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Introduction

“A Proteus who transforms himself ceaselessly in arder to elude the grip of his ad-
versary, not becoming himself again until after the final victory.” Thus Hermann
Weyl (1885-1955) appeared to his eminent younger colleagues Claude Chevalley
and André Weil, Surprising words to describe a mathematician, but apt for the
amazing variety of shapes and forms in which Weyl’s extraordinary abilities re-
vealed themselves, for “among all the mathematicians who began their working
life in the twentieth century, Herman Weyl was the one who made major contribu-
tions in the preatest number of different fields. He alone could stand comparison
with the last great universal mathematicians of the nineteenth century, Hilbert
and Poincaré,” in the view of Freeman Dyson. “He was indeed not only a great
mathematician but a great mathematical writer,” wrote another colleague.! This
anthology presents a spectrum of Weyl’s later mathematical writings, which to-
gether give a portrait of the man and the mathematician. The works included
have been chosen for their accessibility, but they do also include, where needed,
the mathematical details that give vivid specificity to his account. Weyl’s essays
will convey pleasure and profit both to general readers, curious to learn directly
from a master mathematician, as well as to those more versed, who want to
study his unique vision. Those who wish to explore further his seminal work in
physics in its philosophic and mathematical contexts will find relevant writings
in a companion anthology, Mind end Nature [2009a], which gathers his writings
in these fields; as a result of Weyl’s inclusive vision, these two anthologies overlap
and complement each other at many points.

The protean Weyl drew his many shapes from rich and complex life-experience,
in which mathematics formed only one strand in a comiplex tapestry. Already
philosophic in temperament as a teenager who pored over Kant, Weyl was deeply
formed by his work with David Hilbert, his teacher and mentor at the Univer-
sity of Gottingen. Weyl recalled being *“a country lad of eighteen” who became
entranced by Hilbert, a Pied Piper “seducing so many rats to follow him into
the deep river of mathematics.”? Widely considered to have been Hilbert’s fa-
vorite student, Weyl graduated in 1910 and stayed on as a Privatdozent until
1913, when he took a post at the Eidgentssiche Technische Hochschule (ETH)
at Ziirich.?

There he met Albert Einstein, who during 1913-1914 was in the midst of
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2 Levels of Infinity

his struggle to generalize relativity theory, which led him to study Bernhard
Riemann’s sophisticated mathematics of curved higher-dimensional manifolds.
Returning to Switzerland in 1916 after his military service, Weyl’s “mathemati-
cal mind was as blank as any veteran’s,” but Einstein’s general relativity paper of
that vear “set me afire.” Weyl went on to write his “symphonic masterpiece” (as
Einstein called it), Space- Time-Matter [1918b], one of the first and perhaps still
the greatest exposition of relativity. As part of his explanatory work, Weyl went
on to formulate his seminal gauge theory unifying electromagnetisie and gravi-
tation {1918¢], which Einstein hailed as “a first-class stroke of genius.”* Though
the initial hopes for this theory faded in the Hght of difficulties noted by Einstein
(and later the need to incorporate quantum theory), Weyl continued to ponder
the generalizations and implications of his 1918 theory. Looking back, Weyl’s
work laid the foundation of the gauge theories that, fifty years later, unified the
strong, weak, and electromagnetic theories, fulfilling his initial aspiration in ways
he had not dreamed.

Weyl eventually succeeded Hilbert at Géttingen, though only after protracted
hesitation: first offered a professorship there in 1923 (to replace Felix Klein, an-
other great mathematician important to his development), Weyl refused, happier
to remain in Ziirich, where he could find relief for his asthma in the mountains.
He finally accepted the call to Géttingen in 1930, when Hilbert himself retired.
The first essay in this volume dates from that year, as the newly-appointed Weyl
travelled to Jena to speak to mathematics students. This essay, “Levels of Infin-
ity,” was not included in Weyl's collected papers and has not been reprinted since
1931 nor ever before translated into English.® It gives an arresting portrait of his
inteilectual development and his struggle with basic questions in the foundations
of mathematics.

Though devoted to Hilbert, Weyl for a time sided against him in an ongoing
controversy that continues to simmer under the surface of mathematical prac-
tice. In the course of introducing unheard-of levels and degrees of infinity during
the 1380s, Georg Cantor opened new mathematical realms that excited but also
disturbed thoughtful practitioners.® Apgainst Cantor, his eminent contemporary
Leopold Kronecker argued that only the integers had fully authentic mathemat-
ical reality, challenging innovators to express their new insights in terms of this
mathematical bedrock or else abandon them as unsound, following his motto
“God created the integers; everything eise is the work of man.”” L.E.J. Brouwer,
a distingnished topologist four years older than Weyl, made this cause his own,
under the banner of “intuitionism”: mathematics should return to its roots in
human intuition, radically restricting its use of infinite guantities to those that
could be grounded in possible acts of intuition. This would mean the exclusion
of speculatively constituted sets, such as the set of all sets of real numbers, for
which no intuition could possibly exist.®

To that end, Brouwer disallowed the use of the “principle of the excluded
middle”— that any proposition cither is true or its negation is true — especially
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when applied to infinite sets. This principle could be applied to argue that, if
the negation of some mathematical proposition is demonstrably false, therefore
the proposition must be true merely by elimination, without providing a positive
demonstration. Brouwer advocated abandoning such propositions as not proven.
For instance, let us examine the proposition “there exist two irrational quantities
a and b such that a’ is rational.” The Pythagoreans had already shown that +/2
is irrational. Consider the quantity v3*?; by the principle of the excluded middle.
it is either rational or irrational. If it is rational, the proof is complete, for it
exemplifies the quantity a® sought in the case a = b = /2. If, on the contrary,
V2% is irrational, then set ¢ = +22,b = /2, so that

ab = (ﬂﬁ)ﬂ k= \/5\/2‘/5 = \/52 = 2,

which is rational, thus implying that the proposition is true. From Brouwer’s
point of view, though, the assumption that v2*Z is rational must be supported by
positive proof, not just used as a hypothesis in a proof by exclusion.? Merely side-
stepping the issue by moving the symbols around does not address the underlying
question:what sort of existence does v2¥2 have?

This critique had deep implications for the whole conduct of mathematics,
Yor instance, Cantor had conjectured that no cardinal number lies between those
denoting the countability of the integers, Ny, and the uncountable continuum of
real numbers, ¢ = N;. Brouwer considered this “continuum hypothesis” mean-
ingless because the idea of “numbering” the continunm is an empty, abstract
construct that lacks any intuitive substance, compared to our intuition of the in-
tegers. Most of set theory and large parts of analysis would have to be vacated, on
Brouwer’s view. Ludwig Wittgenstein was also among those who considered that
set theory was “pernicious” and “wrong” because it leads to “utter nonsense” in
mathematics.'?

Weyl was deeply struck by Brouwer’s arguments and addressed the problem-
atic groundwork of mathematics in his seminal book The Continuum {(1918),
avoiding the most probiematic recourse to nondenumerable infinities through a
redefinition of the concept of number in terms of denumerable Cauchy sequences:
Weyl will return to this idea in several of the papers in this volume. Weyl's
work on the mathematical continuum is notably simultaneous with his daring
attempt to generalize the space-time contimuum through his invention of gauge
theories; a preoccupation with seamless continuity versus atomism runs through
both streams of his thought.!!

In the early 1920s, Weyl went so far as to set his own foundational approach
aside and acclaim Brouwer as “die Revolution.” 12 Hilbert, in contrast, advocated
a purely abstract formalism in which mathematics became a meaningless game
played with symbols, utteriy detached from intuition and hence untainted by
human fallacies and illnsions. Hilbert thought thereby to assure at least the non-
contradictoriness of mathematics, leaving for the future to prove its consistency
through iron-clad logical means that would owe nothing to mere intuition.!® For
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him, Weyl's metamorphosis into an acolyte of intuitionism verged on betrayal
of what Hilbert thought was the essential mathematical project, which included
the “paradise” (as Hilbert called it) of Cantor’s transfinite numbers. But by the
mid-1920s, Weyl’s initial enthusiasin for intuitionism had given way to a more
measured view of *the revolution,” which he (along with Hilbert) judged would
leave in ruins tco nuch beautiful and important mathematics that could not be
proved using intuitionistically pure arguments.

“Levels of Infinity” gives an important portrait of Weyl’s views in the wake
of this critical period. Now speaking as Hilbert’s successor at Géttingen, Weyl
aims to give a larger, more inclusive view that will do justice both to the core of
intuitionistic insight, in which he atill believes, and yet take into account Hilbert’s
formalism. From the first line, Weyl embraces mathematics as “the science of
the infinite” but at the same time emphasizes his sense of “the impossibility
of grasping the continuum as a fixed being.” Weyl sets forth a series of levels
of infinity, giving “an ordered manifold of possibilities producible according to a
fixed procedure and open to infinity,” an openness he eloquently celebrates as the
essence of mathematical — and buman — freedom: “Mathematics is not the stiff
and paralyzing schema the layman prefers to imagine; rather, with mathematics
we stand precisely at that intersection of bondage and freedom that is the essence
of the human itself.” 14

His critique of the actual, finished infinite leads Weyl to advocate explicit
construction of mathematical entities as the antidote to the “mathematically
empty” strategem of considering existent whatever is not categorically impos-
sible: “Only by means of this constructive turn is a mathematical mastery, an
analysis, of continuity possible.” Weyl’s philosophic seriousness cannot brock the
triviality he finds in Hilbert's depiction of mathematics as a meaningless game
with empty symbols. Instead, Weyl emphasizes the profound implications of the
gymbolic mode of constructive mathematics, which he connects with the perva-
sive philosophic implications of symbolic forms throughout human thought and
expression.’® Though strongly influenced by his contact with the phenomeno-
logical philosopher Edmund Husserl, Weyl’s sense of the priority of symbolic
expression goes beyond what is explicable merely through the phenomenal flux
of experience: “We cannot deny that there lives in us 2 need for theory that
is absolutely inexplicable from a merely phenomenalist standpoint. That need
has a drive to create directed to a symbolic shapimg of the transcendent, which
demands satisfaction .... All creative shaping by humans receives its decp ho-
liness and dignity from this connection.” Though he disclaimed theism as well
as atheism, Weyl read attentively the writings of Meister Eckhart and thought
deeply about the connection between theology and mathematics, as when he de-
scribes “God as the completed infinite, [which] can neither break into the human
through revelation nor can the human by mystic contemplation break through
to Him. We can only represent the completed infinite in the symbol.” 16

In 1931, Weyl spoke on “Topology and Abstract Algebra as Two Roads of
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Mathematical Comprehension” at a summer course for Swiss teachers, showing
his interest in improving secondary instruction and guiding its development. He
begins by invoking his teacher Felix Klein, who had been much involved in this
cause.'” The problem of intuition is foremost in Wey¥’s mind; he notes that we
do not merely want to follow formal reasonings blindly but “want to understand
the idea of the proof, the deeper context,” not just its “machinery.” Weyl praises
Klein’s “intuitive perception” and brings forward topology as exemplifying this
kind of visually compelling approach to mathematics. At the same time, though,
Weyl notes how the algebraic path, though less intuitively appealing, completes
and makes rigorous what topology had discerned more generally. His image of
two Wege, paths or roads, evokes the sense of their different, even contradictory,
qualities, though in many of his examples he wishes to stress that these two ways
ultimately complement each other. His conclusion, though, sides with topology
as providing the essential initial insight into what he calls the “mathematical
substance” that only afterwards is fruitfully mined by algebraic labor. The image
of mining also lies behind his rather dark ending, which speaks of the exhaustion
of the abstract vein and the hard times he foresees for mathematicians.!®

In 1939, he phrased this alternative much more starkly: “In these days the
angel of topology and the devil of abstract algebra fight for the soul of each
individual mathematical domain.” Those were not the only angels and devils
struggling at the time. The intervening dark years included the tragic ending of
the great period of Gottingen mathematics, which Weyl experienced first-hand.
He had returned there reluctantly, having been happy since 1913 in Ziirich, where
he felt greater freedom than he had in Germany. His hesitation was prescient;
the growing darkness of the early 1930s extinguished the brilliance of Géttingen,
whose Jewish mathematicians were systematically stripped of their offices and
attacked by the Nazi racial laws. By 1933, Weyl, with his Jewish wife and
liberal sympathies, left for the newly-founded Institute for Advanced Studies at
Princeton, where his colleagues included Einstein, Kurt Gddel, and John von
Neumann.'®

This dark history shadows Weyl’s portrait of Emmy Noether (1882-1935),
his contemporary, friend, and mathematical colleague, who also had fled to the
United States, though she only lived two years after taking up a position at Bryn
Mawr. Delivered as a memorial address after her early death, Weyl brings to
life an extraordinary figure he praises as mathematician who struggled against
prejudice, vet without becoming embittered. From our present distance in time,
we may be disturbed by the categorization of her as a “woman mathematician”
implicit in Albert Finstein's description of her as “the most significant creative
mathematical genius thus far produced since the higher education of women be-
gan” or Weyl's description of Noether as “a great mathematician, the greatest,
I firmly believe, her sex has ever produced, and a great woman.”2?° Rather than
being condescending, Einstein and Weyl were trying to do justice to her situation,
and that of women scientists in general, in light of the historical context and the



i Levels of Infinity

prevalent prejudices against them. Hilbert himself had stood up for her: “I do not
see that the sex of the candidate is an argument against her admission as Privat-
dozent. After all, the [Géttingen Academic) Senate is not a bath-house.”2! But
even Hilbert’s strong advocacy only resulted in an irregular, unpaid appoiniment
for her.

Though Weyl shows the injustices she endured, his eulogy gives a detailed
accouni of her mathematical accomplishments, as well as her personality and
unique life-trajectory. Here, too, he takes on the mantle of Hilbert as Noether’s
champion, now laboring not to win her the kind of university post to which her
merits entitled her but to give her the posthumous recognition she now enjoys.
Thanks to Noether, and to Hilbert, Einstein, and Weyl, now those passionate
about science and mathematics can pursue it in light of her example, the heritage
of prejudice increasingly relegafed to the all-too-human past.

Weyl’s account of Noether situates her in the vortex of the eventful history
of modern mathematics, her insights forming part of complex developments that
go far beyond the *“merely-personal” aspects of gender, religion, or nationality.
Physicists may know best Noether’s principle connecting the symmetries of dy-
namics with conserved quantities (as symmetry in time-displacement is manifest
in conservation of energy, for instance), which Weyl embeds in a much larger
picture of her work, His overview will help contemporary readers gain a fuller
picture of her accomplishments, which have deep implications for mathemat-
ics and physics both. Weyl emphasizes her wide range, which included heroic
formal computations and conceptual axiomatic thinking; as such, she exempli-
fies his recurrent theme of the complementary interclepende'nce of axiomatic and
construciive approaches tc mathematics. “She originated above all a new and
epoch-making style of thinking in algebra,” the generalized modern approach,
which Weyl above contrasted with the intuitive sweep of topology. An influential
teacher, Noether's students and followers carried her influence into the ensuing
developments in mathematics and its increasingly “abstract” style.??

Weyl’s eulogy of Noether was written in English, ag were the remainder of the
works in this anthology, befitting his new life in the United States. Here and at
many other points of his subsequent English writings, Weyl revels in the idioms
and possibilities of his new tongue; while still remaining very characteristic of his
personal style, his English writings are notably clearer than his often intricate,
difficult German prose. His ability to adapt to a new land and a new language,
indeed to revel in his rejuvenation and new life, were not the least of his protean
metamorphoses.

Tn his new American phase, Weyl became a significant figure in public intel-
lectual life, though never very well-known or widely popular; he neither received
nor craved the réclame that dogged Einstein. He gave celebratory addresses on
a number of occasions, including the bicentennial of the University of Pennsylva-
nia (1940), for which he delivered “The Mathematical Way of Thinking.”? Weyl
emphasizes the larger significance of mathematics for the sciences and everyday
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thinking, even above its internal workings, left to itself. Where Brouwer was cool
to applied mathemartics, Weyl had long been deeply interested in physics and
the broadest implications of mathematics. Consistent with his own practice, he
refuses to divide truth “into watertight compartments like historic, philosophical.
mathematical thinking, etc. We mathematicians are no Ku Klux Klan with a
secret ritual of thinking,” using a vivid allusion to his new American milieu to
make his larger point. Mathematics, like democracy, is & “way of life,” not &

lifeless sct of formal axioms nor purely introspective intuitions, & la Brouwer.?

Weyl critiques the common description of mathematics as “abstract,” breath-
ing thin air and reducing everything to thinner outlines. On the contrary, math-
ematics requires the man in the street “to look things much more squarely in
the face; his belief in words must be shattered; he must learn to think more
concretely.” The full potency of “purely symbolic construction” lies behind what
we unthinkingly call “abstraction.” Weyl's charming example of the exact height
of Longs Peak shows that the “abstract” concept of potential is, in fact, more
concrete than the common notion of altitude. Mindful of “the witcheraft of words
in the political sphere,” Weyl argues that *the scientist must thrust through the
fog of abstract words to reach to concrete rock of reality.” To do so, “the in-
tuitive picture must be exchanged for a symbolic construction,” reminding us
also of Weyl’s own reconsiderations of the role of intuition in mathematics, hy
comparison with the power of symbols.?®

His ensuing exarpples include relativity theory, basic concepts of number,
and topology, whose natural connections and analogies are foremost in his mind,
rather than any rigid separation between “pure” and “applied” mathematics.
Looking back to his 1918 work on the continuum, one can here See that he con-
tinues to think about ways in which an “atomic” view might illuminate the trou-
bled foundations of mmathematics. He looks al sphere and torus with the eyes of
a physicist, even as he contemplates space-time with a mathematician's gaze. As
he quotes Galileo, one recognizes his kinship with that archetypal mathematician-
philosopher. Weyl recognizes in the basic mathematical concept of isomorphism
the essence of what physicists call relativity. Symbols can encompass and unify
both concepts: here the axiomatic and the constructive aspects of mathematics
converge.

Hilbert remained behind in Germany, retired unhappily in the desolate ruin of
(Gottingen, in his “tragic years of ever deepening loneliness” after 1933. Though
he had been deeply disturbed by Weyl's temporary adherence to “the Revolu-
tion,” Hilhert continued to esteem his “favorite son,” especially after Wey! drew
away from Brouwer’s intransigance. For his own part, Weyl said that his motto
remained: “True to the spirit of Hilbert.” On the occasion of Hilbert’s seventieth
birthday {1932), Weyl wrote: “Woe to the youth that fails to be touched to the
core by such a man as Hilbert!”28 Hilbert died in 1944, in the depths of the war.
Weyl memorialized him in two essays, the first less detailed and more personal.
the second 2 deep and wide-ranging survey that covers, in broad outline (but
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with considerable richness of detail), Hilbert’s precccupations and achievements.

These are complementary accounts and can be read in different ways, accord-
ing to the reader's desire to penetrate more or less deeply into the substance of
Hilbert’s work. Both are suffused with Weyl's own distinctive style, eloquent,
profound, and more expansive than we are used to in our hurried times. Even
when Weyl is describing the content of a mathematical theory, he writes person-
ally and expressively; he feels the direction and import of mathematical ideas
no less than the force of human character. Indeed, for Weyl the mathematical
and the human converge not inerely in the context of anecdote or recollection
but in his keen response to the felt impact of both. Weyl registers surprise and
wonder, both at human and mathematical beings. As he notes about the deep
problems of the foundations of mathematics, “mathematizing’ may well be a
creative activity of man, like language or music, of primary originality, whose
historical decisions defy complete objective rationalization.”27

Weyl’s portrait of Hilbert is filled with amazing insights, from his close per-
spective as student and colleague over many vears. Who else could have de-
scribed “the peculiarly Hilbertian brand of mathematical thinking” as “a swift
walk through a sunny open landscape; you look freely around, demarcation lines
and connecting roads are pointed out to you, before you must brace yourself to
climb the hill; then the path goes straight up, no ambling around, no detours.”
The words Weyl uses to describe how Hilbert transformed geometry eloquently
describes his own amazing accomplishment in this essay: ‘through his consum-
mate artistry and insight, we see Weyl, no less than Hilbert, “as if one looked
into a face thoroughly familiar and yet sublimely transiiguréd.” This comes about
through Weyl's familiarity with every side of Hilbert's work —— indeed, with every
side of mathematics — which he seems to have lived through and fef, not just
mastered.?8

Weyl’s amazing use of words deserves special attention, and not merely be-
cause of the great beauty of what he says. He understands that, even in the
seemingly trans-linguistic realm of mathematics, words are essential tools, espe-
cially in light of Hilbert's radical reconsideration of its formalism as a kind of
game. As Weyl notes, “already in communicating the rules of the game we must
count on understanding. The game is played in silence, but the rules must be told
and any reasoning about it, in particular about its consistency, cormunicated by
words.”?® Tn his discussion of Hilbert’s new axiomatics, Weyl thus deepens the
connection between his own symbolic view — within which words play a central
role — and Hilbert’s formalism.

Weyl also emphasizes the breadth of Hilbert’s accomplishment; though Hilbert
is too consistent and forthright to be a shape-shifter, the many-sided Weyl is
specially equipped to speak about his teacher’s manifold contributions across
mathematics. In each section, Weyl himself seems transformed into the ideal
guide in each different section, precise and incisive in his discussions of algebra,
profoundly discursive about foundational issues, steeped in Fredholm’s theory
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when integral equations come to the fore. Even the preoccupation with physics
is shared between Hilbert and Weyl, showing another aspect of their tempera-
mental similarity.

“A tree is best measured when it is down.” the saying goes, but when in 19462
Weyl wrote his preface to a review [1946b] of a volume of essays about Bertrand
Russell, his subject was still very much alive and active as a public figure. Weyl
takes this occasion to give a wonderful overview of the realms of modern logic.
to which Russell had contributed so signally.®® Russell’s own lucidity is equalled
by the clarity with which Weyl recounts his ideas, including touches of wry hu-
mor (such as comparing Russell’s theory of types to the dogmas of the Church
Fathers, as little as Russell could be accused of religious dogiatiem or indeed
of any kind of conventional religiosity). Such humor aside, the cosmopolitan
Weyl acclaims his no-less-worldly friend for the “incomparable riches” of U7, the
“Russell universe.” Russell’s scheme of setting up a hierarchy of types in order
t0 avoid antinomies and paradoxes (such as Russell himself had pointed out)
might be compared with the levels of infinity that Weyl himself had considered.
Still, Wey! is quite clear about what he considers the Hmitations of the project
of Russell and Whitehead's Principia Mathematica. Throughout the essay, Weyl
seeks to find ways to reconcile or at least confront the axiomatic approach Rus-
sell pioneered with the constructive approach Weyl shared with the intuitionists.
Weyl ends with a half-humorous diagram that locates his own “universe” W on
a diagram, quite & bit to the left of Russell's I/ and Ernst Zermelo’s Z, and
hovering above Brouwer’s B and Hilbert's 7.%!

On March 19, 1949, Weyl joined in the celebration of Einstein’s seventieth
hirthday; a photograph of that occasion shows a somewhat bemused Einstein
surrounded by colleagues, Weyl and Gédel standing close by.32 Wey!’s lecture on
“Relativity Theory as a Stimulus in Mathematical Research” reflects his long and
deep invelvement with Einstein’s ideas, which “made an epoch in my own scien-
tific life.” Weyl emphasizes the long mathematical search for inveriants, of which
relativity was one facet, along with general geometric invariants and {more sur-
prisingly) even the Galois theory of algebraic solvability. Tndeed, Einstein himself
had come to realize that the name “invariant theory” would have been a far more
accurate choice than “relativity theory,” with its unfortunate associations of in-
discriminate relativism and “anything poes.” Weyl gives considerable attention
to the work of Klie Cartan, with whom Einstein had an extended correspondence
and who, along with Weyl, had demonstrated the naturalness of general relativity
as a generalization of Newtonian mechanics. With characteristic modesty and
irony Weyl describes himself as “a lone wolf in Zurich” who “was all too prone
to mix up his mathematics with physical and philosophical speculations.”3?

