scaled to unit norm with the transformation x — x/|x|, we define the cosine

similarity by

X ¥y

— N (2.11)
I Iyl

cos(x,y) =

If x and y represent the feature vectors of two data samples, cos(x, y) tells us how much the features move
together. Note that because of the scaling, two samples with a high cosine similarity can be far from each

other. So, this reveals nothing about their relative positions in the feature space.

2.2.4 Orthogonal and orthonormal bases

Through the lens of similarity, orthogonality means that one vector does not contain “information” about the
other. We will make this notion more precise when learning about correlation, but there are clear implications
regarding the structure of inner product spaces. Recall that during the introduction of basis vectors (Section 1.2),
our motivation was to find a minimal set of vectors that can be used to express any other vector. With the

introduction of orthogonality, we can go one step further.

Definition 2.2.3 (Orthogonal and orthonormal bases)

Let V be a vector space and S = {v1,...,V,} its basis. We say that S is an orthogonal basis if (v;,vj) = 0

whenever i # j.
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Moreover, S is called orthonormal if

1, ifi=j,
(vi,vj) =
0, ifi#j.

In other words, S is orthonormal if, in addition to being orthogonal, each vector has unit norm.

Orthogonal and orthonormal bases are extremely convenient to use. If a basis is orthogonal, we can easily
obtain an orthonormal basis by simply scaling its vectors to unit norm. Thus, we’ll use orthonormal basis

vectors most of the time.

Why do we love orthonormal bases so much? To see this, let {vy, ..., v,} be an arbitrary basis and let x be an

arbitrary vector. We know that

n
X = Z XiVi,
i=1

but how do we find the coefficients x;? There is a general method involving linear equations that we will see

later in Chapter 5, but if {v;}!, is orthonormal, the situation is much simpler.

This is made more precise in the following theorem.

Theorem 2.2.5 Let V be a vector space and S = {v1, ..., vy} be an orthonormal basis of V. Then, for anyx € V,

n

X = Z(x, Vi)Vi (2.12)

i=1
holds.

Proof. Since vy, ..., v, form a basis, we can express x as

n
X = Z XiVi
i=1

for some scalars x;. By the linearity of the inner product, we obtain

n n
vy = Yoxviovy y =D xi(vi,vj).
i=1 i=1

Since v1, ..., v, form an orthonormal basis, we have
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1, ifi=j,
(vi,vj) =
0, ifi#j.
Thus, the sum reduces to
<X, Vj> = x]'.

This proves the result.
Thus, the coefficients can be calculated by taking the inner product. In other words, for orthonormal bases, x;
depends only on the j-th basis vector.

As another consequence of the orthonormality, calculating the norm is also easier, as we can always express it

in terms of the coefficients. To be more precise, we have

Ix]*

(x,x)

n n
ORI
i=1 j=1
n n
=3 s

i=1 j=1
n

s
i=1

This is called Parseval’s identity. In other words, if x is given in terms of an orthonormal basis, its norm is easy

(2.13)

to find. It is not a coincidence that this formula resembles the Euclidean norm so much! (Note that, here, || - | is

a general norm.) In fact, the squared Euclidean norm

n
x| = Z x2, x=(x,....x,) €R"
i=1

is just (2.13) using the standard basis.

2.2.5 The Gram-Schmidt orthogonalization process

Orthogonal bases are awesome and all, but how do we find them?

There is a general method called the Gram-Schmidt orthogonalization process that solves this problem. The

algorithm takes any set of basis vectors {vi, ..., v,} and outputs an orthonormal basis {es, ..., €,}
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such that

span(vy, ..., vg) = span(ey,...,ex), k=1,..,n,

that is, the subspaces generated by the first k vectors of both sets match.

How do we do that? The process is straightforward. Let’s focus on finding an orthogonal system first, which
we can normalize later to achieve orthonormality. We are going to build our set {e, ..., e,} iteratively. It is

clear that

€ =V

is a good choice. Now, our goal is to find e, such that e, L e; and, together, they span the same subspace as
{v1,v2}. Remember when we talked about the geometric interpretation of orthogonality in Section 2.2.3? The

orthogonal component of v, with respect to e; will be a good choice for e;. Thus, let

<V2,el>
<el’ e1> !

€; :=Vy — proj, (v2) = vy —

From the definition, it is clear that e, L e;, and it is also clear that {e;, e;} spans the same subspace as {v, v,}.

In the next step, we perform the same process. We project v; onto the subspace generated by e; and e,, then

define e; as the difference of v5 and the projection. That is,

(v3, eq) <V3= ez>
<e1’e1> <ez,ez>

e; := V3 — proj, . (v3) = vs —

With this, we essentially remove the “contributions” of e; and e, toward vs, thus obtaining an e; that is

orthogonal to the previous ones.

In general, if we have ey, ..., ek, the vector ey; can be found by

€k+1 ©= Vi1 — Proje o (Vir1),

where
<X e;)

<el, e) (2.14)

is the generalized orthogonal projection operator, projecting a vector to the subspace generated by {ey, ..., et}
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To check that ex; L ey, ..., e, we have

-Gt )

= (Visn€)) — Z <z"j’1’;>< ee;) (2.15)

= <Vk+1, ej> - <Vk+1, ej>

=0.

due to the orthogonality of the e;-s and the linearity of the inner product. Since {ey, ..., ex} spans the same
subspace as {vy, ..., vi} and e{k + 1} is a linear combination of v, and ey, ..., e; (where the coefficient of vj,

is nonzero),

span(vy, ..., Vi+1) = span(ey, ..., €x41)

also follows. This can be repeated until we run out of vectors and find {ey, ..., e,}.

For the sake of further reference, mathematical correctness, and a tiny bit of perfectionism, let’s summarize all

the above in a single theorem.

Theorem 2.2.6 (Gram-Schmidt orthogonalization process)

Let V be an inner product vector space and {v1, ..., vy} C V be a set of linearly independent vectors. Then, there

exists an orthonormal set {ey, ..., ey} C V such that

span(e, ..., ex) = span(vy, ..., V)
holds for any k =1,...,n

As a consequence, we can state that each finite inner product space has an orthonormal basis. We can even

construct it explicitly via the Gram-Schmidt process.

Corollary 2.2.1 (Existence of orthonormal bases)

Let V be a finite-dimensional inner product space. Then, there exists an orthonormal basis in V.



70 The Geometric Structure of Vector Spaces

Going one step further, we can view Theorem 2.2.6 and its proof as an algorithm.

Algorithm 2.2.1 (Gram-Schmidt orthogonalization process)
Inputs: A set of linearly independent vectors {vy,...,v,} C V.

Output: A set of orthonormal vectors {ey, ..., en} such that

span(e, ..., ex) = span(vy, ..., V)

holds for any k = 1,...,n.

Remark 2.2.1 (Linearly dependent inputs in the Gram-Schmidt process)

What happens if we apply the Gram-Schmidt orthogonalization process to a set of linearly dependent vectors?

To get a grip on the problem, let’s consider a simple case of two vectors: {v1, va = cv1}, where c is an arbitrary

scalar. e; is chosen to be vy, and ej is defined by

€2 = V2 — proje, (v2).

By expanding the projection term, we obtain

B = T = (va,e1)
? ? (e1,e1) "
Since v1 = e and vy = cvy, we get that
c(v1,v1)
€ =CV1——— V1
(v1,v1)
= cvi — ¢V
=0.

This result generalizes: when the Gram-Schmidt process encounters an input vector that is linearly dependent

from the previous ones, a zero vector is produced in the output.
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2.2.6 The orthogonal complement

Earlier, we saw that given a fixed vector y € V, we can decompose any x € V as X = X, + X,, where X, is
orthogonal to y, while x,, is parallel to it. (We used this to provide a geometric motivation for inner products

in Section 2.2.3.)

This is an essential tool, and in this section, we will see that an analogue of this decomposition still holds true
when y is replaced with an arbitrary subspace S C V. To see this, let’s talk about the orthogonality of subspaces.
(If you want to recall the definition of subspaces, check out Definition 1.2.3.)

Definition 2.2.4 (Orthogonal subspaces)

Let V be an arbitrary inner product space. We say that the subspaces S1, Sz € V are orthogonal if, for every

pair of vectors x € S; and y € Sy, we have (x,y) = 0. This is denoted as S; L Sj.

For example, the x-axis and the y-axis are orthogonal subspaces in R%. (Just as the xy plane and the z-axis in
R3.)
Similarly, we can talk about the orthogonality of a vector and a subspace: x is orthogonal to the subspace S, or

x L S in symbols, if x is orthogonal to all vectors of S.

One of the most straightforward and essential ways to construct orthogonal subspaces is to take the orthogonal

complement.
Definition 2.2.5 (Orthogonal complement)
Let V be an arbitrary inner product space and let S C V be a subspace. The set defined by
St :={xeV|xLlS} (2.16)
is called the orthogonal complement of S.
S* is not just any set; it is a subspace, as we are about to see.

Theorem 2.2.7 Let V be an arbitrary inner product space and S C V one of its subspaces. Then

1. St is orthogonal to S,
2. St is a subspace of V,
3. and Sn St ={o}.
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Proof. According to the definition of subspaces, we only have to show that S* is closed with respect to addition

and scalar multiplication. As the inner product is bilinear, this is straightforward:

(ax + by,z) = a(x,z) + b{y,z) = 0

holds for any vectors x,y € St z €S, and scalars a, b.

To see that S n S+ = {0}, let’s take an arbitrary x € S n S*. By the definition of S*, we have (x,x) = 0. As the

inner product is positive definite per definition, x must be the zero vector 0.
Recall the decomposition of any x € V into a parallel and an orthogonal component with respect to a fixed
vector y? In terms of subspaces, we can restate this as
V = span(y) + span(y)",

that is, V can be written as the direct sum of the vector space spanned by y, and its orthogonal complement.
This is an extremely powerful result, as this allows us to decouple x from y. For instance, if we think of vectors
as a collection of features (just like the sepal and petal width and length measurements in our favorite Iris

dataset), y can represent a certain trait that we want to exclude from our analysis.

With the notion of orthogonal complements, we can make this mathematically precise. We can also be more

general. In fact, the decomposition

V=S5+5
holds for any subspace S! Let’s see the proof!
Theorem 2.2.8 Let V be an arbitrary finite-dimensional inner product space and S C V its subspace. Then,
V=S+s"

holds.
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Proof. Let vy, ..., v € S be a basis of S. As during the Gram-Schmidt process, we can define the generalized

orthogonal projection (2.14), given by

k
Projy, v, (¥) = > (x, vi)vi.
i=1
Using this, we can decompose any x € V as

X = (X — projy, . Vk(x)) + projvl,_._,vk(x). (2.17)
Since projy, v, (x) is the linear combination of v;-s, it belongs to S. On the other hand, the bilinearity of the

inner product gives that x — proj,, _ (x) € St. Indeed, as we have

k
(x— projvlmvk(x),vﬁ = <x - Z<X vi>vi,vj>

i=1
k

= (%, V) = Y (X vi)vi, V)

i=1
=(x,v;) —(x, V)

:0,

the vector x — projvlka (x) is orthogonal to each v;. Thus, since v1, ..., Vg is a basis of S, x is also orthogonal

to S, hence x — projelw‘,k(x) e st.

The fact that every x € V can be decomposed as the sum of a vector from S and a vector from S*, as given by

(2.17), means that V = S + S, which is what we had to prove.

2.3 Summary

In this chapter, we have learned that, besides the algebraic structure given by addition and scalar multiplication,
vectors have a beautiful geometry that rises from the inner product. From the inner product, we have norms;

from norms, we have metrics; and from metrics, we have geometry and topology.

Distance, similarity, angles, and orthogonality all arise from the simple concept of inner products. These are
all extremely useful in both theory and practice. For instance, inner products give us a way to quantify the
similarity of two vectors via the so-called cosine similarity, but they also provide a means to find optimal bases

through the notion of orthogonality.
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To summarize, we’ve learned what norms and distances are, the definition of the inner product, how inner

products give angles and norms, and why all of these are useful in machine learning.

Besides the basic definitions and properties, we’ve encountered our very first algorithm: the Gram-Schmidt

process, turning a set of vectors into an orthonormal basis. This is the best kind of basis.

In the next section, we’ll take all that theory and put it into practice, taking our first steps in computational

linear algebra. Let’s go!

2.4 Problems

Problem 1. Let V be a vector space and define the function d : V x V — [0, %) by

0 ifx=y,
d(x,y) =
1 otherwise.
(a) Show that d is a metric (see Definition 2.1.2).

(b) Show that d cannot come from a norm.

Problem 2. Let S, be the set of all ASCII strings of n character length and define the Hamming distance

h(x, y) for any two x, y € S, by the number of corresponding positions where x and y are different.

For instance,
h(“001101”,“101110”) = 2,

h(“metal”, “petal”) = 1.

Show that h satisfies the three defining properties of a metric. (Note that S, is not a vector space so, technically,

the Hamming distance is not a metric.)

Problem 3. Let | - | be a norm on the vector space R”, and define the mapping f : R" — R",
£ (e, %, %) B (34, 2%, .0, 1),

Show that
Ixl. =[£I

is a norm on R".
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Problem 4. Let ay, ..., a, > 0 be arbitrary positive numbers. Show that

x,y) := Z aix;y;, xye€R"

i=1
is an inner product, where x = (xi, ..., x,) and 'y = (y1, ..., yn)-
Problem 5. Let V be a finite-dimensional inner product space, let vy, ..., v, € V be a basis in V, and define
ajj = <Vi,Vj>~

Show that for any x,y € V,

(xy) =D ajxy;

i,j=1
wherex =Y, x;v;andy = )., yiv;.
Problem 6. Let V be a finite-dimensional real inner product space.
(a) Let y € V be an arbitrary vector. Show that

f:V-oR xe(xy)

is a linear function (that is, f(au+ pv) = af(u) + ff(v) holds for allu,v € V and «, § € R).

(b)Let f : V — R an arbitrary linear function. Show that there exists ay € V such that

fx) =(xy).

(Note that (b) is the reverse of (a), and a much more interesting result.)

Problem 7. Let V be a real inner product space and let |x| = /(x, x) be the generated norm. Show that
2lx[* + 2lyl* = Ix + yI* + |x — yI*. (2.18)

This is called the parallelogram law, because if we think of x and y as the two sides determining a parallelogram,

(2.18) relates the length of its sides to the length of its diagonals.
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Problem 8. Let V be a real inner product space and let u,v € V. Show that if

(u,x) = (v, Xx)

holds for all x € V, thenu = v.

Problem 9. Apply the Gram-Schmidt process to the input vectors

vi=(2,1,1),
vy =(1,1,1),
vs = (1,0,1).
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Linear Algebra in Practice

Now that we understand the geometric structure of vector spaces, it’s time to put the theory into practice
once again. In this chapter, we’ll take a hands-on look at norms, inner products, and NumPy array operations

in general. Most importantly, we’ll also meet matrices for the first time.

The last time we translated theory to code, we left off at finding an ideal representation for vectors: NumPy
arrays. NumPy is built for linear algebra and handles computations much faster than the vanilla Python

objects.

So, let’s initialize two NumPy arrays to play around with!

import numpy as np

np.array([1.8, -4.5, 9.2, 7.3])
np.array([-5.2, -1.1, 0.7, 5.1])

In linear algebra, and in most of machine learning, almost all operations involve looping through the vector

components one by one. For instance, addition can be implemented like this.

def add(x: np.ndarray, y: np.ndarray):
x_plus_y = np.zeros(shape=len(x))

for i in range(len(x_plus_y)):
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x_plus_y[i] = x[i] + y[i]

return x_plus_y

add(x, y)

array([-3.4, -5.6, 9.9, 12.4])

Of course, this is far from optimal. (It may not even work if the vectors have different dimensions.)

For example, addition is massively parallelizable, and our implementation does not take advantage of that.
With two threads, we can do two additions simultaneously. So, adding together two-dimensional vectors would
require just one step, as one would compute x[0] + y[@], while the other x[1] + y[1]. Raw Python does
not have access to such high-performance computing tools, but NumPy does, through functions implemented
in C. In turn, C uses the LAPACK (Linear Algebra PACKage) library, which makes calls to BLAS (Basic Linear
Algebra Subprograms). BLAS is optimized at the assembly level.

So, whenever it is possible, we should strive to work with vectors in a NumPythonic way. (Yes, I just made

that term up.) For vector addition, this is simply the + operator, as we have seen earlier.

np.equal(x + y, add(x, y))

array([ True, True, True, True])

By the way, you shouldn’t ever compare floats with the == operator, as internal rounding errors can occur due

to the float representation. The example below illustrates this.

1.0 == 0.3*3 + 0.1

0.3*3 + 0.1

0.9999999999999999
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To compare arrays, NumPy provides the functions np.allclose and np.equal. These compare arrays elemen-
twise, returning a Boolean array. From this, the built-in all function can be used to see if all the elements

match.

all(np.equal(x + y, add(x, y)))

In the following section, we’ll briefly review how to work with NumPy arrays in practice.

3.1 Vectorsin NumPy

There are two operations that we definitely want to do with our vectors: apply a function elementwise or
take the sum/product of the elements. Since the +, *, and ** operators are implemented for our arrays, certain

functions carry over from scalars, as the example below shows.

def just_a_quadratic_polynomial(x):
return 3*x**2 + 1

X = np.array([1.8, -4.5, 9.2, 7.3])
just_a_quadratic_polynomial(x)

array([ 10.72, 61.75, 254.92, 160.87])

However, we can’t just plug in ndarrays to every function. For instance, let’s take a look at Python’s built-in

exp from its math module.

from math import exp

exp(x)

TypeExrox Traceback (most recent call last)
Cell In[1@], line 3

1 from math import exp
----> 3 exp(x)

TypeExrror: only length-1 arrays can be converted to Python scalars
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To overcome this problem, we could manually apply the function elementwise.

def naive_exp(x: np.ndarray):
x_exp = np.empty_like(x)

for i in range(len(x)):
x_exp[i] = exp(x[i])

return x_exp

(Recall that np.empty_like(x) creates an uninitialized array that matches the dimensions of x.)

naive_exp(x)

array([6.04964746e+00, 1.11089965e-02, 9.89712906e+03, 1.48029993e+03])

A bit less naive implementation would use a list comprehension to achieve the same effect.

def bit_less_naive_exp(x: np.ndarray):
return np.array([exp(x_i) for x_i in x])

bit_less_naive_exp(x)

array([ 6. , @. , 9897.1, 1480.3])

Even though comprehensions are more concise and readable, they still don’t avoid the core issue: for loops in

Python.

This problem is solved by NumPy’s famous ufuncs, that is, functions that operate element by element on
whole arrays ( https://numpy.org/doc/stable/reference/generated/numpy.ufunc.html). Since they are

implemented in C, they are blazing fast. For instance, the exponential function f(x) = e* is given by np.exp.

np.exp(x)

array([6.04964746e+00, 1.11089965e-02, 9.89712906e+03, 1.48029993e+03])


https://numpy.org/doc/stable/reference/generated/numpy.ufunc.html
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Not surprisingly, the results of our implementations match.

all(np.equal(naive_exp(x), np.exp(x)))

all(np.equal(bit_less_naive_exp(x), np.exp(x)))

Again, there are more advantages to using NumPy functions and operations than simplicity. In machine

learning, we care a lot about speed, and as we are about to see, NumPy delivers once more.

from timeit import timeit

n_runs = 100000
size = 1000

t_naive_exp = timeit(
"np.array([exp(x_i) for x_i in x])",
setup=f"import numpy as np; from math import exp; x
number=n_runs

np.ones({size})",

t_numpy_exp = timeit(
"np.exp(x)",
setup=f"import numpy as np; from math import exp; x
number=n_runs

np.ones({size})",

print(f"Built-in exponential: \t{t_naive_exp:.5f} s")
print(f"NumPy exponential: \t{t_numpy_exp:.5f} s")
print (f"Performance improvement: \t{t_naive_exp/t_numpy_exp:.5f} times faster")

Built-in exponential: 18.35177 s

NumPy exponential: 0.87458 s
Performance improvement: 20.98356 times faster
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For further reference, you can find the list of available ufuncs here: https://numpy.org/doc/stable/refer

ence/ufuncs.html#available-ufuncs.

What about operations that aggregate the elements and return a single value? Not surprisingly, these can be
found within NumPy as well. For instance, let’s take a look at the sum. In terms of mathematical formulas, we

are looking to implement the function

n
sum(x) = Z xi, x=(xg,...,x,) €R"
i=1

A basic approach would be something like this.

def naive_sum(x: np.ndarray):
val = @

for x_i in x
val += x_i

return val

naive_sum(x)

np.float64(13.799999999999999)

Alternatively, we can use Python’s built-in summing function.

sum(x)

np.float64(13.799999999999999)

The story is the same: NumPy can do this better. We can either call the function np.sum or use the array

method np.ndarray.sum.

np.sum(x)

np.float64(13.799999999999999)


https://numpy.org/doc/stable/reference/ufuncs.html#available-ufuncs
https://numpy.org/doc/stable/reference/ufuncs.html#available-ufuncs
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X.sum()

np.float64(13.799999999999999)

You know by now that I love timing functions, so let’s compare the performances once more.

t_naive_sum = timeit(
"sum(x)",
setup=f"import numpy as np; x = np.ones({size})",
number=n_runs

t_numpy_sum = timeit(
"np.sum(x)",
setup=f"import numpy as np; x = np.ones({size})",
number=n_runs

print(f"Built-in sum: \t{t_naive_sum:.5f} s")
print (f"NumPy sum: \t{t_numpy_sum:.5f} s")
print (f"Performance improvement: \t{t_naive_sum/t_numpy_sum:.5f} times faster")

Built-in sum: 5.52380 s
NumPy sum: 0.35774 s

Performance improvement: 15.44076 times faster

Similarly, the product
prod(x) = Hxi, x=(x1,...,x,) ER"

i=1
is implemented by the np.prod function and the np.ndarray.prod method.

np.prod(x)

np.float64(-543.996)
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On quite a few occasions, we need to find the maximum or minimum of an array. We can do this using the
np.max and np.min functions. (Similarly to the others, these are also available as array methods.) The rule of

thumb is if you want to perform any array operation, use NumPy functions.

3.1.1 Norms, distances, and dot products

Now that we have reviewed how to perform operations on our vectors efficiently, it’s time to dive deep into

the really interesting part: norms and distances.

Let’s start with the most important one: the Euclidean norm, also known as the 2-norm, defined by

n 1/2
||x||z=<2xf) X = () €RT.

i=1

A straightforward implementation would be the following.

def euclidean_norm(x: np.ndarray):
return np.sqrt(np.sum(x**2))

Note that our euclidean_norm function is dimension-agnostic; that is, it works for arrays of every dimension.

# a 1D array with 4 elements, which is a vector in 4-dimensional space
X = np.array([-3.0, 1.2, 1.2, 2.1])

# a 1D array with 2 elements, which is a vector in 2-dimensional space
y = np.array([8.1, 6.3])

euclidean_norm(x)
np.float64(4.036087214122113)

euclidean_norm(y)

np.float64(10.261578825892242)

But wait, didn’t I just mention that we should use NumPy functions whenever possible? Norms are important

enough to have their own functions: np.1linalg.noxrm.

np.linalg.norm(x)
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np.float64(4.036087214122113)

With a quick inspection, we can check that these match for our vector x.

np.equal(euclidean_norm(x), np.linalg.norm(x))

np.True_

However, the Euclidean norm is just a special case of p-norms. Recall that for any p € [0, o), we defined the

p-norm by the formula

n 1/p
Ixl, = <Z|x,-|f’> X = () € RY,
i=1

[%]leo = max{|x|,..., %}, x=(x1,...,%,) €ER?

for p = 0. It is a good practice to keep the number of functions in a codebase minimal to reduce maintenance
costs. Can we compact all p-norms into a single Python function that takes the value of p as an argument?
Sure. We only have a small issue: representing co. Python and NumPy both provide their own representations,

but we will go with NumPy’s np. inf. Surprisingly, this is a float type.

type(np.inf)

float

def p_norm(x: np.ndarray, p: float):
if np.isinf(p):
return np.max(np.abs(x))
elif p >= 1:
return (np.sum(np.abs(x)**p))**(1/p)
else:
raise ValueExror("p must be a float larger or equal than 1.0 or inf.")

Since oo can have multiple other representations, such as Python’s built-in math.inf, we can make our function

more robust by using the np.isinf function to check if an object represents co or not.
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A quick check shows that p_norm works as intended.
X = np.array([-3.0, 1.2, 1.2, 2.1])

for p in [1, 2, 42, np.inf]:
print(f"p-norm for p = {p}: \t {p_norm(x, p=p):.5f}")

7.50000
4.03609

3.00000
3.00000

However, once again, NumPy is one step ahead of us. In fact, the familiar np.1inalg.norm already does this
out of the box. We can achieve the same with less code by passing the value of p as the argument oxd, short

for order. For ord = 2, we obtain the good old 2-norm.

for p in [1, 2, 42, np.inf]:
print(f"p-norm for p = {p}: \t {np.linalg.norm(x, ord=p):.5f}")

7.50000
4.03609

3.00000
3.00000

Somewhat surprisingly, distances don’t have their own NumPy functions. However, as the most common
distance metrics are generated from norms (Section 2.1.1), we can often write our own. For instance, here is
the Euclidean distance.

def euclidean_distance(x: np.ndarray, y: np.ndarray):

return np.linalg.norm(x - y, ord=2)

Besides norms and distances, the third component that defines the geometry of our vector spaces is the inner

product. During our journey, we’ll almost exclusively use the dot product, defined in the vector space R" by

n
(x,y) = Zx,»yi, x,y € R".

i=1
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By now, you can easily smash out a Python function that calculates this. In principle, the one-liner below

should work.
def dot_product(x: np.ndarray, y: np.ndarray):
return np.sum(x*y)
Let’s test this out!

X = np.array([-3.0, 1.2, 1.2, 2.1])
y = np.array([1.9, 2.5, 3.9, 1.2])

dot_product(x, y)

np.float64(4.5)

When the dimension of the vectors doesn’t match, the function throws an exception as we expect.

X = np.array([-3.0, 1.2, 1.2, 2.1])
y = np.array([1.9, 2.5])

dot_product(x, y)

ValueError Traceback (most recent call last)
Cell In[39], line 4

1 x = np.array([-3.0, 1.2, 1.2, 2.1])

2y = np.array([1.9, 2.5])
----> 4 dot_product(x, y)

Cell In[37], line 2, in dot_product(x, y)
1 def dot_product(x: np.ndarray, y: np.ndarray):
----> 2 return np.sum(x*y)

ValueError: operands could not be broadcast together with shapes (4,) (2,)

However, upon further attempts to break the code, a strange thing occurs. Our function dot_product should

fail when called with an n-dimensional and one-dimensional vector, and this is not what happens.

np.array([-3.0, 1.2, 1.2, 2.1])
np.array([2.0])
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dot_product(x, y)

np.float64(3.0)

I always advocate breaking solutions in advance to avoid later surprises, and the above example excellently
illustrates the usefulness of this principle. If the previous phenomenon occurs in production, you would have

code that executes properly but gives a totally wrong result. That’s the worst kind of bug.

Behind the scenes, NumPy is doing something called broadcasting. When performing an operation on two
arrays with mismatching shapes, it tries to guess the correct sizes and reshape them so that the operation can

go through. Check out what takes place when calculating x*y.

x*y

array([-6. , 2.4, 2.4, 4.2])

NumPy guessed that we want to multiply all elements of x by the scalar y[0], so it transformsy = np.array([2.0])

into np.array([2.0, 2.0, 2.0, 2.0]), then calculates the elementwise product.

Broadcasting is extremely useful because it allows us to write much simpler code by automagically performing
transformations. Still, if you are unaware of how and when broadcasting is done, it can seriously come back to
bite you. Just like in our case, as the inner product of a four-dimensional and one-dimensional vector is not

defined.

To avoid writing excessive checks for edge cases (or missing them altogether), we calculate the inner product

in practice using the np.dot function.

np.array([-3.0, 1.2, 1.2, 2.1])
np.array([1.9, 2.5, 3.9, 1.2])

np.dot(x, y)

np.float64(4.5)

When attempting to call np.dot with misaligned arrays, it fails as supposed to, even in cases when broadcasting

bails out our custom implementation.
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np.array([-3.0, 1.2, 1.2, 2.1])
np.array([2.0])

np.dot(x, y)

ValueError Traceback (most recent call last)
Cell In[43], line 4

1 x = np.array([-3.0, 1.2, 1.2, 2.1])

2 y = np.array([2.0])
----> 4 np.dot(x, y)

ValueError: shapes (4,) and (1,) not aligned: 4 (dim @) != 1 (dim 0)

Now that we have a basic arsenal of array operations and functions, it is time to do something with them!

3.1.2 The Gram-Schmidt orthogonalization process

One of the most fundamental algorithms in linear algebra is the Gram-Schmidt orthogonalization process

(Theorem 2.2.6), used to turn a set of linearly independent vectors into an orthonormal set.

To be more precise, for our input of a set of linearly independent vectors vy, ..., v, € R", the Gram-Schmidt
process finds the output set of vectors ey, ..., e, € R" such that |e;| = 1 and (e;, e;) = 0 for all i # j (that is, the

vectors are orthonormal), and span(ey, ..., ex) = span(vy, ..., vg) forall k = 1,..., n.

If you are having trouble recalling how this is done, feel free to revisit Section 3.1.2, where we first described
the algorithm. The learning process is a spiral, where we keep revisiting old concepts from new perspectives.
For the Gram-Schmidt process, this is our second iteration, where we put the mathematical formulation into

code.

Since we are talking about a sequence of vectors, we need a suitable data structure for this purpose. There
are several possibilities for this in Python. For now, we are going with the conceptually simplest, albeit

computationally rather suboptimal, one: lists.

vectors = [np.random.rand(5) for _ in range(5)] # randomly generated vectors in a list
vectors

[array([0.85885635, 0.05917163, ©.42449235, ©.39776749, 0.89750107]),
array([0.49579437, ©.42797077, ©.21057023, ©.3091438 , 0.52590854]),

array([0.73079791, ©.58140107, ©.09823772, ©.14323477, 0.63606972]),
array([0.89495164, 0.40614454, 0.60637559, 0.61614928, 0.69006552]),
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array([0.1996764 , 0.90298211, 0.70602567, ©.45721469, 0.02375226])]

The first component of the algorithm is the orthogonal projection operator, defined by

(x, ;)

<el’el> -

proj, o (x) = Z

With our NumPy tools, the implementation is straightforward by now.
from typing import List

def projection(x: np.ndarray, to: List[np.ndarray]):

Computes the orthogonal projection of the vector ~x
onto the subspace spanned by the set of vectors “to".

p_x = np.zeros_like(x)
for e in to:
e_norm_square = np.dot(e, e)

p_x += np.dot(x, e)*e/e_norm_square

return p_x

To check if it works, let’s look at a simple example and visualize the results. Since this book is written in

Jupyter Notebooks, we can do it right here.

np.array([1.0, 2.0])
np.array([2.0, 1.0])

x_to_e = projection(x, to=[e])

import matplotlib.pyplot as plt

with plt.style.context("seaborn-v@_8"):
plt.figure(figsize=(7, 7))
plt.x1lim([-0, 3])
plt.ylim([-@, 3])
plt.arrow(@, @, x[0], x[1], head_width=0.1, color="r", label="x", linewidth=2)
plt.arrow(@, @, e[@], e[1], head_width=0.1, color="g", 1abe1="e", linewidth=2)
plt.arrow(x_to_e[@], x_to_e[1], x[0] - x_to_e[@], x[1] - x_to_e[1], linestyle="--")
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plt.arrow(@, 0, x_to_e[0], x_to_e[1], head_width=0.1, color="b",
label="projection(x, to=[e])")

plt.legend()

plt.show()

X
e
projection(x, to=[e])

0.5

0.0
0.0 05 1.0 15 2.0 2.5 3.0

Figure 3.1: The projection of x to e
Checking the orthogonality of e and x - x to e provides another means of verification.

np.allclose(np.dot(e, x - x_to_e), 0.0)

True

When writing code for production, a couple of visualizations and ad hoc checks are not enough. An extensive
set of unit tests is customarily written to ensure that a function works as intended. We are skipping this to
keep our discussion on track, but feel free to add some of your tests. After all, mathematics and programming

are not a spectator’s sport.
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With the projection function available to us, we are ready to knock the Gram-Schmidt algorithm out of the

park.

def gram_schmidt(vectors: List[np.ndarray]):
Creates an orthonormal set of vectors from the input
that spans the same subspaces.

output = []

# 1st step: finding an orthogonal set of vectors
output.append(vectors[0])
for v in vectors[1:]:
v_proj = projection(v, to=output)
output.append(v - v_proj)

# 2nd step: normalizing the result
output = [v/np.linalg.norm(v, ord=2) for v in output]

return output
gram_schmidt([np.array([2.0, 1.0, 1.0]),

np.array([1.0, 2.0, 1.0]),
np.array([1.0, 1.0, 2.0])])

[array([0.81649658, 0.40824829, 0.40824829]),
array([-0.49236596, 0.86164044, ©.12309149]),

array([-0.30151134, -0.30151134, ©.90453403])]

Let’s quickly test out this implementation with a simple example.

test_vectors = [np.array([1.0, 0.0, 0.0]),
np.array([1.0, 1.0, 0.0]),
np.array([1.0, 1.0, 1.0])]

gram_schmidt(test_vectors)

[array([1l., @©., ©0.]), array([@., 1., ©.]1), array([0., ©., 1.]1)]

So, we have just created our first algorithm from scratch. This is like the base camp for Mount Everest. We have
come a long way, but there is much further to go before we can create a neural network from scratch. Until
then, the journey is packed with some beautiful sections, and this is one of them. Take a while to appreciate

this, then move on when you are ready.
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Remark 3.1.1 (Linearly dependent inputs of the Gram-Schmidt process)

Recall that if the input vectors of the Gram-Schmidt are linearly dependent, some vectors of the output are

zero (Remark 2.2.1). In practice, this causes a lot of problems.

For instance, we normalize the vectors in the end, using list comprehension:

output = [v/np.linalg.noxm(v, ord=2) for v in output]

This can cause numerical issues. If any v is approximately 0, its norm np.1linalg.norm(v, ord=2) is going to

be really small, and division with such small numbers is problematic.

This issue also affects the projection function. Take a look at the definition below:

def projection(x: np.ndarray, to: List[np.ndarrayl]):

Computes the orthogonal projection of the vector “x~
onto the subspace spanned by the set of vectors “to~.

p_x = np.zeros_like(x)
for e in to:
e_norm_square = np.dot(e, e)

p_x += np.dot(x, e)*e / e_norm_square

return p_x

If e is (close to) 0, which can happen if the input vectors are linearly dependent, then e_norm_square is small.

One way to solve this is to add a small float, say, 1le-16.

def projection(x: np.ndarray, to: List[np.ndarrayl]):
p_x = np.zeros_like(x)

for e in to:
e_norm_square = np.dot(e, e)

# note the change below:
p_x += np.dot(x, e)*e / (e_norm_square + le-16)

return p_x

Now, let’s meet the single most important objects in machine learning: matrices.
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3.2 Matrices, the workhorses of linear algebra

I am quite sure that you were already familiar with the notion of matrices before reading this book. Matrices
are one of the most important data structures that can represent systems of equations, graphs, mappings

between vector spaces, and many more. Matrices are the fundamental building blocks of machine learning.

At first look, we define a matrix as a table of numbers. If the matrix A has, for instance, n rows and m columns

of real numbers, we write

al,l al’g al,m
az1 d22 ... d2m

A= € R™™, (3.1)
an,1 an2 anm

n,m

When we don’t want to write out the entire matrix as (3.1), we use the abbreviation A = (a;;)2] ;;-

The set of all n x m real matrices is denoted by R™™. We will exclusively talk about real matrices, but when
referring to other types, this notation is modified accordingly. For instance, Z{™ denotes the set of integer

matrices.

Matrices can be added and multiplied together, or multiplied by a scalar.
Definition 3.2.1 (Matrix operations)
(a) Let A € R™™ be a matrix and ¢ € R a real number. The multiple of A by the scalar c is defined by
cA = (ca,-,j);f}-rzl € R™™,

(b) Let A, B € R™™ be two matrices of matching dimensions. Their sum A + B is defined by

A+B:= (ai,j + bi:j)Z}'rzl € R,
(c) Let A € R™! and B € R™™ be two matrices. Their product AB € R™™ is defined by

nm

I
AB := ( Z aixkbk’j> € ]Rnxm.
k=1 12

Jj=1

Scalar multiplication and addition are clear, but matrix multiplication is not as simple to understand. Fortunately,
visualization can help. In essence, the (i, j)-th element is the dot product of the i-th row of A and the j-th

column of B.
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bia| b1
a1 ai2 a13 by | byo| = 1,1 C1,2
az1 G22 23 b371 b372 C2.2

=az bi1+ (12’2])3_1 -+ LLQ’gl);'“
Figure 3.2: Visualizing matrix multiplication

Besides addition and multiplication, there is another operation that is worth mentioning: transposition.
Definition 3.2.2 (Matrix transposition)
Let A = (agi, j}yi, j = 1}inm} ¢ Rinm} be 3 matrix. The matrix AT |, defined by
AT = (a; )], eR™"
is called the transpose of A. The operation A > AT is called transposition.

Transposition simply means “flipping” the matrix, replacing rows with columns. For example,

or

0 1
;o2 4
B=|2 3|, B = .
1 3 5
4 5
As opposed to addition and multiplication, transposition is a unary operation. (Unary means that it takes one

argument. Binary operations take two arguments, and so on.)

Let’s take another look at matrix multiplication, one of the most frequently used operations in computing. As
it can be performed extremely fast on modern computers, it is common to vectorize certain algorithms just to

express it in terms of matrix multiplications.

Thus, the more we know about it, the better. To get a grip on the operation itself, we can take a look at it from

a few different angles. Let’s start with a special case!
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In machine learning, taking the product of a matrix and a column vector is a fundamental building block of
certain models. For instance, this is linear regression in itself, or the famous fully connected layer in neural

networks.

To see what happens in this case, let A € R”" be a matrix. If we treat x € R™ as a column vector x € R™,

then Ax can be written as

m
ai,; arz2 ... Aim | [ X1 2):1 a,jXj
m
1 dg2 ... Aam||X2 Zj:l az,jXj
Ax = = .
m
An1  Gnz - Gum-||%m Zj:l anjX;

Based on this, the matrix A describes a function that takes a piece of data x, then transforms it into the form

Ax.