In 1951, Weyl wrote his magisterial survey of “A Half-Century of Mathe-
matics,” an overview for which he was uniquely qualified, having participated
in so many different facets of its development during the five decades of his
own mathematical life. In a special way, this is a kind of intellectual autobi-
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ography, as if Proteus were to reprise his multiform career, blending his many
shapes with the larger stream of mathematical imagination in which he had been
so deeply immersed, which “has the inhuman quality of starlight, brilliant and
sharp, but cold.” Weyl looks back to the beginnings of his work (and of our an-
thology) when he begins with mathematics as “the science of the infinite,” but
now, decades later, his narration has acquired mnany more layers of meaning and
levels of nuance. For instance, he emphasizes that certain concepts like set and
mapping are really premathematical, even though they often appear in texts as
if they were simply part of the fabric of mathematics itself. There are also prac-
tical, witty touches: he explains the order of inverse transformations T-1§* by
comparison to the order in which one dresses and undresses, ST, where § = shirt
and T" = jacket (in that more formally attired day). Weyl constantly connects
his exposition with references to the physics of music, light, thermodynamics,
and quantum theory. Even in the midst of his discussion of “pure” mathemat-
ical fundamentals, he notes that “the general problem of relativity consists in
nothing else but to find the group of automorphisms.” He vividly compares the
“wildness” or “tameness” of different groups and their representations (a field to
which he himself made signal contributions that he, characteristically, does not
mention). Without mentioning his cwn name, Weyl also seems to bid farewell
to his own dreams of a unified field theory: *it is probably unsound to try to
‘seometrize’ all physical entities,”3*

Weyl returned to many of these themes and placed them in an even larger
context in his 1953 essay on “Axiomatic Versus Constructive Procedures in Math-
ematics,” here published for the first time in its complete, original form. He is
especially troubled that “our mathematics of the last decades has wallowed in
generalizations and formalizations,” which he explains as a search for simplicity.
Despite the general tendency to dilute the “good nourishing soup” of mathe-
matics with “cheap generalizations,” Weyl still praises “the basic soundness and
importance of the axiomatic approach.” In this essay, he brings into the fore-
ground a theme that had run through many of his earlier writings, the ultimate
complementarity of the axiomatic and constructive approaches. Though the de-
sire to do justice to axiomatics underlies his even-handed presentation, ultimately
lie confesses his own long-standing predilection, that “my own heart draws me
to the side of contructivism.”®

This anthology ends with what may well be Weyl’s last essay, which has never
before appeared in print. He delivered “Why is the World Four-Dimensional?”
as a lecture in Washington, D.C. on March 29, 1955, only nine months before his
death of a sudden heart attack scon after his seventieth birthday.3¢ After retiring
from the Institute for Advanced Study in 1951, Weyl had been going back and
forth between America and Switzerland. Returning to the site of his youthful
freedom, Weyl revisited some of the thoughts that had germinated there. During
the course of his intensive work on general relativity in 1918, he had begun to
think about what deeper mathematical and physical reasons might underlie the
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four-dimensionality of space-time. In the course of introducing his arguments
about gauge invariance, he also confronted the question of conformal invariance,
which arbitrarily rescales the fundamental unit of length. Weyl was also versed
in the conformal mappings of complex variables, which he explored in his pi-
oneering book The Idea of a Riemann Surfece (1913); here again his protean
perspective enabled him to make connections between seemingly diverse fields.
From these considerations, in 1919 Wey! had suggested that the mathematical
striucture of Maxwell’s equations necessitated three dimensions of space and one
of time as related in the four-dimensional manifold introduced by his teacher
Hermann Minkowski (1908). As usual, Wey! presents his conclusion with unfor-
gettable style:

Suppose that a single light. a candle, is burning in the world. Now
blow this candle out; what will happen according to the Maxwellian
laws? You probably think it will grow dark, pitch dark, in a sphere
around the candle which expands with the velocity of light. And
you are right -— prouvided the number n is even, especially in our
world for which n = 4. But it would not be so in a world of odd
dimensionality. Now here yon have a physically interesting difference
at least between even and odd dimensions, although it does not single
out the dimensionality 4. “And God said, Let there be light: and
there was light,” so tells the story of Creation in Genesis, Chapter
I. If He wished to keep the possibility open for Himself to say “Let
there be darkness again” and to accomplish this by blowing out His
candles then He had to make the world of even dimensionality.37

Weyl's arguments continue a long stream of preceding speculations about di-
mensionality, reaching back to Aristotle, Galileo, and Kant.*® In this 1955 essay.
Weyl reprised his youthful insights, noting the limitations of his early arguments
based on Maxwell’'s equations but also adding new and suggestive topological
arguments, In the twenty-first century, these issues have become increasingly
important in the context of string and other theories using higher-dimensional
manifolds that need to be connected with four-dimensional space-time. For all
these initiatives and for the burgeoning study of conformal field theories, Weyl
was, yet again, the pioneer who first gazed on the promised land.??

Aside from the two essays translated from German, the other texts follow
Weyl’s printed English version or manuscript without change in punctuation;
though his practice does not follow presently standard usage, it seemed better
to allow the reader access to his original text. Foreign language terms have
been italicized according to current practice, but otherwise Weyl's original use
of italics has been preserved. Notes follow each essay, clarifying the sources of
the texts and offering some comments and references, including Weyl's own. 1
am responsible for all material in sguare brackets [---}; though Weyl’s original
citations have been kept as he had them, other editorial references are keyed
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to those given in full at the end of the book. I thank John Grafton for his
interest and support of this and so many other books we have done together.
1 am deeply grateful to Brandon Fogel, Jeremy Gray, Paolo Mancosu, Erhard
Scholtz, Thomas Ryckman, and Norman Sieroka for their friendly advice; Philip
Bartok, Brandon Fogel, and Norman Sieroka were most generous and helpful
in revising the German translations, as was Abe Shenitzer who kindly allowed
the reprint here of his translation of one of the essays. This book owes a great
deal to the superb technical and editorial collaboration of Alexei Pesic, whom
I particularly thank. Finally, I sincerely thank Hermann Weyl's grandchildren
Annemarie Wey] Carr, Peter Weyl, and Thomas Weyl for their gracious interest
and their permission to publish these works. Weyl's sons Michael and Joachim,
each extraordinary in his own right, have passed on; I remember with gratitude
lively conversations with Michael and dedicate this anthology to their mmemories.

Raoul Bott recalled that “Weyl’s seminar lectures were not particularly easy
to understand, but they always had about them this air of ease, of a natural
motion in the inevitable stream of the subject itself...At a crucial point of
a lecture, Hermann Weyl had the habit of lifting his shoulders and then letting
them fall again. This motion seemed to convey the inevitability of that particular
turn of thought, the God-given nature of our subject, and the minor role that
he himself might have had in its developmeunt.” Looking back on the whole arc
of Weyl’s career, Dyson judged that “so long as he was alive, he embodied a
living contact between the main lines of advance in pure mathematics and in
theoretical physics. Now he is dead, the contact is broken, and our hopes of
comprehending the physical universe by a direct use of creative mathematical
imagination are for the time being ended.” 4 May this collection help bring Weyl’s
protean imagination back to life for a new generation.

PeTER PESIC
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Levels of Infinity
(1930)

Mathematics is the science of the infinite. The great achievement of the Greeks
was to have made the tension hetween the finite and the infinite fruitful for the
knowledge of reality. The feeling of the calm and unquestioning acknowledgement
of the infinite belongs to the Orient, but for the East it remained a mere abstract
awareness that left the concrete manifold of existence lying indifferently to one
side, unshaped and impervious. Coming out of the Orient, the religious feeling
of the infinite, the apeiron, took possession of the Greek soul in the Dionysian-
Orphic epoch that preceded the Persian Wars. Here the Persian Wars also mark
the release of the Occident from the Orient.! That tension and its overcoming
became for the Greeks the driving motive of knowledge. But every synthesis,
as soon as it was achieved, permitted the old antithesis to break out anew in
deepened form. Thus, it determined the history of theoretical knowledge into
our time. Indeed, today we are compelled everywhere in the foundations of
mathematics to return directly to the Greeks.

Anaxagoras was the first to give the concept of the infinite a formulation
that allowed it to play a role in science. A fragment that has come down to us
from him says: “In the small there is no smallest, but there is always a smaller.
For what is can by no division, however far it is carried out, ever cease to he.”
This concerns space or body. The continuum, he says, cannot be put together
out of discrete elements, which would be “chopped off from each other as if by
an axe.”? Space is not only infinite in the sense that nowhere within it does
one come o an end, but at every place it is, so to speak, infinite in the inward
direction. A point may be more and more exactly fixed only through a process
of division extending to infinity, from level to level. This stands in contrast with
the calm, completed existence of space for intuition. For the quality that fills it,
space is the principle of separation, is that which makes possible the variability
of the qualitative, but also is separation and, at the same time, contact, continual
coherence, so that no piece may be “chopped off, as if by an axe,” from another.
Therefore no actual spatial thing can ever be adequately given because it unfolds
its “inner horizon” in a process of ever newer and more precise experiences that
unfolds to infinity.3 Thereby it appears impossible through any such process to
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18 Levels of Infinity

posit the actual thing as existent, closed and completed in jtself. So the problem
of the continuum drives one to epistemological idealisrn: Leibniz, among others,
testified that the search for an exit from the “labyrinth of the continuum” first
led him to the conception of space and time as orderings of the phenomena.
“From the fact that body does not permit itself to be dissolved mathematically
into primary ‘fundamental moments’ [‘indivisibles’| it follows immediately,” said
Leibniz, “that it [body] is nothing substantial, but rather an ideal construction,
which denotes only a possibility of parts, but certainly nothing real.”

Against Anaxaporas arose the strict atomism of Democritus. one of whose
arguments against the limitless divisibility of bodies runs something like this: “It
is said that division is possible; very well, iet it have happened. 'What remains?
No bodies, for these could be further divided and their division would not have
come to an end, Only points could remain, and body would have to cousist of
points, which is clearly absurd.” The iinpossibility of grasping the continuum
as a fixed being cannot be more powerfully illustrated than by the well-known
paradox of Zeno about the race between Achilles and the tortoise. You know what
it consists of: Assume that the tortoise has a head start of length 1 on Achilies; if
Achilles is twice as fast as the tortoise, then at the moment when Achiiles arrives
where the tortoise started, the tortoise will be a distance % ahead; after Achilles
has covered this ground, the tortoise has gone a journey of length %; and so forth
ad infinitum; hence it follows that swift-footed Achilles never catches up with the
the reptile. The hint that the successive partial sums of the series

1+ E T _1_ + j. + ...
2 22 23
do not grow beyond all bounds but converge upon 2 —a hint by which today
one may think to resolve the paradox — is certainly an important, relevant,
and illuminating remark. But if the distance of length 2 actually consists of in-
finitely many partial distances of length 1, %, %, %,. .. as “chopped oif” whoies,
then Achilles exhausting them all is contrary to the essence of infinity as “unfin-
ishable.” Hence Aristotle remarks on the solution of Zeno’s paradox that “what
iz moved does not move by counting,” or, more precisely, *when you divide the
continuous line in two halves, you take the one {dividing] point for two; you make
it both the beginning and the end. In dividing thus, neither the line nor the mo-
tion remains continuous. ... In the continuous, there are indeed infinitely many
halves, but they are not actually but potentially.” Since Leibniz gives phenomena
a foundation in a world of absolute substances, he too cannot evade Democritus’s
compelling argument and conceives the idea of the monad. “In the ideal or the
continuum,” said Leibniz in agreement with Aristotle, “the whole precedes the
parts ... The parts are here only potential. In substantial things, however, the
simpie precedes the aggregate; the parts are actual and given before the whole.
These reflections eliminate the difficulties regarding the continuum, difficulties
that only arise when one sees the continuum as something real, which, prior to
any division on our side, in itsell possesses actual parts, and when one holds
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matter to be a substance.”

The key word given here to solve the antinomy of the continuum is the dis-
tinction between actuality and potentiality, between Being and Possibility. Ac-
cordingly, in the end, the unfolding of the mathematical construction of reality
rests on its subjective-objective double nature: it rests on the fact that it is not a
being in itself, but rather an appearance for an intellectual I [ein geisiiges Ich].
If, metaphysically, with Plato, one lets the picture that hovers before conscious-
ness arise from the meeting of a “movement” from the I and one from the object,
then one will make the T responsible for extension, the intuitional form of space
and time, as the qualitatively undifferentiated field of free possibilities.5 Math-
ematics is not the stiff and paralyzing schema the layman prefers to imagine;
rather, with mathematics we stand precisely at that intersection of bondage and
freedom that is the essence of the human itself.

If we now set ourselves to grasp these old ideas somewhat more precisely,
we discover infinity first not in the continuum but instead in a still more primi-
tive form in the sequence of natural numbers 1,2,3,...; only with their help can
we approach at all the mathematical grasp of the continuum. In the develop-
ment of arithmetic, as far as the role of infinity is concerned, four levels can be
distinguished. To the first level belong such individual concrete judgments as
3 > 2; the number-sign [ is a partial piece contained in the number-sign [j|. To
the second level belongs (for instance) the idea of <, of “being contained” for
arbitrary number-signs and the judgment of hypothetical universality: given any
two number-signs A, B, then either A < B, A = B, or, finally, B < A. The
domain of the actually given is not exceeded here because this judgment only
pronounces upon cases in which determinate numbers A, B are given. Some-
thing wholly new occurs, however, when at the third level T locate the actually
occurring number-signs in the sequence of all possible numbers arising through
a process of generation in accord with the principle that from a given number
7, there cau always be generated a new one, the next number, n’. Here the ez-
istent is projected onto the background of the possible, of an ordered manifold of
possibilities producible according te o fized procedure and open to infinity. Sys-
tematically, this standpoint is expressed in the definition and proof by complete
induction: To establish that a property P belonging to some arbitrary natural
number n belongs to every such number, it is encugh to show that (a) 1 has the
property P, (b) if n is any number with property P, then the next number »’
also has property P. The distinction between even and odd numbers by the fa-
miliar “counting off by twos” is a simple example of definition through complete
induction, which can be reduced to the form: {a} 1 is odd; {b) depending on
whether n is even or odd, then n’ is odd or even.®

The general propositions of number theory at this level concern the freedom
of a self-developing sequence of numbers to stop at an arbitrary place. The tran-
sition to authentic theoretical knowledge is thereby accomplished: the transition
from the description a posteriori of the actually given to the construction a prior
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fixed. It is senseless to imagine that this process, which is virtually infinite, could
have reached its end in an actual continuum; rather, it has always only reached
a certain level. But we must keep the possibility open that the process can
be taken a step further at every level. Hence, we separate the “arithmetically
empty form {Leerform|” of the process of division from its actualization in a
given continuum; the description of the empty form consists in specifying how
the pieces {designated by appropriate symbols) of the nith level border one another
and which of these pieces arise out of which pieces of the previous level by the
nth division. The empty form, in contrast to its concrete realization, is defined a
priori to infinity. The mathematical theory of the continuum is about this empty
form. — We already know another arithmetically empty form: the sequence of
numbers. Something undivided gets divided into one piece {the 1), now kept as
a unit, leaving an undivided remainder; this remainder is divided again into a
piece (2) and an undivided remainder, etc. {The most obvious manifestation of
this: Of the tine remaining open to us in the future, an ever new piece is always
being lived through.) In this case, each part does not fall victim to division by
two, only the last remaining undivided part. This schema is simpler than the
schema of the division of the continuum, but in principle is of the same kind;
in keeping with an ancient insight of Plato, the bifurcation of the One into the
Dyad is the basis of both.®

Let us bring together every two of those contiguous arc-segments arising from
the nth level division of the circumference as a dual interval of the nth level
These overlap one another so that if one knows a point with sufficient exactitude
one may name with certainty the dual intervals of the nith level in which it lies.
The particular place will then be more and more precisely deteriined, “trapped”
by an infinite sequence of dual intervals of increasingly higher levels, each entirely
enclosed within the previous level. This procedure is in principle equivalent to
that whereby in antiquity Eudoxus taught how to trap locations in the continuum
and to separate them from each other. Modernity has added the insight that cne
need not regard the sequence as a mere means for the conceptual description of
a point given previously and assured to exist, but that through such a sequence
the point in the continuum may be constructively generated in the first place.
Fvery such sequence produces a point; in the arithmetically empty schema, the
points are created precisely thereby. Only by means of this constructive turn is
a mathematical mastery, an analysis, of continuity possible.

Yet there is still a problem with the idea of the infinite sequence. Everything
esseritial is preserved, hut the relationships are somewhat simpler to describe
if instead of the schema of continued halving we begin with the schema of the
natural numbers. A nascent sequence of natural numbers is established hy my
arbitrarily choosing the first number, then a second, third, etc.: free choice se-
quence. For any erbitrary sequence, for an arbitrery point, we deal with this free
choice sequence. But it is only meaningful to attribute to the sequence those
things that will be decided upon at some finite place in the development (e.g..
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existence. Four different attermnpts to reach this goal have emerged in the course
of history, though only the first two refer to the continuum.

The first and most radical has the continuum consist of countable, discrete,
indivisible elements: atoms. For matter, this path, already trodden in antiquity
by Democritus, has been traversed with the most dazzling success by modern
physics. For space itself, Plato seems to have heen the first to have laid out a
consistent atomism — with clear awareness of the goal he had set: the “saving”
of the appearances by the ideas. The atomistic theory of space was renewed in
Islamic philosophy by the Mutakellimiin, in Europe by Giordano Bruno’s doctrine
of the minimum.*® Stimulated by quantum theory, this thought turns up in our
time once again in discussions on the foundations of physics. But up to now it
has always been mere speculation, has remained stuck at its beginning, and has
never achieved the least contact with reality.

The second attempt is the infinitely small. The tangent of a curve at point
By is treated as a straight line connecting Fj to an infinitely nearby point on
the curve, not as the ultimate location that the secant PP approaches without
limit as the point P on the curve converges to FPp; the velocity is the quotient
of the infinitely small distance covered in the infinitely small time dt divided by
dt, not the limit to which the analogously constructed quotient for a finite time
interval converges when one shrinks the time interval smaller than any bounds.
Galileo compares the breaking up of a straight line into a regular chiliagon to
its rolling up into a circle: breaking up inte an infinitely many-sided polygon of
infinitely small sides is here, according to Galileo, actually accomplished, though
it is not possible to separate the sides individually one from another. He un-
derstands condensation and rarefaction as a mixture of infinitesimally filled and
empty parts of space in changing proportions. Johann Bernoulli employs the
seemingly unanswerable argument regarding the sequence % + Ti + % + --- that
if there are ten members, take the tenth; if there are one hundred, take the
hundredth; if infinitely many, then take that one. Hence, says Bernoulli, this se-
guence possesses an infinitely manyth member, which is naturally infinitesimal.
Leibniz, meanwhile holds fast to the thought that every determinate member of
the sequence is a definite, finite fraction. Bernoulli would be right if the sequence
with all of its members could be represented as complete. While Eudoxus had
cast the infinitesimal aside with a pointed axiom, in the eighteenth century this
very idea, vague and incomprehensible, becomes the foundation of infinitesimal
calculus. “The incomprehensibilities of mathematics” is a favorite expression
from the beginning of the century. The founders, indeed, Newton and Leibniz,
had enunciated relatively clearly the right understanding, that it was not a mat-
ter of a fixed infinitesimal but rather of crossing the boundary to zero; but this
standpoint does not dominate the superstructure of their thought, and they ob-
viously do not know that carrying out the limit process must not only determine
the [numerical] value of the limit but must first guarantee its existence. Thus,
for centuries the modern infinitesimal calculus could not withstand comparison
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in logical rigor with the Greek theory of the continuum. At the same time, the
reach of the problem had grown far greater; it is from the start a question of
the arpalysis of arbitrary, continuous shapes and processes, especially processes
of motion. The passionate will to reality is stronger in our culture than the
clear-sighted Greck rotio.l!

The limit process at last carried the day and thereby shattered also the second
attempt to confine the continuum of Becoming into a frozen Being. For limit is
an unavoidable concept whose importance is not affected by the assumption or
dismissal of the infinitely small. Once it has been grasped, one sees that it ren-
ders the infinitely small superfluous. Starting with the behavior of the infinitely
small ag governed by elementary laws, infinitesimal analysis wants to draw con-
clusions, by means of integration, about the behavior of the finite, for instance,
from the universal law of attraction for two mass-filled “volume elements” to
the magnitude of the attractive force of arbitrarily shaped, homogeneous or non-
homogeneous extended bodies endowed with mass. But unless one interprets the
infinitesimal here as “potential” in the sense of the limit process, then the omne
has nothing to do with the other, the processes in the finite and the infinitesimal
become entirely independent of each other and the connecting bond is cut. Here,
Fudoxus undoubtedly had the right view.

At first glance, it might appear as if this victory of the limit process were the
final realization of Aristotle’s teaching that the infinite exists only dynamei, ac-
cording to potentiality, in nascence and evanescence but not energeiai [according
to actualityl. An error! In the nineteenth century from Cauchy to Weierstrass,
grounding analysis especially on the limit concept issued in a new, powerful at-
tempt to overcome the dynamics of infinity to the benefit of the static: set theory.
Any particular convergent series, such as, for instance, the series of partial sums
of the Leibnizian series

1 1 1 1

13Tt
which converges to 7, does not develop in a lawless process to which we must
blindly entrust ourselves to see what it brings forth at each step but is fixed once
and for all by a determinate lgw assigning every natural number n its own value
within the approximation, the nth partial sum. But law is static. And if we ask
what it means that the sequence of points Py, P, ..., Py, ... converges toward
point P, analysis answers us with the explanation: it means that there exists
for every positive interval e a natural number N = N(e) such that the distance
PP, is smaller than € for all n > N(e). The dynamics of the transition to the
limit are reflected here again in a static relation between the sequence {F,} and
the point P, a relation that can admittedly only be grasped by the uniimited use
of the expressions “there exists” and “all” about the series of natural numbers.
This is the standpoint we had earlier posited as the fourth level of arithmetic.
Whoever accepts the definition that appeals to the infinite totality of numbers,
“n is an even or odd number, according to whether there exists a number x for
which it is true that n = 2z or not,” for him, the sequence of numbers opening
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to infinity has transformed itself into a closed [Inbegriff] realm of things existing
in themselves, a realm of absolute existence that is “not of this world” and
from which only bit by bit a reflection arrives for the gaze of our consciousness.
In that absolute realm, for any property P that is predicable of numbers, the
tertium non datur [“a third possibility is not given”] holds, i.e., the alternative:
either there exists a number with property P, or all numbers have the contrary
property not-P. This could only be determined in all cases, however, if one could
scrutinize the whole sequence of numbers with a view to property P, but that
would contradict the essence of the infinite. We are therefore prevented from
interpreting the statement of existence as an infinite logical sum'? “1 has the
property P, or 2 or 3, ad infinitum.” We are prevented from understanding the
universal statement as the infinite logical product “1 has the property not-P.
and 2 and 3, ad infinitum.” One must understand the universal statement that
treats “every number” hypothetically, i.e. as saying something only assuming a
number is really given and so this staterent is not capable of negation. And the
statement of existence only acquires a content in regard to the example offered:
this determinate number, constructed in such and such a way, has the property
P. Existential absolutism, however, sets itself above and beyond these concerns
based on the essence of the infinite and takes those statements as ordinary and
capable of negation and as opposable to one another in the tertium non datur
judgment,

Indeed, set theory proceeds even more radically: it uses the expressions “there
ezists’ and “for oll’ unrestrainedly with possible sequences or sets of natural
numbers — under the thinking that such sequences refer to a state of affairs that
is determined in the things themselves by Yes or No, whether or not our insight
can succeed by happy chance of mathematical method in transforming this imnute
and closed answer into an explicit one open to the light of day. We speak of the
set of all even numbers, of the set of all prime numbers. A set is hence always
described as all numbers with such and such a property; the set counts as given
if a determinate criterion decides which elements belong to it and which do not.
Similarly, an infinite sequence can only be given by a determinate law that fixes
the number in the nth place by its dependence on the place designator n. But if
it be asked whether among all possible sets or sequences there exists a number of
such and such kind or not, one can scarcely rid oneself of the feeling that through
the attachment of “accessible” sets and sequences to the law, a chaotic plenum of
possibilities, of “arbitrarily tossed together,” “lawless” sets is neglected and that
thereby the clear alternative, “Does it exist or not?" get confused. Set theory
is untroubled by its use of such alternatives in the criteria it erects to determine
the membership of a number in a set or in the laws by which it defines an infinite
sequence. One can see that it thereby entangles itself in a pernicious logical
circle. Admittedly no genuine contradictions in analysis have resulted thus far;
we do not completely understand why that is. G. Cantor, however, threw off all
fetters, using the concept of the set with compiete freedom, especially wihen he
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allowed the construction of the set of all subsets of a given set. Here, one first
struck real contradictions on the outermost borders of set theory. Their root can
only be uncovered as the daring act already committed from the beginning of
mathermatics on: a field of constructive possibilities was treated as a closed realm
of things existing in themselves.