This is the same as taking the linear combination of the columns of A, that is,

a4 ... Am || X1 ai a1,m

az1 Q22 ... dom||X2 aza azm
=x + o+ X

an1  Qp2 ... Aupm-| | Xm an,1 Anm

With a bit more suggestive notation, by denoting the i-th column as a;, we can write

X1 n ayi
a; Qadz ... Qap = Z Xiadi, a; = . (32)
i=1

Xn an,i

If we replace the vector x with a matrix B, the columns in the product matrix AB are linear combinations of

the columns of A, where the coefficients are determined by B.

You should really appreciate that certain operations on the data can be written in the form Ax. Elevating this
simple property to a higher level of abstraction, we can say that the data has the same representation as the

function. If you are familiar with programming languages like Lisp, you know how beautiful this is.

There is one more way to think about the matrix product: taking the columnwise inner products. If a; =

(ai1, .., ain) denotes the i-th column of A, then Ax can be written as
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ain 412 ... 4im || X1 (a1, x)
Ax = a%,l a?,z a2.,m x'z _ <az.,X> ’ (3.3)
an,l an,2 an,m~ Xm <ana X>

That is, the transformation x > Ax projects the input x to the row vectors of A, then compacts the results in a

vector.

3.21 Manipulating matrices

Because matrix operations are well defined, we can do algebra on matrices just as with numbers. However,
there are some major differences. As manipulating matrix expressions is an essential skill, let’s take a look at

its fundamental rules!

Theorem 3.2.1 (Properties of matrix addition and multiplication)

(a) Let A, B, C € R™! be arbitrary matrices. Then,
A+(B+C)=(A+B)+C

holds. That is, matrix addition is associative.

(b) Let A € R™! B e R™k C € R®™ be arbitrary matrices. Then,
A(BC) = (AB)C

holds. That is, matrix multiplication is associative.

(c) Let A € R™! and B, C € R™™ be arbitrary matrices. Then,
A(B + C) = AB + AC

holds. That is, matrix multiplication is left-distributive with respect to addition.

d) Let A, B € R™! and C € R™™ be arbitrary matrices. Then,
Y
(A+B)C = AC + BC

holds. That is, matrix multiplication is right-distributive with respect to addition.
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As the proof is extremely technical and boring, we are going to skip it. However, there are a few things to
note. Most importantly, matrix multiplication is not commutative; that is, AB is not always equal to BA. (It

might not even be defined.) For instance, consider

1 1 1 0
A= , B= .
1 1 0 2
You can verify by hand that
1 2 1 1
AB = , BA= ,
1 2 2 2

which are not equal.

In line with this, the algebraic identities that we use for scalars are quite different. For instance, if A and B are
matrices, then

(A+B)(A+B)=A(A+B)+B(A+B) = A’ + AB+ BA + B%.

or

(A+B)A-B)=A(A—B)+B(A-B) = A>— AB+ BA— B
Transposition also behaves nicely with respect to addition and multiplication.

Theorem 3.2.2 (Properties of transposition)

(a) Let A, B € R™™ be arbitrary matrices. Then,

(A+B)T = AT + BT

holds.

(b) Let A € R™!, B € R™™ be arbitrary matrices. Then,

(AB)T = BTAT

holds.

We are not going to prove this either, but feel free to do so as an exercise.
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3.2.2 Matrices as arrays

To perform computations with matrices inside a computer, we are looking for a data structure that represents

a matrix A and supports

« accessing elements by A[i, jl,
« assigning elements by A[i, j] = value

« addition and multiplication with the + and * operators,

and works lightning fast. These requirements only specify the interface of our matrix data structure, not
the actual implementation. An obvious choice would be a list of lists, but as discussed when talking about
representing vectors in computations (Section 1.3), this is highly suboptimal. Can we leverage the C array

structure to store a matrix?

Yes, and this is precisely what NumPy does, providing a fast and convenient representation for matrices in the
form of multidimensional arrays. Before learning how to use NumPy’s machinery for our purposes, let’s look a

bit deeper into the heart of the issue.

At first glance, there seems to be a problem: a computer’s memory is one-dimensional, thus addressed (indexed)
by a single key, not two as we want. Thus, we can’t just shove a matrix into the memory. The solution is to
flatten the matrix and place each consecutive row next to each other, like Figure 3.3 illustrates in the 3 x 3 case.

This is called row-major ordering.

By storing the rows of any nxm matrix in a contiguous array, we get all the benefits of the array data structure

at the low cost of a simple index transformation defined by

(i, j) > im+j.

(Note that for programming languages like Fortran or MATLAB that use column-major ordering — i.e., the
columns are concatenated — this index transformation won’t work. I leave figuring out the correct transfor-

mation as an exercise to check your understanding.)
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1st row

2nd row

3rd row

(i,7) — 3t +

1st row 2nd row 3rd row
Figure 3.3: Flattening a matrix

To demonstrate what’s happening, let’s conjure up a prototypical Matrix class in Python that uses a single list
to store all the values, yet supports accessing elements by row and column indices. For the sake of illustration,
let’s imagine that a Python list is actually a static array. (At least until this presentation is over.) This is
for educational purposes only, as at the moment, we only want to understand the process, not to maximize

performance.

Take a moment to review the code below. I'll explain everything line by line.

from typing impoxrt Tuple

class Matrix:
def __init__(self, shape: Tuple[int, int]):
if len(shape) != 2:
raise
ValueErrox("The shape of a Matrix object must be a two-dimensional tuple.")

self.shape = shape

self.data = [0.0 for _ in range(shape[@]*shape[1])]

def _linear_idx(self, i: int, j: int):
return i*self.shape[1l] + j

def __getitem__(self, key: Tuple[int, int]):
linear_idx = self._linear_idx(*key)
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return self.data[linear_idx]

def __setitem__(self, key: Tuple[int, int], value):
linear_idx = self._linear_idx(*key)
self.data[linear_idx] = value

def __repr__ (self):
array_form = [
[self[i, j] for j in range(self.shape[1])]
for i in range(self.shape[0])
1

return "\n".join(["\t".join([f"{x}" for x in row]) for row in array_form])

The Matrix object is initialized with the __init__ method. This is called when an object is created, like we

are about to do now.

M = Matrix(shape=(3, 4))

Upon initialization, we supply the dimensions of the matrix in the form of a two-dimensional tuple, passed
for the shape argument. In our concrete example, M is a 3 x 4 matrix, represented by an array of length 12. For

simplicity, our simple Matrix is filled up with zeros by default.
Overall, the __init__ method performs three main tasks:

1. Validates the shape parameter to ensure correctness
2. Stores the shape in an instance attribute for future reference

3. Initializes a list of size shape[@] * shape[1], which serves as the primary data storage

The second method, suggestively named _linear_idx, is responsible for translating between the row-column
indices of the matrix and the linear index for our internal one-dimensional representation. (In Python, it is
customary to prefix methods with an underscore if they are not intended to be called externally. Many other
languages, such as Java, support private methods. Python is not one of them, so we have to make do with

such polite suggestions instead of strictly enforced rules.)

We can implement item retrieval via indexing by providing the __getitem__ method, which expects a two-

dimensional integer tuple as the key. For any key = (i, j), the method:

1. Calculates the linear index using our _linear_idx method.

2. Retrieves the element located at the given linear index from the list.

Item assignment happens similarly, as given by the __setitem__ magic method. Let’s try these out to see if

they work.
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M[1, 2] = 3.14
M[1, 2]

By providing a __repr__ method, we specify how a Matrix object is represented as a string. So, we can print

it out to the standard output in a pretty form.

Pretty awesome. Now that we understand some of the internals, it is time to see how much we can achieve

with NumPy.

3.2.3 Matrices in NumPy

As foreshadowed earlier, NumPy provides an excellent out-of-the-box representation for matrices in the form

of multidimensional arrays. (These are often called tensors, but I'll just stick to the naming array.)

I have some fantastic news: these are the same np.ndarray objects we have been using! We can create one by

simply providing a list of lists during initialization.
import numpy as np

A

np.array([[0, 1, 2, 3],
[4, 5, 6, 7],
[8, 9, 10, 11]])

B = np.array([[5, 5, 5, 51,
[5, 5, 5, 5],
[5, 5, 5, 5]1])

array([[ @, 1, 2, 3],

[ 4, 5 6, 71,
[ 8, 9, 10, 11]])




Chapter 3 103

Everything works the same as we have seen so far. Operations are performed elementwise, and you can plug

them into functions like np.exp.

A+B # pointwise addition

array([[ 5, 6, 7, 8],
[ 9, 10, 11, 12],

[13, 14, 15, 16]1])

A*B # pointwise multiplication

array([[ @, 5, 1@, 15],
[20, 25, 3@, 35],
[40, 45, 50, 5511)

np.exp(A) # pointwise application of the exponential function

array([[1.00000000e+00, 2.71828183e+00, 7.38905610e+00, 2.00855369e+01],
[5.45981500e+01, 1.48413159e+02, 4.03428793e+02, 1.09663316e+03],
[2.98095799e+03, 8.10308393e+03, 2.20264658e+04, 5.98741417e+04]])

Since we are working with multidimensional arrays, the transposition operator can be defined. Here, this
is conveniently implemented as the np. transpose function, but can also be accessed at the np.ndarray.T

attribute.

np.transpose(A)

array ([

’

’

0
1
2,
3

[
[
[
[

’

A.T # is the same as np.transpose(A)
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array ([

As expected, we can get and set elements with the indexing operator []. The indexing starts from zero. (Don’t

even get me started.)

All, 2] # 1st row, 2nd column (if we index rows and columns from zexro)

np.int64(6)

Entire rows and columns can be accessed using slicing. Instead of giving the exact definitions, I'll just provide

a few examples and let you figure it out with your internal pattern matching engine. (That is, your brain.)

Al:, 2] # 2nd column

array([ 2, 6, 10])

All, :] # 1st row

array([4, 5, 6, 7])

A[2, 1:4] # 2nd row, 1st-4th elements

array([ 9, 10, 11])

All1] # 1st row

array([4, 5, 6, 71)

When used as an iterable, a two-dimensional array yields its rows at every step.
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for row in A:
print(row)

[0 12 3]

[456 7]
[ 8 9 10 11]

Initializing arrays can be done with the familiar np.zeros, np.ones, and other functions.

np.zeros(shape=(4, 5))

array([[0.
[0.
[0.
[0.

As you have guessed, that shape argument specifies the dimensions of the array. We are going to explore this

property next. Let’s initialize an example multidimensional array with three rows and four columns.

A = np.array([[0Q, 1, 2, 3],
[4, 5 6, 7],
[8, 9, 10, 11]])

array([[ @, 1, 2, 3],

[4, 5, 6, 71,
[ 8 9, 10, 1111)

The shape of an array, stored inside the attribute np.ndarray.shape, is a tuple object describing its dimensions.

In our example, since we have a 3 x 4 matrix, the shape equals (3, 4).

A.shape

IIIIEiIIIiIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
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This innocent-looking attribute determines what kind of operations you can perform with your arrays. Let me
tell you, as a machine learning engineer, shape mismatches will be the bane of your existence. You want to
calculate the product of two matrices A and B? The second dimension of A must match the first dimension of B.

Pointwise products? Matching or broadcastable shapes are required. Understanding shapes is vital.

However, we have just learned that multidimensional arrays are linear arrays in disguise. (See Section 3.2.2.)
Because of this, we can reshape an array by slicing the linear view differently. For example, A can be reshaped

into arrays with shapes (12, 1), (6, 2), (4, 3), (3, 4), (2, 6),and (1, 12).

A.reshape(6, 2) # reshapes A into a 6 x 2 matrix

array ([

The np.ndarray.reshape method returns a newly constructed array object but doesn’t change A. In other

words, reshaping is not destructive in NumPy.

array([[ @, 1, 2, 3],
[ 4, 5, 6, 71,

[ 8, 9, 10, 11]])

Reshaping is hard to wrap your head around for the first time. To help you visualize the process, Figure 3.4

shows precisely what happens in our case.

If you are unaware of the exact dimension along a specific axis, you can get away by inputting -1 there during
the reshaping. Since the product of dimensions is constant, NumPy is smart enough to figure out the missing

one for you. This trick will get you out of trouble all the time, so it is worth taking note.

A.reshape(-1, 2)

array([[ o, 1],
2, 3l

[ 4, 51,
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[ 6, 71,

[ 8, 91,
[10, 11]1])

A.reshape(-1, 4)

array([[ o, 1, 2, 3],
[ 4, 5, 6, 71,
[ 8

.9, 10, 11]11)

Figure 3.4: Reshaping a one-dimensional array into multiple possible shapes

We won'’t go into the details now, but as you probably guessed, multidimensional arrays can have more than
two dimensions. The range of permitted shapes for the operations will be even more complicated, then. So,

building a solid understanding now will provide a massive head start in the future.

3.2.4 Matrix multiplication, revisited

Without a doubt, one of the most important operations regarding matrices is multiplication. Computing
determinants and eigenvalues? Matrix multiplication. Passing data through a fully connected layer? Matrix
multiplication. Convolution? Matrix multiplication. We will see how these seemingly different things can
be traced back to matrix multiplication; but first, let’s discuss the operation itself from a computational

perspective.
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First, recap the mathematical definition. For any A € R™™ and B € R™, their product is defined by the

formula

n,l

AB = < Z ai,kbk’j> € IR”XI.
k=1 i,

j=1
Notice that the element in the i-th row and j-th column of AB is the dot product of A’s i-th row and B’s j-th
column.

We can put this into code using the tools we have learned so far.

from itertools import product

def matrix_multiplication(A: np.ndarray, B: np.ndarray):
# checking if multiplication is possible
if A.shape[1l] != B.shape[0]:
raise
ValueExror("The number of columns in A must match the number of rows in B.")

# initializing an array for the product
AB = np.zeros(shape=(A.shape[@], B.shape[1]))

# calculating the elements of AB
for i, j in product(range(A.shape[0]), range(B.shape[1])):
AB[i, j] = np.sum(A[i, :1*B[:, j1)

return AB

Let’s test our function with an example that is easy to verify by hand.

A = np.ones(shape=(4, 6))
B = np.ones(shape=(6, 3))
matrix_multiplication(A, B)

array([[6.
[6.

[6.
[6.

The result is correct, as we expected.
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Of course, matrix multiplication has its own NumPy function in the form of numpy.matmul.

np.matmul(A, B)

array([[6.
[6.

[6.
[6.

This yields the same result as our custom function. We can test it out by generating a bunch of random

matrices and checking if the results match.

for _ in range(100):
n, m, 1 = np.random.randint(1, 100), np.random.randint(1, 100), np.random.randint(1,
100)
A np.random.rand(n, m)
B = np.random.rand(m, 1)

if not np.allclose(np.matmul(A, B), matrix_multiplication(A, B)):
print(f"Result mismatch for\n{A}\n and\n{B}")
break
else:
print("All good! Yay!")

All good! Yay!

According to this small test, our matrix_multiplication function yields the same result as NumPy’s built-in

one. We are happy, but don’t forget: always use your chosen framework’s implementations in practice, whether

it be NumPy, TensorFlow, or PyTorch.
Since writing np.matmul is cumbersome when lots of multiplications are present, NumPy offers a way to

abbreviate using the @ operator.

A = np.ones(shape=(4, 6))
np.ones(shape=(6, 3))

w
1]

np.allclose(A @ B, np.matmul(A, B))
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3.2.5 Matrices and data

Now that we are familiar with matrix multiplication, it’s time to make sense of them outside of linear algebra.
Let’s take a matrix A € R™™ and a vector x € R™. By treating x as a column vector x € R™, the product of A

and x can be calculated by

m
ain d12 ... Aim||% Zj:l as,jXj
m
a1 Qg2 ... Qam||X2 2 az,jXj
Ax = ="
m
any1  Qn2 ... Apm-| | Xm 2]:1 an,jX;j

Mathematically speaking, looking at x as a column vector is perfectly natural. Think of it as extending R with
a dummy dimension, thus obtaining R™. This form also comes naturally by considering that the columns of

a matrix are images of the basis vectors by their very definition.

In practice, things are not as simple as they look. Implicitly, we have made a choice here: to represent datasets
as a horizontal stack of column vectors. To elaborate further, let’s consider two data points with four features

and a matrix that maps these into a three-dimensional feature space. That is, let x;, x, € R* and A € R¥“.

x1 = np.array([2, 0, @, 0]) # first data point
x2 = np.array([-1, 1, 0, 0]) # second data point

A = np.array([[0, 1, 2, 3],
[4, 5, 6, 7],
[8, 9, 10, 1111) # a feature transformation

(I specifically selected these numbers so that the calculations would be easily verifiable by hand.) To be sure,
we double-check the shapes.

A.shape

x1.shape

(4,)
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What happens when we call the np.matmul function?

np.matmul(A, x1)

array([ @, 8, 16])

The result is correct. However, when we have a bunch of input data points, we prefer to calculate the images
using a single operation. This way, we can take advantage of vectorized code, locality of reference, and all the

juicy computational magic we have seen so far.

We can achieve this by horizontally stacking the column vectors, each one representing a data point. Mathe-

matically speaking, we want to perform the calculation in code.

2 -1

o1 2 3 0 1
0 1

4 5 6 7 =18 1
0 0

8§ 9 10 11 16 1
0 0

Upon looking up the NumPy documentation, we quickly find that the np.hstack function might be the tool
for the job, at least according to its official documentation ( https://numpy.org/doc/stable/reference/gen

erated/numpy.hstack.html). Yay!

np.hstack([x1, x2]) # np.hstack takes a list of np.ndarrays as its argument

array([ 2,

Not yay. What happened? np.hstack treats one-dimensional arrays differently, and even though the math
works out perfectly by creatively abusing the notation, we don’t get away that easily in the trenches of real-life
computations. Thus, we have to reshape our inputs manually. Meet the true skill gap between junior and

senior machine learning engineers: correctly shaping multidimensional arrays.

# X.reshape(-1,1) turns x into a column vector
data = np.hstack([x1.reshape(-1, 1), x2.reshape(-1, 1)1])
data


https://numpy.org/doc/stable/reference/generated/numpy.hstack.html
https://numpy.org/doc/stable/reference/generated/numpy.hstack.html
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array ([

[ 2
[ @
[ @
[ @

Let’s try this one more time.

np.matmul (A, data)

array([[ o, 1],
[ 8 11,

[16, 111)

Yay! (For real this time.)

Note that we made an extremely impactful choice in this chapter: representing individual data points as

column vectors. I have written this in bold to emphasize its importance.

Why? Because we could have gone the other way and treated samples as row vectors. With our current choice,

we ended up with a multidimensional array of shape

number of dimensions x number of samples,

as opposed to

number of samples x number of dimensions.

The former is called batch-last, while the latter is called batch-first format. Popular frameworks like TensorFlow
and PyTorch use batch-first, but we are going with batch-last. The reasons go back to the very definition of
matrices, where columns are the images of basis vectors under the given linear transformation. This way, we

can write multiplication from left to right, like Ax and AB.

Should we define matrices as rows of basis vector images, everything turns upside down. This way, if f and g
are linear transformations with “matrices” A and B, the “matrix” of the composed transformation f o g would

be BA. This makes the math complicated and ugly.

On the other hand, batch-first makes the data easier to store and read. Think about a situation when you have
thousands of data points in a single CSV file. Due to how input-output is implemented, files are read line by

line, so it is natural and convenient to have a single line correspond to a single sample.
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There are no good choices here; there are sacrifices either way. Since the math works out much easier for
batch-last, we will use that format. However, in practice, you’ll find that batch-first is more common. With
this textbook, I don’t intend to give you just a manual. My goal is to help you understand the internals of
machine learning. If I succeed, you’ll be able to apply your knowledge to translate between batch-first and

batch-last seamlessly.

3.3 Summary

In this chapter, we finally dug into the trenches of practice instead of merely looking out from the towers of
theory. Previously, we saw that NumPy arrays are the ideal tools for numeric computations, especially linear
algebra. Now, we use them to provide fast and elegant implementations of what we learned in the previous

chapter: norms, distances, dot products, and the Gram-Schmidt process.

Besides vectors, we also finally introduced matrices, one of the most important tools of machine learning. This
time, we introduced, in a practical manner, viewing matrices as a table of numbers. Matrices can be transposed

and added together, and unlike vectors, they can be multiplied with each other as well.

Speaking of our “from scratch” approach, before looking into how to actually work with matrices in practice,
we created our very own Matrix implementation in vanilla Python. Closing the chapter, we dealt with the
fundamentals and best practices of two-dimensional NumPy arrays, the prime matrix representation that

Python can offer.

In the next chapter, we’ll once more take a theoretical approach. This is how we do it in this book: looking
at both aspects at once, supercharging our understanding of mathematics (and machine learning, along the
way). We’ll see that matrices are not just plain tables of numbers; they are data transformations as well. This

property is beautiful beyond words: data and their transformations are represented by the same object.

Let’s get to it!

3.4 Problems

Problem 1. Implement the mean squared error

n

1
MSE(x,y) ==~ > (i — )", xy€R"
n

i=1

both with and without using NumPy functions and methods. (The vectors x and y should be represented by

NumPy arrays in both cases.)
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Problem 2. Compare the performances of the built-in maximum function max and NumPy’s np.max using
timeit.timeit, like we did above. Try running a different number of experiments and changing the array

sizes to figure out the breakeven point between the two performances.

Problem 3. Instead of implementing the general p-norm as we did earlier in this chapter in Section 3.1.1, we

can change things around to obtain the version below.

def p_noxrm(x: np.ndarray, p: float):
if p >= 1:
return (np.sum(np.abs(x)**p))**(1/p)
elif np.isinf(p):
return np.max(np.abs(x))
else:
raise ValueError("p must be a float larger or equal than 1.0 or inf.")

However, this doesn’t work for p = co. What is the problem with it?

Problem 4. Let w € R" be a vector with nonnegative elements. Use NumPy to implement the weighted

p-norm by
Z 1/p
w n
ly = (L wihl?) . x=(rieim) €RY
i=1
Can you come up with a scenario where this can be useful in machine learning?

Problem 5. Implement the cosine similarity function, defined by the formula

cos(x,y) = <X, y>, x,y € R".
x| Iyl

(Whenever possible, use built-in NumPy functions.)

Problem 6. Calculate the product of the following matrices.

(@)
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1 2 3 7 8
A: 5 B: .
4 5 6 9 10

Problem 7. The famous Fibonacci numbers are defined by the recursive sequence

(b)

FOZO,
F =1,
Fy=Fy 1+ Fis.

(a) Write a recursive function that computes the n-th Fibonacci number. (Expect it to be really slow.)

(b) Show that

F n+1 F, n
F n F, n—1 ’

and use this identity to write a non-recursive function that computes the n-th Fibonacci number.
Use Python’s built-in timeit function to measure the execution of both functions. Which one is faster?

Problem 8. Let A, B € R™ be two matrices. Their Hadamard product is defined by

al,lbl,l al,szz al,nbl,n

as1by1  az bz,z «e Q2pn bz,n
AOB=|""

an,l bn,l an,zbn,z an,nbn,n

Implement a function that takes two identically shaped NumPy arrays, then performs the Hadamard product
on them. (There are two ways to do this: with for loops and with NumPy operations. It is instructive to

implement both.)

Problem 9. Let A € R™" be a square matrix. Functions of the form

B(x,y) =x"Ay, xy€R"

are called bilinear forms. Implement a function that takes two vectors and a matrix (all represented by NumPy

arrays), then calculates the corresponding bilinear form.



116 Linear Algebra in Practice

Join our community on Discord

Read this book alongside other users, Machine Learning experts, and the author himself.

Ask questions, provide solutions to other readers, chat with the author via Ask Me Anything sessions, and
much more.

Scan the QR code or visit the link to join the community.

https://packt.link/math

[m] ¥y [m



https://packt.link/math

Linear Transformations

“Why do my eyes hurt?”

“You’ve never used them before.”
— Morpheus to Neo, when waking up from the Matrix for the first time

In most linear algebra courses, the curriculum is all about matrices. In machine learning, we work with them
all the time. Here is the thing: matrices don’t tell the whole story. It is hard to understand the patterns by
looking only at matrices. For instance, why is matrix multiplication defined in such a complex way as it is?

Why are relations like B = T~ AT important? Why are some matrices invertible and some are not?

To really understand what is going on, we have to look at what gives rise to matrices: linear transformations.

Like for Neo, this might hurt a bit, but it will greatly reward us later down the line. Let’s get to it!

4.1 Whatis a linear transformation?

With the introduction of inner products, orthogonality, and orthogonal/orthonormal bases, we know everything
about the structure of our feature spaces. However, in machine learning, our interest mainly lies in transforming

the data.

From this viewpoint, a neural network is just a function composed of smaller parts (known as layers),
transforming the data to a new feature space in every step. One of the key components of models in machine

learning are linear transformations.
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You probably encountered them as functions of the form f(x) = Ax, but this is only one way to look at
them. This section will start from a geometric viewpoint, then move towards the algebraic representation that
you are probably already familiar with. To understand how neural networks can learn powerful high-level

representations of the data, looking at the geometry of transforms is essential.
So, what linear transformations are? Let’s not hesitate a moment further, and jump into the definition right
away!

Definition 4.1.1 (Linear transformations)

Let U and V be two vector spaces (over the same scalar field), and let f : U — V be a function between them.

We say that f is linear if

flax +by) = af(x) + b f(y) (4.1)

holds for all vectors x,y € U and all scalars a, b.

This is why linear algebra is called linear algebra. In essence, a linear transformation is a mapping between two
vector spaces that preserves the algebraic structure: addition and scalar multiplication. (Functions between

vector spaces are often called transformations, so we will use this terminology.)

Remark 4.1.1 Linearity is essentially combining two properties in one: f(x +y) = f(x) + f(y) and f(ax) =

af(x) for all vectors x,y and all scalars a. From these two, (4.1) follows by

flax+by) = f(ax) + f(by) = af(x) + b f(y).

Two properties immediately jump out from the definition. First, since

f&x) = f(x+0)
= f(x) + f(0),

£(0) = 0 holds for every linear transformation. In addition, the composition of linear transformations is still

linear, as

f(glax+by)) = f(ag(x) + bg(y))
= af(g(x) + b f(gy))
shows for any linear f and g and scalars a and b.
As usual, let’s see some examples to build intuition.

Example 1. For any scalar c, the scaling transformation f(x) = cx is linear.



Chapter 4 119

This is probably the simplest example out there, and it can be defined in all vector spaces.

CcX

Figure 4.1: Scaling as a linear transformation

It’s easy to see that scaling is linear:

c(ax + by) = c(ax) + c(by)
= a(cx) + b(cy).

Example 2. In R?, rotations around the origin by an angle a are also linear.

f(x)

Figure 4.2: Rotation in the Euclidean plane as a linear transformation
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To show that rotations are indeed linear, I pull the definition out from the hat: the rotation of a planar vector

x = (x1, x2) with the angle « is described by

f(x) = (x; cos @ — x; sin a, x; sin @ + x, cos @),

from which (4.1) is easily confirmed. I know that this looks like magic, but trust me, the rotation formula will
be explained in detail. You can sweat it out with some basic trigonometry, or wait until we do this later with

matrices.

In general, linear transformations have a strong connection with the geometry of the space. Later, we are
going to study the linear transformations of R? in detail, with an emphasis on geometric ones such as this.
(Note that rotations are slightly more complicated in higher dimensions, as they will require an axis to rotate

around.)

Example 3. In any vector space V and a nonzero vector v € V, the translation defined by f(x) = x + v is not

linear, as f(0) = v # 0.

We’ll see more examples later in the section. For now, let’s move on to some general properties of linear

transformations. For any linear transformation f : U — V, the image

im(f)={veV :v= f(u)for some u e U}

is always a subspace Section 1.2.7 of V. This is easy to check: if vi, v, € im f, then there exist u;,u; € U such

that f(u;) = v; and f(uy) = vy, as

avy + bvy = af(u;) + b f(uy) = f(au; + bu,) € im f.
To add one more level of abstraction, we will see that the set of all linear transformations form a vector space.

Theorem 4.1.1 Let U and V be two vector spaces over the same field F. Then the set of all linear transformations

L(U,V)={f : U—> V| f is linear} (4.2)

is also a vector space over F, with the usual definitions for function addition and scalar multiplication.
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The proof of this is just a boring checklist, going through the items of the definition of vector spaces (Defini-
tion 1.1.1). I recommend you walk through it at least once to solidify your understanding of vector spaces, but

there is really nothing special there.

4.1.1 Linear transformations and matrices

The definition of linear transformations, as we saw, is a bit abstract. However, there is a simple and expressive

way to characterize them.

To see this, let f : U — V be a linear transformation between two vector spaces U and V. Suppose that

{uy,...,u,} is a basis in U, while {vy, ..., v,} is a basis in V. Since every x € U can be written in the form

m
X= Z Xillj,
i=1

the linearity of f implies

m m

f( Z xjuj) = Z x; f(u;), (4.3)

j=1 j=1

meaning that f(x) is a linear combination of f(u,),..., f(u,). In other words, every linear transformation is

completely determined by the images of basis vectors. To expand this idea, suppose that for every u;, we have

fu)) = Z ai,jVi

i=1
for some scalars a; ;.

These n x m numbers completely describe f. For notational simplicity, we store these in a n x m-sized table

called a matrix, which we’ll denote by A;:

alxl 01,2 alym
ag,l a2,2 azsm
a,,yl amz an,m

meaning that linear transformations are represented by matrices. This connection is heavily utilized throughout

machine learning.
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Expanding (4.3) further, for every x = }}7_; x;u; we have

f@) = xf(u)
j=1
= Z Xj Z a,»,jvi

J=1
n

i=1

m

Z aijXj | Vi.
i=1 \_j=1

Thus, the image of x can be expressed as Ayx:

m
ar 42 ... Am||[X Zj:l a;jX;
m
|21 G2z .. dom||X2| 21 42,5,
fx) = = .
m
an,l an,Z an,m, Xm Zj:l an,jxj

Two things to note here. First, we implicitly chose to represent vectors as columns instead of rows. This is a
seriously impactful decision and will affect many of the computations later in this book. We’ll keep pointing it

out.

Second, the matrix representation depends on the choice of the basis! If, say, P = {py,..., p»} C U is the basis

of our matrix, we denote this dependence in the subscript, writing Ay p.

To avoid confusion, we’ll almost exclusively define linear transformations by giving their matrices in the
standard orthonormal basis. In practical scenarios, this makes it much easier to understand what is going on.
So, whenever I write something like “let A be the matrix of a linear transformation f”, it is implictly assumed

that A is written in the basis e; = (1,0,...,0),e, = (0, 1,...,0),...,e, = (0,0,..., 1).

On a philosophical note, have you heard about Plato’s allegory of the cave? In this thought experiment, people
are assumed to be living in a cave constantly facing a single wall, only observing their shadows projected
by a fire behind them. What they observe and use to build an internal representation of the world is very
different from reality. Applying this analogy to linear algebra, matrices are the shadows that we observe and
use in practical scenarios. In many introductory courses, linear transformations are hidden, and only matrix
calculus is taught. My first exposition into the subject was similar: the first linear algebra course I took talked
exclusively about matrices. It was as complicated and confusing as a math course can be. (Which, I can assure
you, can be very complicated and confusing.) Later in my studies, everything clicked when I discovered that

you could look at matrices from the perspective of linear transformations.
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Without seeing what is behind matrices, it is impossible to master linear algebra. If my approach feels too
abstract for you, keep this in mind: years later, when you are a practicing data scientist/machine learning

engineer/researcher or whatever, going below the surface will pay huge dividends.

Let’s get back on track and continue our discussion about linear transformations. The most commonly used

matrix is the matrix of the identity transformation id : x — x. We’ll denote this by I. It is easy to see that

1 0 0
o1 ... 0

I=| . (4.4)
0 0 1

To summarize, for a matrix A, a linear transformation can be given by x — Ax. In fact, the mapping

f Asp

defines a one-to-one correspondence between the space of linear transformations L(U, V') defined by (4.2) and

the set of n x m matrices, where n and m are the corresponding dimensions.

4.1.2 Matrix operations revisited

Functions can be added and composed. Because of the connection between linear transformations and matrices,

matrix operations are inherited from the corresponding function operations.

With this principle in mind, we defined matrix addition so that the the matrix of the sum of two linear

transformations is the sum of the corresponding matrices.

Mathematically speaking, if f,g : U — V are two linear transformations with matrices, f <+ A and g < B,

then

(f + &)w)) = flu) + guy) = Y (@ + biy)vi
i=1
Thus, the corresponding matrices can be added together elementwise:
A+ B-= (ai,j + bi,j .

ij=1-

Multiplication between matrices is defined by the composition of the corresponding transformations.
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To see how, we study a special case first. (In general, it is a good idea to look at special cases first, as they often
reduce the complexity and allow you to see patterns without information overload.) So, let f,g : U — U be
two linear transformations, mapping U onto itself. To determine the elements of the matrix corresponding to

f ° g, we have to express f(g(u;)) in terms of all the basis vectors uy, ..., u,. For this, we have

(f)w) = flg)) = £ Y buyu)
k=1
= D biif(u)

n
b Z ai kUi
1 i=1
n

( ai,kbk,j)ui.

1 k=1

1l
M= TMM- T

1

By considering how we defined a transformation’s matrix, the scalar (3 ;_; a;xby ;) is the element in the i-th

row and j-th column of the matrix of f o g. Thus, matrix multiplication can be defined by

AB = <Z ai’kbk‘j) .
Lt ij=1

In the general case, we can only define the product of matrices if the corresponding linear transformations
can be composed. That is, if f : U — V, then g must start from V. Translating this into the language of the
matrices, the number of columns in A must match the number of rows in B. So, for any A € R™™ and B € R™L

their product is defined by

nl

m
AB = < Z ai,kbk,j> e R™,
k=1 i,

j=1

4.1.3 Inverting linear transformations

Regarding linear transformations, the question of invertibility is extremely important. For example, have you

encountered a system of equations like this?

2x1+x,=5

X1 — 3X2 =-8
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If we define

the above system can be written in the form Ax = b. These are called linear equations, modeling various

processes from finance to biology.

How would you write the solution of such an equation? If there would be a matrix A~ such that A™' A is the
identity matrix I (defined by (4.4)), then multiplying the equation Ax = b from the left by A™! would yield the

solution in the form x = A™'b.

The matrix A™! is called the inverse matrix of A. It might not always exist, but when it does, it is extremely
important for several reasons. We'll talk about linear equations later, but first, let’s study the fundamentals of

invertibility! Here is the general definition.

Definition 4.1.2 (Inverse of a linear transformation)

Let f : U — V be a linear transformation between the vector spaces U and V. We say that f is invertible if

there is a linear transformation f~! such that f~! o f and f o f~! are the identity functions; that is,

A (f@) =,
f(f'@) =v

holds for allu € U,v € V. f~! is called the inverse of f.

Not all linear transformations are invertible. For instance, if f maps all vectors to the zero vector, you cannot

define an inverse.

There are certain conditions that guarantee the existence of the inverse. One of the most important ones

connects the concept of basis with invertibility.

Theorem 4.1.2 (Invertibility of linear transformations)

Let f : U — V be a linear transformation and let uy, ..., u, be a basis in U. Then f is invertible if and only if

f(uy),..., f(uy) isa basisin V.

The following proof is straightforward, but can be a bit overwhelming. Feel free to skip this at the first reading,

you can always revisit it later.
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Proof. As usual, the proof of the if and only if type theorems consist of two parts, as these statements involve

two implications.

(a) First, we prove that f is invertible, then f(uj),..., f(u,) is a basis. That is, we need to show that

f(uy),..., f(uy) is linearly independent and every y € V can be written as their linear combination.

Since f is invertible, f(0) = 0, moreover there are no nonzero vectors x € U such that f(x) = 0. In other
words, 0 cannot be written as the nontrivial linear combination of f(uy), ..., f(u,), from which Theorem 1.2.2

implies the linear independence.

On the other hand, invertibility implies that every y € V can be obtained as y = f(x) for some x € U. (With

the choice x = f_l(y).) Asuy, ..., uy, is a basis, x = YL xu;. Thus,

y=f(x)

(3 m)

> xif(w),

i=1

showing that span(f(u;), ..., f(uy)) = V.
The linear independence f(uj),..., f(u,) and the fact that it spans V gives that it is indeed a basis.
(b) Now we prove the other implication: if f(uy), ..., f(up) is a basis, then f is invertible.

If f(uy),..., f(uy) is indeed a basis, then every y € V can be written as

y= ; yif(u) = f( ; yilli>,

which shows the surjectivity. Regarding the injectivity, if y = f(a) = f(b) for some a,b € U, then, since both
a and b can be written as a linear combination of the u; basis vectors, we would have

n n
y=f@=f( Y aw)= afw
i=1

i=1

and

y = 0 = f( Zl b, ) = Zl yif (us).

Thus, 0 = Y,/ ;(a; — bi)u;, and since uy, ..., u, is a basis in U, a; = b; must hold. Hence f is injective.
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A consequence of this theorem is that a linear transformation f : U — V is not invertible if the dimensions of
U and V are different. We can look at invertibility from the aspect of matrices as well. For any A € R™", if the
corresponding linear transformation is invertible, there exists a matrix A™' € R™" such that A™'A = AA™ =1].

If a matrix is not square, it is not invertible in the classical sense.

414 The kernel and the image
Regarding the invertibility of a linear transformation, two special sets play an essential role: the kernel and

the image. Let’s see them!

Definition 4.1.3 (Kernel and image of linear transformations)

Let f : U — V be a linear transformation. Its image and kernel is defined by

imf:={f(u) :uelU}CV

and

ker f :={ueU : f(u)=0}CU.

Often, we write im A and ker A for some matrix A, referring to the linear transformation defined by x — Ax.
Due to the linearity of f, it is easy to see that im f is a subspace of V and ker f is a subspace of U. As

mentioned, they are closely connected with invertibility, as we shall see next.

Theorem 4.1.3 (Invertibility in terms of linear transformations)
Let f : U — V be a linear transformation.

(a) A is injective if and only ifker f = {0}.

(b) A is surjective if and only ifim f = V.

(c) A is bijective (that is, invertible) if and only ifker f = {0} andim f = V.

Proof. (a)If f is injective, there can only be one vector in U that is mapped to 0. Since f(0) = 0 for any linear

transformation, ker f = {0}.

On the other hand, if there are two different vectors x,y € U such that f(x) = f(y), then f(x —y) =
f(x)— f(y) =0,s0 x —y € ker f. Thus, ker f = {0} implies x =y, which gives the injectivity.

(b) This is just the definition of surjectivity.

(c) This immediately follows from combining (a) and (b) above.
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Because matrices define linear transformations, it makes sense to talk about the inverse of a matrix.

Algebraically speaking, the inverse of an A € R™" is the matrix A™! € R™" such that A™'!A = AA™ = I holds.
The connection between linear transforms and matrices imply that A™! is the matrix of f!, so no surprise

here.