The method of set theory has taken over not only analysis but also arith-
metic, indeed the origin of mathematics, the theory of natural numbers, and has
promised to reduce them to general logical concepts like “there exists,” “all,”
“one-to-one correspondence.” Perhaps the method can best be explained by an
example from this domain. The sequence of natural numbers appears to the set
theorist as a complete sequence £ within which a map from n — n’ is defined
that assigns to every element n of the set a unique determinate element n' (the
number following n in the sequence). Dedekind names a set of numbers C a chain
if for every arbitrary element »n of C, there also occurs n’ in C. The property of
a number n to be > 5 can then be formulated: that number is contained in every
chain in which 5 occurs. The finite criterion (*if the counting of the numbers
from 1 to n goes through 5”) is here replaced by a transfinite criterion, which,
according to its wording, requires the inspection of ail possible subsets of Z. But
instead of something specifically arithmetical, “always one more,” repetition ad
infinitum, general logical concepts step forth. — For set theory, in principle
there is no fundamental boundary between the finite and the infinite; infinity
even seems the simpler. The diversity of finite sets, according to their size, there
corresponds a much richer scale of different levels of infinity, as G. Cantor has
shown in his fundamental studies of abstract set theory.

But we can hardly still believe today that something comprehensible is to be
found behind these theories of Cantor. At least the ditferences between infinite
cardinal numbers will be relative to the means of construction, with the help
of which sets, sets of sets, ...may be constructed in a given domain, so that in
any case they forfeit their universal and absolute meaning for things altogether.
Thanks to the critique of H. Poincaré, B. Russell, Brouwer, Skolem, and others,
we have gradually had our eyes opened to the untenable logical positions from
which the method of set theory proceeds. In my opinion, there can be no further
doubt that this third attempt too — in the sense which it was intended — has
foundered. A rescue of mathematics without diminution of its classical integrity
is only possible, as D. Hilbert first recognized, through a radically changed inter-
pretation of its meaning, namely through a formalization in which, in principle,
it changes from a system of knowledge gained through insight into a game car-
ried out according to fixed rules, with signs and formulas. This is the fourth and
last attempt fo overcome the tension between being and possibility that we have
to address. As the usual representation by symbols in mathematics is extended
also to the logical operations “and,” “or,” “there exists,” etc., every mathemat-
ical statement is transformed into a meaningless formula built out of signs, and
mathematics itself transforms into a game with formulas regulated by certain
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conventions, quite comparable to chess. To the chessmen correspond a limited
or unlimited store of signs in mathematics, to an arbitrary layout of pieces on
the board corresponds the combination of the signs in a formula. One or sev-
eral formulas count as axioms; their counterpart is the prescribed arrangement of
chessmen at the beginning of a game. And just as the later arrangement of pieces
in the game arises out of the previous one through a move that must satisfy the
rules for moving, likewise formal rules of inference reign, according to which new
formulas can be produced, i.e. “deduced” out of previous formulas. In chess, I un-
derstand a permissible arrangement of pieces as one that arises from the starting
arrangement in the course of a game played according to the rules of movement.
The analogue in mathematics is the provable (or better, the proven) formula,
which arises from the axioms on the basis of the rules of syllogism. Certain for-
mulas of clearly described character are branded as contradictions; in chess we
understand as a contradiction, say, every arrangement of pieces in which more
than eight pawns of the same color appear. Formulas of other kinds stimulate
those who play at mathematics, just as a chess problem proposing checkmate in
so many moves stimulates the chess player. The mathematician seeks a skillful
linking of moves into a final formula that will let him win the proof-game by
proper play. Up to this point, everything is a game, not knowledge; however,
now the game is made into the object of knowledge in “metamathematics,” as
Hilbert puts it: it should be acknowledged that a contradiction can never ap-
pear as the final formula of a proof. Hilbert wants to establish with certainty
only this freedom from contradiction, not the truth of the content of the analysis.
Analogously, it is no longer a game but knowledge when one recognizes that in
chess more than eight pawns of the same color cannot oceur. One recognizes it
thus: At the beginning there are eight pawns; the number of pawns can never
be increased by a move according to the rules for moving; ergo ... This “ergo”
stands for a proof by complete induction, which follows the moves of the given
game, step by step, to the final arrangement. Hilbert requires thinking with
content and meaning only to acquire this one piece of knowledge; his proof of
non-contradiction proceeds in principle like the one just carried out for the chess
game, though naturally it is much more complicated. It goes without saying
that these reflections on content confine themselves entirely within the limits of
content-thinking laid down by Brouwer. '

From this formalistic standpoint, one is no more permitted to seek deeper
grounds for the axioms and rules of operation that have been assumed than one
would be for a chess game; indeed, it even remains obscure why we are concerned
that the game be “non-contradictory.” The floor is clesed to ail objections,
since indeed nothing is being asserted; refusal could only be expressed in the
declaration “I am not joining in the game.” If for the sake of preserving its
certainty mathematics wished in all seriousness to withdraw to this position of
mere play, it would thereby pass entirely ont of the world-history of the mind.
Therefore we must after all attempt somehow to assign a role to mathematics in
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a decision between two such competing theories, a decision that will seem com-
pelling to virtually all those who engage in that science, is not easy to say. Here
we are obviously carried by the life-process of the mind accomplishing itself in
us and we are not iu a position to extract its achievement in the form of lifeless,
final “results.” The epistemological reflections merely adumbrated here lead me
in any case to the following position. If one takes mathematics by itself, one
should restrict oneself with Brouwer to the truths of insight, in which infinity
only enters as an open field of possibilities; there is no motive discoverable that
presses farther than that. But in natural science, we totich a sphere impervious
anyhow to the demands of open-eyed [schauenden| certainty. Here, knowledge
necessarily becomes symbolic shaping, which is why when mathematics is taken
along by physies in the process of theoretical world-construction it is no longer
necessary that the mathematical let itself be isolated as a particular region of
the intuitively certain. From this lofty standpoint, whence all science appears as
a unity, I grant Hilbert's point.

I will attempt in conclusion to gather up in a few general theses the experi-
ence that mathematics has acquired in the course of its history by means of its
researches into infinity.

1) In the life of the human spirit, there are two clearly separate realms: one of
action, of shaping, of construction, to which the active artist, scientist, technician,
statesman is devoted and which in the area of science stands under the norm of
objectivity — the other is a realm of reflection, which fulfills itself in insights
and which one may regard by contrast as the proper domain of the philosopher.
The danger of creative activity not watched over by reflection is that it escapes
meaning, wanders, sinks to sclerotic routine — the danger of reflection, that it
becomes a stumbling block to the creative force of the human, a “talking about
things” that lacks any authority. What we were pursuing here was reflection.
Hilbert’s mathematics, like physics, belongs in the domain of constructive action;
metamathematics, with its insight of non-contradiction, belongs to reflection.

2) The task of knowledge can certainly not be achieved by open-eyed [schauen-
de] insight alone in that place where, as in natural science, we make contact with
an objective sphere whose origin is impenetrable to reason. But even in pure
mathematics, indeed in pure logic, we cannot perceive the validity of a formula
by means of seeing in it a descriptive identifying feature; instead, such validity
produces itself only by practical action, when we begin from the axioms and
apply repeatedly and in arbitrary combination the practical rules of inference.
In this sense, one can speak of an original darkness of reason: we do not possess
the truth; it is not enough to open our eyes wider, for the truth is to be won by
action.'?

3) The infinite is accessible to mind and intuition in the form of a field of
possibilities opening to infinity, as with the always further continuable sequence
of numbers; but
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4) The completed, actual infinite as a closed realm of absolute existence cannot
be given to the mind.

5) Nevertheless, mind is ineluctably compelled by the demand of totality and
the metaphysical belief in reality to represent infinity as closed Being by means
of a symbolic construction.

I take these experiences drawn from the development of mathematics with
philosophical seriousness. If you will allow me a theological version, then the last
three points would say: We deny the thesis of the absolute finitude of the human
being, both in the atheistic form of obdurate finitude and in the theistic form
where it serves as the basis for the violent drama of crushing despair, revelation,
and mercy. Instead, spirit is freedom in the bondage of existence, it is open to
infinity. God as the completed infinite can admittedly not be given to us nor come
to be given; God can neither break into the human through revelation nror can the
human by mystic contemplation break through to Him. We can only represent
the completed infinite in the symbol. All creative shaping by humans receives its
deep holiness and dignity from this connection. Yet up to now it has been only
in mathematics and physics, as far as [ can see, that the symbolic-theoretical
construction has taken on such solidity that it is compelling for everyone whose
mind opens itself to these sciences.

Notes

[Translated from Weyl 1931 (not included in WGA), by Cary Stickney, edited
and revised by Peter Pesic, with special thanks to Philip Bartok, Brandon Fo-
gel, and Norman Sieroka for their invaluable criticism and suggestions. The title
page of the original edition (1931) notes that this lecture was given in Jena on
“27 October 1930 at the opening of the visitor’s conference of the Mathematical
Jociety of the University of Jena in the Abbeanum,” a building that had just
been built in Bauhaus style for educational and research use.]

! [During 499-449 B.C.E., the Greeks repulsed two massive Persian invasions,
which Weyl takes as emblematic of the parting of the ways between the East and
the West. Note that the Greek word a-peiron literally means “un-bounded” or
“un-limited,” emphasizing the sense that the “in-finite” is potentially unbounded
rather than an actually completed being.]

2 [Literally, apokekoptai pelekei, “hacked apart with an axe,” meaning a large
double-edged weapon used for felling trees or opponents in battle; see Anaxagoras
2007, 20-21, 52.]

3 [Weyl expiores and explains the unfolding of the “inner horizon” in 2009a,
209-33; he discusses the theme of openness in The Open World, included in Weayl
2009a, 34-82.]

4 IThis literal English translation tries avoid the misleading connotations of
the term “ego,” with its psychological (especially Freudian) associations; note
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What is the secret of such an understanding of mathematical matters, what
does it consist in? Recently, there have been attempts in the philosophy of science
to contrast understanding, the art of interpretation as the basis of the humanities,
with scientific explanation, and the words intuition and understanding have been
invested in this philosophy with a certain mystical halo, an intrinsic depth and
immediacy. In mathematics, we prefer to look at things somewhat more soberly.
I cannot enter into these matters here, and it strikes me as very difficult to give
a precise analysis of the reievant mentel acts. But at least I can single out,
from the many characteristics of the process of understanding, one that is of
decisive importance. Oune separates in a natural way the different aspects of
a subject of mathematical investigation, makes each accessible through its own
relatively narrow and easily surveyable group of assumptions, and returns to the
complex whole by combining the appropriately specialized partial results. This
last synthetic step is purely mechanjcal. The great art is in the first, analytie,
step of appropriate separation and generalization. The mathematics of the last
few decades has reveled in generalizations and formalizations. But to think that
mathematics pursues generality for the sake of generality is to misunderstand the
sound truth that a natural generalization simplifies by reducing the number of
assumptions and by thus letting us understand certain aspects of a disarranged
whole. Of course, it can happen that different directions of generalization enable
us to understand different aspects of a particular concrete issue. Then it is
subjective and dogmatic arbitrariness to speak of the true ground, the true source
of an issue. Perhaps the only criterion of the naturalness of a severance -and
an associated generalization is their fruitfulness. If this process is systematized
according to subject matter by a researcher with a measure of skill and “sensitive
fingertips” who relies on all the analogies derived from his experience, then we
arrive at axiomatics, which today is an instrument of concrete mathematical
investigation rather than a method for the clarification and “deep-laying” of
foundations.

In recent years mathematicians have had to focus on the general and on
formalization to such an extent that, predictably, there have turned np many
instances of cheap and easy generalizing for its own sake. Pélya has called it gen-
eralizing by dilution. It does not increase the essential mathematical substance.
It is much like stretching a meal by thinning the soup. It is deterioration rather
than immprovement. The aged Klein said: “Mathematics looks to me like a store
that sells weapons in peacetime. Its windows are replete with luxury iteins whose
ingenious, artful and eye-catching execution delights the connoisseur. The true
origin and purpose of these objects — the strike that defeats the enemy — have
receded into the background and have been all but forgotten.” There is perhaps
more than a grain of truth in this indictment, but, on the whole, our generation
regards this evaluation of its efforts as unjust.

There are two modes of understanding that have proved, in our time, to be
especially penetrating and fruitful. The two are topology and abstract algebra.
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Alarge part of mathematics bears the imprint of these two modes of thought.
What this is attributable to can be made plausible at the outset by considering
the central concept of real number. The system of real numbers is like a Janus
head with two oppositely directed faces. In one respect it is the domain of the
aperations + and x and their inverses, in another it is a continuous manifold,
and the two are continuously related. Omne is the algebraic and the other is
the topological face of numbers. Since modern axiomatics is simpleminded and
{unlike modern politics) dislikes such ambiguous mixtures of peace and war, it
made a clean break between the two. The noticn of size of number, expressed in
the relations < and >, occupies a kind of intermediate relation between algebra
and topology.

Investigations of continua are purely topological if they are restricted to just
those properties and differences that are unchanged by arbitrary continuous de-
formations, by arbitrary continuous mappings. The mappings in question need
only be faithful to the extent to which they do not collapse what is distinet. Thus
it is a topological property of a surface to be closed like the surface of a sphere or
open like the ordinary plane. A piece of the plane is said to be simply connected
if, like the interior of a circle, it is partitioned by every crosscut. On the other
hand, an annulus is doubly connected because there exists a crosscut that does
not partition it but every subsequent crosscut does. FEvery closed curve on the
surface of a sphere can be shrunk to a point by means of a continuous defor-
mation, but this is not the case for a torus. Two closed curves in space can be
intertwined or not. These are examples of topological properties or dispositions.
They involve the primitive differences that underlie all finer differentiations of
geometric figures. They are based on the single idea of continuous connection.
References to a particular structure of a continuous manifold, such as a metrie,
are foreign to them. Other relevant concepts are limit, convergence of a sequence
of points to a point, neighborhood, and continuous line.

After this preliminary sketch of topology [ want to tell you briefly about the
motives that have led to the development of abstract algebra. Then I will use a
simple example to show how the same issue can be looked at from a topological
and from an abstract-algebraic viewpoint.

All a pure algebraist can do with numbers is apply to them the four operations
of addition, subtraction, multiplication, and division. If a system of numbers is
a field, that is, if it is closed under these operations, then the algebraist has no
means of going beyond it. The simplest field is the field of rationals. Another
example is the field of numbers of the form a+bv/2, a, b rational. The well-known
concept of irreducibility of polynomials is relative and depends on the field of
coefficients of the polynomials, namely a polynomial f(z) with coefficients in
a field K is said to be irreducible over K if it caunot be written as a product
fi{z)- f2(z) of two non-constant polynomials with coefficients in K. The solution
of linear equations and the determinatiou of the greatest common divisor of
two polynomials by means of the Fuclidean algorithm are carried out within
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the field of the coefficients of the equations and of the polynomials respectively.
The classical problem of algebra is the solution of an algebraic equation f(x) =
0 with coefficients in a field K, say the field of rationals. If we know a root
# of the equation, then we know the numbers obtained by applying to 6 and
to the (presumably known) numbers in K the four algebraic operations. The
resulting numbers form a field K (6) that contains K. In K{#),0 plays a role
of a determining number from which all other numbers in K(8) are rationally
derivable. But many —— virtually all — numbers in K(f) can play the same
role as 6, It is therefore a breakthrough if we replace the study of the equation
f(z) = 0 by the study of the field K(#). By doing this we eliminate all manner
of trivia and consider at the same time all equations that can be obtained from
f(z} = 0 by means of Tschirnhausen transformations.? The algebraic, and above
all the arithmetical, theory of number fields is one of the sublime creations of
mathematics. From the viewpoint of the richness and depth of its resulis it is
the most perfect such creation.

There are fields in algebra whose elements are not numbers. The polynomials
in one variable, or indeterminate, , [with coefficients in a field], are closed under
addition, subtraction, and multiplication but not under division. Such a system
of magnitudes is called an integral domain. The idea that the argument z is
a variable that traverses continuously its values is foreign to algebra; it is just
an indeterminate, an empty symbol that binds the coefficients of the polynomial
into a uniform expression that makes it easier to remember the rules for addition
and multiplication. 0 is the polynomial all of whose coefficients are 0 {not the
polynomial which takes on the value 0 for all values of the variable z). Tt can
be shown that the product of two nonzero polynomials is # 0. The algebraic
viewpoint does not rule out the substitution for x of a number a taken from the
field in which we operate. But we can also substitute for z a polynomial in one
or more indeterminates ¥, z,... . Such substitution is a formal process which
effects a faithful projection of the integral domain K|z] of polynomials in z onto
K or onto the integral domain of polynomials Ky, z,...]; here “faithful” means
subject to the preservation of the relations established by addition and muitipli-
cation. It is this formal operating with polynorials that we are required to teach
students studying algebra in school. If we form quotients of polynomials, then
we obtain a field of rational functions which must be treated in the same formal
manner. This, then, is a field whose elements are functions rather than numbers.
Similarly, the polynomials and rational functions in two or three variables, z,y
or T,y, z with coefficients in K form an integral domain and field respectively.

Compare the foliowing three integral domains: the integers, the polynomials
in z with rational coefficients, and the polynomials in £ and y with rational
coefficients. The Euclidean algorithm holds in the first two of these domaius,
and so we have the theorem: If o, b are two relatively priine elements, then there
are elements p, ¢ in the appropriate domain such that

{*) l=p-a+gq-b
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This implies that the two domains in question are unique factorization domains.
The theorem (¥} fails for polynomials in two variables. For example, z — v and
z + y are relatively prime polynomials such that for every choice of polynomials
p(z,y) and g(z,y) the constant term of the polynomial p(z, ¥} (z—y) +q(z, v)(z +
y) is 0 rather than 1. Nevertheless polynomials in two variables with coefficients
in a field form a unique factorization domain. This example points to interesting
similarities and differences.

There is yet another way of making fields in algebra. It involves neither
numbers nor functions but congruences. Let p be a prime integer. Identify two
integers if their difference is divisible by p, or, briefly, if they are congruent mod p.
(To “see” what this means, wrap the real line around a circle of circumference p.)
The result is a field with p elements. This representation is extremely useful in
all of number theory. Consider, for example, the following theorem of Gauss that
has numerous applications: If f{x) and g{x) are two polynomials with integer
coefficients such that all coefficients of the product f(z) - g(z) are divisible by
a prime p, then all coefficients of f{x) or all coefficients of g{z} are divisible by
p- This is just the trivial theorem that the product of two polynomials can be
0 only if one of its factors is 0, applied to the field just described as the field of
coefficients. This integral domain contains polynomials that are not 0 but vanish
for all values of the argument; one such polynomial is 2 —z. In fact, by Fermat’s
theorem, we have

a® —a=0 (mod p).

Cauchy uses a similar approach to construct the complex numbers. He regards
the imaginary unit ¢ as an indeterminate and studies polynomials in i over the
reals modulo %+ 1, that is he regards two polynomials as equal if their difference
is divisible by 72 + 1. In this way, the actually unsolvable equation i +1 = 0 is
rendered, in some measure, solvable. Note that the polynomial i? 4+ 1 is prime
over the reals. Kronecker generalized Cauchy's construction as follows. Let
K be a field and p(r) a polynomial prime over K. Viewed modulo p(z}, the
polynomials f{z) with coefficients in K form a fleld (and not just an integral
domain}. From an algebraic viewpoint, this process is fully equivalent to the
one described previously and can be thought of as the process of extending K to
K(8) by adjoining to K a root of the equation p(8) = 0. But it has the advantage
that it takes place within pure algebra and gets around the demand for solving
an equation that is actually unsolvable over K.

It is quite natural that these developments should have prompted a purely
axiomatic buildup of algebra. A field is a system of objects, called numbers,
closed under two operations, called addition and multiplication, that satisfy the
usual axioms: both operations are associative and commutative, multiplication
is distributive over addition, and baoth operations are uniquely invertible vielding
subtraction and division respectively. If the axiom of invertibility of multiplica-
tion is left out, then the resulting system is called a ring. Now “field” no longer
denotes, as before, a kind of sector of the continuum of real or complex numbers
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but a self-contained universe. One can apply the fieid operations to elements of
the same field but not to elements of different fields. In this process we need
not resort to artificial abstracting from the size relations < and >. These rela-
tions are irrelevant for algebra and the “numbers” of an abstract “number field”
are not subject to such relations. In place of the uniform number continuum of
analysis we now have the infinite multiplicity of structurally different fields. The
previously described processes, namely adjunction of an indeterminate and iden-
tification of elements that are congruent with respect to a fixed prime element,
are now seen as two modes of construction that lead from rings and fields to
other rings and fields respectively.

The elementary axiomatic grounding of geometry also leads to this abstract
number concept. Take the case of plane projective geometry. The incidence
axioms alone lead to a “number field” that is naturally associated with it. Its
elements, the *numbers,” are purely geometric entities, namely dilations. A point
and a straight line are ratios of triples of “numbers” in that field, z; : x5 : 3
and u) : Us : u3, respectively, such that incidence of the point x; : 2 : ©3 on the
line w; : u9 : ug is represented by the equation

Tiu1 + Taup + T3uz = 0.

Conversely, if one uses these algebraic expressions to define the geometric terms,
then every abstract field leads to an associated projective plane that satisfies
the incidence axdoms. It follows that a restriction involving the number field
associated with the projective plane cannot be read off from the incidence axioms.
Here the preexisting harmony between geometry and algebra comes to light in
the most impressive manner. For the geometric number system to coincide with
the continuum of ordinary real numbers, one must introduce axioms of order
and continuity, very different in kind from the incidence axioms. We thus arrive
at a reversal of the development that has dominated mathematics for centuries
and seems to have arisen originally in India and to have been transmitted to the
West by Arab scholars: Up till now, we have regarded the number concept as
the logical antecedent of geometry, and have therefore approached every realm
of magnitudes with a universal and systematically developed pumber concept
independent of the applications involved. Now, however, we revert to the Greek
viewpoint that every subject has an associated intrinsic number realm that must
be derived from within it. We experience this reversal not ounly in geometry but
also in the new quantum physics. According to quantum physics, the physical
magnitudes associated with a particular physical setup (not the numerical values
that they may take on depending on its different states) admit of an addition
and a non-commutative multiplication, and thus give rise to a system of algebraic
magnitudes intrinsic to it that cannot be viewed as a sector of the system of real
numbers.?

And now, as promised, I will present a sinple example that illustrates the
mutual relation between the topological and abstract-algebraic modes of analysis.
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moves in the direction of a shared axiomatic basis with the theory of algebraic
numbers, In fact, what suggested to Hilbert his approaches in the theory of
number fields was the analogy [between the Iatter] and the state of things in the
realm of algebraic functions discovered by Riemann by his topological methods.
(Of course, when it came to proofs, the analogy was useless.)

Our example “irreducibie-connected” is typical also in another respect. How
visually simple and understandable is the topological criterion (shake the paper
model and see if it falls apart) in comparison with the algebraic! The visual
primality of the continuum (I think that in this respect it is superior to the I
and the natural numbers) makes the topological method particularly suitable
for both discovery and synopsis in mathematical areas, but is also the cause of
difficulties when it comes to rigorous proofs. While it is close to the visual, it is
also refractory to logical approaches. That is why Weierstrass, M. Noether and
others preferred the laborious, but more solid-feeling, procedure of direct alge-
braic construction to Riemann's transcendental-topological justification.’ Now,
step by step, abstract algebra tidies up the clumsy computational apparatus.
The generality of the assumptions and axiomatization force one to abandon the
path of blind computation and to break the complex state of affairs into simple
parts that can be handled by means of simple reasoning. Thus algebra turns out
t0 be the El Dorado of axiomatics.