Don’t worry if this section about invertibility feels like a bit too much algebra. Later, when talking about the
determinant of a transformation, we are going to study invertibility from a geometric perspective later in this
chapter. In terms of matrices, later we are going to see a general method to calculate the inverse matrix in
Section 5.1.6. We'll be there soon, but first, we take a look at how the choice of basis determines the matrix

representation.

4.2 Change of basis

Previously in this section, we have seen that any linear transformation can be described with the images of the
basis vectors (see Section 4.1.1). This gave us the matrix representation that we use all the time. However, this

very much depends on the choice of basis. Different bases yield different matrices for the same transformation.

For instance, let’s take a look at f : R> — R?, which maps e; = (1,0) to the vector (2,1) and e, = (0,1) to

(1, 2). Its matrix in the standard orthonormal basis E = {e;, ,} is given by

Af,E = . (45)

€2

f(e1)

€1

Figure 4.3: The linear transformation f, defined by (4.5)

The effect of f is visualized in Figure 4.3.
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What if we select a different basis, say P = {p; = (1, 1), p> = (—1, 1)}? With a quick calculation, we can check

bR BRI

In other words, f(p;) = 3p; + Opz and f(p;) = Op; + p,. This is visualized by Figure 4.4.

f(p2) = p2

Figure 4.4: The effect of f on p; = (1,1) and p, = (—1,1)

This means that if P = {p;, p»} is our basis (thus, if writing (a, b) means ap; + bp.), the matrix of f becomes

3 0
0 1|

|

In this form, Ay p is a diagonal matrix. (That is, its elements below and above the diagonal are zero.) As
you can see, having the right basis can significantly simplify the linear transformation. For instance, in n

dimensions, applying a transformation in diagonal form requires only n operations, as

dl 0 e 0] [x dl X1
0 dy .. 0]|x dzx
0 0 ... dy||x, d,x,

Otherwise, n? operations are needed. So, we can save a lot there.
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4.2.1 The transformation matrix

We have just seen that the matrix of a linear transformation depends on our choice of basis. However, there is
a special relation between matrices of the same transformation. We’ll explore this next. Let f : U — U be
a linear transformation, and let P = {py,...,p,} and Q = {qy, ..., g, be two bases. As before, Ay s denotes the

matrix of f in some basis S.

Suppose that we know Ay p, but we have our vectors represented in terms of the other basis Q. How do we
calculate the images our vectors under the linear transformation? A natural idea is to first transform our vector
representations from Q to P, apply Ay p, then transform the representations back. In the following, we are

going to make this precise.

Let t : U — U be a transformation defined by p; — q; for alli € {1, ..., n}. (In other words, ¢t maps one set of

basis vectors to another.) Since P and Q are bases (so the sets are linearly independent), ¢ is invertible.

Suppose that the matrix Ay = (al%){"j:l is known to us, that is,

n

£(@) = Aroq; = ), alq;

i=1

holds for all j. So, we have

(e f)py) = 7' f(q))
= t‘1< Z al%qi)
Z ai%fl(‘h)

n
=D adpi
i=1

In other words, the matrix of the composed transformation ¢! f in the basis P is the same as the matrix of f

in Q. In terms of formulas,

T'AppT = A, (4.6)
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where T denotes the matrix of ¢ in P. (For notational simplicity, we omit the subscript. Most often, we don’t

care what base it is in.)

We'll call T the change of basis matrix. These types of relations are prevalent in linear algebra, so we’ll take

the time to introduce a definition formally.

Definition 4.2.1 (Similar matrices)

Let A, B € R™" be two arbitrary matrices. A and B are called similar if there exists a matrix T € R™" such

that

B=T'AT
holds. We call mappings of the form A — T~LAT similarity transformations.

In these terms, (4.6) says that the matrices of a given linear transformation are all similar to each other.

With this under our belt, we can finish up with the example (4.5). In this case, T and T~! can be written as

-1
1 1

b\]
Il

| T—IZ[I/Z 1/21.
~1/2 1/2

(Later, we’ll see a general method to compute the inverse of any matrix, but for now, you can verify this by

hand.) Thus,

[1/2 1/2] [2 1] [1 —1]2[3 ol’ W
—1/2 1720t 2|1 1| o 1

or equivalently,

[2 1]:[1 —1] [3 0Hl/2 1/2]0 ws)
12| 110 1||-1/2 172
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Figure 4.5 shows what (4.8) looks like in geometric terms.

'\/Qﬁ) A
(< BT L

Bpe
\)\J j JeJ

X BT !
—>
71 TBT!
A
62“
® >

Figure 4.5: Change of basis, illustrated

From this example, we can see that a properly selected similarity transformation can diagonalize certain
matrices. Is this a coincidence? Spoiler alert: no. In Chapter 7, we will see exactly when and how this can be

done.

I know, this is a bit too abstract. As always, examples illustrate a concept best, so let’s see some!
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4.3 Linear transformations in the Euclidean plane
We have just seen that a linear transformation can be described by the image of a basis set. From a geometric

viewpoint, they are functions mapping parallelepipeds to parallelepipeds.

Because of the linearity, you can imagine this as distorting the grid determined by the bases.

Figure 4.6: How linear transforms distort the grid determined by the basis vectors

In two dimensions, we have seen a few examples of geometric maps such as scaling and rotation as linear
transformations. Now we can put them into matrix form. There are five of them in particular that we will

study: stretching, shearing, rotation, reflection, and projection.

These simple transformations are not only essential to build intuition, but they are also frequently applied
in computer vision. Flipping, rotating, and stretching are essential parts of image augmentation pipelines,

greatly enhancing the performance of models.

4.3.1 Stretching

The simplest one is a generalization of scaling. We have seen a variant of this in Example 1 above (see

Section 4.1). In matrix form, this is given by

A= C1 0

, ¢1,¢ €R.
0 C

Linear transformations such as this can be visualized by plotting the image of the unit square determined by

the standard basis e; = (1,0), e, = (0, 1).


https://en.wikipedia.org/wiki/Parallelepiped
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A
A
€9
€1
@ —)—p

Figure 4.7: Stretching

4.3.2 Rotations

Rotations are given by the matrix

[cos a -—sina

sina cosa

To see why, recall that each column of the transformation’s matrix describes the image of the basis vectors.
The rotation of (1, 0) is given by (cos a, sin &), while the rotation of (0, 1) is (cos(a + 7 /2), sin(a + 7 /2)). This
is illustrated by Figure 4.8.

Ra €1 e

sin av
€] \/.
-

2
] I
cosa Rues sin(a + 5) =cosa

)

—sina = cos(a +

0ol

Figure 4.8: The rotation matrix explained
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Like above, we can visualize the image of the unit square to gain a geometric insight into what is happening.

Rael €2

€1

R(x €2

Figure 4.9: Rotation

4.3.3 Shearing

Another essential geometric transform is shearing, which is frequently applied in physics. A shearing force
(https://en.wikipedia.org/wiki/Shear_force) is a pair of forces with opposite directions, acting on the

same body.

ey Sey
A

561 =€

Figure 4.10: Shearing


https://en.wikipedia.org/wiki/Shear_force
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Its matrix is given in the form

1 ks 1 o 1 ke
S, = , S, = ., S=
0 1 k, 1 k, 1

where S, S, and S represent shearing transformations in the x, y, and in both directions.

4.3.4 Reflection

Until this point, all the transformations we have seen in the Euclidean plane preserved the “orientation” of the

space. However, this is not always the case. The transformation given by the matrices

-1 0 1 0
Ry = . Re=
0 1 0 -1
act as reflections with respect to the x and the y axes.
Aeg = Rleg
Rlel (3]
< ® >

Figure 4.11: Reflection

When combined with a rotation, we can use reflections to flip bases. For instance, the transformation maps e,

to e; and e, to e;.

rotation with 7 /2 =R;
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€y = Re1

Figure 4.12: Swapping e, and e, is a reflection and rotation

These types of transformations play an essential role in understanding determinants, as we will soon see in

the next chapter.

In general, reflections can be easily defined in higher dimensional spaces. For instance,

is a reflection in R® that flips e; to the opposite direction. It is just like looking in the mirror: it turns left to

right and right to left.

Reflections can flip orientations multiple times. The transformation given by

1 0 0
R=1j0 -1 0
0 0 -1

flips e, and e, changing the orientation twice. Later, we’ll see that the “number of changes in orientation” of a

given transformation is one of its essential descriptors.
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4.3.5 Orthogonal projection
One of the most important transformations (not only in two dimensions) is the orthogonal projection. We have
seen this already when talking about inner products and their geometric representation in Section 2.2.3. By

taking a closer look, it turns out that they are linear transformations.

Figure 4.13: Orthogonal projection

Recall from (2.7) that the orthogonal projection of x to some y can be written as

-2

The bilinearity of (-,-) immediately implies that pro jy(x) is also linear. With a bit of algebra, we can rewrite

this in terms of matrices. We have

. (x,y)
proj,(x) = ¥ ;y
_ X1Y1 + X222 | W1
e |y,
_ oo |a
HY”Z J/1J/z y22 X2
1
= —SYY' X

P
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thus,
proj. = - i e
Yo lyl? ny: va
1 7
=Yy X
Iyl

Notice that
proj, (ez) = %projy@l),
1

so the images of the standard basis vectors are not linearly independent. As a consequence, the image of the
plane under projy, is span(y), which is a one-dimensional subspace. From this example, we can see that the
image of a vector space under a linear transformation is not necessarily of the same dimension as the starting

space.

With these examples and knowledge under our belt, we have a basic understanding of linear transformations,
the most basic building blocks of neural networks. In the next section, we will study how linear transformations

affect the geometric structure of the vector space.

4.4 Determinants, or how linear transformations
affect volume

In the previous sections, we have seen that linear transformations (Definition 4.1.1) can be thought of as

distorting the grid determined by the basis vectors.

Following our geometric intuition, we suspect that measuring how much a transformation distorts volume
and distance can provide some valuable insight. As we will see in this chapter, this is exactly the case.
Transformations that preserve distance or norm are special, giving rise to methods such as Principal Component

Analysis.
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4.4.1 How linear transformations scale the area

Let’s go back to the Euclidean plane one more time. Consider any linear transformation A, mapping the unit

square to a parallelogram.

Figure 4.14: Image of the unit square under a linear transformation

The area of this parallelogram describes how A scales the unit square. Let’s call it A for now; that is,

area(A(C)) = A-area(C),

where C = [0, 1] x [0, 1] is the unit square, and A(C) is its image

A(C) :={Ax : x€ C}.

Due to linearity, A also matches the scaling ratio between the area of any rectangle (with parallel sides to the
coordinate axes) and its image under A. As Figure 4.15 shows, we can approximate any planar object as the

union of rectangles.

If all rectangles are scaled by A, then unions of rectangles also scale by that factor. Thus, it follows that A is

also the scaling ratio between any planar object E and its image A(E) = {Ax : x € E}.
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Figure 4.15: Approximating planar objects with a union of rectangles

This quantity A reveals a lot about the transformation itself, but there is a question remaining: how can we

calculate it?

Suppose that our linear transformation is given by

X1 W

X2 Y2

A=

>

thus its columns x = (x1, x;) and y = (y, ) describe the two sides of the parallelogram. This is the image of

the unit square.

>
X

Figure 4.16: Image of the unit square under a linear transformation

Our area scaling factor A equals the area of this parallelogram, so our goal is to calculate this.

The area of any parallelogram can be calculated by multiplying the length of the base (|x| in this case) with
the height h. (You can easily see this by cutting off a triangle at the right side of the parallelogram and putting
it to the left side, rearranging it as a rectangle.) h is unknown, but with basic trigonometry, we can see that

h = sin aly|, where « is the angle between x and y.
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Thus,

area = sin a|y|[x].

This is almost the dot product of x and y. (Recall that the dot product can be written as (x,y) = |x||y| cos a.)

However, the sin a part is not a match.

Fortunately, there is a clever trick we can use to turn this into a dot product! Since sin @ = cos (a - 7>, we

have

T
area = cos (0{ - 5)""””)’”

The issue is the angle between x and y is not « —

oy

. However, we can solve this easily by applying a rotation

(Section 4.3.2). Applying the transformation

we obtain

Yrot = RY = (yZ,_yl)-

Since |yrotl = [yl, we have

area = sin aly|[x]

i
cos (a - E)nxunyn
T
= cos (a — E)”X""}’rot"

= <X, Yr0t>-

The quantity (X, yyt) can be calculated using only the elements of the matrix A:

<X, Yrot> = X1Y2 — X2)1.

Notice that (X, y,ot) can be negative! This happens when the angle between y = Ae, and x = Ae;, measured

from a counter-clockwise direction, is larger than 7, as this implies cos (a - %) <0.

Hence, the quantity (X, y.o) is called the signed area of the parallelogram.
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In two dimensions, we call this the determinant of the linear transformation. That is, for any given linear

transformation/matrix A € R?2, its determinant is defined by

a b

detA=ad—-cb, A= .
c d

(4.9)

The determinant is often written as |A|, but we’ll avoid this notation. We’ll deal with determinants for any

matrix A € R™", but let’s stay with the 2 x 2 case just a bit to build intuition.

The determinant also reveals the orientation of the vectors: positive determinant means positive orientation,
negative determinant means negative orientation. (Intuitively, positive orientation means that the angle
measured from x to y in a counter-clockwise direction is between 0 and 7; equivalently, the angle measured

from x to y in a clockwise direction is between 7 and 2.) This is demonstrated in Figure 4.17 below.

y X
A kel
X
positively negatively
oriented oriented

Figure 4.17: Orientation of two vectors in the plane

Overall,
area(A(E)) = | det Alarea(E) (4.10)
holds, where E C R? is a planar object, and

A(E) = {Ax : x € E}

is the image of E under the transformation A.
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Even though we have only shown (4.10) in two dimensions, this holds in general. (Although we don’t know

how to define the determinant there yet.)

So, if e; and e, is a basis on the plane, equations (4.9) and (4.10) tell us that the determinant in two dimensions

equals to

det A = orientation(Ae;, Ae,) x area(Ae;, Ae,)

Based on the example of the Euclidean plane, we have built enough geometric intuition on understanding how
linear transformations distort volume and change the orientation of the space. These are described by the
concept of determinants, which we have defined in the special case (4.9). We are going to move on to study the

concept in its full generality.

To introduce the formal definition of the determinant, we will take a route that is different from the usual.
Most commonly, the determinant of a linear transformation A is defined straight away with a complicated

formula, then all of its geometric properties are shown.

Instead of this, we will deduce the determinant formula by generalizing the geometric notion we have learned
in the previous section. Here, we are roughly going to follow the outline of Linear Algebra and Its Applications

by Peter D. Lax.

We set the foundations by introducing some key notations. Let
A = (ai’j)l-'szl € ]Rnxn

be a matrix with columns ay, ..., a,. When we introduced the notion of matrices as linear transformations in
Section 4.1.1, we saw that the i-th column is the image of the i-th basis vector. For simplicity, let’s assume that
€1, €, ..., e, is the standard orthonormal basis, that is, e; is the vector whose i-th coordinate is 1 and the rest is

0. Thus, Ae; = a;.

During our explorations in the Euclidean plane Section 4.3, we have seen that the determinant is the orientation
of the images of basis vectors, times the area of the parallelogram defined by them. Following this logic, we

could define the determinant for n x n matrices by
det A = orientation(Aey, ..., Ae,) x volume(Aey, ..., Ae,)

Two questions surface immediately. First, how do we define the orientation of multiple vectors in the n-

dimensional space? Second, how can we even calculate the area?



Chapter 4 145

Instead of finding the answers for these questions, we are going to add a twist into the story: first, we’ll find a

convenient formula for determinants, then use it to define orientation.

442 The multi-linearity of determinants

To make the relation between the determinant and the columns of the matrix a; = Ae; more explicit, we’ll

write

det A = det(ay, ..., a,).

Thinking about determinants this way, det is just a function of multiple variables:

det : R* x--xR" — R.
N ——
n times

Good news: det(ay, ..., a,) is linear in each variable. That is,

det(ay, ..., aa; + fb;,...a,) = adet(ay, ..., a;,...a,) + fdet(ay, ..., b;, ... a,)

holds. We are not going to prove this, but as the determinant represents the signed volume, you can convince

yourself by checking out Figure 4.18.

v

h = hi+ hs

ag

Figure 4.18: The multilinearity of det(a;, a,)

A consequence of linearity is that we can express the determinant as a linear combination of determinants for

the standard basis vectors ey, ..., e,. For instance, consider the following. Since

n
Aey =a; = Z ai1€i,
i=1
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we have

Going one step further and using that

n o n
det(al,ag, ceey an) = Z Z ai10dj2 det(ei,ej, as, ... ,an).

n
det(aj, ay,...,a,) = Z a;; det(e;, ay, ...

n
Ay = Z a;2€;j,
Jj=1

we start noticing a pattern. With the linearity, we have

(4.11)

We can see that the row indices in the coefficients a;;4a;, match the indices of e;-s in det(e;, e}, a3, ..., a,). In the

general case, this pattern can be formalized in terms of permutations; that is, orderings of the set {1,2, ..., n}.

You can imagine a permutation as a function o mapping {1, 2, ..., n} to itself in a way that for every j €

{1,2,..., n}, there is exactly one i € {1,2, ..., n} with o (i) = j. In other words, you take every integer between 1

and n, and putting them in an order. The set of all possible permutations on {1, 2, ..., n} is denoted by S,,.

Continuing (4.11) and further expanding the determinant of A, we have

det(ay,...,a,) = Z [ H ag(,—)’i:l det(eg(l), cees eg(n)).

This formula is not the easiest one to understand. You can think about each term [ ][, a,(;); as placing n chess

rooks on an n x n board such that none of them can capture each other.

ail
az1
asi
a41
| a51

ai2
a2
a32
a42
as52

ai13
az3
ass
@43
as3

a4
a24
as4
Q44
as4

Figure 4.19: The anatomy of the term a,(1y1 = as(n)n

ais
azs
ass
a4s

ass |

4,

3, o(5)=5
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The formula

det(es(1), - €o(n))

oesS, | i=1

D [ﬁ 200

combines all the possible ways we can do this.
There is only one thing left: calculating det(e,(1), ..., €5(n))-

Remember when we discussed the combination of reflections and rotations in the Euclidean plane (Section 4.3.4)?
The transformation determined by e; — e,; is similar to that. When talking about permutations, it’s good to
know that each one can be obtained by switching two elements at a time. The number of transpositions - that
is, permutations affecting two elements - in a permutation is called the sign of ¢. In the context of our linear
transformation e; - e,(;), the number of transpositions in ¢ is the number of reflections required and sign(o)

is the orientation of (e,(1), ..., €5(n))-

Thus, with these, we can finally give a formal definition for determinants and the orientation.

Definition 4.4.1 (Determinants and orientation)

Let A € R™" be an arbitrary matrix and let a; € R" be its i-th column. The determinant of A is defined by

n
det A = det(ay, ...,a,) = Z sign(a)[Haa(i)J], (4.12)
i=1

o€ES,

and the orientation of the vectors ay, ...,a, is

orientation(ay, ..., a,) := sign(det A).

When the det notation is not convenient, we denote determinants by putting the elements of the matrix inside

a big absolute value sign:

al,l al’z all,,

az,l az’z az,,,
detA=|"

anJ amz an,,,

When I was a young math student, the determinant formula (4.12) was presented as-is in my first linear algebra
class. Without explaining the connection to volume and orientation, it took me years to properly understand
it. I still think that the determinant is one of the most complex concepts in linear algebra, especially when

presented without a geometric motivation for the definition.
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Now that you have a basic understanding of the determinant, you might ask: how can we calculate it in
practice? Summing over the set of all permutations and calculating their sign is not an easy operation from a

computational perspective.

Good news: there is a recursive formula for the determinant. Bad news: for an n x n matrix, it involves n

pieces of (n — 1) x (n — 1) matrices. Still, it is a big step from the permutation formula. Let’s see it!

Theorem 4.4.1 (Recursive formula for determinants)

Let A € R™" be an arbitrary square matrix. Then

n
det A = Z(—l)ﬁ—lal’j det Ay j, (4.13)
=1

where A; j is the (n — 1) x (n — 1) matrix obtained from A by removing its i-th row and j-th column.

Instead of a proof, we are going to provide an example to demonstrate the formula. For 3 x 3 matrices, this is

how it looks:

a b c i p
fzef—b f+c .
h i g i g h
g h i

Now that we have both the geometric intuition and the recursive formula, let’s see the most important

properties of the determinants!

4.4.3 Fundamental properties of the determinants

When working with determinants, we prefer to create basic building blocks and rules for combining them. (As
we have seen with this pattern so many times, even when deducing the (4.12).) These rules are manifested by

the fundamental properties of determinants, which we will discuss now.

The first property is concerned with the relation of composition and the determinant.

Theorem 4.4.2 (The product of determinants)

€ R™"™ be two matrices. Then

det AB = det Adet B. (4.14)
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The equation (4.14) is called the determinant product rule, and its proof involves some heavy computations
based on the formulas (4.12) and (4.13). Instead of providing a fully fleshed-out proof, I'll give an intuitive

explanation. After all, we want to build algorithms using mathematics, not building mathematics.

So, the explanation of det AB = det A det B is quite simple. If we think about the matrices A, B € R™" as linear

transformations, we have just seen that det A and det B determine how they scale the unit cube.

Since the composition of these linear transformations is the matrix product AB, the linear transformation AB
scales the unit cube to a parallelepiped with signed volume det A det B. (Because applying AB is the same as
applying B first, then applying A on the result.)

Thus, by our understanding of the determinant, as the scaling factor of AB is also det AB, (4.14) holds.

We can do the actual proof of this, for example, by induction based on the recursive formula (4.13), leading to

a long and involved calculation.

An immediate corollary of the product rule is a special relation between the determinants of a matrix and its

inverse.

Theorem 4.4.3 Let A € R™" be an arbitrary invertible matrix. Then

det A7! = (det A)~ 1.

Proof. Using the product rule, we have

1=detl =detAA™! = (det A)(det A7),

from which the theorem follows.

Because of this, we can also conclude that the determinant is preserved by the similarity relation.

Theorem 4.4.4 Let A, B € R™" be two similar matrices with B= T~ AT for some T € R™". Then

det A = det B.
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Proof. This simply follows from

detB = det T AT
=det T 'detAdetT

= det A,
which is what we had to show.

Another important consequence is that the determinant is independent of the basis the matrix is in. If
A : U — U is a linear transformation, and P = {py,...,p,} and R = {ry,..., r,} are two bases of U, then we

know that the matrices of the transformation are related (Section 4.2.1) by

Ap = T ART,

where Ag is the matrix of the transformation A in a basis S and T € R™" is the change of basis matrix
(Section 4.2.1). The previous theorem implies that det Ap = det Ag. Thus, the determinant is properly defined

for linear transformations, not just matrices!

There is an essential duality relation regarding determinants: you can swap the rows and columns of a matrix,

keeping all determinant-related identities true.

Theorem 4.4.5 Let A € R™" be an arbitrary matrix. Then
det A =det AT,

Proof. Suppose that A = (aj j)}';—;. Let’s denote the elements of its transpose by ait,j = aj;. According to (4.12),

we have

n

det AT = " sign(o) [ [ aby);

0€ESy i=1
n

= Z sign(a)l—_[ a; 5 (i)-
o€S, i=1

Now comes the trick. Since the product []L; a; 5(;) iterates through all i-s, and the order of the terms doesn’t

matter, we might as well order the terms as i = ¢~1(1),..., c~(n). Since

sign(a‘l) = sign(o),
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by continuing the above calculation, we have

n

n
Y. sign(@) [Taoy = 3 sign(@™) [T as1(y;

g€Sy i=1 g€Sy j=1

1

Because every permutation is invertible and o — ¢ is a bijection, summing over ¢ € Sj is the same as

summing over ¢! € Sy,

Combining all of the above, we obtain that

det A

n
Y. sign(e )T a;51)
=1

0ES,

n
Y. sign(0) [ [ aq(),
0€S, j=1

det AT,

which is what we had to show.

Theorem 4.4.6 Let A € R™" be an arbitrary matrix and let A>J denote the matrix which can be obtained by

swapping the i-th and j-th column of A. Then

det A% = —det A,

or in other words, swapping any two columns of A will change the sign of the determinant. Similarly, swapping

two rows also changes the sign of the determinant.

Proof. This follows from a clever application of (4.14), noticing that A»/ = AI*J, where I*J is obtained from the
identity matrix by swapping its i-th and j-th column. det I*/ is a determinant of the form det(eq(1), -+ > € (n))s

where o is a permutation simply swapping i and j. (That is, o is a transposition.) Thus,

det A = det Adet I = —det A,

which is what we had to show.

Regarding swapping rows, we can apply the previous result because transposing a matrix preserves the

determinant.
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As a consequence, matrices with two matching rows have a zero determinant.

Theorem 4.4.7 Let A € R™" be a matrix that has two identical rows or columns. Then det A = 0.

Proof. Suppose that the i-th and the j-th columns are matching. Since the two columns are equal, det A*/ =
det A. However, applying the previous theorem (which states that swapping two columns changes the sign of

the determinant), we obtain det AbJ = — det A. This can only be true if det A = 0.

Again, transposing the matrix gives the statement for rows.

As yet another consequence, we obtain an essential connection between linearly dependent vector systems

and determinants.

Theorem 4.4.8 Let A € R™" be a matrix. Then its columns are linearly dependent if and only if det A = 0.
Similarly, the rows of A are linearly dependent if and only if det A = 0.

Proof. (i) First, we are going to show that linearly dependent columns (or rows) imply det A = 0. As usual,

let’s denote the columns of A as aj, ..., a, and for the sake of simplicity, assume that

n
a] = Z a;ia;.
i=2

Since the determinant is a linear function of the columns, we have

n
det(ay,as,...,ap) = Z a; det(aj, ag, ..., an).
=2
Because of the previous theorem, all terms det(a;, az, ..., ap) are zero, implying det A = 0, which is what we

had to show. If the rows are linearly dependent, we apply the above to obtain that det A = det AT = 0.

(if) Now, let’s show that det A = 0 means linearly dependent columns. Instead of the exact proof, which is

rather involved, we should have an intuitive explanation instead.

Recall that the determinant is orientation times volume of the parallelepiped given by the columns. Since
the orientation is £1, det A implies that the volume of the parallelepiped is 0. This can only happen if the n

columns lie in an n — 1-dimensional subspace, meaning that they are linearly dependent.
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We can immediately apply this to get the following result.

Corollary 4.4.1 Let A € R™" be a matrix with a constant zero column (or row). Then det A = 0.

As the determinant is the signed volume of the basis vectors’ image, it can be zero in certain cases. These
transformations are rather special. When can it happen? Let’s go back to the Euclidean plane to build some

intuition.

There, we have

X1 W

X2 Y2

=x1y2 — %y =0,

or in other words, % = % There is one more interpretation of this: the vector (yy, y») is a scalar multiple of
(1, x2); that is, they are colinear, meaning that they lie on the same line through the origin. Thinking in terms
of linear transformations, this means that the images of e; and e; lie on a subspace of R?. As we shall see next,

this is closely connected with the invertibility of the transformation.

Theorem 4.4.9 (Invertibility and the determinants)
The linear transformation A € R™" is invertible if and only if det A # 0.

Proof. When we introduced the concept of invertibility (Definition 4.1.2), we saw that A is invertible if and

only if its columns ay, ..., a, form a basis. Thus, they are linearly independent.

Since linear independence (Definition 1.2.1) of columns is equivalent to a nonzero determinant, the result

follows.

4.5 Summary

So, do your eyes hurt after finally using them for the first time? Mine sure did when I first learned about
matrices as linear transformations. Here’s a part where the abstract viewpoint pays off for the first time, and

trust me, it’ll pay even more dividends later.

Let’s recap this chapter quickly.
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We’ve learned that besides a table of numbers, a matrix can represent linear transformations:

m
a;p a2 ... Am||X% ijl ajXj
m
a1 Q4z2 ... Qm||X2 zj:1 a2,jX;j
Ax = = s
m
ani1  Qn2 ... Aupms| | Xm ijl an,jXj

where the columns of A describe the images of the basis vectors under the linear transformation x — Ax.

Why on Earth is this useful for us? Think of mathematics as a problem-solving tool. The crux of problem-
solving is often finding the proper representation of our objects of interest. Looking at matrices as a way to

transform data gives us the much-needed geometric perspective, opening up a whole new avenue of methods.

When looking at matrices this way, we quickly understand why matrix multiplication is defined as it is. The

definition

n,m

1
AB = ( Z ai’kbk,j>
k=1 i,

is daunting at first, but from the perspective of linear transformations, it’s all revealed to be a simple composition:

j=1

first, we apply the transformation B, then A.

Be careful, though: linear transformations and matrices are not exactly the same, as the matrix representation

depends on the underlying basis of our vector space. (See, I told you that bases are going to be useful.)

Matrices also possess an important quantity called determinants, originally defined by the mind-boggingly

complex formula

n
det(ay,...,a,) = ), [H aa(i),i] det(e (1) - » €a(n))s
o€eS, = i=1
but an investigation exploiting our newfound geometric perspective reveals that the determinant simply
describes how much the linear transformation distorts the volume of the domain space, and how it changes

the orientation of the basis vectors.

For us machine learning practitioners, making the conceptual jump from matrices to linear transformations
is the more interesting one. (As opposed to the theory, where we often learn about linear transformations
first, matrices second.) For instance, this allows us to see a layer in a neural network as stretching, rotating,

shearing, and potentially reflecting the feature space.
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In the next chapter, we’ll revisit matrices from a slightly different perspective: systems of equations. Of
course, everything is connected, and we’ll end up where we started, looking at what we know from a higher

perspective. This is because learning is a spiral, and we are ascending fast.

4.6 Problems

Problem 1. Show that if A € R™" is an invertible matrix, then

(A—I)T — (AT)_I.
Problem 2. Let R, be the two-dimensional rotation matrix defined by

o

cosa —sina
sinad cosa

Show that RoRg = Ry4p.

Problem 3. Let A = (a;;)]';-, € R™" be a matrix and let D € R™" be a diagonal matrix defined by

d 0 0
D=0 d, 0|,
0 0 d,

where all of its elements are zero outside the diagonal. Show that

d1a1,1 dzal,z dnal,n
DA = diazy  dyazy ... dpagn
dl an,l dZan,Z dnan,n
and
dia;y  diary ... diai,
AD = dyazy  dyazy ... daz,

dpany dpanz ... dpapn
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Problem 4. Let | - | be a norm on R”, and let A € R™" be an arbitrary matrix.
Show that A is invertible if and only if the function
Il = ]Ax]

is a norm on R".
Problem 5. Let U be a normed space and f : U — U be a linear transformation.

If

Il =17l

is a norm, is f necessarily invertible?

Hint: Consider the vector space R[x] with the norm

n / n )
ol=(X o) =Y pr
i=0 i=0

and the linear transformation f : p(x) — xp(x).

Problem 6. Let (-, ) be an inner product on R". Show that there is a matrix A € R™" such that

xy)=x'Ay, x,veR"
x,y) y, Xy

(Recall that we treat vectors x,y € R" as column vectors.)
Problem 7. Let A € R™" be a matrix. A is called positive definite if x” Ax > 0 for every nonzero x € R".

Show that A is positive definite if and only if

(xy) :=x" Ay

is an inner product.
Problem 8. Let A € R™™ be a matrix, and denote its columns by a, ...,a, € R".

(a) Show that for all x € R™, we have Ax € span(ay, ..., a,).
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(b) Let B € R™*, and denote the columns of AB by vy, ..., vx € R". Show that

Vi,..., Vg € span(ay, ..., a,).

Problem 9. Let A € R™" be a matrix. Show that

(Ax,y) = (x, ATy)

holds for all x,y € R", where (-, ) is the Euclidean inner product.

Problem 10. Calculate the determinant of

co U N
o AN W

Problem 11. Let A € R™" be a matrix and let ¢ € R be a constant.

(a) Show that
ayr ... €Ay ... Qyp
az1 ... CQz; ... dyp
=cdetA
ap1 ... CApi ... Qpp
holds foralli =1,...,n.
(b) Show that
aii aiz2 ... Qip
cai; cag; ... cap,| =cdetA
Qan1 Aan2 QAnn

holds foralli =1,...,n and

(c) Show that
det(cA) = ¢" det A.
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Problem 12. Let A € R™" be an upper triangular matrix. (That is, all elements below the diagonal are zero.)
Show that .
det A = H ai;.
i=1

Show that the same holds for lower triangular matrices. (That is, matrices where elements above the diagonal

are zero.)

Problem 13. Let M € R™™ be a matrix with the block structure

A B
0 C

5

where A € Rk B € R*! and C € R*.,

Show that
det M = det Adet C.
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Matrices and Equations

So, matrices are not just tables of numbers but linear transformations; we have spent a lengthy chapter

discovering this relationship.

Now, I want us to circle back to the good old tables of numbers once more, but representing systems of linear
equations this time. Why? Simple. Because solving linear equations is the motivator behind key theoretical
and technical innovations. In the previous chapter, we talked about inverse matrices but didn’t compute one
in practice. With what we’re about to learn, we will be able to not only compute inverse matrices but do so

blazing fast.

Let’s get to work!

5.1 Linear equations

In practice, we can translate several problems into linear equations. For example, a cash dispenser has $900 in
$20 and $50 bills. We know that there are twice as many $20 bills than $50. The question is, how many of each

bill does the machine have?

If we denote the number of $20 bills by x; and the number of $50 bills by x,, we obtain the equations

X1—2X2:0

20x1 + 50x2 = 900.
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For two variables, as we have now, these are easily solvable by expressing one in terms of the other. Here, the
first equation would imply x; = 2x,. Plugging it back into the second equation, we obtain 90x, = 900, which

gives x; = 10. Coming full circle, we can substitute this into x; = 2x;, yielding the solutions

X1:20

Xy = 10.

However, for thousands of variables like in real applications, we need a bit more craft. This is where linear

algebra comes in. By introducing the matrix and vectors

1 -2 X1 0
, X= , b= ;
20 50 X 900

the equation can be written in the form Ax = b. That is, in terms of linear transformations, we can reformulate

A=

the question: which vector x is mapped to b by the transformation A? This question is central in linear algebra,

and we’ll dedicate this section to solving it.

5.1.1 Gaussian elimination

Let’s revisit our earlier example:

x1—2x2=0

20x1 + 50x2 = 900.

We can use the first equation x; — 2x; = 0 to get rid of the term x; in the second equation 20x; + 50x; = 900.
We can do this by multiplying it by 20 and subtracting it from the second row, obtaining 90x; = 900, from
which x, = 10 is obtained. This can be substituted back into the first row, yielding x; = 20.

What about the general case? Would this work for a general A € R and x,b € R"? Absolutely. So far, we

have used two rules for manipulating the equations in a linear system:

1. Multiplying an equation with a nonzero scalar won’t change the solutions.

2. Adding a scalar multiple of one row to another won’t change the solutions either.

Earlier, we applied these repeatedly to eliminate variables progressively in our simple example. We can easily

do the same for n variables! First, let’s see what we are talking about!



Chapter 5

161
Definition 5.1.1 (System of linear equations)
Let A € R™" be a matrix and b € R" be a vector. The collection of equations
ai1xy + aipxa + - + aipxp = by
az1x1 + azaxy + - + agpxy = by
(5.1)

An1X1 + ap2Xy + - + dppxn = by

are called the system of linear equations determined by A and b.
A system of linear equations is often written in the short form Ax = b, where A is called its coefficient matrix.
If the vector x satisfies Ax = b, it is called a solution.
Speaking of solutions, are there even any, and if so, how can we find them?
If ay; is nonzero, we can multiply the first equation of (5.1) by Z—fi and subtract it from the k-th equation.
This way, x; will be eliminated from all but the first row, obtaining

a; Xy + apXe + -+ agpnXxy = bl

azi azy asy
0x; + (azz - au*)Xz ot (azn — Qi )X = by — bi—
ain an ar

(5.2)

a a a
Oxl + ((lng - (1127”1>XZ + e+ (a,,n — A1n nl )xn = bn - blil
ai an ann
To clear up this notation a bit, let’s denote the new coefficients with al(}) and bi(l). So, we have
aj Xy + appXxy + - + AipnXy = bl
0x; + a(zlz)xz + -+ agln)xn = bél)
(5.3)

0x; + a(nlz)xz + e+ aE},?xn = br(,l).

We can repeat the above process and use the second equation to get rid of the x, variable in the third equation,
and so forth.



162 Matrices and Equations

This can be done n — 1 times in total, ultimately leading to an equation system A" Dx = b~ where all

coefficients below the diagonal of A~V are 0:

ap; a4z a3z ... Ain
1 1 1
0 agz) a§3) agn)
A =109 o 49 .. 4P| (5.4)
0 0 0 .. ah

Notice that the k-th elimination step only affects the coefficients from the (k + 1)-th row. Now we can work
backward: the last equation a"Vx, = b(" can be used to find x,. This can be substituted to the (n — 1)-th
equation, yielding x,_;. Continuing like this, we can eventually find all x;, ..., x,,, obtaining a solution for our

linear system.

This process is called Gaussian elimination, and it’s kind of a big deal. It is not only useful for solving linear
equations, but it can also be used to calculate determinants, factor matrices into the product of simpler ones,

and much more. We'll talk about all of this in detail, but let’s focus on equations a little more.

Unfortunately, not all linear equations can be solved. For instance, consider the system
x1+x =1
le + 2X2 =-1.
Subtracting the first equation from the second one yields
xXx1+x=1
X1+ X = -2

in the very first step, making it apparent that the equation has no solutions.

Before we turn to the technical details, let’s see a simple example of how Gaussian elimination is done in

practice!
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5.1.2 Gaussian elimination by hand

To build a deeper understanding of Gaussian elimination, let’s consider the simple equation system

X1+OXZ—3X3:6
2x1 + 1x3 +5x3 = 2

—2x1 — 3xy + 8x3 = 2.

To keep track of our progress (and, since we are lazy, to avoid writing too much), we record the intermediate

results as

-2 -3 8 |2

with the coefficient matrix A on the left side and b on the other. To get a good grip on the method, I encourage

you to follow along and do the calculations yourself by hand.

After eliminating the first variable from the second and third equations, we have

o 1 11| -10,
0 -3 2 14

while the final step yields

1 0 -3 6
0 1 11| -10.
0 0 35| -16

From this form, we can unravel the solutions one by one.

In the 21st century, your chances of having to solve a linear equation by hand are close to 0. (If you are reading
this book during the 22nd century or later, I am incredibly honored and surprised at the same time. Or, at least,
I would be if I were still alive.) Still, understanding the general principles behind solving linear equations can

take you very far.
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5.1.3 When can we perform Gaussian elimination?
If you followed the description of Gaussian elimination carefully, you might have noticed that the process can

break down. We might accidentally divide by 0 during any elimination step!