I must add a few words about the method of topology to prevent the picture
from becoming altogether vague. If a continuum, say, a two-dimensional closed
manifold, a surface, is to be the subject of mathematical investigation, then we
must think of it as being subdivided into finitely many “elementary pieces” whose
topological nature is that of a circular disk. These pieces are further fragmented
by repeated subdivision in accordance with a fixed scheme, and thus a particular
spot in the continuum is ever more precisely intercepted by an infinite sequence
of nested fragments that arise in the course of successive subdivisions. In the one-
dimensional case, the repeated “normal subdivision” of an elementary segment
is its bipartition. In the two-dimensional case, each edge is first bipartitioned,
then each piece of surface is divided into triangles by means of lines in the surface
that lead from an arbitrary center to the (old and new) vertices. What proves
that a piece is elementary is that it can be broken into arbitrarily small pieces
by repetition of this division process. The scheme of the initial subdivision into
elementary pieces — to be referred to briefly in what follows as the “skeleton” —
is best described by labeling the surface pieces, edges, and vertices by means of
symbols, and thus prescribing the mutual bounding relations of these elements.
Following the successive subdivisions, the manifold may be said to be spanned
by an increasingly dense net of coordinates which makes it possible to deter-
mine a particular point by means of an infinite sequence of symhols that play
a role comparable to that of nunbers. The reals appear here in the particular
form of dyadic fractions, and serve to describe the subdivision of an open one-
dimensional continuum. Other than that, we can say that each continuum has its
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own arithmetical scheme; the introduction of numerical coordinates by reference
to the special division scheme of an open one-dimensional continuum violates the
nature of things, and its sole justification is the practical one of the extraordinary
convenience of the calculational manipulation of the continuum of numbers with
its four operations. In the case of an actual continuum, the subdivisions can
be realized only with a measure of imprecision; one must imagine that, as the
process of subdivision progresses step by step, the boundaries set by the earlier
subdivisions are ever more sharply fixed. Also, in the case of an actual contin-
uum, the process of subdivision that runs virtually ad infinitum can reach only a
certain definite stage. But in distinction to concrete realization, the localization
in an actual continuum, the combinatorial scheme, the arithmetical nullform, is
a priori determined ad infinitum; and mathematics deals with this combinatorial
scheme alone. Since the continued subdivision of the initial topological skeleton
progresses in accordance with a fixed scheme, it must be possible to read off all
the topological properties of the nascent manifold from that skeleton. This means
that, in prineiple, it must be possible to pursue topology as finite combinatorics.
For topology, the ultimate elements, the atoms, are, in a sense, the elementary
parts of the skeleton and not the points of the relevant continuous manifold. In
particular, given two such skeletons, it must be possible to decide if they lead
to concurrent manifolds. Put differently, it must be possible to decide if we can
view them as subdivisions of one and the same manifold.

The algebraic counterpart of the transition from the algebraic equation f{z;z)
= ( to the Riemann surface is the transition from the latter equation to the
field determined by the function z(x); this is so because the Riemann surface is
uniquely occupied not only by the function z(x) but also by all algebraic functions
in this field. What is characteristic for Riemann’s function theory is the converse
problem: given a Riemann surface, construct its field of algebraic functions. The
problem has always just one solution. Since every point g of the Riemann sur-
face lies over a definite point of the z-plane, the Riemann surface, as presently
constituted, is embedded in the z-plane. The next step is to abstract from the
embedding relation g — x. As a result, the Riemann surface becomes, so to say,
a free-floating surface equipped with a conformal structure and an angle mea-
sure. Note that in ordinary surface theory we must learn to distinguish between
the surface as a continuous structure made up of elements of a specific kind, its
points, and the embedding in 3-space that associates with each point g of the
surface, in a continuous manner, the point P in space at which p is located. In
the case of a Riemann surface, the only difference is that the Riemann surface
and the embedding plane have the same dimension. To abstraction from the
embedding there corresponds, on the algebraic side, the viewpoint of invariauce
under arbitrary birational transformations. To enter the realm of topology we
must ignore the conformal structure associated with the free-floating Riemann
surface. Continuing the comparison, we can say that the conformal structure
of the Riemann surface is the equivalent of the metric structure of an ordinary
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surface, controlled by the first fundamental form, or of the affine and projective
structures assoclated with surfaces in affine and projective differential geometry
respectively.® In the continuum of real numbers, it is the algebraic operations
of + and - that reflect its structural aspect, and in a continuous group the law
that agsociates with an ordered pair of elements their product plays an analogous
rote. These comments may have increased our appreciation of the relation of the
methods. It is a question of rank, of what is viewed as primary. In topology we
begin with the notion of continuous connection, and in the course of specializa-
tion we add, step by step, relevant structural features. In algebra this order is,
in a sense, reversed. Algebra views the operations as the beginning of all mathe-
matical thinking and admits continuity, or some algehraic surrogate of continuity,
at the last step of specialization. The two methods follow opposite directions.
Little wonder that they don’t get on well together. What is most easily accessi-
ble to one is often most deeply hidden to the other. In the last few years, in the
theory of representation of continuous groups by means of linear substitutions, I
have experienced most poignantly how difficult it is to serve these two masters
at the same time. Such classical theories as that of algebraic functions can he
made to fit both viewpoints. But viewed from these two viewpoints they present
completely different sights.

After all these general remarks I want to use two simple examples that il-
lustrate the different kinds of concept building in algebra and in topology. The
classical example of the fruitfulness of the topological method is Riemann’s the-
ory of algebraic functions and their integrals. Viewed as a topological surface,
a Riemann surface has just one characteristic, namely its connectivity number
or genus p. Por the sphere p = 0 and for the torus p = 1. How sensible it
is to place topology ahead of function theory follows fromn the decisive role of
the topological number g in function theory on a Riemann surface. | quote a
few dazzling theorems: The number of linearly independent everywhere regular
differentials on the surface is p. The total order (that is, the difference between
the number of zeros and the number of poles) of a differential on the surface is
2p — 2. 1f we prescribe more than p arbitrary points on the surface, then there
exists just one single-valued function on it that may have simple poles at these
poiuts but is otherwise regular; if the number of prescribed poles is exactly p,
then, if the points are in general position, this is no longer true. The precise
answer to this guestion is given by the Riemann-Roch theorem in which the Rie-
mann surface enters only through the number p. If we consider all functions on
the surface that are everywhere regular except for a single place p at which they
have a pole, then its possible orders are all numbers 1,2,3,... except for certain
powers of p (the Welerstrass gap theorem). It is easy to give many more such
examples. The genus p permeates the whole theory of functions on a Riemann
surface. We encounter it at every step, and its role is direct, without compii-
cated computations, understandable from its topological meaning (provided that
we fuclude, once and for all, the Thomson-Dirichiet principle as a fundamental
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function-theoretic principle).

The Cauchy integral theorem gives topology the first opportunity to enter
function theory. The integral of an analytic function over a closed path is 0 only
if the domain that contains the path and is also the domain of definition of the
analytic function is simply connected. Let me use this example to show how one
“topologizes” a function-theoretic state of affairs. If f(z) is analytic, then the
integral f_7 f(2)d= associates with every curve a number F(v) such that

{t) Fly1 +y2) = F(n) + F(72).

1 + 72 stands for the curve such that the beginning of s coincides with the end
of ;. The functional equation (t) marks the integral F'(y) as an additive path
function. Also, each point has a neighborhood such that £~} = 0 for each closed
path + in that neighborhood. I will call a path function with these properties
a topological integral, or briefly, an integral. In fact, all this concept assumes is
that there is given a continuous manifold on which one can draw curves; it is the
topological essence of the analytic notion of an integral. Integrals can be added
and multiplied by numbers. The topological part of the Cauchy integral theorem
states that on a simply connected manifold every integral is homologous to 0
(not only in the small but in the large), that is, () = 0 for every closed curve
v on the manifold. In this we can spot the definition of “simnply connected.”
The function-theoretic part states that the integral of an analytic function is
a topological integral in our sense of the term. The definition of the order of
connectivity [that we are about to state] fits in here quite readily. Integrals
I, Fy, ..., F, on a closed surface are said to be linearly independent if they are
not connected by a homology relation

erfy feaFo+ o+ epFr~0

with constant coefficients ¢; other than the trivial one, when all the ¢; vanish. The
order of connectivity of a surtace is the maximal number of linearly independent
integrale. For a closed two-sided surface, the order of connectivity & is always an
even number 2p, where p is the genus. From a homology between integrals we
can go over to a homelogy between closed paths. The path homology

v eyt ey ~ 0
states that for every integral F' we have the equality
niF(n)+naF () + -+ e Fly) = 0.

1f we go back to the topological skeleton that decomposes the surface into ele-
mentary pieces and replace the continuous point-chains of paths by the discrete
chains constructed out of elementary pieces, then we obtain an expression for
the order of connectivity h in terms of the numbers s, k, and e of pieces, edges,
and vertices. The expression in question is the well-known Euler polyhedral
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formula h = & — {e + s) + 2. Conversely, if we start with the topological skele-
ton, then our reasoning yields the result that this combination k of the number
of pieces, edges, and vertices is a topological invariant, namely it has the same
value for “equivalent” skeletons which represent the same manifold in different
subdivisions.

When it comes to application to function theory, it is possible, using the
Thomson-Dirichlet principle, to “realize” the topological integrals as actual inte-
grals of everywhere regular-analytic differentials on a Riemann surface. One can
say that all of the constructive work is done on the topological side, and that the
topological results are realized in & function-theoretic manner with the help of a
universal transfer principle, namely the Dirichlet principle. This is, in a sense,
analogous to analytic geometry, where all the constructive work is carried out in
the realm of numbers, and then the results are geometrically “realized” with the
help of the transfer principle lodged in the coordinate concept.

All this is seen more perfectly in uniformization theory, which plays a central
role in all of function theory. But at this point, I prefer to point to another
application which is probably close to many of you. I have in mind enumerative
geometry, which deals with the determination of the nurnber of points of intersec-
tion, singularities, and so on, of algebraic relational structures, which was made
into a general, but very poorly justified, system by Schubert and Zeuthen. Here,
in the hands of Lefschetz and van der Waerden, topology achieved a decisive suc-
cess in that it led to definitions of multiplicity valid without exception, as well
as to laws likewise valid without exception. Of two curves on a two-sided surface
one can cross the other at a point of intersection from left to right or from right
to left. These points of intersection must enter every setup with opposite weights
+1 and —1. Then the total of the weights of the intersections {which can be
positive or negative) is invariant under arbitrary continuous deformations of the
curves; in fact, it remains unchanged if the curves are replaced by homologous
curves. Hence it is possible to master this number through finite combinato-
rial means of topology and obtain transparent general formulas. Two algebraic
curves are, actually, two closed Riemann surfaces embedded in a space of four
real dimensions by means of an analytic mapping. But in algebraic geometry a
point of intersection is counted with positive multiplicity, whereas in topology
one takes into consideration the sense of the crossing. This being so, it is sur-
prising that one can resolve the algebraic question by topological means. The
explanation is that in the case of an analytic manifold, crossing always takes place
with the same sense. If the two curves are represented in the z, zp-plane in the
vicinity of their point of intersection by the functions z; = z1(s), T2 = z2{s) and
Ty =}(t),x2 = z5(t), then the sense +£1 with which the first curve intersects
the second is given by the sign of the Jacobian
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evaluated at the point of intersection. In the case of complex-algebraic “curves,”
thig ¢riterion always yields the value +1. Indeed, let z;, zo be complex coordi-
nates in the plane and let s and ¢ be the respective complex parameters on the
two “curves.” The real and imaginary parts of z; and 2; play the role of real
coordinates in the plane. In their place, we can take 21, Z;, 22, Z2. But then the
determinant whose aign determines the sense of the crossing is

1

Mz, 21,20, %) _ 021, 22) O(z1,22) _ | Oz, 72) 2
o(s,5,¢,0)  8(s,t)  08(51) B(s,t)

and thus invariably positive. Note that the Hurwitz theory of correspondence
between algebraic curves can likewise be reduced to a purely topological core.

On the side of abstract algebra, I will emphasize just one fundamental concept,
namely the concept of an ideal. If we use the algebraic method, then an algebraic
manifold is given in 3-dimensional space with complex Cartesian coordinates
x,y, z by means of a number of simultaneous equations

fi(l':'y;z) = 0?"': fﬂ(I’yaz) = 0.

The f; are polynomials. In the case of a curve, it is not at all true that two
equations suffice. Not only do the polynomials f; vanish at points of the manifold
but also every polynomial f of the form

(**) f=A1fi+- 4+ Anfn  (A; are polynomials).

Such polynomials f form an “ideal” in the ring of polynomials. Dedekind defined
an ideal in a given ring as a system of ring elements closed under addition and
subtraction as well as under multiplication by ring elements. This concept is not
too broad for our purposes. The reason is that, according to the Hilbert basis
theorem, every ideal in the polynomial ring has a finite basis; there are finitely
many polynomials f1,..., fn in the ideal such that every polynomial in the ideal
can be written in the form (**). Hence the study of algebraic manifolds reduces
to the study of ideals. On an algebraic surface there are points and algebraic
curves. The latter are represented by ideals that are divisors of the ideal under
consideration. The fundamental theorem of M. Noether deals with ideals whose
manifold of zeros consists of finitely many points, and makes membership of
a polynomial in such an ideal dependent on its behavior at these points. This
theorem follows readily from the decomposition of an ideal into prime ideals, The
investigations of E. Noether show that the concept of an ideal, first introduced
by Dedekind in the theory of algebraic number fields, runs through all of algebra
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and arithmetic like Ariadne’s thread. Van der Waerden was able to justify the
enumerative calculus by means of the algebraic resources of ideal theory.

If one operates in an arbitrary abstract number field rather than in the contin-
uum of complex numbers, then the fundamental theorem of algebra, which agserts
that every compiex polynomial in one variable can be [uniquely} decomposed into
linear factors, need not hold. Hence the general prescription in algebraic work:
See if a proof makes use of the fundamental theorem or not. In every algebraic
theory, there is a more elementary part that is independent of the fundamental
theorem, and therefore valid in every field, and a more advanced part for which
the fundamental theorem is indispensable. The latter part calls for the algebraic
closure of the field. In most cases, the fundamental theorern marks a crucial
split; its use should be avoided as long as possible. To establish theorems that
hold in an arbitrary field it is often useful to embed the given field in a larger
field. In particular, it is possible to embed any field in an algebraically closed
field. A well-known example is the proof of the fact that a real polynomial can
be decomposed over the reals into linear and quadratic factors. To prove this,
we adjoin i to the reals and thus embed the latter in the algebraically closed
field of complex numbers. This procedure has an analogue in topology which is
used in the study and characterization of manifolds; in the case of a surface, this
analogue consists in the use of its covering surfaces.

At the center of today’s interest is noncommutative algebra in which one does
not insist on the commutativity of multiplication. Its rise is dictated by concrete
needs of mathematics. Composition of operations is a kind of noncommutative
operation. Here is a specific example. We consider the symmetry properties of
functions f{z;,z2,...,2,) of a number of arguments. The latter can be subjected
to an arbitrary permutation s. A symmetry property is expressed in one or more
equations of the form

Za(s) -5f =0.
5

Here a(s) stands for the numerical coefficients assoclated with the permutation.
These coefficients belong to a given field K. }°, a(s) - 5 is a “symmetry oper-
ator.” These operators can be multiplied by numbers, added and multiplied,
that is, applied in succession. The result of the latter operation depends on the
order of the “factors.” Since all formal rules of computation hold for addition
and multiplicetion of symmetry operators, they form a “noncommutative ring”
{hypercomplex number system). The dominant role of the concept of an ideal
persists in the noncommutative realm. In recent years, the study of groups and
their representations by linear substitutions has been almost completely absorbed
by the theory of noncommutative rings. Our example shows how the multiplica-
tive group of n! permutations s is extended to the associated ring of magnitudes
2. a(s)- s that admit, in addition to multiplication, addition and multiplication
by numbers. Quantum physics has given noncommutative algebra a powerful
boost.
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* | Weyl 2009c gives a classic account of Riemann surfaces.]

® [M. Noether is Max Noether, an eminent mathematician (1844-1921), the
father of Emmy, whose eulogy will be found in the next chapter. For Weyl's
commentary on Max, see 49.]

8 [Weyl 1952a, 77-148, relates metric and affine geometry.]

7 The sole purpose of this lecture was to give the audience a feeling for the
intellectual atmosphere in which a substantial part of modern mathematical re-
gearch is carried out. For those who wish to penetrate more deeply I give a few
bibliographical suggestions. The true pioneers of abstract axiomatic algebra are
Dedekind and Kronecker. In our own time, this orientation has been decisively
advanced by Steinitz, by E. Noether and her school, and by E. Artin. The first
great advance in topology came in the middle of the nineteenth century and was
due to Riemann’s function theory. The more recent developments are linked pri-
marily to a few works of H. Poincaré devoted to analysis situs (1895-1904). 1
mention the following books:

1. On algebra: Steinitz, Algebraic Theory of Fields, appeared first in Crelies
Journal in 1910. It was issued as a paperback by R. Baer and H. Hasse and
published by Verlag W. de Gruyter, 1930. [Steinitz 1930

H. Hasse, Higher Algebra I, II. Sammlung Goschen 1926/27. [Hasse 1954]

B. van der Waerden, Modem Algebre I, I1. Springer 1930/31. [Van der Waer-
den 1970]

2. On topology: H. Weyl, The Idea of a RHiemann Surface, second ed. Teubner
1923. [Weyl 1964, 2009¢]

Q. Veblen, Analysis Situs, second ed., and S. Lefschetz, Topology. Both of
these books are in the series Colloguium Publications of the American Mathe-
matical Society, New York 1931 and 1930 respectively. [Veblen 1931, Lefschetz
1956]

3. Volume I of F. Klein, History of Mathematics in the Nineteenth Century,
Springer 1926. [Klein 1979]



Emmy Noether
(1935)

With deep dismay Emmy Noether’s friends living in America learned about her
sudden passing away on Sunday, April 14, She seemed to have got well aver an
operation for tumor; we thought her to be on the way to convalescence when an
unexpected complication led her suddenly on the downward path to her death
within a few hours. She was such a paragon of vitality, she stood on the earth so
firm and healthy with a certain sturdy humor and courage for life, that nobody
was prepared for this eventuality. She was at the summit of her mathematical
creative power; her far-reaching imagination and her technical abilities accumu-
lated by continued experience, had come to a perfect balance; she had eagerly
set to work on new problems. And now suddenly — the end, her voice silenced,
her work abruptly broken off.

Down, down, down into the darkness of the grave
Gently they go, the beautiful, the tender, the kind;
Quietly they go, the intelligent, the witty, the brave.

I know. But I do not approve. And I am not resigned.

A mood of defiance similar to that expressed in this “Dirge without music”
by Edna St. Vincent Millay, mingles with our mourning in the present hour when
we are gathered to commemorate our friend, her life and work and personality.

I am not able to tell much about the outward story of her life; far from her
home and those places where she lived and worked in the continuity of decades.
the necessary information could not be secured. She was born March 23, 1882,
in the small South German university town of Erlangen. Her father was Max
Noecther, himself a great mathematician who played an important role in the
development of the theory of algebraic functions as the chief representative of
the algebraic-geometric school. He had come to the University of Erlangen as
a professor of mathematics in 1875, and stayed there until his death in 1921,
Besides Emmy there grew up in the house her brother Fritz, younger by two and
a half years. He turned to applied mathematics in later years, was until recently
professor at the Technische Hochschule in Breslau, and by the same fate that
ended Emimy’s career in Gottingen is now driven off to the Research Institute for

49
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Mathematics and Mechanics in Tomsk, Siberia. The Noether family is a striking
example of the hereditary nature of the mathematical talent, the most shining
illustration of which is the Basle Huguenot dynasty of the Bernoullis.

Side by side with Noether acted in Erlangen as a mathematician the closely
befriended Gordan, an offspring of Clebsch’s school like Noether himself. Gordan
kad come to Erlangen shortly before, in 1874, and he, too, remained associated
with that university until his death in 1912, Emmy wrote her doctor’s thesis
under him in 1907: “On complete systems of invariants for ternary biquadratic
forms”; it is entirely in line with the Gordan spirit and his problems. The Math-
ematische Annalen contaius a detailed obituary of Gordan and an analysis of his
work, written by Max Noether with Emmy’s collaboration. Besides her father,
Gordan must have been well-nigh one of the most familiar figures in Emmy’s
early life, first as a friend of the house, later as a mathematician also; she kept a
profound reverence for him though her own mathematical taste soon developed
in quite a different direction. I remember that his picture decorated the wall of
her study in Géttingen. These two men, the father and Gordan, determined the
atmosphere in which she grew up. Therefore I shall venture to describe them
with a few strokes.

Riemann had developed the theory of algebraic functions of one variable and
their integrals, the so-called Abelian integrais, by a function-theoretic transcen-
dental method resting on the minimum principle of potential theory which he
named after Dirichlet, and had uncovered the purely topological foundations of
the manifold function-theoretic relations governing this domain, (Stringent proof
of Dirichlet's principle which seemed 80 evident from the physicist’s standpoint
was only given about fifty years later by Hilbert.)! There remained the task of
replacing and securing his transcendental existential proofs by the explicit alge-
braic construction starting with the equation of the algebraic curve. Weierstrass
solved this problem (in his lectures published in detail only later) in his own half
function-theoretic, half algebraic way, but Clebsch had introduced Riemann’s
ideas into the geometric theory of algebraic curves and Noether became, after
Clebsch had passed away young, his executor in this matter: he succeeded in
erecting the whole structure of the algebraic geometry of curves on the basis of
the so-called Noether residual theorem. This line of research was taken up later
on, mainly in Italy; the vein Noether struck is still a profusely gushing spring
of investigations; among us, men like Lefschetz and Zariski bear witness thereto.
Later on there arose, beside Riemann’s transcendental and Noether’s algebraic-
geomnetric method, an arithmetical theory of algebraic functions due to Dedekind
and Weber on the one side, to Hensel and Landsberg on the other. Emmy Noether
stood closer to this trend of thought. A brief report on the arithmetical theory
of algebraic functions that parallels the corresponding notions in the competing
theories was published by her in 1920 in the Jahresbenchte der Deutschen Math-
ematikervereinigung. She thus supplemented the well-known report by Brill and
her father on the algebraic-geometric theory that had appeared in 1894 in one
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operated in a much thinner air of abstraction than Hilbert ever dared!

Gordan once struck upon a formal analogy between binary invariants and the
scheme of valence bonds in chemistry — the same aralogy by which Sylvester had
been surprised many years before when thinking about an illustration of invariant
theory appropriate for an audience of laymen; it is the subject of Sylvester’s
paper in the first volume of the American Jourmnal of Mathematics founded by
him at Johns Hopkins. Gordan seemns to have been unaware of his predecessor.
Anyway, he was led by his little discovery to propose the establishment of chairs
for a new science, “mathematical chemistry,” all over the German universities; I
mention this as an incident showing his impetuosity and lack of survey. By the
way, modern quantum mechanics recently has changed this analogy into a true
theory disclosing the binary invariants as the mathematical tool for describing
the several valence states of a maolecule in spin space.?

The meteor Felix Klein, whose mathematical genius caught fire through the
collision of Riemann’s and Galois’ worlds of ideas, skimmed Erlangen before
Emmy was born; he promulgated there his “Erlanger Programm,” but soon
moved on to Munich.® By him Gordan was inspired to those invariant theo-
retical investigations that center around Klein’s book on the icosahedron and the
adjoint questions in the theory of algebraic equations.® Even after their local sep-
aration both continued in their intense cooperation — a queer contrasting team
if one comes to think of Gordan’s formal type and Klein’s, entirely oriented by
intuition. The general problem at the bottom of their endeavors, Klein's form
problem has likewise stayed alive to our days and quite recently has undergone
a new deep-reaching treatment by IJr. Brauer’s applying to it the methods of
hypercomplex number systems and their representations which formed the main
field of Emmy Noether’s activities during the last six or seven years.”

1t is queer enough that a fornalist like Gordan was the mathematician from
whom her mathematical orbit set out; a greater contrast is hardly imaginable
than between her first paper, the dissertation, and her works of maturity; for the
former is an extreme example of formal computations and the latter constitute an
extreme and grandiose example of conceptual axiomatic thinking in mathematics.
Her thesis ends with a table of the complete system of covariant forms for a given
ternary quartic consisting of not less than 331 forms in symbolic representation.
It is an awe-inspiring piece of work; but today [ am afraid we should be inclined
to rank it among those achievements with regard to which Gordan himself once
said when asked about the use of the theory of invariants: “Oh, it is very useful
indeed; one can write many theses about it.”