For instance, after the first step given by equation (5.2), the new coefficients are of the form

ai1
aij — alj?ﬂ >
(k=1)

which is invalid if a;; = 0. In general, the k-th step involves division by a;, . Since ag;(_l) is defined recursively,
describing it in terms of A is not straightforward. For this, we introduce the concept of principal minors, the

upper-left subdeterminants of a matrix.

Definition 5.1.2 (Principal minors)
Let A = (ajj) € R™" be an arbitrary square matrix. Define the submatrix A; € R®¥ by omitting all rows

and columns of A with indices larger than k. For instance,

n
Lj=1

A= [6111]> Ay =

and so on. The k-th principal minor of A, denoted by My, is defined by

My := det Ag.

The first and last principal minors are special, as M; = a;; and M, = det A. With principal minors, we can

describe when Gaussian elimination is possible. In fact, it turns out that

M M

— 1 _ 2 (n—-1) n
a M s a = 5 e, a = —
1 ! 22 Ml nn Mn,I

: (k=1) _ My
and, in general, a;; = M

To summarize, we can state the following.

Theorem 5.1.1 Let A € R™" be an arbitrary square matrix, and let M. be its k-th principal minor. If My # 0

forallk = 1,2,...,n — 1, then Gaussian elimination can be successfully performed.

As the proof is a bit involved, we are not going to do it here. (The difficult step is showing ag;(_l) = My /Mg_13

the rest follows immediately.) The point is, if none of the principal minors are 0, the algorithm finishes.
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We can simplify this requirement a bit and describe the Gaussian elimination in terms of the determinant, not

the principal minors.

Theorem 5.1.2 Let A € R™" be an arbitrary square matrix. If det A # 0, then all principal minors are nonzero

as well.

As a consequence, if the determinant is nonzero, the Gaussian elimination is successful. A simple and nice

requirement.

5.1.4 The time complexity of Gaussian elimination
To get a handle on how fast the Gaussian elimination algorithm executes, let’s do a little complexity analysis.
As described by (5.2), the first elimination step involves an addition and a multiplication for each element,

except for those in the first row. That is 2n(n — 1) operations in total.

The next step is essentially the first step, done on the (n — 1) x (n — 1) matrix obtained from A®") by removing

its first row and column. This time, we have 2(n — 1)(n — 2) operations.

Following this train of thought, we quickly get that the total number of operations is

n

D2n—i+1)(n-1i),

i=1

which doesn’t look that friendly. Since we are looking for the order of complexity instead of an exact number,
we can be generous and suppose that at each elimination step, we are performing O(n?) operations. So, we

have a time complexity of
>, 0(n*) = 0(n®),
i=1

meaning that we need around cn® operations for Gaussian elimination, where c is an arbitrary positive constant.
This might seem a lot, but in the beautiful domain of algorithms, this is good. O(n®) is polynomial time, and

we can have much, much worse.

5.1.5 When can a system of linear equations be solved?

So, we have just seen that for any linear equation

Ax=b, AeR™, xbeR"
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Gaussian elimination can be successfully performed if the principal minors Mj, ..., M,,_; are nonzero. Notice

one caveat about the result: M, = det A can be zero as well. Turns out, this is quite an important detail.

If you have closely followed the discussion leading up to this point, you will see that we missed a crucial point:

are there any solutions at all for a given linear equation? There are three options:

1. There are no solutions.
2. There is exactly one solution.

3. There are multiple solutions.

All of these are relevant to us from a certain perspective, but let’s start with the most straightforward one:
when do we have exactly one solution? The answer is simple: when A is invertible, the solution can be
explicitly written as x = A™'b. Speaking in terms of linear transformations, we can find a unique vector x that

is mapped to b. We summarize this idea in the following theorem.

Theorem 5.1.3 Let A € R™" be an invertible matrix. Then, for anyb € R", the equation Ax = b has a unique

solution that can be written as x = A~ b.

If A is invertible, then det A is nonzero. Thus, using what we have learned previously, Gaussian elimination

can be performed, yielding the unique solution. Nice and simple.

If A is not invertible, the two remaining possibilities are in play: no vector is mapped to b, which means there

are no solutions, or multiple vectors are mapped to b, giving infinite solutions.

Do you remember how we used the kernel of a linear transformation to describe its invertibility in Theorem 4.1.3?

It turns out that ker A can also be used to find all solutions for a linear system.

Theorem 5.1.4 Let A € R™" be an arbitrary matrix and let xo € R" be a solution to the linear equation Ax = b,

whereb € R™. Then, the set of all solutions can be written as

xo +kerA :={xg+y : y € ker A}

Proof. We have to show two things: (a) if x € x¢ + ker A, then x is a solution; and (b) if x is a solution, then

X € x¢ + ker A.

(a) Suppose that x € xo + ker A, that is, x = x¢ + y for some y € ker A. Then,

Ax = A(xg +y) = Axg + Ay = b,
—_
=b =0
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which shows that x is indeed a solution.

(b) Now let x be an arbitrary solution. We have to show that x — x( € ker A. This is easy, since

A(x—x9)=Ax—Axg=b—-b=0.

Thus, (a) and (b) imply that x( + ker A is the set of all solutions.

In theory, this theorem provides an excellent way of finding all solutions for linear equations, generalizing far
beyond finite-dimensional vector spaces. (Note that the proof goes through verbatim for all vector spaces and
linear transformations.) For instance, this exact result is used to describe all solutions of an inhomogeneous

linear differential equation.

5.1.6 Inverting matrices

So far, we have seen that the invertibility of a matrix A € R™" is key to solving linear equations. However, we

haven’t found a way to compute the inverse of a matrix yet.

Let’s recap what the inverse is in terms of linear transformations. If the columns of A are denoted by the

vectors aj, ..., a, € R", then A is the linear transformation that maps the standard basis vectors to these vectors:

A:em—a, i=1,..,n

If the direction of the arrows can be reversed, that is,

Al raise, i=1,...,n

is a well-defined linear equation, then A7lis called the inverse of A.

In light of all that we have seen in this chapter, the method for finding the inverse is simple: solve Ax = e; for

each i where ey, ..., e, € R" is the standard basis.

Suppose that Ax; = e i. Then, if b can be written as b = ., b;e i, the vector x = Y./, b;x; is the solution of
Ax =b:

n n

A( Z b,»xi) = Z b; Ax;

i=1 i=1



168 Matrices and Equations

Thus, the inverse is the matrix whose i-th column is x;.

I know, this seems paradoxical: to find the solution of Ax = b, we need the inverse A7, To find the inverse,
we need to solve n equations. The answer is Gaussian elimination (Section 5.1.1), which gives us an exact
computational method to obtain A~!. In the next section, we are going to put this into practice and write our

matrix-inverting algorithm from scratch. Pretty awesome.

5.2 The LU decomposition
In the previous chapter, I promised that you’d never have to solve a linear equation by hand. As it turns out,
this task is perfectly suitable for computers. In this chapter, we will dive deep into the art of solving linear

equations, developing the tools from scratch.

We start by describing the process of Gaussian elimination in terms of matrices. Why would we even do
that? Because matrix multiplication can be performed extremely fast in modern computers. Expressing any

algorithm in terms of matrices is a sure way to accelerate.

At the start, our linear equation Ax = b is given by the coefficient matrix

ai [750) .. Qip
as aso . Aon

A= € ]R"X”,
an1 Ap2 ... Qpp

and at the end of the elimination process, A is transformed into the form

a ain ais Ain

1 1 1

0 a(zz) ag3) aén)
AT Zlo o @ L @
(0 0o 0o .. a?Y

A1) g upper diagonal; that is, all elements below its diagonal are 0.

Gaussian elimination performs this task one step at a time, focusing on consecutive columns. After the first

elimination step, this is turned into the equation (5.3), described by the coefficient matrix
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ai [250) Ain
1) (€Y)

AW — 0 ay .. ay € R™"
o &Y .. aW

Can we obtain A from A via multiplication with some matrix; that is, can we find G; € R™" such that
AW = G, A holds?

Yes. By defining G; as

1 0 0 0

—% 1 0 .. O
G=|-22 0 1 .. 0f (5.5)

w0 0 .. 1

L an d

we can see that A = G, A is the same as performing the first step of Gaussian elimination. (Pick up a pen
and paper and verify this by hand. It’s an excellent exercise.) G; is lower diagonal; that is, all elements above
its diagonal are 0. In fact, except for the first column, all elements below the diagonal are 0 as well. (Note that
G depends on A.)

By analogously defining

G,

I
S
|
‘a
Sole
P
S

) (5.6)

we obtain A® = G,A" = G,G, A, a matrix that is upper diagonal in the first two columns. (That is, all

elements are 0 below the diagonal, but only in the first two columns.)
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We can continue this process until we obtain the upper triangular matrix

AP =G, .. G A (5.7)

The algorithm is starting to shape up nicely. The G; matrices are invertible, with inverses

[ 1 0 0 O. 1 0 0 0
21 1 0 0 0 1 0 0
1 _ o - a
Gl=| 0 1 o, G =0 & 1 O,
G0 0 1 0 w0 1
L an | aglz)

and so on. Thus, by multiplying by their inverses one by one, we can express A as

A=Gi'.. G A,

Fortunately, we can calculate L := G;!... G,!, by hand. After a quick computation, we obtain

1 0 0o .. 0

L 0o .. 0
an ®

L=|% %% 1 .. 0 (5.8)
a ay; > .
An ﬁ ﬁ 1
an aglz) agz;

which is lower diagonal. (Again, don’t be shy about verifying (5.8) by hand.) By defining the upper diagonal
matrix U := AV, we obtain the famous LU decomposition, factoring A into a lower and upper diagonal

matrix:

A=1LU.

Notice that with this algorithm, we perform two tasks for the price of one: factorizing A into the product of an

upper diagonal and lower diagonal matrix, and performing Gaussian elimination.

From a computational standpoint, the LU decomposition is an extremely important tool. Since it is just a

refashioned Gaussian elimination, its complexity is O(n®), just as we saw this earlier (Section 5.1.4).
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Bad news: LU decomposition not always available. Since it is tied to Gaussian elimination, we can characterize
its existence in similar terms. Recall that for the Gaussian elimination to successfully finish, the principal

minors are required to be nonzero (Theorem 5.1.2). This is directly transferred to the LU decomposition.

Theorem 5.2.1 (Existence of the LU decomposition)

Let A € R™" be an arbitrary square matrix, and let My be its k-th principal minor. If My # 0 for all k =

1,2,...,n— 1, then A can be written as

A=LU, L,UéeR™™,

where L is a lower diagonal and U is an upper diagonal matrix. Moreover, the elements along the diagonal of L

are equal to 1.

The gist is the same: everything is fine if we avoid division by 0 during the algorithm. Note that the LU

algorithm doesn’t require a nonzero M, = det A, that is, an invertible matrix!

After all this preparation, we are ready to put things into practice!

5.21 Implementing the LU decomposition

To summarize the LU decomposition, it’s essentially the iteration of two steps:

1. Calculate the elimination matrices of the input.

2. Multiply the input by the elimination matrices, feeding the output back into the first step.

The plan is clear: first, we write a function that computes the elimination matrices and their inverses; then, we

iteratively perform the elimination steps using matrix multiplication.

import numpy as np

def elimination_matrix(
A: np.ndarray,
step: int,

Computes the step-th elimination matrix and its inverse.

Axgs:
A (np.ndarray): The matrix of shape (n, n) for which
the LU decomposition is being computed.
step (int): The current step of elimination, an integer
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between 1 and n-1

Returns:
elim_mtx (np.ndarray): The step-th elimination matrix
of shape (n, n)
elim_mtx_inv (np.ndarray): The inverse of the
elimination matrix of shape (n, n)

n = A.shape[0]
elim_mtx = np.eye(n)
elim_mtx_inv = np.eye(n)

if @ < step < n:
a = A[:, step-1]/A[step-1, step-1]
elim_mtx[step:, step-1] = -a[step:]
elim_mtx_inv[step:, step-1] = a[step:]

return elim_mtx, elim_mtx_inv

Now, we are ready to perform the elimination steps.

def LU(A: np.ndarray):

Computes the LU factorization of a square matrix A.

Args:
A (np.ndarray): A square matrix of shape (n, n) to be factorized.
It must be non-singular (invertible) for the
decomposition to work.

Returns:
L (np.ndarray): A lower triangular matrix of shape (n, n)
with ones on the diagonal.
U (np.ndarray): An upper triangular matrix of shape (n, n).

n = A.shape[0]
L = np.eye(n)
U = np.copy(A)

for step in range(1, n):
elim_mtx, elim_mtx_inv = elimination_matrix(U, step=step)
U = np.matmul(elim_mtx, U)
L np.matmul(L, elim_mtx_inv)
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return L, U

Let’s test our function on a small matrix.

A = 10*np.random.rand(4, 4) - 5
A

array([[-4.61990165, -3.97616553, -1.34258661, ©.50835913],
[-2.39491833, -2.3919011 , -1.3266581 , 2.8658852 ],

[ 4.32658116, 0.43607725, 4.41630776, -4.46731714],
[-0.68329877, 4.76659965, -1.13602896, -2.12305592]1])

L, U= LU(A)

print (f"Lower:\n{L}\n\nUpper:\n{U}")

Lower:
[[ 1. 0. 0.
[ ©.51839163 1. 0.
[ -0.93650936  9.94174964 1.
[ ©0.14790331 -16.19246049 -1.18248523

Upper:

[[-4.61990165e+00 -3.97616553e+00 -1.34258661e+00 5.08359130e-01]
[ 0.00000000e+00 -3.30690182e-01 -6.30672445e-01 2.60235608e+00]
[ 0.00000000e+00 ©.00000000e+00 9.42895038e+00 -2.98632067e+01]
[ 1.11022302e-16 -8.88178420e-16 1.77635684e-15 4.62750317e+00]]

Is the result correct? Let’s test it by multiplying L and U together to see if it gives A back.

np.allclose(np.matmul(L, U), A)

Overall, the LU decomposition is a highly versatile tool, used as a stepping stone in the implementation of

essential algorithms. One of them is computing the inverse matrix, as we shall see next.
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5.2.2 Inverting a matrix, for real

So far, we have talked a lot about the inverse matrix. We explored the question of invertibility from several

angles, in terms of the kernel and the image, the determinant, and the solvability of linear equations.

However, we haven’t yet talked about actually computing the inverse. With the LU decomposition, we obtain
a tool that can be used for this purpose. How? By plugging in a lower triangular matrix into the Gaussian

elimination process, we get its inverse as a side effect. So, we

1. calculate the LU decomposition A = LU,

2. invert the lower triangular matrices L and U7,

3. use the identity (U_y)T = (Ur)—1to get U1,

4. multiply L™ and U™! to finally obtain A™! = U~!L™L.

That’s a plan! Let’s start with inverting lower triangular matrices.

Let L € R™" be an arbitrary lower triangular matrix. Following the same process that led to (5.7), we obtain

D= Gn—l GlL,

where D, the final result of Gaussian elimination, is a diagonal matrix

d 0 0

. 0 dy ... 0
D:dlag(dl,---,dn): . . N

0 0 dn

and the G;-s are the elimination matrices defined by (5.5), (5.6), and so on.
Since the inverse of D is simply D™! = diag(d;!, ..., d;!), we can express L™! as
L_1 = D_lGn,I G].
We can implement this very similarly to the LU decomposition; we can even reuse our elimination_matrix
function.
def invert_lower_triangular_matrix(L: np.ndarray):

Computes the inverse of a lower triangular matrix.

Axgs:
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L (np.ndarray): A square lower triangular matrix of shape (n, n).
It must have non-zero diagonal elements for the
inversion to succeed.

Returns:
np.ndarray: The inverse of the lower triangular matrix L, with
shape (n, n).
n = L.shape[0]
G = np.eye(n)
D = np.copy(L)

for step in range(1, n):
elim_mtx, _ = elimination_matrix(D, step=step)
G = np.matmul(elim_mtx, G)
D = np.matmul(elim_mtx, D)

D_inv = np.eye(n)/np.diagonal(D) # NumPy performs this operation elementwise

return np.matmul(D_inv, G)

With this done, we are ready to invert any matrix (that is actually invertible).

We are almost at the finish line. Every component is ready; the only thing left to do is to put them together.

We can do this with a few lines of code.

def invert(A: np.ndarray):

Computes the inverse of a square matrix using its LU decomposition.

Args:
A (np.ndarray): A square matrix of shape (n, n). The matrix must be
non-singular (invertible) for the inversion to succeed.

Returns:
np.ndarray: The inverse of the input matrix A, with shape (n, n).
L, U= LU(A)
L_inv = invert_lower_triangular_matrix(L)
U_inv = invert_lower_triangular_matrix(U.T).T
return np.matmul(U_inv, L_inv)
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Voila! Witness the result with your own eyes.

A = np.random.rand(3, 3)
A_inv = invert(A)

print (f"A:\n{A}\n\nAA{-1}:\n{A_inv}\n\nAAA{-1}:\n{np.matmul (A, A_inv)}")

A:

[[0.17180745 ©.79269571 ©.36879642]
[0.37772174 ©.94712553 ©0.55310582]
[0.93418085 ©0.38813821 0.51581695]]

AN{-1}:

[[ 9.14230036 -8.87123133 2.97602074]
[ 10.74480189 -8.5427258 1.47801811]
[-24.64252111 22.49459369 -4.56327945]]

AAA{-1}:

[[ 1.00000000e+00 -1.37050081e-15 1.56962305e-17]
[-4.06841165e-16 1.00000000e+00 -4.50714074e-16]
[ 1.26848123e-14 -1.04564970e-14 1.00000000e+00]]

To test the correctness of our invert function, we quickly check the results on a few randomly generated

matrices.

for _ in range(1000):
np.random.randint(1, 10)
= np.random.rand(n, n)
_inv = invert(A)
if not np.allclose(np.matmul(A, A_inv), np.eye(n), atol=1le-5):
print("Test failed.")

> > 5
[}

Since there is no error message above, the function is (probably) correct.

What seemed complex and abstract a few chapters ago is now in our hands. We can invert any matrix, not
with built-in functions, but with one that we wrote from scratch. I love these moments when the pieces are

finally put together, and everything clicks. Sit back, relax, and appreciate the journey that got us here!
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5.2.3 How to actually invert matrices

Of course, our LU decomposition!matrices, invertingimplementation is far from optimal. When working with

NumPy arrays, we can turn to the built-in functions. In NumPy, this is np.1linalg.inv.