It is not quite easy to evoke before an American audience a true picture of that
state of German life in which Emmy Noether grew up in Erlangen; maybe the
present generation in Germany is still more remote from it. The great stability
of burgher life was in her case accentuated by the fact that Noether (and Gordan
too) were settled at one university for so long an uninterrupted period. One may
dare to add that the time of the primary proper impulses of their production
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was gone, though they undoubtedly continued to be productive mathematicians;
in this regard, too, the atmosphere around her was certainly tinged by a quiet
uniformity. Moreover, there belongs to the picture the high standing, and the
great solidity in the recognition of, spiritual values; based on a solid education,
a deep and genuine active interest in the higher achievements of intellectual
culture, and on a well-developed faculty of enjoying them. There must have
prevailed in the Noether home a particularly warm and companionable family
life. Emmy Noether herself was, if I may say so, warm like a loaf of bread. There
irradiated from her a broad, comforting, vital warmth. Our generation accuses
that time of lacking all moral sincerity, of hiding behind its comfort and bourgeois
peacefulness, and of ignoring the profound creative and terrible forces that really
shape man’s destiny; moreover of shutting its eyes to the contrast between the
spirit of true Christianity which was confessed, and the private and public life
as it was actually lived. Nietzache arose in Germany as a great awakener. It is
hardly possible to exaggerate the significance which Nietzsche (whom by the way
Noether once met in the Engadin) had in Germany for the thorough change in
the moral and mental atmosphere. I think he was fundamentally right — and
vet one should not deny that in wide circles in Germany, as with the Noethers,
the esteem in which the spiritual goods were held, the intellectual culture, good-
heartedness, and human warmth were thoroughly genuine — notwithstanding
their sentimentality, their Wagnerianism, and their plush sofas.

Emmy Noether took part in the housework as a young girl, dusted and cooked,
and went to dances, and it seems her life would have been that of an ordinary
woman had it not happened that just about that time it became possible in
Germany for a girl to enter on a scientific career without meeting any too marked
resistance. There was nothing rebeilious in her nature; she was willing to accept
conditions as they were. But now she became a mathematician. Her dependence
on Gordan did not last long; he was important as a starting point, but was not
of lasting scientific influence upon her. Nevertheless the Erlangen mathematical
air may have been responsible for making her into an algebraist. Gordan retired
in 1910; he was followed first by Erhard Schmidt, and the next year by Ernst
Fischer. Fischer’s field was algebra again, in particular the theory of elimination
and of invariants. He exerted upon Emmy Noether, [ believe, a more penetrating
influence than Gordan did. Under his direction the transition from Gordan’s
formal standpoint to the Hilbert method of approach was accomplished. She
refers in her papers at this time again and again to conversations with Fischer.
This epoch extends until about 1919. The main interest is concentrated on finite
rational and integral bases; the proof of finiteness is given by her for the invariants
of a finite group {without using Hilbert’s general basis theorem for ideals), for
invariants with restriction to integral coefficients, and finally she attacks the same
question along with the question of a minimum basis consisting of independent
elements for fields of rational functions.®
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Already in Erlangen about 1913 Emmy lectured occasionally, substituting
for her father when he was taken ill. She must have been to Gottingen about
that time, too, but [ suppose only on a visit with her brother Fritz. At least I
remember him much better than her from my time as a Gottinger Privatdozent,
1910-1913. During the war, in 1916, Emmy came to Gottingen for pood; it
was due to Hilbert’s and Klein's direct influence that she stayed. Hilbert at
that time was over head and ears in the general theory of relativity, and for
Klein, too, the theory of relativity and its connection with his old ideas of the
Erlangen program brought the last flareup of his mathematical interests and
mathematical production. The second volume of his history of mathematics in
the nineteenth century bears witness thereof. To both Hilbert and Klein Emmy
was welcome as she was able to help them with her invariant-theoretic knowledge.
For two of the most significant sides of the general relativity theory she gave
at that time the genuine and universal mathematical formulation: First, the
reduction of the problem of differential invariants to a purely algebraic one by use
of “normal coordinates”; second, the identities between the left sides of Euler’s
equations of a problem of variation which occur when the (multiple) integral is
invariant with respect to a group of transformations involving arbitrary functions
{identities that contain the conservation theorem of energy and momentun: in
the case of invariance with respect to arbitrary transformations of the four world
coordinates).?

Still during the war, Hilbert tried to push through Eminy Noether’s “Habili-
tation” in the Philosophical Faculty in Gottingen. He failed due to the resistance
of the philologists and historians. It is a well-known anecdote that Hilbert sup-
ported her application by declaring et the faculty meeting, “I do not see that
the sex of the candidate is an arsument against her admission as Privatdozent.
After all, we are a university and not a bathing establishment.” Probably he
provoked the adversaries even more by that remark. Nevertheless, she was able
to give lectures in Gottingen, that were announced under Hilbert’s name. But in
1819, after the end of the War and the proclamation of the German Republic had
changed the conditions, her Habilitation became possible. In 1922 there followed
her nomination as a “nichtbeamieter ausserordentlicher Professor”; this was a
mere title carrying no obligations and no salary. She was, however, entrusted
with a “Lehrauftrag” for algebra, which carried a modest remuneration.®

During the wild times after the Revolution of 1918, she did not keep aloof
from the political excitement, she sided more or less with the Social Democrats;
without being actually in party life she participated intensely in the discussion
of the political and social problems of the day. One of her first pupils, Grete
Hermuann, belonged to Nelson’s philosophic-political circle in Géttingen. 1t is
hardly imaginable nowadays how willing the young generation in Germany was
at that time for a fresh start, to try to build up Gerfnany, Europe, society in
general, on the foundations of reason, humaneness, and justice. But alas! the
mood among the acadewnic youth soon enough veered around; in the struggies
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that shook Germany during the following years and which took on the form of
civil war here and there, we find them mostly on the side of the reactionary
and nationalistic forces. Responsible for this above all was the breaking by the
Allies of the promise of Wilson’s “Fourteen Points,” and the fact that Republican
Germany came to feel the victors’ fist not less hard than the Imperial Reich could
have; in particular, the youth were embittered by the national defamation added
to the enforcement of a grim peace treaty. [t was then that the great opportunity
for the pacification of Europe was lost, and the seed sown for the disastrous
development we are the witnesses of. In later years Emmy Noether took no part
in matters political. She always remained, however, a convinced pacifist, a stand
which she held very important and serious.

In the modest position of a “nicht-beamteler ausserordentlicher Professor”
she worked in Géttingen until 1933, during the last years in the beautiful new
Mathematical Institute that had risen in Gottingen chiefly by Courant’s energy
and the generous financial help of the Rockefeller Foundation. I have a wivid
recollection of her when I was in Gottingen as visiting professor in the winter
semester of 1926-1927, and lectured on representations of continuous groups.
She was in the audience; for just at that time the hypereomplex number sys-
tems and their representations had caught her interest and I remember many
discussions when 1 walked home after the lectures, with her and von Neumann,
who wag in Gottingen as a Rockefeller Fellow, through the cold, dirty, rain-wet
streets of Gottingen. When I was called permanently to Géttingen in 1930, I
earnestly tried to obtain from the Ministerium a better position for her, because
I was ashamed to occupy such a preferred position beside her whom I knew to be
my superior as a mathematician in many respects. I did not succeed, nor did an
attempt to push through her election as a member of the Géttinger Gesellschaft
der Wissenschaften. Tradition, prejudice, external considerations, weighted the
balance against her scientific merits and scientific greatness, by that time de-
nied by no one. In my Gé&ttingen years, 1930-1933, she was without doubt the
strongest center of mathematical activity there, considering both the fertility of
her scientific research program and her influence upon a large circle of pupils.

Her development into that great independent inaster whom we admire today
was relatively slow. Such a late maturing is a rare phenomenon in mathemat-
icg; in most cases the great creative impulses lie in early youth. Sophus Lie,
iike Emmy Noether, is one of the few great exceptions. Not until 1920, thirteen
years after her promotion, appeared in the Mathematische Zettschrift that paper
of hers written with Schmeidler, “Uber Moduln in nicht-kommutativen Bere-
ichen, insbesondere aus Differential- und Differenzen-Ausdriicken” [“On Modules
in Non-Commutative Fields, Especially from Differential and Difference Expres-
sions” |, which seems to mark the decisive turning point. It is here for the first
time that the Emmy Noether appears whom we all know, and who changed the
face of algebra by her work. Above all, her conceptual axiomatic way of thinking
in algebra becomes first noticeable in this paper dealing with differential opera-
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tors as they are quite common nowadays in quantum mechanics. In performing
them, one after the other, their composition, which may be interpreted as a kind
of multiplication, is not commutative. But instead of operating with the formal
expressions, the simple properties of the operations of addition and multiplica-
tion to which they lend themselves are formulated as axioms at the beginning of
the investigation, and these axioms then form the basis of all further reasoning.
A similar procedure has remained typical for Emmy Noether from then on. Later
I shall try to characterize this world of algebra as a whole in which the scene of
her mathematical activities was laid.

Not less characteristic for Emmy was her collaboration with another, in this
case with Schmeidler. I suppose that Schmeidler gave as much as he received in
this cooperation. In later years, however, Emmy Noether frequently acted as the
true originator; she was most generous in sharing her ideas with others. She had
many pupils, and one of the chief methods of her research was to expound her
ideas in a still unfinished state in lectures, and then discuss them with her pupils.
Sometimes she lectured on the same subject one semester after another, the whole
subject taking on a better ordered and more unitied shape every time, and gaining
of course in the substance of results. It is obvious that this method sometimes
put enormous demands upon her audience. In general, her lecturing was certainly
not good in technical respects. For that she was too erratic and she cared too
little for & nice and well arranged form. And yet she was an inspired teacher; he
who was capable of adjusting himself entirely to her, could learn very much from
her. Her significance for algebra cannot be read entirely from her own papers;
she had great stimulating power and many of her suggestions took final shape
only in the works of her pupils or co-workers. A large part of what is contained in
the second volume of van der Waerden's “Modern Algebra” must be considered
her property. The same is true of parts of Deuring’s recently published book on
algebras in which she collaborated intensively. Hasse acknowledges that he owed
the suggestion for his beautiful papers on the connsction between hypercomplex
quantities and the theory of class fields to casual remarks by Emmy Noether.
She could just utter a far-seeing remark like this, “Norm rest symbol is nothing
else than cyclic algebra® in her prophetic lapidary manner, out of her mighty
imagination that hit the mark most of the time and gained in strength in the
course of years; and such a remark could then become a signpost to point the way
for difficult future work. And one cannot read the scope of her accomplishments
from the individual results of her papers alone: she originated above all a new
and epoch-making style of thinking in algebra.

She lived in close communion with her pupils; she loved them, and took inter-
est in their personal affairs. They farmed a somewhat noisy and stormy family,
“the Noether boys” as we called them in Gottingen. Among her pupils proper
I may name Grete Hermann, Krull, Holzer, Grell, Koethe, Deuring, Fitting,
Witt, Tsen, Shoda, Levitzki. F. K. Schmidt is strongly influenced by her, chiefly
through Kruli’s mediation. Van der Waerden came to her from Holland as a more
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or less finished mathematician and with ideas of his own; but he learned from
Emmy Noether the apparatus of notions and the kind of thinking that permitted
him to formulate his ideas and to salve his problems. Artin and Hasse stand
beside her as two independent minds whose field of production touches on hers
closely, though both have a stronger arithmetical texture. With Iasse above all
she collaborated very closely during her last years. From different sides, Richard
Brauer and she dealt with the profounder structural problems of algebras; she
in a more abstract spirit, Brauer, educated in the school of the great algebraist
I. Schur, more concretely operating with matrices and representations of groups;
this, too, led to an extremely fertile cooperation. She held a rather close friend-
ship with Alexandroff in Moscow, who came frequently as a guest to Gottingen.
I believe that her mode of thinking has not been without influence upon Alexan-
droff's topological investigations.!’ About 1930 she spent a semester in Moscow
and there got into close touch with Pontrjagin also. Before that, in 1928-1929,
she had lectured for one semester in Frankfurt while Siegel delivered a course of
lectures as a visitor in Gottingen.

In the spring of 1933 the storm of the National Revolution broke over Ger-
many. The Gottinger Mathematisch-Naturwissenschaftliche Fakultdt, for the
building up and consolidation of which Klein and Hilbert had worked for decades,
was struck at its roots. After an interregnum of one day by Neugebauer, I had
to take over the direction of the Mathematical Institute, But Emmy Noether,
as well as many others, was prohibited from participation in all academic activ-
ities, and finally her wenia legendi, as well as her “Lehrauftrag” and the salary
going with it, were withdrawn.!? A stormy time of struggle like this one we spent
in Gottingen in the summer of 1933 draws people closer together; thus I have
a particularly vivid recollection of these months. Emmy Noether, her courage,
her frankness, her unconcern about her own fate, her conciliatory spirit, were,
in the midst of all the hatred and meanness, despair and sorrow surrounding
us, a moral! solace. It was attempted, of course, to influence the Ministerium
and other responsible and irresponsible but powerful bodies so that her position
might be saved. I suppose there could hardly have been in any other case such
a pile of enthusiastic testimonials filed with the Ministerium as was sent in on
her behalf. At that time we really fought; there was still hope left that the worst
could be warded off. It was in vain. Franck, Born, Courant, Landau, Emmy
Noether, Neugebauer, Bernays and others — scholars the university had before
been proud of — had to go because the possibility of working was taken away
from them. Gottingen scattered into the four winds! This fate brought Emmy
Noether to Bryn Mawr, and the short time she taught here and as guest at our
Institute for Advanced Study in Princeton is still too fresh in our memory to need
to be spoken of. She harbored no grudge against Gottingen and her fatherland
for what they had done to her. She broke no friendship on account of political
dissension. Even last summer she returned to Gottingen, and lived and worked
there as though all things were as before. She was sincerely glad that Hasse was
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endeavoring with success to rebuild the old, honorable and proud mathematical
tradition of Géttingen even in the changed political circumstances. But she had
adjusted herself with perfect ease to her new American surroundings, and her
girl students here were as near to lier heart as the Noether boys had been in
Gottingen. She was happy at Bryn Mawr; and indeed perhaps never before in
her life had she received so many signs of respect, sympathy, [riendship, as were
bestowed upon her during her last one and a half years at Bryn Mawr. Now we
stand at her grave.

It shall not be forgotten what America did during these last two stressful
vears for Emmy Noether and for German science in general.

If this sketch of her life is to be followed by a short synopsis of her work and
her human and scientific personality, 1 must attempt to draw in a few strokes
the scene of her work: the world of algebra. The system of real numbers, of so
paramount, import for the whole of mathematics and physics, resembles a Janus
head with two faces: In one aspect it is the field of the algebraic operations + and
%, and their inversions. In the other aspect it is a continuous manifold, the parts
of whicli are continuously connected with each other. The one is the algebraic,
the other the topological face of numbers. Modern axiomatics, single-minded as
it is and hence disliking this strange mixture of war and peace (in this respect
differing from modern politics), carefully disjointed both parts.

Hence the pure algebraist can do nothing with his numbers except perform
upon them the four species, addition, subtraction, multiplication, and division.
For him, therefore, a set of numbers is closed, he has no means to get beyond
it when these operations applied to any two numbers of the set always lead to
a number of the same set again. Such a set is called a domain of raticnality or
a field. The simplest field is the set of all rational numbers. Another example
is the set of the numbers of the form a + /2 where o and b are rational, the
so-called algebraic number field {+/2). The classical problem of algebra is the
solution of an algebraic equation f(z) = 0 whose coefficients may lie in a field
K, for instance the field of rational numbers. Knowing a root 8 of the equation,
one knows at the same time all numbers arising from § {and the numbers of K)
by means of the four species: they form the algebraic field K{§) comprising K.
Within this number field K (4), ¢ itself plays the role of a determining number
from which all other numbers can be rationally derived. But many, almost all,
numbers of K(§) can take the place of § in this respect. It is, therefore, a great
advance to replace the study of the equation f{x) = 0 by the study of the field
K (8). We thereby extinguish unessential features, we take uniformly into account
all equations arising from the one f{x) = 0 by rational transformations of the
unknown x, and we replace a formula, the equation f{z} = 0, which might seduce
us to blind computations, by a notion, the notion of the field which one can get
at only in a conceptual way.

Within the system of integral numbers the operations of addition, subtraction,
and multiplication only allow unlimited performance; division has to be canceled.




Emmy Noether 59

Such a domain is called a domain of integrity or a ring. As the notion of integer
is characteristic of number theory, one may say: number theory deals with rings
instead of fields. The polynomials of one variable or indeterminate x are likewise
such a domain of guantities as we described to form a ring; the coefficients of the
polynomials might here be restricted to a given number fleld or ring. Algebra
does not interpret the argument x to be a variable varying over a continuous
range of values; it looks upon it as an indeterminate, an empty symbol serving
only to weld the coefficients of the polynomial into a unified expression which
suggests in a natural way the rules of addition and multiplication. The statement
that a polynomial vanishes means that all its coeflicients are zero rather than that
the function takes on the value zero for all values of the independent variable.
One is not forbidden to substitute an indeterminate = by a number or by a
polynomial of one or several other indeterminates ¥, z,...; however, this is a
formal process projecting the ring of polynomials of x faithfully upon the ring
of numbers or of polynomials in v, z,.... Faithfully, that means preserving all
rational relations expressibie in terms of the fundamental operations, addition,
subtraction, multiplication.

Besides adjunction of indeterminates, algebra knows another procedure for
forming new fields or rings. Let p be a prime number, for instance 5. We take
the ordinary integers, agreeing, however, to consider numbers to be equal when
they are congruent modulo p, i.e., when they give the same remainder under
division by p. One may iliustrate this by winding the line of numbers on a circle
of circumference p. A peculiar field then arises consisting ol p diifferent elements
only. To the prime number there corresponds within the ring of polynomials of
a single variable = (with numerical coefficients taken from a given number field
K} the prime polynomial p(z). By considering two polynomials equal which are
congruent modulo a given prime polynomial p(x), the ring of all polynomials is
changed into a field which possesses exactly the same algebraic properties as the
number field K (4#) arising from the underlying number field K by adjoining a root
4 of the equation p{z) = 0. But the present process goes on within pure algebra
without requiring solution of an equation p(z) = 0 that is actually unsolvabie
in K. This interpretation of the algebraic number fields K (4} was given by
Kronecker after Cauchy had already founded the calculation with the imaginary
number 7 on this idea.

In such a way one was led by degrees to erect algebra in a purely axiomatic
mannrer. A whole array of great mathematical names could be mentioned who
initiated and developed this axiomatic trend: after Kronecker and Dedekind,
K. II, Moore in America, Peano in Italy, Steinitz, and, above all, Hilbert in
Germany. A field now is a realm of elements, called numbers, within which two
operations + and x are defined, satisfying the usual axioms. If one leaves out
the axiom of division which states the unique invertibility of multiplication, one
gets a ring instead of a field. The fields no longer appear as parts cut out of
that universal realm of numbers, the continuum of the real or complex numbers
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that the Calculus is concerned with, but every field is now, so to speak, a world
in itself. One may join the elements of any fieid by operations, but not the
elements of different fields. This standpoint that each object which is offered to
mathematical analysis carries its own kind of numbers to be defined in terms
of that object and its intrinsic constituents, instead of approaching every object
by the same universal number system developed a priori and independently of
the applications — this standpoeint. I say, has gained ground more and more
also in the axiomatic foundations of geometry and recently in a rather surprising
manner in quantum physics. We are here confronted by one of those mysterious
parallelisms in the development of mathematics and physics that might induce
one to believe in a pre-established harmony between nature and mind.

When speaking of axiomatics, [ was referring to the following methodical pro-
cedure: One separates in a natural way the different sides of a concretely given
object of mathemagical investigation, makes each of them accessible from its own
relatively narrow and easily surveyable group of assumptions, and then by joining
the partial results after appropriate specialization, returns to the compiex whole.
The last synthetic pari is purely mechanical. The art lies in the first analytical
part of breaking up the whole and generalizing the parts. One does not seek
the general for the sake of generality, but the point is that each generalization
simplifies by reducing the hypotheses and thus makes us understand certain sides
of an unsurveyable whole. Whether a partition with corresponding generaliza-
tion is natural, can hardly be judged by any other criterion than its fertility. If
one systematizes this procedure which the individual investigator manages sup-
ported by all the analogies available to him by the mass of his mathematical
experiences and with more or less inventive ahility and sensitivity, one comes
upon axiomatics. Hence axjomatics is today by no means merely a method for
logical clarification and deepening of the foundations, but it has become a pow-
erful weapon of concrete mathematical research itself. This method was applied
by Emmy Noether with masterly skill, it suited her nature, and she made alge-
bra the Eldorado of axiomatics. An important point is the ascertainment of the
“right” general notions like field, ring, ideal, etc., the splitting-up of a proposi-
tion into partial propositions and their right generalizations by means of those
general notions, This partition of the whole and screening off of the unessential
features once accomplished, the proof of the individual steps does not cause any
serious trouble in many cases. In a conference on topology and abstract algebra
a3 two ways of mathematical understanding, in 1931, 1 said this:

Nevertheless 1 should not pass over in silence the fact that today
the feeling among matheniaticians is beginning to spread that the
fertility of these abstracting methods is approaching exhaustion. The
case is this; that all these nice general notions do not fall into our laps
by themaselves. But definite concrete problems were first conquered in
their undivided complexity, single-handed by brute force, so to speak.
Only afterwards the axiomaticians came along and stated: Instead of
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breaking in the door with all your might and bruising vour hands, you
should have constructed such and such a key of skill, and by it you
would have been able to open the door quite smoothly. But they can
construct the key only because they are able, after the breaking in was
successful, to study the lock from within and without. Before you can
generalize, formalize and axiomatize, there must be a mathematical
substance. Ithink that the mathematical substance in the formalizing
of which we have trained ourselves during the last decades, becomes
gradually exhausted. And so I foresee that the generation now rising
will have a hard time in mathematics.®

Emmy Noether protested against that: and indeed she could point to the fact
that just during the last years the axiomatic method had disclosed in her hands
new, concrete, profound problems by the application of non-commutative algebra
upen commutative fields and their number theory, and had shown the way to their
solution.

Emmy Noether’s scientific production seems to me to fall into three clearly
distinct epochs: (1) the period of relative dependence, 1907-1919; (2} the inves-
tigations grouped around the general theory of ideals, 1920-26; (3) the study of
the non-commutative algebras, their representations by linear transformations,
and their application to the study of commutative number fields and their arith-
metics, from 1927 on. The first epoch was described in the sketch of her life.
I should now like to say a few words about the second epoch, the epoch of the
general theory of ideals.

The ideals had been devised by Dedekind in order to reestablish, by introduc-
ing appropriate ideal elements, the main law of nnique decomposition of a number
into prime factors that broke down in algebraic number fields. The thought con-
sisted in replacing a number, like 6 for instance, in its property as a divisor by
the set of all numbers divisible by 6; this set is called the ideal (6). In the same
manner one may interpret the greatest common divisor of two numbers, a, b, as
the set of all numbers of form az + by where z,y range independently over all
integers. In the ring of ordinary integers this system is identical with a system of
the multiples of a single number d, the greatest common divisor. This, however,
is not the case in algebraic number fields, and hence it becomes necessary to
admit as divisors not only numbers but also ideals. An ideal in a ring R then
has to be defined as a subset of 1 such that sum and difference of two numbers
of the ideal belong to the ideal as well as the product of a number of the ideal by
an arbitrary number of the ring. Still, from another side, this notion appeared
in algebraic geometry. An algebraic surface in space is defined by one algebraic
equation f = 0; here [ is a polvnomial with respect to the coordinates. If one is to
counsider algebraic manifolds of fewer dimensions, one has to put down instead a
finite system of algebraic equations f1 =0, fo =0,..., fr, = 0. But then all poly-
nomials vanish upon the algebraic manifold which arise by linear combination of
the basic polynomials fi, f2,..., fs in the form A; f1 + Asfo + -+ + Ap fr, where
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the As are quite arbitrary polynomials. All the polynomials of this kind form
an ideal in the ring of polynomials; the algebraic manifold consists of the points
in which all polynomials of the ideal vanish. With such ideals Hilbert's basis
theorem was concerned, one of the chief tools in Hilbert’s study of invariants; it
asserts that every ideal of polynornials has a finite basis. Noether’s residual theo-
rem contains a criterion that allows us Lo detcide whether a polynomial belongs te
an ideal the members of which have in common only a finite number of zeros. For
ideals of polynomials Lasker — better known to non-mathematicians as world
chess champion for many years -— obtained results which showed that their laws
depart considerably from those met by Dedekind in the algebraic number felds.

Consider, for instance, the following three rings: the ring of ordinary integers,
the rings of poiynomials of oue and of two independent variables with rational
coefficients. The theorem of unique decomposition into prime factors holds in
each of them; but Euclid’s algorithm or the fact that the greatest common divisor
of two elements, «, b, is contained in the ideal (a,b), i.e., can be expressed in the
form e f--bg by means of two appropriate elements, f, g, of the ring, is true only in
the first two cases. Indeed, in the domain of polynomials of two indeterminates ¢
and y, the polynomials x and y themselves have no common divisor; nevertheless
an equation like 1 = xf + yg where f and g are two polynomials, is impossible
as the right side vanishes at the origin z =0,y = 0.

Emmy Noether developed a general theory of ideals on an axiomatic basis that
comprised all cases. Her chief axiom is the Teilerketftensatz: the hypothesis that
a chain of ideals a;, 03, a3, ... necessarily comes to an end after a finite number
of steps if each term a; comprises the preceding a;_; as a proper part.!? By
her abstract theory many importaat developments of mathematics are welded
together. Moreover, she showed how cne can descend in the same axiomatic
manner to the polynomial ideals on the one hand, and to the classical case of
ideals in algebraic number fields on the other hand. In some instances her general
theory passes even beyond what was known before through Lasker for polynomial
ideals.

Until now we have stuck to all axioms satished by the ordinary numbers.
There exist, however, strong motives for abandoning the commutative law of
multiplication. Indeed, operations iike the rotations of a rigid body in space, are
entities which behave with respect to their composition in a non-commutative
fashion: for the composition of two rotations it really matters whether one first
performs the first and then the second, or does it in inverse order. Composition
is here considered as a kind of multiplication. Rotations when expressed in terms
of coordinates are linear transformations. The linear transformations, as they
are capable of addition and composition or multiplication, form the most impor-
tant example of non-commutative quantities. One therefore attempts to realize
any given abstract non-commutative ring or “algebra” of quantities by linear
transformations without destroying the relations established among them by the
fundamental operations + and x; this is the aim of the theory of representations.
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The theory of non-commutative algebras and their representations was built up
by Emmy Noether in a new unified, purely conceptual manner by making use of
all results that had been accumulated by the ingenious labors of decades through
Molien, Frobenius, Dickson, Wedderburn, and others. The notion of the ideal
in several new versions again plays the decisive part. Besides it, the idea of au-
tomorphism proves to be rather useful, i.e., of those mappings one can perform
within an algebra without destroying the internal relations. Calculative tools are
discarded like, for instance, a certain determinant the non-vanishing of which
Dedekind had used as.a criterion for semi-simplicity; this was the more desir-
able as this criterion fails in some domains of rationality. In intense cooperation
with Hasse and with Brauer she investigated the structure of non-commutative
algebras and applied the theory by means of her verschrinktes Produkt {cross
product) to the ordinary commutative number fields and their arithmetics. The
most important papers of this epoch are “Hyperkomplexe Gréssen und Darstel-
lungstheorie” [“Hypercomplex Magnitudes and Representation Theory”], 1929;
“Nicht-kommutative Algebra” [“Non-Commutative Algebra”], 1933; and three
smaller papers about norm rests and the principal genus theorem. Her theory
of cross products was published by Hasse in connection with his investigations
about the theory of cyclic algebras. A common paper by Brauer, Hasse, and
Emmy Noether proving the fact that every simple algebra over an ordinary al-
gebraic number field is cyclic in Dickson’s sense, will remain a high mark in the
history of algebra.

1 must forego giving a picture of the content of these profound investigations.
Instead, I had better try to close with a short general estimate of Emmy Noether
as a mathematician and as a personality.

Her strength lay in her ability to operate abstractly with concepts. It was not
necessary for her to allow herself to be led to new results on the leading strings
of known concrete examples. This had the disadvantage, however, that she was
sometimes but incompletely cognizant of the specific details of the more interest-
ing applications of her general theories. She possessed a most vivid imagination,
with the aid of which she could visualize remote connections; she constantly
strove toward unification. In this she sought out the essentials in the known
facts, brought them into order by means of appropriate general concepts, espied
the vantage point from which the whole could best be surveyed, cleansed the
object under consideration of superfluous dross, and thereby won through to so
simple and distinct a form that the venture into new territory could be under-
taken with the greatest prospect of success. This clarifying power she proved.
for example, in her theory of the cross product, in which almost all the facts
had already been found by Dickson and by Brauer. She possessed a strong drive
toward axiomatic purity. All should be accomplished within the frame and with
the aid of the intrinsic properties of the structure under investigation; nothing
should be brought from without, and only invariant processes should be applied.
Thus it seemed to her that the use of matrices which commute with all the el-
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ements of a given matric algebra, so often to be found in the work of Schur,
was inappropriate; accordingly she used the automorphisms instead. This can be
carried too far, however, as when she disdained to employ & primitive element in
the development of the Galois theory. She once said:

If one proves the equality of two numbers @ and b by showing first
that ¢ < b and then a = b, it is unfair; one should instead show that
they are really equal by disclosing the inner ground for their equality.

Of her predecessors in algebra and number theory, Dedekind was most closely
related to her. For him she felt a deep veneration. She expected her students
to read Dedekind’s appendices to Dirichlet's Zahlentheorie [ Theory of Numbers]
not only in one, but in all editions. She took a most active part in the edit-
ing of Dedekind’s works; here the attempt was made to indicate, after each of
Dedekind’s papers, the modern development built upon his investigations.*® Her
effinity with Dedekind, who was perhaps the most typical Lower Saxon among
German mathematicians, proves by a glaring example how illusory it is to asso-
clate in a schematic way race with the style of mathematical thought. In addition
to Dedekind’s work, that of Steinitz on the theory of abstract fields was natu-
rally of great importance for her own work. She lived through a great flowering
of algebra in Germany, toward which she contributed much. Her methods need
not, however, be considered the only means of salvation. In addition to Artin
and Hasse, who in some respects are akin to her, there are algebraists of a still
more different stamp, such as I. Schur in Germany, Dickson and Wedderburn in
America, whose achievements are certainly not behind hers in depth and signif-
icance. Perhaps her followers, in pardonable enthusiasm, have not always fully
recognized this fact.

Emmy Noether was a zealous collaborator in the editing of the Mathematische
Annalen. That this work was never explicitly recognized may have caused her
gome pain.

It was only too easy for those who met her for the first time, or had no
feeling for her creative power, to consider her queer and to make fun at her
expense. She was heavy of build and loud of voice, and it was often not easy
for one to get the floor in competition with her. She preached mightily, and
not as the scribes. She was a rough and simple soul, but her heart was in the
right place. Her frankness was never offensive in the least degree. In everyday
life she was most unassuming and utterly unselfish; she had a kind and friendly
nature. Nevertheless she enjoyed the recognition paid her; she could answer with
a bashful smile like a young girl to whom one had whispered a compliment. No
one could contend that the Graces had stood by her cradle; but if we in Géttingen
often chaffingly referred to her as “der Noether™ (with the masculine article), it
was also done with a respectful recognition of her power as a creative thinker who
seermed to have broken through the barrier of sex. She possessed a rare humor
and a sense of sociability; a tea in her apartments could be most pleasurable. But
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she was a one-sided being who was thrown out of balance by the overweight of
her mathematical talent. Essential aspects of human life remained undeveloped
in her, among them, I suppose, the erotic, which, if we are to believe the poets,
is for many of us the strongest source of emotions, raptures, desires, and sorrows,
and conflicts. Thus she sometimes gave the impression of an unwieldly child, but
she was a kind-hsarted and courageous being, ready to help, and capable of the
deepest loyalty and affection. And of all I have known, she was certainly one of
the happiest.

Comparigson with the other woman mathematician of world renown, Sonya
Kovalevskaya, suggests itself. Sonya had certainly the more complete personal-
ity, but was also of a much less happy nature. In order to pursue her studies
Sonya had to defy the opposition of her parents, and entered into a marriage in
name only, although it did not quite remain so. Emmy Noether had, as I have
already indicated, neither a rebeilious nature nor Bohemian leanings. Sonya pos-
sessed feminine charm, instincts, and vanity; social successes were by no means
immaterial to her. She was a creature of tension and whims; mathematics made
her unhappy, whereas Emmy found the greatest pleasure in her work. Sonya fol-
lowed literary pursuits outside of mathematics. In her later years in Paris, as she
worked feverishly on a paper to be submitted for a mathematical prize, Sonya,
alluding in a letter to a certain M. with whom she was in love, wrote “The fat
M. occupies all the room on my couch and in my thoughts.” Such was Sonya:
you see the tension between her creative mind and life with its passion and the
self-mocking spirit ironically viewing her own desperate conflict. How far from
Emmy’s possibilities! But Emmy Noether without doubt possessed by far the
"greater power, the greater scientific talent. ,

Indeed, two traits determined above all her nature: First, the native produc-
tive power of her mathematical genius. She was not clay, pressed by the artistic
hands of God into a harmonious form, but rather a chunk of human primary
rock into which ke had blown his creative breath of life. Second, her heart knew
no malice; she did not believe in evil — indeed it never entered her mind that
it could play a role among men. This was never more forcefully apparent to
me than in the last stormy summer, that of 1933, which we spent together in
Géottingen. The memory of her work in science and of her personality among her
fellows will not soon pass away. She was a great mathematician, the greatest, [
firmly believe, that her sex has ever produced, and a great woman.

Notes

iMemorial Address delivered in Goodheart Hall, Bryn Mawr College, 26 April
1935; originally publishied in Weyl 1935, WGA 3:425-444, also included in Dick
1981, 112-153 and abstracted in Catt 1935. For the text of Weyl’s remarks at
Noether’s funeral, see Roquette 2008, 319-321.}

! [For Dirichlet’s principle, see below, 180.]
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2 [A “Bursche” is a member of a German student fraternity or association
{Burschenschaft), many of which were involved in efforts for German unity during
the revolution of 1848.]

8 | Bz ungue leonem: “From its claw [we may judge of] the lion;” for instance,
Johann Bernoulli used this Latin phrase to describe the brilliance of Newton’s
solution to the probem of the brachistochrone, to find the shortest path in time
between two given points.]

1 [See Weyl 1950, 369-377.]

® [For his inauguration to his professorship in Erlangen (1872), Kleir wrote a
pamplet, now known as the “Erlangen Program” (Weyl sometimes uses its Ger-
man spelling, “Erlanger Programm”), championing a new approach to geometry,
based on his work with Sophus Lie. Klein advocated considering every geometry
as & space ob which a particular group of transformations acts to preserve certain
invariants. For the text of Klein’s program, see Klein 1921, 1:460-497 and Rowe
1985; for commentary, see Hawkins 1984, Hawkins 2000, 34-42, Yaglom 1988,
111-124,Rowe 1992, Laugwitz 1999, 246-252, Gray 2005, Gray 2008, 114-117]

6 [Klein 1956.]

7 [See Brewer and Smith 1981, 152-153, and Roquette 2005.]

& [For an excellent account of this work, and of Noether’s subsequent devel-
opment of abstract algebra, see McClarty 2006 and Kleiner 2007, 91-102. For a
general survey of her work, see Brewer and Dick 1981, 115-163.)

Y [This is the celebrated “Noether principle” (called by physicists “Noether’s
theorem”), prepared when she came to collaborate with Hilbert in Géttingen in
1915 (in his independent attemnpt to reach the equations of general relativity),
translated in Tavel 1971; see Byers 1996, Brading 2002, Brading and Brown 2003,
Martin 2003, and Kosmann-Schwarzbach 2004.]

10 IThis rank might be translated as “unofficial associate professor” or perhaps
“adjunct professor”™; the eminent physicist Lise Meitner was also relegated to such
a post in the 1930s. A Lehrauftrag is a lectureship.]

4 [For Alexandrov’s memoir, see Dick 1981, 153-179; she spent the winter of
1928-1929 lecturing at Moscow University. At the time of her death. her brother
Fritz was a professor of mathematics at Tomsk University.]

12 A person who has completed the postdoctoral higher qualification of “ha-
bilitation” is then granted the venic legendi {“permission to lecture”)}, which
allows themn to be a Privefdozent or any other higher academic rank. See also
12, above.]

13 [This quotation comes from the end of his essay on “Topology and Abstract
Algebra”; see above, 47.]

4 | Teilerkettensatz, the “ascending chain condition,” is the defining property
of what now are called “Noetherian rings.” See Brewer and Smith 1981, 20-21.]

5 [Van der Waerden 1975 remarks that Noether’s motto was “Es steht alles
schon bei Dedekind”: “You can find that already in Dedekind.” As one of
Noether’s most brilliant students, van der Waerden 1985 discusses her in detail.]




The Mathematical Way of Thinking
(1940)

By the mathematical way of thinking I mean first that form of reasoning through
which mathematics penetrates into the sciences of the external world — physics,
chemistry, biology, economics, etc., and even into our everyday thoughts about
human affairs, and secondly that form of reasoning which the mathematician,
left, to himself, applies in his own field. By the mental process of thinking we try
to ascertain truth; it is our mind’s effort to bring about its own enlightenment
by evidence. Hence, just as truth itself and the experience of evidence, it is
something fairly uniform and universal in character. Appealing to the light in
our innermost self, it is neither reducible to a set of mechanically applicable
rules, nor is it divided into watertight compartments like historic, philosophical,
mathematical thinking, etc. We mathematicians are no Ku Klux Klan with a
secret ritual of thinking. True, nearer the surface there are certain techniques
and differences; for instance, the procedures of fact-finding in a courtroom and
in a physical laboratory are conspicuously different. However, vou should not
expect me to describe the mathematical way of thinking much more clearly than
one can describe, say, the democratic way of life.

A movement for the reform of the teaching of mathematics, which some
decades ago made quite a stir in Germany under the leadership of the great math-
ematician Felix Klein, adopted the slogan “functional thinking.” The important
thing which the average educated man should have learned in his mathematics
classes, s0 the reformers claimed, is thinking in terms of variables and functions.
A function describes how one variable y depends on another z; or more gener-
allv, it maps one variety, the range of a variable element z, upon another {(or
the same) variety. This idea of function or mapping is certainly one of the most
fundamental concepts, which accompanies mathematics at every step in theory
and application.

Our federal income tax law defines the tax y to be paid in terms of the income
a; it does so in a clumsy enough way by pasting several linear functions together,
each valid in another interval or bracket of income. An archeologist who, five
thousand years from now, shalt unearth some of our income tax returns together
with relics of engineering works and mathematical books, will probably date
them a couple of centuries earlier, certainly before Galileo and Vieta.! Vieta was

67
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instrumental in introducing a consistent algebraic symbolism; Galileo discovered
the quadratic law of falling bodies, according to which the drop s of a body falling
in a vacuum is a quadratic function of the time ¢ elapsed since its release:

1
1 = Zof?
(1) §= 58

g being a constant which has the same value for each body at a given place.
By this formula Galileo converted a natural law inherent in the actual motion
of bodies into an a priori constructed mathematical function, and that is what
physics endeavors to accomplish for every phenomenon. The law is of much
better design than our tax laws. It has been designed by Nature, who seemns to
lay her plans with a fine sense for mathematical simplicity and harmony. But
then Nature is not, as our income and excess profits tax laws are, hemmed in by
having to be comprehensible to our legislators and chambers of commerce.

Right from the beginning we encounter these characteristic features of the
mathematical process: 1) variables, like t and s in the formula (1), whose possible
values belong to a range, here the range of real numbers, which we can comnpletely
survey because it springs from our own free construction, 2} representation of
these variables by symbols, and 3) functions cor a pricri constructed mappings of
the range of one variable t upon the range of another s. Time is the independent
variable kat’ exochen |par excellence].

In studying a function one shou!d let the independent variable run over its full
range. A conjecture about the mutual interdependence of quantities in nature,
even before it is checked by experience, may be probed in thought by examining
whether it carries through over the whole range of the independent variables.
Sometimes certain simple Miniting cases at once reveal that the conjecture is
untenable. Leibnitz taught us by his principle of continuity to consider rest not
as contradictorily opposed to motion, but as a limiting case of motion. Arguing
by continuity he was able a priori to refute the laws of impact proposed by
Descartes. Ernst Mach gives this prescription: *After having reached an opinion
for a special case, one gradually modifies the circumstances of this case as far as
possible, and in so doing tries to stick to the original opinion as closely as one can.
There is no procedure which leads more safely and with greater mental economy
to the simplest interpretation of all natural events.” Most of the variables with
which we deal in the analysis of nature are continuous variables like time, but
although the word seems to suggest it, the mathematical concept is not restricted
to this case. The most important example of a discrete variable is given by the
sequence of natural numbers or integers 1, 2, 3,...Thus the number of divisors
of an arbitrary integer n is a function of n.

In Aristotle’s logic one passes from the individual to the general by exhibiting
certain abstract features in a given object and discarding the remnainder, so that
two objects fall under the same concept or belong to the same genus if they have
those features in common, This descriptive classification, e.g., the description of
plants and animals in botany and zoology, is concerned with the actual existing
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objects. One might say that Aristotle thinks in terms of substance and accident,
while the functional idea reigns over the formation of mathematical concepts.?
Take the notion of ellipse. Any ellipse in the z-y-plane is a set E of points (z,y)
defined by a quadratic equation

az® + 2y +cy® = 1
whose coefficients a, b, ¢ satisfy the conditions
a>0, ¢>0, ac—b >0.

The set E depends on the coefficients a, b, ¢; we have a function E{a,b,c) which
gives rise to an individual ellipse by assigning definite values to the variable
coefficients a, b, c. In passing from the individual ellipse to the general notion one
does not discard any specific difference, one rather makes certain characteristics
(here represented by the coeflicients) variable over an a priori surveyable range
(here described by the inequalities). The notion thus extends over all possible,
rather than over all actually ezisting, specifications.?

From these preliminary remarks about functional thinking I now turn to a
more systematic argiment. Mathematics is notorious for the thin air of abstrac-
tion in which it moves. This bad reputation is only half deserved. Indeed, the
first difficulty the man in the street encounters when he is taught to think math-
ematically is that he must learn to look things much more squarely in the face;
his belief in words must be shattered; he must learn to think more concretely.
Only then wiil he be able to carry out the second step, the step of abstraction
where intuitive ideas are replaced by purely symbolic construction.

About a month ago I hiked around Longs Peak in the Rocky Mountain Na-
tional Park with a boy of twelve, Pete. Looking up at Longs Peak he told me
that they had corrected its elevation and that it is now 14,255 feet instead of
14,254 feet last year I stopped a moment asking myself what this could mean to
the boy, and should I try to enlighten him by some Socratic questioning. But T
spared Pete the torture, and the comment then withheld, wili now be served to
you. Elevation is elevation above sea level. But there is no sea under Longs Peak.
Well, in idea one continues the actual sea level under the solid continents, But
how does one construct this ideal closed surface, the geoid, which coincides with
the surface of the oceans over part of the globe? 1f the surface of the ocean were
strictly spherical, the answer would be clear. However, nothing of this sort is the
case. At this point dynamics comes to our rescue. Dynamically the sea level is
a surface of constant potential ¢ = ¢p; more exactly ¢ denotes the gravitational
potential of the earth, and hence the difference of ¢ at two points P, P’ is the
work one must put into a small body of mass 1 to transfer it from P to P’. Thus
it is most reasonable to define the geoid by the dynamical equation ¢ = gg. If
this constant value of ¢ fixes the elevation zero, it is only natural to define any
fixed altitude by a corresponding constant value of ¢, so that a peak P is called
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higher than P’ if one gains energy by flying from P to P’. The geometric con-
cept of altitude is replaced by the dynamic concept of potential or energy. Even
for Pete, the mountain climber, this aspect is perhaps the most important: the
higher the peak the greater — ceteris paribus - the mechanical effort in climbing
it By closer scrutiny one finds that in almost every respect the potential is the
relevant factor. For instance the barometric measurement of altitude is based
on the fact that in an atmosphere of given constant temperature the potential is
proportional to the logarithm of the atmospheric pressure, whatever the nature
of the gravitational field. Thus atmospheric pressure, generally speaking, indi-
cates potential and not altitude. Nobody who has learned that the earth is round
and the vertical direction is not an intrinsic geometric property of space but the
direction of gravity should he surprised that he is forced to discard the geometric
idea of altitude in favor of the dynamically more concrete idea of potential. Of
course there is a relationship to geometry: In a region of space so small that one
can consider the force of gravity as constant throughout this region, we have g
fixed vertical direction, and potential differences are proportional to differences
of altitude measured in that direction. Altitude, height, is a word which has a
clear meaning when I ask how high the ceiling of this room is above its floor.
The meaning gradually loses precision when we apply it to the relative altitudes
of mountains in a wider and wider region. It dangles in the air when we extend
it to the whole globe, unless we support it by the dynamical concept of potential,
Potential is more concrete than altitude because it is generated by and dependent
on the mass distribution of the earth,

Words are dangerous tools. Created for our everyday life they may have their
good meanings under familiar limited circumstances, but Pete and the man in
the street are inclined to extend them to wider spheres without bothering about
whether they then still have a sure foothold in reality. We are witnesses of the
disastrous effects of this witchcraft of words in the political sphere where all
words have a much vaguer meaning and human passion so often drowns the voice
of reason. The scientist must thrust through the fog of abstract words to reach
the concrete rock of reality. It seems to me that the science of econcmics has
a particularly hard job, and will still have to spend much effort, to live up to
this principle. It is, or should be, common to all sciences, but physicists and
mathematicians have been forced to apply it to the most fundamental concepts
where the dogmatic resistance is strongest, and thus it has become their second
nature. For instance, the first step in explaining relativity theory must always
consist in shattering the dogmatic belief in the temporal terms past, present,
future. You cannot apply mathematics as long as words still becloud reality.

I return to relativity as an illustration of this first important step preparatory
to mathematical analysis, the step guided by the maxim, “Think concretely.” As
the root of the words past, present, fufure, referring to time, we find something
much more tangible than time, namely, the causal structure of the universe.
Fvents are localized in space and time; an event of small extension takes place at
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a space-time or world point, a here-now. After restricting ourselves to events on
a plane E we can depict the events by a graphic timetable in a three-dimensional
diagram with a horizontal F plane and g vertical ¢ axis on which time ¢ is plotted.
A world point is represented by a point in this picture, the motion of a small body
by a world line, the propagation of light with its velocity ¢ radiating from a light
signal at the world point O by a vertical straight circular cone with vertex at O
(light cone). The active future of a given world point O, here-now, contains all
those events which can still be influenced by what happens at O, while its passive
past consists of all these world points from which any influence, any message, can
reach J. I here-now can no longer change anything that les outside the active
future; all events of which I here-now can have knowledge by direct observation
or any records thereof necessarily lie in the passive past. We interpret the words
past and future in this causal sense where they express something very real and
impertant, the causal structure of the world.

The new discovery at the basis of the theory of relativity is the fact that
no effect may travel faster than light. Hence while we formerly believed that
active future and passive past bordered on each other along the cross-section of
present, the horizontal plane ¢ = const. going through O, Einstein taught us that
the active future is bounded by the forward light cone and the passive past by
its hackward continuation.