A = np.random.rand(3, 3)
A_inv = np.linalg.inv(A)

print (f"A:\n{A}\n\nNumPy's AA{-1}:\n{A_inv}\n\nAAA{-1}:\n{np.matmul(A, A_inv)}")

A:

[[0.08503998 ©.31186637 @.71032538]
[0.48973954 ©.77358354 0.96303592]
[0.31250848 ©0.14359491 0.05593863]1]

NumPy's AA{-1}:
[[ 2.13348825 -1.89861153 5.59470678]

[-6.14268693 4.87769374 -5.97239945]
[ 3.84931433 -1.91423645 1.95236829]]

AAN{-1}:

[[ 1.00000000e+00 -1.86546922e-16 2.74435800e-16]
[-1.62367293e-16 1.00000000e+00 9.21871975e-17]
[-1.41854334e-18 3.64838601le-17 1.00000000e+00]]

Let’s compare the runtime of our implementation and NumPy’s.

from timeit import timeit

n_runs = 100
size = 100
A = np.random.rand(size, size)

t_inv = timeit(lambda: invert(A), number=n_runs)
t_np_inv = timeit(lambda: np.linalg.inv(A), number=n_runs)

print (f"Our invert: \t{t_inv} s")
print (f"NumPy's invert: \t{t_np_inv} s")
print (f"Performance improvement: \t{t_inv/t_np_inv} times faster")
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Our invert: 14.586225221995846 s

NumPy's invert: 0.46499890399718424 s
Performance improvement: 31.368300218798304 times faster

A massive improvement. Nice! (Don’t forget that the execution time isLU decomposition!matrices, inverting
hardware-dependent.) Why is NumPy that much faster? There are two main reasons. First, it directly calls the
SGETRI function from LAPACK, which is extremely fast. Second, according to its documentation (https: //www.
netlib.org/lapack/explore-html/da/d28/group__getri_gaa3bflbb1432917f0e5fdf4c48bd6998c. html),
SGETRI uses a faster algorithm:

nnn

SGETRI computes the inverse of a matrix using the LU factorization
computed by SGETRF.

This method inverts U and then computes inv(A) by solving the system
inv(A)*L = inv(U) for inv(A).

So, NumPy calls the LAPACK function, which uses LU factorization in turn. (I am not particularly adept at
digging through Fortran code that is older than I am, so let me know if I am wrong here. Nevertheless, the
fact that state-of-the-art frameworks still make calls to this ancient library is a testament to its power. Never

underestimate old technologies like LAPACK and Fortran.)

Are there any other applications of the powerful LU decomposition that we’ve just learned? Glad you asked!
Of course there is; that’s the beauty of math. There’s always a new and unexpected application even for the

oldest of tools. This time, we’ll finally see how to compute determinants fast! (And also slow.)

5.3 Determinants in practice

In the theory and practice of mathematics, the development of concepts usually has a simple flow. Definitions

first arise from vague geometric or algebraic intuitions, eventually crystallizing in mathematical formalism.

However, mathematical definitions often disregard practicalities. For a very good reason, mind you! Keeping
practical considerations out of sight gives us the power to reason about structure effectively. This is the
strength of abstraction. Eventually, if meaningful applications are found, the development flows toward

computational questions, putting speed and efficiency onto the horizon.

The epitome of this is neural networks themselves. From theoretical constructs to state-of-the-art algorithms

that run on your smartphone, machine learning research followed this same arc.


https://www.netlib.org/lapack/explore-html/da/d28/group__getri_gaa3bf1bb1432917f0e5fdf4c48bd6998c.html
https://www.netlib.org/lapack/explore-html/da/d28/group__getri_gaa3bf1bb1432917f0e5fdf4c48bd6998c.html
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This is also what we experience in this book on a microscopic level. Among many other examples, think about
determinants. We introduced the determinant as the orientation of column vectors and the parallele-piped
volume defined by them. Still, we haven’t really worked on computing them in practice. Sure, we gave a

formula or two, but it is hard to decide which one is the most convoluted. All of them are.

On the other hand, the mathematical study of determinants yielded a ton of useful results: invertibility of

linear transformations, characterization of Gaussian elimination, and many more (and even more to come.).

In this section, we are ready to pay off our debts and develop tools to actually compute determinants. As
before, we will take a straightforward approach and use one of the previously derived determinant formulas.

Spoiler alert: This is far from optimal, so we’ll find a way to compute the determinant with high speed.

5.3.1 The lesser of two evils
Let’s recall what we know about determinants (Definition 4.4.1) so far. Given a matrix A € R™", its determinant
det A quantifies the volume distortion of the linear transformation x — Ax. That is, if ey, ..., €, is the standard

orthonormal basis, then informally speaking,

det A = (orientation of Aeq, Ae,, ... ,Aen)

X (area of the parallelepiped determined by Aey, Ae,, ..., Ae,,).

We have derived two formulas to compute this quantity. Initially, we described the determinant in terms of

summing over all permutations:

det A = Z sign(o)as(1)1 -+ o(n).n-
o€S,
This is difficult to understand, let alone to programmatically compute. So, a recursive formula is derived,

which we can also use. It states that

n
detA = Z(—l)jﬂal,j det Al,]‘,

Jj=1

where A;; is the matrix obtained by deleting the i-th row and j-th column of A. Which one would you rather

use? Take a few minutes to figure out your reasoning.

Unfortunately, there are no right choices here. With the permutation formula, one has to find a way to generate
all permutations first, then calculate their signs. Moreover, there are n! unique permutations in S, so this
sum has a lot of terms. Using this formula seems extremely difficult, so we will go with the recursive version.

Recursion has its issues (as we are about to see very soon), but it is easy to handle from a coding standpoint.
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Let’s get to work!

5.3.2 The recursive way
Let’s put the formula

n
det A = z:(—l)jH a;jdet Ay
=1
under our magnifying glass. If A is an n x n matrix, then A, ; (obtained from A by deleting its first row and j-th
column) is of size (n — 1) x (n — 1). This is a recursive step. For each n x n determinant, we have to calculate n

pieces of (n — 1) x (n — 1) determinants, and so on.

By the end, we have a lots of 1 x 1 determinants, which are trivial to calculate. So, we have a boundary

condition, and with that, we are ready to put these together.

def det(A: np.ndarray):

Recursively computes the determinant of a square matrix A.

Args:
A (np.ndarray): A square matrix of shape (n, n) for which the
determinant is to be calculated.

Returns:
float: The determinant of matrix A.

Raises:
ValueError: If A is not a square matrix.

n, m = A.shape

# making sure that A is a square matrix
if n !=m:
raise ValueExror("A must be a square matrix.")

if n ==
return A[Q, 0]

else:
return sum([(-1)**j*A[@, jl*det(np.delete(A[1:], j, axis=1)) for j in range(n)])
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Let’s test the det function out on a small example. For 2 x 2 matrices, we can easily calculate the determinants

using the rule

b
det =ad-bc.

A = np.array([[1, 2],
[3, 411)
det(A) # should be -2

IIIiHIHHHHHHIH|IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

It seems to work. So far, so good. What is the issue? Recursion. Let’s calculate the determinant of a small

10 x 10 matrix, measuring the time it takes.

from timeit import timeit

A = np.random.rand(10, 10)
t_det = timeit(lambda: det(A), number=1)

print(f"The time it takes to compute the determinant of a 10 x 1@ matrix: {t_det} seconds")

The time it takes to compute the determinant of a 10 x 10 matrix:

63.98369195000123 seconds

That was long and unbearable. For such a simple task, this feels like an eternity.

For n x n inputs, we call the det function recursively n times, on (n — 1) x (n — 1) inputs. That is, if a, denotes

the time complexity of our algorithm for an n x n matrix, then, due to the recursive step, we have

ap = Nnap-1,

which explodes really fast. In fact, a, = O(n!), which is the dreaded factorial complexity. Unlike some other
recursive algorithms, caching doesn’t help either. There are two reasons for this: sub-matrices rarely match,

and numpy . ndarray objects are mutable, thus not hashable.

In practice, n can be in the millions, so this formula is utterly useless. What can we do? Simple: LU

decomposition.


https://docs.python.org/3/library/functools.html#functools.cache
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5.3.3 How to actually compute determinants

Besides the two formulas, we have seen lots of useful properties of matrices and determinants. Can we apply

what we have learned so far to simplify the problem?

Let’s consider the LU decomposition. According to this, if det A # 0, then A = LU, where L is lower triangular
and U is upper triangular. Since the determinant behaves nicely with respect to matrix multiplication (see

equation (4.11)), we have

det A =detLdetU.

Seemingly, we made our situation worse: instead of one determinant, we have to deal with two. However, L
and U are rather special, as they are triangular. It turns out that computing a triangular matrix’s determinant

is extremely easy. We just have to multiply the elements on the diagonal together!

Theorem 5.3.1 (Determinant of a triangular matrix)

Let A € R™" be a triangular matrix. (That is, it is either lower or upper triangular.) Then,
n
det A = H ajj.
i=1

Proof.Suppose that A is lower triangular. (That is, all elements above its diagonal are 0.) According to the

recursive formula for det A, we have

n
detA = Z(—l)jﬂal,j det Ay ;.
j=1

Because A is lower triangular, a; j = 0 if j > 1. Thus,

det A = agq detAl,l.

A1,1 = (aij)]j—, is also lower triangular. By iterating the previous step, we obtain

det A = ajjaz; ... any,

which is what we had to show.
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If A is upper triangular, its transpose A is lower triangular. Thus, we can apply the previous result, so

det A=detAT = ai1az2 ... Anp

holds as well.

Back to our original problem. Since the diagonal L is constant 1 (see (5.8)), as guaranteed by the LU decompo-

sition, we have

n
detA=detU = H Ui
i=1
So, the algorithm to compute the determinant is quite simple: get the LU decomposition, then calculate the

product of U’s diagonal. Let’s put this into practice!

def fast_det(A: np.ndarray):

Computes the determinant of a square matrix using LU decomposition.

Axgs:
A (np.ndarray): A square matrix of shape (n, n) for which the determinant
needs to be computed. The matrix must be non-singular (invertible).

Returns:
float: The determinant of the matrix A.

L, U= LU(A)
return np.prod(np.diag(U))

Yes, that simple. Let’s see how it performs!

A = np.random.rand(10, 10)

t_fast_det = timeit(lambda : fast_det(A), number=1)

print(f"The time it takes to compute the determinant of a 10 x 1@ matrix: {t_fast_det} seconds")

The time it takes to compute the determinant of a 10 x 1@ matrix:

0.0008458310039713979 seconds
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It’s faster by a huge margin. How much faster?

print(f"Recursive determinant: \t{t_det} s")
print(f"LU determinant: \t{t_fast_det} s")
print (f"Performance improvement: \t{t_det/t_fast_det} times faster")

Recursive determinant: 63.98369195000123 s
LU determinant: 0.0008458310039713979 s

Performance improvement: 75645.95250065446 times faster

That’s quite an insane improvement! This can be even faster if we use a better implementation of the LU

decomposition algorithm (for instance, scipy.linalg.lu, which relies on our old friend LAPACK).

I get emotional just by looking at this result. See how far we can go with a bit of linear algebra? This is
why understanding the fundamentals such as Gaussian elimination is essential. Machine learning and deep
learning are still very new fields, and even though an insane amount of research power is being put into it,

moments like these happen all the time. Simple ideas often give birth to new paradigms.

54 Summary

In this chapter, we have looked at matrices from the perspective of linear equation systems, i.e., equations of

the form

aj1Xy + apeXe + -+ AipXpy = bl

a1X1 + AaXo + -+ + AopXy = bz

An1X1 + ApaXy + ++ + AppXy, = by.

Not surprisingly, these are described by matrices, and the above is equivalent to the expression Ax = b. Solving

linear equations is an ancient art, so why are we talking about it in the age of AI?

Remember: It’s only Al if you are talking to investors. Deep down, it’s linear algebra, calculus, and probability

theory.

We wanted to solve linear equations, which led us to Gaussian elimination (well, led Gauss to Gaussian
elimination). Which led us to the LU decomposition. Which led us to fast matrix inversion, and a bunch of
other innovations on which our current technology is built on. Let me tell you, fast matrix multiplication and
inversion are the bread and butter of computational linear algebra, and they all stem from that aforementioned

ancient art of solving linear equations.
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Let’s recap the feats that we’ve achieved in this chapter one by one:

« solving linear equations by Gaussian elimination,

+ characterizing the invertibility of matrices in terms of linear equations,

« discovering a matrix factorization technique called LU decomposition,

« building a crazy-fast matrix-inverting algorithm using the LU decomposition,

» and building a crazy-fast determinant-computing algorithm using — drumroll! - the LU decomposition.

However, we are not done with matrices. Recall the relationship we established between them and linear
transformations, viewing matrices as data transforms that distort the underlying feature space. As it turns out,
if we are looking from the right perspective, this distortion is always a stretching. Well, almost always. Well,

almost a stretching.

Well, that was too many wells, so let’s clear all of it up in the next chapter, diving into eigenvalues and

eigenvectors. Let’s go!

5.5 Problems

Problem 1. Show that the product of upper triangular matrices is upper triangular. Similarly, show that the
product of lower triangular matrices is lower triangular. (We have used these facts extensively in this section

but didn’t give a proof. So, this is an excellent time to convince yourself about this if you haven’t already.)

Problem 2. Write a function that, given an invertible square matrix A € R™" and a vector b € R", finds the

solution of the linear equation Ax = b. (This can be done with a one-liner if you use one of the tools we have
built here.)

Problem 3. Before we wrap this chapter up, let’s go back to the definition of determinants. Even though
there are lots of reasons against using the determinant formula, we have one for it: it is a good exercise, and

implementing it will deepen your understanding. So, in this problem, you are going to build

detA = Z sign(o)asy1 --- Ao(nyns

o€S,

one step at a time.

(i) Implement a function that, given an integer n, returns all permutations of the set {0,1,..., n — 1}. Represent

each permutation o as a list. For example,
(2, o, 1]

would represent the permutation o, where o(0) = 2, 0(1) = 0, and ¢(2) = 1.
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(ii) Let o € S, be a permutation of the set {0, 1, ..., n — 1}. Its inversion number is defined by

inversion(o) = [{(i, j) : i < jand o(i) > a(j)},

where | - | denotes the number of elements in the set. Essentially, inversion describes the number of times a

permutation reverses the order of a pair of numbers.

Turns out, the sign of ¢ can be written as

Sign(g) = (_1)inVersion(g) .

Implement a function that first calculates the inversion number, then the sign of an arbitrary permutation.

(Permutations are represented like in the previous problem.)

(iii) Put the solutions for Problem 1. and Problem 2. together and calculate the determinant of a matrix using

the permutation formula. What do you think the time complexity of this algorithm is?
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Eigenvalues and Eigenvectors

So far, we have seen three sides of linear transformations: functions, matrices, and transforms that distort
the grid of the underlying vector space. In the Euclidean plane, we saw some examples (Section 4.3) that shed

some light on the geometric nature of them.

Following this line of thought, let’s consider the linear transformation given by the matrix

L
A= ) (6.1)
1 2

Since the columns of A are the images of the standard basis vectors e; = (1,0) and e, = (0, 1), we can visualize

the effect of A on Figure 6.1. (Check Section 4.1.1if you don’t recall this fact.)

This seems to shear, stretch, and rotate the entire grid. However, there are special directions along which A is
simply a stretching. For instance, consider the vector u; = (1, 1). By a simple calculation, you can verify that

All1 = 3111 .
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Because of the linearity, this means that if a vector x is in span(u;), its image under A is 3x.

A62
€2
Ael
€1
2 1
=

Figure 6.1: Images of the standard basis vectors under the linear transformation given by A

Another one is u; = (-1, 1), where we have Au, = u,. Thus, any x € span(uy) is left in place.

If we select u;, u, as our base, the matrix of this transformation is

Alll,“z = [

that is, Ay, u, is diagonal.

up = AUQ

3 0
nk

AU]

u;

)

Figure 6.2: Images of u; = (1,1) and u, = (—1, 1) under the linear transformation given by A
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We love diagonal matrices in practice because multiplication with a diagonal matrix is much faster, as it

requires O(n) operations, opposed to O(n?).

Is this a general phenomena? Are these even useful? The answer is yes to both questions. What we have just
seen is formalized by the concept of eigenvalues and eigenvectors. The terminology originates from the german

«“ . » . 13 » . . . . . . .
word “eigen” meaning “own,” resulting in one of the ugliest naming conventions in mathematics.

Definition 6.0.1 (Eigenvalues and eigenvectors)

Let f : V — V be an arbitrary linear transformation. We say that the A scalar and the x € V \ {0} nonzero

vector is an eigenvalue-eigenvector pair of f if f(x) = Ax holds.

6.1 Eigenvalues of matrices

Although we have formally defined eigenvalues and eigenvectors for linear transformations, we often talk
about them in context of matrices. (Because, as we have seen, matrices and linear transformations are two

faces of the same coin.) Let’s start by translating the definition into the language of matrices.

If A € R™" is a matrix, Definition 6.0.1 translates to the following: the scalar A and the vector x € R \ {0} is an

eigenvalue-eigenvector pair of the matrix if
Ax = Ax (6.2)

holds. This can be simplified: as the linear transformation x — Ax corresponds to the matrix AI, (6.2) is

equivalent to
(A-ADx=0 (6.3)

If you recall Chapter 4, Section 4.1.1, where we learned how matrices arise from linear transformations, you

might ask the question: won’t the eigenvalues depend on the choice of the matrix?
The following theorem states that this is not the case: the eigenvalues of a linear transformation and its
matrices are the same.

Theorem 6.1.1 (Eigenvalues of similar matrices)

Let A,B € R™" be two similar matrices, that is, suppose that there exists an invertible T € R™" such that

B =T 1AT. Then, if Ax = Ax holds for some scalar A and vectorx € R",
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then

Bx' = ¥’
holds for somex” € R™ as well.

Proof. Let’s massage the eigenvalue (6.3) a bit! We have

(A-ADx=(A-ATT Hx
= T(T'AT - ADT x
=0.
Since T is invertible, T[(TflAT - A) Tflx] = 0 can only happen if (T7'AT — AI)T " 'x = 0. (Recall the

relation of the kernel and invertibility in Theorem 4.1.3.) This looks almost like (6.3), just a bit more complicated.

Let me use some suggestive parentheses to highlight the similarities:

[T‘lAT - M] [T_lx] = 0.

So, with the selection x’ = T~ !x, we have

T'ATY = X/,
which is what we had to show.

In other words, the eigenvalues of similar matrices are the same. Consequently, we can talk about the
eigenvalues of matrices, not just linear transformations. The above theorem implies that the eigenvalues of
a transformation and its corresponding matrix are the same. Moreover, the eigenvalues of the matrix don’t

depend on the choice of basis.

To be more precise, suppose that A : U — U is a linear transformation and P, Q are bases of U. The matrix of

A in some basis S is denoted by Ap. We know that there is a transformation matrix T € R™" such that

Ag =T 'ApT.

So, the eigenvalues are the same.

All of the above begs the question: how do we actually find eigenvalues? Let’s talk about this next.
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6.2 Finding eigenvalue-eigenvector pairs

Even though the definition of eigenvalue-eigenvector pairs is easy to understand given the geometric in-
terpretation we just saw, it does not give us any tools to find them in practice. Using them to get simpler

representations of matrices is one thing, but we are stuck at square one without a method to find them.

First, let’s focus on the eigenvalues. Suppose that for some A, there is a nonzero vector x such that Ax = Ax.

The transformation defined by x — Ax is a linear one, and its matrix is diagonal:

A0 ... 0 X1

0 A ... 0 X9
Ax = ,

0 0 ... Allx,

where the matrix with A-s in the diagonal is A1, that is, A times the identity matrix.

Because linear transformations can be added and subtracted (as we saw in Section 4.1.2), the defining equation

Ax = Ax is equivalent to

(A-ADx =0,

where I denotes the identity transformation, as defined by equation (4.3). In other words, the transformation
A—AI maps a nonzero vector to 0, meaning that it is not invertible, as Theorem 4.1.3implies. We can characterize

this with determinants: we need to find all A-s such that

det(A—AI) = 0.
We can summarize the above findings in the following theorem.
Theorem 6.2.1 Let A : U — U be an arbitrary linear transformation. Then A is its eigenvalue if and only if
det(A — AI) = 0.

Although we are one step closer, finding eigenvalues based on this still seems complicated. In the follow