= E
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Active future and passive past are separated by the part of the world lying
hetween these cones, and with this part I am here-now not at all causally con-
nected. The essential positive content of relativity theory is this new insight into
the causal structure of the universe. By discussing the various interpretations of
such a simple question as whether two men, say Bill on earth and Bob on Sirius,



79 Levels of Infinity

are contemporaries, as to whether it means that Bill can send a message to Bob,
or Bob a message to Bill, or even that Bill can communicate with Bob by sending
a message and receiving an answer, etc., I often succeed soon in accustoming my
listener to thinking in terms of causal rather than his wonted temporal structure.
But when I tell him that the causal structure is not a stratification by horizontal
layers ¢+ = const., but that active future and passive past are of cone-like shape
with an interstice between, then some will discern dimly what I am driving at,
but every honest listener will say: Now you draw a figure, you speak in pictures;
how far does the simile go, and what is the naked truth to be conveyed by it?
Our popular writers and news reporters, when they have to deal with physics,
indulge in similes of all sorts; the trouble is that they leave the reader heipless
in finding out how far these pungent analogies cover the real issue, and therefore
more often lead him astray than enlighten him. In our case one has to admit
that our diagram is no more than a picture, from which, however, the real thing
emerges as soon as we replace the intuitive space in which our diagrams are drawn
by its construction in terms of sheer symbols. Then the phrase that the world
iz a four-dimensional continuum changes from a figurative form of speech into a
statement of what is literally true. At this second step the mathematician turns
abstract, and here is the point where the layman’s understanding most frequently
breaks off: the intuitive picture must be exchanged for a symbolic construction.
“By its geometric and later by its purely symbolic construction,” says Andreas
Speiser, “mathematics shook off the fetters of language, and one who knows the
enormous work put into this process and its ever recurrent surprising successes
cannot help feeling that mathematics today is more eflicient in its sphere of the
intellectual world, than the modern languages in their deplorable state or even
music are on their respective fronts.” [ shall spend most of my time today in an
attempt to give you an idea of what this magic of symbolic construction is.*

To that end [ must begin with the simplest, and in a certain sense most
profound, example: the natural numbers or #ntegers by which we count objects.
The symbols we use here are strokes put one after another. The objects may dis-
perse, “melt, thaw and resolve themselves into a dew,” but we keep this record
of their number.® What is more, we can by a constructive process decide for two
numbers represented through such symbols which one is the larger, namely by
checking one against the other, stroke by stroke. This process reveals differences
not manifest in direct observation, which in most instances is incapable of distin-
guishing between even such low numbers as 21 and 22. We are so familiar with
these miracies which the number symbols perform that we no longer wonder at
them. But this is only the prelude to the mathematical step proper. We do not
leave it to chance which numbers we shall meet by counting actual objects, hut
we generate the open sequence of all possible numbers which starts with 1 {or
0) and proceeds by adding to any number symbol n already reached one more
stroke, whereby it changes into the following number n’. As I have often said
before, being is thus projected onto the background of the possible, or more pre-
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cisely onto a manifold of possibilities which unfolds by iteration and is open into
infinity. Whatever number n we are given, we always deem it possible to pass
to the next n’. “Number goes on.” This intuition of the “ever oue more,” of
the open countable infinity, is basic for ali mathematics. It gives birth to the
simplest example of what I termed above an a priori survevable range of vari-
ability. According to this process by which the integers are created, functions of
an argument ranging over all integers n are to be defined by so-called complete
induction, and statements holding for all n are to be proved in the same faghion.
The principle of this inference by complete induction is as follows.” In order to
show that every number n has a certain property V it is sufficient to make sure
of two things:

1. 0 has this property;
2. If n is any number which has the property V', then the next nnmber n' has
the property V.

It is practically impossible, and would be useless, to write out in strokes the
symbol of the number 10*?, which the Europeans call a billion and we in this
country, a thousand billions. Nevertheless we talk about spending more than
1012 cents for our defense program, and the astronomers are still ahead of the
financiers. In July the New Yorker carried this cartoon: man and wife reading the
newspaper over their breakfast and she looking up in puzzled despair: “Andrew,
how much is seven hundred billion doliars?” A profound and serious question,
lady! I wish to point out that only by passing through the infinite can we
attribute any significance to such figures. 12 is an abbreviation of

Y I SN N SN S NN Y U S N N B
~10-10-10-10-10-10-10-10-10-10-10-10

can not. be understood withont defining the function 10 - n for all n and this is
done through the following definition by complete induction:

10-0=0,

10 N ni’ — (10 ) n)l!ﬂh’.’.’!f

The dashes constitute the explicit symbol for 10, and, as previously, each dash
indicates transition to the next number. Indian, in particular Buddhist, literature
indulges in the possibilities of fixing stupendous numbers by the decimal system of

~numeration which the Indians invented, i.e., by a combination of sums, products

and powers. I mention also Archimedes’s treatise “On the counting of sand,” and
Professor Kasner’s Googolplex in his recent popular book on Mathematics and
the Imagination.’

Qur conception of space is, in a fashion similar to that of natural numbers,
depending on a constructive grip on all possible places. Let us consider a metallic
disk in a plane E. Places on the disk can be marked in conereto by scratching
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little crosses on the plate. But relatively to two axes of coordinates and a stan-
dard length scratched into the plate we can also put ideal marks in the plane
outside the disk by giving the numerical values of their two coordinates. Each
coordinate varies over the a priori constructed range of real numbers. In this way
astronomy uses our solid earth as a base for plumbing the sidereal spaces. What
a marvelous feat of imagination when the Greeks first constructed the shadows
which earth and moon, illumined by the sun, cast in empty space and thus ex-
plained the eclipses of sun and moon! In analyzing a continuum, like space, we
shall here proceed in a somewhat more general manner than by measurement of
coordinates and adopt the topological viewpoint, so that two continua arising one
from the other by continuous deformation are the same to us. Thus the following
exposition is at the same time a brief introduction to an important branch of
mathematics, topology.

The symbols for the localization of points on the one-dimensional contin-
uum of a straight line are the real numbers. I prefer to consider a closed one-
dimensional continuum, the circle. The most fundamental statement about a
continuum is that it may be divided into parts. We catch all the points of a
continuum by spanning a net of division over it, which we refine by repetition
of a definite process of subdivision ad infinitum. Let 5 be any division of the
circle inte a number of arcs, say ! arcs. From S we derive a new division S’ by
the process of normal subdivision, which consists in breaking each arc into two.
The number of arcs in 5/ will then be 2/. Running around the circle in a definite
sense {orientation) we may distinguish the two pieces, in the order in which we
meet them, by the marks (0 and 1; more explicitly, if the arc is denoted by a
symbol ¢ then these two pieces are designated as «p and «,;. We start with the
division Sg of the circle into two arcs + and —; either is topologically a cell, i.e.,
equivalent to a segment. We then iterate the process of normal subdivision and
thus obtain Sj, 53, . . .. seeing to it that the refinement of the division ultimately
pulverizes the whole circle. If we had not renounced the use of metric properties
we could decree that the normal sub-division takes place by cutting each arc into
two equal halves. We introduce no such fixation; hence the actual performance of
the process involves a wide measure of arbitrariness. However. the combinatorial
scheme according to which the parts reached at any step border on each other,
and according to which the division progresses, is unique and perfectly fixed.
Mathematics cares for this symbolic scheme only. By our notation the parts
occurring at the consecutive divisions are catelogued by symbols of this type

4011010001

with 4 or — before the dot and all following places occupied by either 0 or 1. We
see that we arrive at the familiar symbols of binary (not decimal) fractions. A
point is caught by an infinite sequence of arcs of the consecutive divisions such
that each arc arises from the preceding one by choosing one of the two pieces into
which it breaks by the next normal subdivision, and the point is thus fixed by an
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infinite binary fraction. Let us try to do something similar for two-dimensional
" continua, e.g., for the surface of a sphere or a torus. The figures [2, 3] show how
we may cast a very coarse net over either of them, the one consisting of two, the
other of four meshes; the globe is divided into its upper and lower halves by the
equator, the torus is welded together from four rectangular plates. The meshes
are two-dimensional cells, or briefly, 2-cells which are topologically equivalent to a
circular disk. The combinatorial description is facilitated by introducing also the
vertices and edges of the division, which are 0- and 1-cells. We attach arbitrary
gymbols to them and state in symbols for each 2-cell which 1-cells bound it, and
for each I-cell by which O-cells it is bounded. We then arrive at a topological



76 Levels of Infinity

scheme S. Here are our two examples:

Sphere. A — o . A s aa. a—oad. o' = a,a.
{— means: bound by)

Torus. A— a,&,-y,4d. A = aa, 8.
B — 8,B,v.6. B —8,8.4.6.
o= ¢ d. &> 7, d. B—=cd. 38— &.d.
¥ — C, B v s ed §—d,d. & = d,d.

From this initial stage we proceed by iteration of a universal process of normal
subdivision: On each 1-cell oc = ab we choose a point which serves as a new vertex
o and divides the 1-cell into two seginents aa and ab; in each 2-cell A we choose
a point A and cut the cell into triangles by joining the newly created vertex A
with the old and new vertices on its bounding I-cells by lines within the 2-cell.
Just as in elementary geometry we denote the triangles and their sides by means
of their vertices.

The figure [4] shows a pentagon before and after subdivision; the triangle Afc
is bounded by the l-cells 3e, AS, Ae, the 1-cell Ae for instance by the vertices
¢ and A. We arrive at the following pgeneral purely symbolic description of the
process by which the subdivided scheme 5 is derived from a given topological
scheme S. Any symbol eze;eg made up by the symbols of a 2-cell ez, a l-cell
e) and a O-cell ep in S such that es is bounded by e; and e; bounded by ey
represents a 2-cell e5 of 5. This 2-cell &} = ezejeg in 5 is part of the 2-cell e;
in 5. The symbols of cells in 5" which bound a given cell are derived from its
gymbol by dropping any one of its constituent letters, Through iteration of this
symbolic process the initial scheme S gives rise to a sequence of derived schemes
5S4, 58,58, --<. What we have done is nothing else than devise a systematic
cataloguing of the parts crested by consecutive subdivisions. A peint of our
continuum is caught by a sequence

(2) ee e -

which starts with a 2-cell € of Sp and in which the 2-cell ™ of the scheme
S{m) is followed by one of the 2-cells ™1} of $i"+Y into which e{® breaks
up by our subdivision. (To do full justice to the inseparability of parts in a
continuum this description ought to be slightly altered. But for the present
purposes our simplified description will do.) We are convinced that not only
may each point be caught by such a sequence (Eudoxus), but that an arbitrarily
constructed sequence of this sort always catches a point (Dedekind, Cantor). The
fundamental concepts of limit, convergence, and continuity follow in the wake of
this construction.

We now come to the decisive step of mathematical abstraction: we forget
about what the symbols stand for. The mathematician is concerned with the
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catalogue alone; he is like the man in the catalogue room who does not care what
books or pieces of an intuitively given manifold the symbols of his catalogue
denote. He need not be idle; there are many operations which he may carry out
with these symbols, without ever having to look at the things they stand for.
Thus, replacing the points by their symbols (2) he turns the given manifold into
a symbolic construct which we shall call the topological space {Sy} because it is
based on the scheme Sy alone.

The details are not important; what matters is that once the initial finite
symbolic scheme Sy is given we are carried along by an absolutely rigid symbolic
construction which leads from Sp to S, from 8§ to S, etc. The idea of iter-
ation, first encountered with the natural numbers, again plays a decisive role.
The realization of the symbolic scheme for a given manifold, say a sphere or a
torus, as a scheme of consecutive divisions involves a wide margin of arbitrari-
ness restricted only by the requirement that the pattern of the meshes ultimately
becomes infiniteiy fine everywhere. About this point and the closely affiliated
requirement that each 2-cell has the topological structure of a circular disk, T
must remain a bit vague. However, the mathematician is not concerned with
applying the scheme or catalogue to a given manifold, but only with the scheme
itself, which contains no haziness whatsoever. And we shall presently see that
even the physicist need not care greatly about that application. It was merely
for heuristic purposes that we had to go the way from manifold throngh division
to pure symbolism. In the same purely symbolic way we can evidently construet
not only 1- and 2- but also 3,4, 35,...-dimensional manifolds. An n-dimensional
scheme Sy consists of symbols distingnished as 0, 1, 2, ..., n-celis and associates
with each i-cell e; (i = 1,2,...,n) certain (i — 1)-cells of which one says that
they bound e;. It is clear how the process of normal subdivision carries over. A4
certain such 4-dimensional scheme can be used for the localization of events, of
all possible here-nows; physical quentities which vary in space and time are func-
tions of a variable point ranging over the corresponding symbolicaliy constructed
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4-dimensional topological space. In this sense the world is a 4-dimensional contin-
uum. The causal structure, of which we talked before, will have to be constructed
within the medium of this 4-dimensional world. i.e., out of the symbolic material
constituting our topological space. Incidentally the topological viewpoint has
been adopted on purpose, because only thus our frame becomes wide enough to
embrace both special and general relativity theory. The special theory envisages
the causal structure as something geometrical, rigid, given once for all, while in
the general theory it becomes flexible and dependent on matter in the same way
as, for instance, the electromagnetic field.

In our analysis of nature we reduce the phenomena to simple elements each
of which varies over a certain range of possibilities which we can survey a priori
because we construct these possibilities a priori in a purely combinatorial fash-
ion from some purely symbolic material. The manifold of space-time points is
one, perhaps the most basic one, of these constructive elements of nature. We
dissolve light into plane polarized monochromatic licht beams with few variable
characteristics like wavelength which varies over the symbolically constructed
continuum of real numbers. Because of this a priori construction we speak of a
guantitative analysis of nature; I believe the word quantitative, if one can give
it a meaning at all, ought to be interpreted in this wide sense. The power of
science, as witnessed by the development of modern technology, rests upon the
combination of a priori symbolic construction with systematic experience in the
form of planned and reproducible reactions and their measurements. As material
for the a priori construction, Galileo and Newton used certain features of real-
ity like space and time which they considered as objective, in opposition to the
subjective sense qualities, which they discarded. Hence the important role which
geometric figures played in their physics. You probably know Galileo’s words in
the Saggiatore [Asseyer] where he says that no one can read the great book of
nature “anless he has mastered the code in which it is composed, that is, the
mathematical figures and the necessary relations between them.”? Later we have
learned that none of these features of our immediate observation, not even space
and time, have a right to survive in a pretended trnly objective world, and thus
have gradually and ultimately come to adopt a purely symbolic combinatorial
construction.

While a set of objects determines its number unambiguously, we have ob-
served that a scheme of division Sp with its consecutive derivatives 53,57, --
can be established on a given manifold in many ways involving a wide margin of
arbitrariness. But the question whether two schemes,

S0, 84,5y, knd Ty, T4, Ty - - -
0: %0 0 4o

are fit to describe the same manifold is decidable in a purely mathematical way:
it is necessary and sufficient that the two topological spaces {Sp} and {Tp} can be
mapped one upon the other by a continuous one-to-one transformation — a con-
dition which ultimately boils down to a certain relationship called isomorphism
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between the two schemes Sy and Ty. {Incidentally the problem of establishing the
criterion of isomorphism for two finite schemes in finite combinatorial form is one
of the outstanding unsolved mathematical problems.} The connection between a
given continuum and its symbolic scheme inevitably carries with it this notion of
isomorphism; without it and without our understanding that isomorphic schemes
are to be considered as not intrinsically different, no more than congruent figures
in geometry, the mathematical concept of a topological space would be incom-
plete. Moreover it will be necessary to formulate precisely the conditions which
every topological scheme is required to satisfy. For instance, one such condition
demands that each 1-cell be bounded by exactly fwe O-cells.

I can now say a little more clearly why the physicist is almost as disinterested
as the mathematician in the particular way how a certain combinatorial scheme of
consecutive divisions is applied to the continuum of here-nows which we called the
world. Of course, somehow our theoretical constructions must be put in contact
with the ohservable facts. The historic development of our theories proceeds
by heuristic arguments over a long and devious road and in many steps from
experience to construction. But systematic exposition should go the other way:
first develop the theoretical scheme without attempting to define individually by
appropriate measurements the symbols occurring in it as space-time coordinates,
electromagnetic field strengths, etc., then deseribe, as it were in one breath, the
contact of the whole system with observable facts. The simplest example I can
find is the observed angle between two stars.’® The symbolic construct in the
medium of the 4-dimensional world from which thecry deterinines and predicts
the value of this angle includes: (1} the world-lines of the two stars, (2} the causal
structure of the universe, (3) the world position of the observer and the direction
of his world line at the moment of observation. But a continuous deformation,
a one-to-one continuous transformation of this whole picture, does not affect
the value of the angle. Isomorphic pictures lead to the same Tesuits concerning
observable facts. This is, in its most general form, the principile of relativity.
T'he arbitrariness involved in our ascent from the given manifold to the construer
is expressed by this principle for the opposite descending procedure, which the
systematic exposition should follow.

So far we have endeavored to describe how a matheniatical construct is dis-
tilled from the given raw material of reality. Let us now look upon these prod-
ucts of distillation with the eye of a pure mathematiciau. One of then is the
sequence of natural numbers and the other the general notion of a topological
space {Sy} into which a topological scheme Sy develops by consecutive deriva-
tions Sy, 8. S5, - - - . In both cases iteration is the most decisive feature. Hence all
our reasoning must be based on evidence concerning that completely transparent
process which generates the natural numbers, rather than on any principles of
formal logic like syllogism, etc. The business of the constructive mathematician
is not to draw logical conclusions. Indeed his arguments and propositions are
merely an accompaniment of his actions, his carrying out of constructions. For
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instance. we run over the sequence of integers 0, 1, 2,...by saying alternatingly
even, odd, even, odd, etc., and in view of the possibility of this inductive con-
struction which we can extend as far as we ever wish, we formulate the general
arithmetical proposition: “Every integer is even or odd.” Besides the idea of it-
eration (or the sequence of integers) we make constant use of mappings or of the
functional idea. For instance, just now we have defined a function =(n), called
parity, with n ranging over all integers and = capable of the two values 0 (even)
and 1 {odd), by this induction:

#7{0) =0;
a(n’) = 1if w(n) =0, m{n’) =0if w(n) = L.

Structures such as the topological schemes are to he studied in the light of the
idea. of isomerphism. For instance, when it comes to introducing operators 7
which carry any topological scheme § into a topological scheme 7(5) one should
pay attention only to such operators or functions 7 for which isomorphism of &
and R entails isomorphism for 7(5} and 7{R).

Up to now I have emphasized the constructive character of mathematics. In
our actual mathematics there vies with it the non-constructive aziomatic method.
Fuclid’s axioms of geometry are the classical prototype. Archimedes employs the
method with great acumen and so do later Galileo and Huyghens in erecting the
science of mechanics. One defines all concepts in terms of a few undefined basic
concepts and deduces all propositions from a number of basic propositions, the
axioms, concerning the basic concepts. In carlier times authors were inclined to
claim a priori evidence for their axioms; however this is an epistemological aspect
which does not interest the mathematician. Deduction takes place according to
the principles of formal logic, in particular it follows the syllogistic scheme. Such
a treatment more geometrico was for a long time considered the ideal of every
science. Spinoza tried to apply it to ethics. For the mathematician the meaning of
the words representing the basic concepts is irrelevant; any interpretation of them
which fits, i. e., under which the axioins become true, will be good, and all the
propositions of the diseipline will hold for such an interpretation because they are
all logical consequences of the axioms. Thus n-dimensional Euclidean geometry
permits another interpretation where points are distributions of electric current in
a given circuit consisting of n branches which connect at certain branch points.
For instance, the problem of determining that distribution which results from
given electromotoric forces inserted in the various branches of the net corresponds
to the geometric construction of orthegonal projection of a point upon a linear
subspace. From this standpoint mathematics treats of relations in a hypothetical-
deductive manner without binding itself to any particular material interpretation.
It is not concerned with the éruth of axioms, but only with their consistency;
indeed inconsistency would a priori preclude the possibility of our ever coming
across a fitting interpretation. “Mathematics is the science which draws necessary
conclusions,” says B, Peirce in 1870, a definition which was in vogue for decades
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after. To me it seems that it renders very scanty information about the real
nature of mathematics, and you are at present watching my struggle to give a
fuller characterization. Past writers on the philosophy of mathematics have so
persistently discussed the axiomatic method that I don’t think it necessary for
me to dwell on it at any greater length, although my exposition thereby becomes
somewhat lopsided.

However I should like to point out that since the axiomatic attitude has
ceased to be the pet subject of the methodologists its influence has spread from
the roots to all brauches of the mathematical tree. We have seen before that
topology is to be based on a full enumeration of the axioms which a topological
scheme has to satisfy. One of the simplest and most basic axiomatic concepts
which penetrates all fields of mathematics is that of group. Algebra with its
“fields,” “rings,” etc., is today from bottom to top permeated by the axiomatic
spirit. Our portrait of mathematics would look a lot less hazy, if time permitted
me to explain these mighty words which I have just uttered, group, field and
ring. I shall not try it, as little as I have stated the axioms characteristic for a
topological scheme. But such notions and their kin have brought it about that
modern mathematical research often is a dexterous blending of the constructive
and the axiomatic procedures. Perhaps one should be content to note their
mutual interlocking. But temptation is great to adopt one of these two views as
the genuine primardial way of mathematical thinking, to which the other merely
plays a subservient role, and it is possible indeed to carry this standpoint through
consistently whether one decides in favor of construction or axiom.

Let us consider the first alternative. Mathematics then consists primarily
of construction. The occurring sets of axioms merely fiz the range of variables
entering into the construction. [ shall explain this statement a little further
by our examples of causal structure and topology. According to the special
theory of relativity the causal structure is once for all fixed and can therefore
be explicitly constructed. Nay, it is reasonable to construct it together with
the topological medium itself, as for instance a circle together with its metric
structure is obtained by carrying out the normal subdivision by cutting each arc
into two equal halves. In the general theory of relativity, however, the causal
structure is something flexible; it has only to satisfy certain axioms derived from
experience which allow a considerable measure of free play. But the theory goes
on by establishing laws of nature which connect the flexible causal structure with
other flexible physical entities, distribution of masses, electromagnetic field, etc.,
and these laws in which the flexible things figure as variables are in their turn
constructed by the theory in an explicit a priori way. Relativistic cosmology asks
for the topological structure of the universe as a whole, whether it is open or
closed, etc. Of course the topological structure can not be flexible as the causal
structure is, but one must have a free outlook on all topological passibilities before
one can decide by the testimony of experience which of them is realized by our
actual world. To that end one turns to topology. There the topological scheme
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is bound only by certain axioms; but the topologist derives numerical characters
from, or establishes universal connections between, arbitrary topoclogical schemes,
and again this is done by expiicit construction into which the arbitrary schemes
enter as variables, Wherever axioms occur. they ultimately serve to describe the
range of variables in explicitly constructed functional relations.

So much about the first alternative, We turn to the opposite view, which
subordinates construction to axioms and deduction, and holds that mathematics
consists of systems of axioms freely agreed upon, and their necessary conclusions.
In a completely axiomatized mathematics construction can come in only secon-
darily as construction of examples, thus forming the bridge between pure theory
and its applications. Sometimes there is only one example because the axioms, at
least up to arbitrary isomorphisms, determine their object uniquely; then the de-
mand for translating the axiomatic set-up into an explicit construction becomes
especially imperative. Much more significant is the remark that ar axiomatic sys-
temn, although it refrains from constructing the mathematical objects, constructs
the mathematical propositions by combined and iterated application of logical
rules. Indeed, drawing conclusions from given premises proceeds by certain logi-
cal rules which since Aristotle’s day one has tried to enumerate completely. Thus
on the level of propositions, the axiomatic method is undiluted constructivism.
David Hilbert has in our day pursued the axiomatic method to its bitter end
where all mathematical propositions, including the axioms, are turned into for-
mulas and the game of deduction proceeds from the axioms by rules which take
no account of the meaning of the formulas., The mathematical game is played in
silence, without words, like a game of chess. Only the rules have to be explained
and communicated in words, and of course any arguing about the possibilities
of the game, for instance about its consistency, goes on in the medium of words
and appeals to evidence.

If carried so far, the iszue between explicit construction and implicit definition
by axioms ties up with the last foundations of mathematics. Evidence based on
construction refuses to support the principles of Aristotelian logic when these are
applied to existential and general propositions in infinite fields like the sequence
of integers or a continuum of points. And if the logic of the infinite is taken into
account, it seems impossible to axiomatize adequately even the most primitive
process, the transition n — n' from an integer to its follower n'. As K. Gidel
has shown, there will always be constructively evident arithmetical propositions
which cannot be deduced from the axioms however you formulate them, while at
the same time the axioms, riding roughshod over the subtleties of the constructive
infinite, go far beyond what is justifiable by evidence. We are not surprised
that a concrete chunk of nature, taken in its isolated phenomenal existence,
challenges our analysis by its inexhaustibility and incompleteness; it is for the
sake of completeness. as we have seen, that physics projects what is given onfo the
background of the possible. However, it is surprising that a construct created by
mind itself, the sequence of integers, the simplest and most diaphanous thing for
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the constructive mind, assumes a similar aspect of obscurity and deficiency when
viewed from the axiomatic angle. But such is the fact; which casts an uncertain
light upon the relationship of evidence and mathematics. In spite, or because, of
our deepened critical insight we are today less sure than at any previous time of
the ultimate foundations on which mathematics rests.

My purpose in this address has not been to show how the inventive mati-
ematical intellect works in its manifold manifestations, in calculus, geometry.
algebra, physics, etc.. although that would have made a much more attractive
picture. Rather, I have attempted to make visible the sources from which all
these manifestations spring. I know that in an hour’s timne I can have succeeded
only to a slight degree. While in other fields brief allusions are met by ready
understanding, this is unfortunately seldom the case with mathematical ideas.
But I should have completely failed if you bad not realized at least this much.
that mathematies, in spite of its age, is not doomed to progressive sclerosis by
its growing compiexity, but is still intensely alive, drawing nourishment from its
deep roots in mind and nature.

Notes

[An address delivered at the Bicentennial Celebration Conference of the Univer-
sity of Pennsylvania, 17 September 1940; the text here follows Weyl 1940: note
that the text reprinted in W(GA 3:710-718 is garbled.]

! |Frangois Viete (also known in his Latinized name Franciscus Vieta), 1540
1603, was an importaut figure in the development. of modern algebra, who intro-
duced alphabetic symbolic notation for unknowns and coefficients as well as the
general rules for manipulating them; see Klein 1968, 150-185, and Pesic 1997.]

? [The English words customarily used to render Aristotle’s concepts are
rather opague; Weyl may here presume that the reader knows, from the mean-
ings of the underlying Greek words, that “substance” (ousia)} denotes the com-
mon essence (say of a biological genus), where “accident” {sumbebekos) denotes
a quality of an individual member of that genus that does not specifically reflect
its underlying essence. For example, some quality of a tree may reflect its par-
ticular *accidental” circumstances {like the locel climate or water supply) rather
than the essential qualities by which it can be distinguished from trees of other
genera.|

3 Compare about this contrast Ernst Cassirer, Substanzbegriff und Funktions-
begriff, 1910 [Cassirer 1953, and my critical remark, Philosophie der Mathmetik
und Naturwissenscheft, 1923, p. 111. [Weyl 2009b, 149-150, 216]

4 [Weyl gives further treatment of the philosophic aspect of symbols in his
essay on “The Unity of Knowledge,” in Weyl 2009a, 194-203.]

5 [Shakespeare, Homlet, 1.1i.129-130.)
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& [Civen the pervasive influence of Goethe on Weyl and his contemporaries,
one wonders whether he intends an echo of Faust, Part [, line 1700: “Verweile
doch, du bist so schén” (“Stay a while! You are so lovely”), in which Faust insists
that he will never “grow stagnant nor be a slave® (line 1710). Weyl's concept of
number may thus be Faustian in character.]

7 [For the distinction between Weyl's use of the terms “complete induction”
and the contemnporary meaning of this phrase, see above 31n6.}

& [Weyl refers to Kasner and Newman 1940/2001, whose author, in conversa-
tions with children, devised the names “google” for 101% and the less well-known
term “googleplex” for 108°0gle — 10107 ]

9 [Galileo 1957, 237-238]

10 IThis example dates back to Weyl's 1927 writings; see Weyl 2009a, 30.)



David Hilbert 1862-1943
(1944)

David Hilbert, upon whom the world looked during the last decades as the great-
est of the living mathematicians, died in Géttingen, Germany, on 14 February
1943. At the age of eighty-one he succumbed to a compound fracture of the thigh
brought about by a domestic accident.

Hilbert was born on 23 January 1862, in the city of Kénigsberg in East Prus-
sia. He was descended from a family which had long been settled there and
had brought forth a series of physicians and judges. During his entire life he
preserved uncorrupted the Baltic accent of his home. For a long time Hilbert
remained faithfully attached to the town of his forebears, and well deserved its
honorary citizenship which was bestowed upon him in his later years. It was at the
University of Konigsberg that he studied, where in 1884 he received his doctor’s
degree, and where in 1886 he was admitted as Privatdozent; there, moreover, he
was appointed Ausserordentlicher Professor, in 1892, succeeding his teacher and
friend Adolf Hurwitz, and in the following year advanced to a full professorship.*
The continuity of this Kénigsberg period was interrupted only by a semester’s
studies at Erlangen, and by a travelling scholarship during the year before his
habilitation, which took him to Felix Klein at Leipzig and to Paris where he was
attracted mainly to Charles Hermite. It was on Klein’s initiative that Hilbert
was called to Gottingen in 1895; there he remained until the end of his life. He
retired in the year 1930.

In 1928 he was elected to foreign membership of the Royal Society.

Beginning in his student years at Koénigsberg a close friendship existed be-
tween him and Hermann Minkowski, his junior by two years, and it was with deep
satisfaction that in 1902 he succeeded in bringing Minkowski also to Gottingen.
Only too soon did the close collaboration of the two friends end with Minkowski’s
death in 1909. Hilbert and Minkowski were the real heroes of the great and
brilliant period, unforgettable to those who lived through it, which mathematics
experienced during the first decade of this century in Géttingen. Klein ruled over
it like a distant god, divus Feliz, from above the clouds; the peak of his mathe-
matical productivity lay behind him. Among the authors of the great number of
valuable dissertations which in these fruitful years were written under Hilbert’s
guidance we find many Anglo-Saxon names, names of men who subsequently
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in their original simplicity. When it is a matter of transferring the theory of
linear equations from a finite to an infinite number of unknowns he begins by
getting rid of the calculatory tool of determinants. A truly great example of
far-reaching significance is his mastery of Dirichlet’s principle which, originally
springing from mathematical physics, provided Riemann with the foundation of
his theory of algebre}tic functions and Abelian integrals, but which subsequently
had fallen a victim of Weierstrass’s pitiless criticism.? Hilbert salvaged it in its
entirety. The whole finely wrought apparatus of the Calculus of Variations was
here consciously set aside. We only need to mention the names R. Courant and
M. Morse to indicate what role this direct method of the calculus of variations
was destined to play in recent times. It seems to me that with Hilbert the mas-
tering of single concrete problems and the forming of general abstract concepts
are balanced in a particularly fortunate manner. He came of a time in which the
algorithm had played a more extensive part, and therefore he stressed strongly
a conceptual procedure; but in the meantime our advance in this direction has
been so uninhibited and with so little concern for a growth of the problematics
in depth that many of us have begun to fear for the mathematical substance.
In Hilbert simplicity and rigor go hand in hand. The growing demand for rigor,
imposed by the critical reflections of the nineteenth century upon those parts of
mathematics which operate in the continuum, was felt by most investigators as
a heavy yoke that made their steps dragging and awkward. Full of longing and
with uneasiness they looked back upon Euler’s era of happy-go-lucky analysis.
With Hilbert rigor figures no longer as enemy, but as promoter of simplicity. Yet
the secret of Hilbert’s creative force is not plumbed by any of these remarks. A
further element of it, I feel, was his sensitivity in registering hints which revealed
to him general relations while solving special problems This is most magnificently
exemplified by the way in which, during his theory of numbers period, he was
led to the enunciation of his general theorems on class fields and the general law
of reciprocity.

In a few words we shall now recall Hilbert’s most important achievements.
In the years 1888-1892 he proved the fundamental finiteness theorems of the
theory of invariants for the full projective group. His method, though yielding
a proof for the existence of a finite basis for the invariants, does not enable one
actually to construct it in a concrete individual case. Hence the exclamation
by the great algorithmician P. Gordan, at the appearance of Hilbert’s paper:
“This is not mathematics; this is theology!” It reveals an antithesis which reaches
down to the very roots of mathematics. Hilbert, however, in further penetrating
investigations, furnished the means for a finite execution of the construction.

His papers on the theory of invariants had the unexpected effect of withering,
as it were overnight, a discipline which so far had stood in full bloom. Its central
problems he had finished once and for all. Entirely different was his effect on the
theory of number fields, which he took up in the years 1892-1898. It is a great
pleasure to watch how, step by step, in a succession of papers ascending from the
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gren in Hilbert’s seminar dealing with the now classical paper of Fredholm’s
on integral equations, then but recently published, provided the impulse which
started Hilbert on his investigations on this subject which absorbed his attention
until 1912. Fredholm had limited himself to setting up the analogue of the theory
of linear equations, while Hilbert recognized that the analogue of the transforma-
tion on to principal axes of quadratic forms yields the theory of the eigenvalues
and eigenfunctions for the vibration problems of physics. He developed the par-
allel between integral equations and sum equations in infinitely many unknowns,
and subsequently proceeded to push ahead from the spectral theory of “com-
pletely continuous” to the much more general one of “bounded” quadratic forms.
Today these things present themselves to us in the framework of a general theory
of Hilbert space. Astonishing indeed is the variety of interesting applications
which integral equations find in the most diverse branches of mathematics and
physics. Mention should be made of Hilbert’s own solution of Riemann’s problem
of monodromy for linear differential equations, a far-reaching generalization of
the existence theorem for algebraic functions on a preassigned Riemann surface,
and his treatment of the kinetic theory of gases, also the completeness theorem
for the representations of a continuous compact group, and finally in recent times
the construction of harmonic integrals on an arbitrary Riemannian manifold, suc-
cessfully accomplished by the use of Hilbertian means.* Thus only under Hilbert’s
hands did the full fertility of Fredholm’s great idea unfold. But it was also due
to his influence that the theory of integral equations became a world-wide fad
in mathematics for a considerable length of time, producing an enormous litera-
ture, for the most part of rather ephemeral value. It was not merit but a favor of
fortune when, beginning in 1923 (Heisenberg, Schrédinger) the spectral theory
in Hilbert space was discovered to be the adequate mathematical instrument of
quantum physics. This later impulse led to a re-examination of the entire com-
plex of problems with refined means (J. von Neumann, M. Stone, and others).

This period of integral equations is followed by Hilbert’s physical period. Sig-
nificant though it was for Hilbert’s complete personality as a scientist, it produced
a lesser harvest than the purely mathematical phases, and may here be passed
over. I shall mention instead two single, somewhat isolated, accomplishments
that were to have a great effect: his vindication of Dirichlet’s principle; and his
proof of a famous century-old conjecture of Waring’s, carrying the statement that
every integer can be written as a sum of four squares over from squares to arbi-
trary powers. The physical period is finally succeeded by the last one, already
mentioned above, in the course of which Hilbert gives an entirely new turn to the
question concerning the foundation and the truth content of mathematics itself.
A fruit of Hilbert’s pedagogic activity during this period is the charming book
by him and Cohn-Vossen, Anschauliche Geometrie [Intuitive Geometry).5

This summary, though far from being complete, may suffice to indicate the
universality and depth of Hilbert’s mathematical work. He has impressed the seal
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of his spirit upon a whole era of mathematics. And yet I do not believe that his
research work alone accounts for the brilliance that eradiated from him, nor for
his tremendous influence. Gauss and Riemann, to mention two other Géttingers,
were greater mathematicians than Hilbert, and yet their immediate effect upon
their contemporaries was undoubtedly smaller. Part of this is certainly due to the
changing conditions of time, but the character of the men is probably more deci-
sive. Hilbert’s was a nature filled with the zest of living, seeking the intercourse
of other people, and delighting in the exchange of scientific ideas. He had his own
free manner of learning and teaching. His comprehensive mathematical knowl-
edge he acquired not so much from lectures as in conversations with Minkowski
and Hurwitz. “On innumerable walks, at times undertaken day by day,” he tells
in his obituary on Hurwitz, “we browsed in the course of eight years through
every corner of mathematical science.” And as he had learned from Hurwitz, so
he taught in later years his own pupils on far-flung walks through the woods
surrounding Gé&ttingen or, on rainy days, as peripatetics, in his covered garden
walk. His optimism, his spiritual passion, and his unshakable faith in the value
of science were irresistibly infectious. He says: “The conviction of the solvability
of each and every mathematical problem spurs us on during our work; we hear
within ourselves the steady call: there is the problem; search for the solution. You
can find it by sheer thinking, for in mathematics there is no ignorabimus [“we
shall not know”].”8 His enthusiasm did get along with criticism, but not with
scepticism. The snobbish attitude of pretended indifference, of “merely fooling
around with things” or even of playful cynicism, did not exist in his circle. Hilbert
was enormously industrious; he liked to quote Lichtenberg’s saying: “Genius is
industry.” Yet for all this there was light and laughter around him. Under the
influence of his dominating power of suggestion one readily considered important
whatever he did; his vision and experience inspired confidence in the fruitfulness
of the hints he dropped. It is moreover decisive that he was not merely a scientist
but a scientific personality, and therefore capable not only of teaching the tech-
nique of his science but also of being a spiritual leader. Although not committing
himself to one of the established epistemological or metaphysical doctrines, he
was a philosopher in that he was concerned with the life of the idea as it realizes
itself among men and as an indivisible whole; he had the force to evoke it, he felt
responsible for it in his own sphere, and measured his individual scientific efforts
against it. Last, not least, the environment also helped. A university such as
Gottingen, in the halcyon days before 1914, was particularly favourable for the
development of a living scientific school. Once a band of disciples had gathered
around Hilbert, intent upon research and little worried by the toil of teaching, it
was but natural that in joint competitive aspiration of related aims each should
stimulate the other; there was no need that everything come from the master.

His homeland and America among all countries felt Hibert’s impact most
thoroughly. His influence upon American mathematics was not restricted to his
immediate pupils. Thus, for instance, the Hilbert of the foundations of geometry
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had a profound effect on E. H. Moore and O. Veblen; the Hilbert of integral
equations on George D. Birkhoff.

A picture of Hilbert’s personality should also touch upon his attitude regard-
ing the great powers in the lives of men; social and political organization, art,
religion, morals and manners, family, friendship, love. Suffice it to say here that
he was singularly free from all national and racial prejudices, that in all questions,
political, social, or spiritual, he stood forever on the side of freedom, frequently in
isolated opposition to the compact majority of his environment. Unforgotten by
all those present remains the unanimous and prolonged applause which greeted
him in 1928 at Bologna, the first International Congress of Mathematicians at
which, following a lengthy struggle, the Germans were once more admitted. It
was a telling expression of veneration for the great mathematician whom every
one knew to have risen from a severe illness, but at the same time an expression
of respect for the independent attitude, au dessus de la mélée, from which he had
not wavered during the world conflict. With veneration, gratitude and love his
memory will be preserved beyond the gates of death by many a mathematician
throughout the world.

Notes

[Published as Weyl 1944a; WGA 4:121-129.]

! [For these academic ranks, see above, 12, 66.]

2 [Hilbert’s Zahlbericht (Number report) “was the principal textbook on al-
gebraic number theory for a period of at least thirty years after its appearance”
in 1897, according to its English translation, Hilbert 1998, whose introduction
(1-15) gives a helpful overview. See also Corry 2004a for a discussion of this
work in context.]

3 [See Gowers et al. 2008, 125-126, 475-476. For Dirichlet’s principle, see
below, 180.]

4 [For the Riemann-Hilbert problem, see Its 2003.]

5 [Available in English as Hilbert and Cohn-Vossen 1999. For Waring’s prob-
lem, see Vaughn and Wooley 2002.]

6 [Hilbert is referring to a famous 1880 lecture by Emil du Bois-Reymond,
who had argued that “we shall not know” [ignorabimus] the answers to a number
of transcendent “world riddles,” such as the ultimate origins of matter, force, and
motion; see du Bois-Reymond 1907, 1974.]



David Hilbert and His Mathematical Work
(1944)

A great master of mathematics passed away when David Hilbert died in G&ttingen
on February the 14th, 1943, at the age of eighty-one. In retrospect it seems to
us that the era of mathematics upon which he impressed the seal of his spirit
and which is now sinking below the horizon achieved a more perfect balance than
prevailed before and after, between the mastering of single concrete problems and
the formation of general abstract concepts. Hilbert’s own work contributed not
a little to bringing about this happy equilibrium, and the direction in which we
have since proceeded can in many instances be traced back to his impulses. No
mathematician of equal stature has risen from our generation.

America owes him much. Many young mathematicians from this country, who
later played a considerable role in the development of American mathematics,
migrated to Gottingen between 1900 and 1914 to study under Hilbert. But the
influence of his problems, his viewpoints, his methods, spread far beyond the
circle of those who were directly inspired by his teaching.

Hilbert was singularly free from national and racial prejudices; in all public
questions, be they political, social or spiritual, he stood forever on the side of
freedom, frequently in isolated opposition against the compact majority of his
environment. He kept his head clear and was not afraid to swim against the
current, even amidst the violent passions aroused by the first world war that
swept so many other scientists off their feet. It was not mere chance that when
the Nazis “purged” the German universities in 1933 their hand fell most heavily
on the Hilbert school and that Hilbert’s most intimate collaborators left Germany
either voluntarily or under the pressure of Nazi persecution. He himself was too
old, and stayed behind; but the years after 1933 became for him years of ever
deepening tragic loneliness.

It was another Germany in which he was born on January 23, 1862, and
grew up. Konigsberg, the eastern outpost of Prussia, the city of Kant, was
his home town. Contrary to the habit of most German students who used to
wander from university to university, Hilbert studied at home, and it was in his
home university that he climbed the first rungs of the academic ladder, becoming
Privatdozent and in due time ausserordentlicher Professor.! During his entire life
he preserved uncorrupted the characteristic Baltic accent. His reputation as a
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leading algebraist was well established when on Felix Klein’s initiative he was
offered a full professorship at Gottingen in 1895. From then on until the end of
his life Hilbert remained in Goéttingen. He was retired in 1930.

When one inquires into the dominant influences acting upon Hilbert in his
formative years, one is puzzled by the peculiarly ambivalent character of his re-
lationship to Kronecker: dependent on him, he rebels against him. Kronecker’s
work is undoubtedly of paramount importance for Hilbert in his algebraic pe-
riod. But the old gentleman in Berlin, so it seemed to Hilbert, used his power
and authority to stretch mathematics upon the Procrustean bed of arbitrary
philosophical principles and to suppress such developments as did not conform:
Kronecker insisted that existence theorems should be proved by explicit con-
struction, in terms of integers, while Hilbert was an early champion of Georg
Cantor’s general set-theoretic ideas. Personal reasons added to the bitter feel-
ing.2 A late echo of this old feud is the polemic against Brouwer’s intuitionism
with which the sexagenarian Hilbert opens his first article on “New Foundation
of Mathematics” (“Neubegriindung der Mathematik,” 1922): Hilbert’s slashing
blows are aimed at Kronecker’s ghost whom he sees rising from his grave. But
inescapable ambivalence even here — while he fights him he follows him: rea-
soning along strictly intuitionistic lines is found necessary by him to safeguard
non-intuitionistic mathematics.3

More decisive than any other influence for the young Hilbert at Konigsberg
was his friendship with Adolf Hurwitz and Minkowski. He got his thorough math-
ematical training less from lectures, teachers or books, than from conversation.
“During innumerable walks, at times undertaken day after day,” writes Hilbert in
his obituary on Hurwitz, “we roamed in these eight years through all the corners
of mathematical science, and Hurwitz with his extensive, firmly grounded and
well-ordered knowledge was for us always the leader.” Closer and of a very inti-
mate character was Hilbert’s lifelong friendship with Minkowski. The Kdnigsberg
circle was broken up when Hurwitz in 1892 left for Ziirich, soon to be followed
by Minkowski. Hilbert first became Hurwitz’s successor in Konigsberg and then
moved on to Gottingen. The year 1902 saw him and Minkowski reunited in
Gottingen where a new chair of mathematics had been created for Minkowski.
The two friends became the heroes of the great and brilliant period which our
science experienced during the following decade in Gottingen, unforgettable to
those who lived through it. Klein, for whom mathematical research had ceased
to be the central interest, ruled over it as a distant but benevolent god in the
clouds. Too soon was this happy constellation dissolved by Minkowski’s sudden
death in 1909. In a memorial address before the Géttingen Gesellschaft der Wis-
senschaften, Hilbert spoke thus about his friend: “Our science, which we loved
above everything, had brought us together. It appeared to us as a flowering gar-
den. In this garden there are beaten paths where one may look around at leisure
and enjoy oneself without effort, especially at the side of a congenial companion.
But we also liked to seek out hidden trails and discovered many a novel view,
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beautiful to behold, so we thought, and when we pointed them out to one another
our joy was perfect.”

I quote these words not only as testimony of a friendship of rare depth and
fecundity that was based on common scientific interest, but also because I seem
to hear in them from afar the sweet flute of the Pied Piper that Hilbert was,
seducing so many rats to follow him into the deep river of mathematics. If
examples are wanted let me tell my own story. I came to GGttingen as a country
lad of eighteen, having chosen that university mainly because the director of my
high school happened to be a cousin of Hilbert’s and had given me a letter of
recommendation to him. In the fullness of my innocence and ignorance, I made
bold to take the course Hilbert had announced for that term, on the notion of
number and the quadrature of the circle. Most of it went straight over my head.
But the doors of a new world swung open for me, and I had not sat long at
Hilbert’s feet before the resolution formed itself in my young heart that I must
by all means read and study whatever this man had written. And after the
first year I went home with Hilbert’s Zahlbericht under my arm, and during the
summer vacation I worked my way through it ~— without any previous knowledge
of elementary number theory or Galois theory.? These were the happiest months
of my life, whose shine, across years burdened with our common share of doubt
and failure, still comforts my soul.

The impact of a scientist on his epoch is not directly proportional to the sci-
entific weight of his research. To be sure, Hilbert’s mathematical work is of great
depth and universality, and yet his tremendous influence is not accounted for by it
alone. Gauss and Riemann, to mention two other Gottingers, are certainly of no
lesser stature than Hilbert, but they made little stir among their contemporaries
and no “school” of devoted followers formed around them. No doubt this is due
in part to the changing conditions of time, but the character of the men is proba-
bly more decisive. A taste for solitude, even obscurity, is in no way irreconcilable
with great creative gifts. But Hilbert’s was a nature filled with the zest of liv-
ing, seeking intercourse with other people, above all with younger scientists, and
delighting in the exchange of ideas. Just as he had learned from Hurwitz, so he
taught his own pupils, at least those in whom he took a deeper personal interest:
on far-flung walks through the woods surrounding Géttingen or, on rainy days,
as “peripatetics” in his covered garden walk. His optimism, his spiritual passion,
his unshakable faith in the supreme value of science, and his firm confidence in
the power of reason to find simple and clear answers to simple and clear questions
were irresistibly contagious. If Kant through critique and analysis arrived at the
principle of the supremacy of practical reason, Hilbert incorporated, as it were,
the supremacy of pure reason — sometimes with laughing arrogance (arrogancia
in the Spanish sense), sometimes with the ingratiating smile of intellect’s spoiled
child, but most of the time with the seriousness of a man who believes and must
believe in what is the essence of his own life. His enthusiasm was compatible with
critical acumen, but not with scepticism. The snobbish attitude of pretended in-
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difference, of “merely fooling around with things,” or even of playful cynicism,
were unknown in his circle. You had better think twice before you uttered a lie
or an empty phrase to him: his directness could be something to be afraid of. He
was enormously industrious and liked to quote Lichtenberg’s saying: “Genius is
industry.” Yet for all this there was light and laughter around him. He had great
suggestive power; it sometimes lifted even mediocre minds high above their natu-
ral level to astonishing, though isolated achievements. I do not remember which
mathematician once said to him: “You have forced us all to consider important
those problems which you considered important.” His vision and experience in-
spired confidence in the fruitfulness of the hints he dropped. He did not hide his
light under a bushel. In his papers one encounters not infrequently utterances
of pride in a beautiful or unexpected result, and in his legitimate satisfaction
he sometimes did not give to his predecessors on whose ideas he built all the
credit they deserved. The problems of mathematics are not isolated problems
in & vacuum; there pulses in them the life of ideas which realize themselves in
concreto through our human endeavors in our historical existence, but forming
an indissoluble whole transcend any particular science. Hilbert had the power
to evoke this life; against it he measured his individual scientific efforts and felt
responsible for it in his own sphere. In this sense he was a philosopher, not in
the sense of adhering to one of the established epistemological or metaphysical
doctrines. Does not in such personal qualities of the academic teacher, rather
than in any objectivities or universally accepted metaphysics, lie the answer to
Hutchins’s quest for a true universitas literarum?®

Were it my aim to give a full picture of Hilbert’s personality I should have
to touch upon his attitude regarding the great powers in the lives of men: social
and political organization, art, religion, morals and manners, family, friendship,
love, and I should also probably have to indicate some of the shadows cast by so
much light. I wanted merely to sketch the mathematical side of his personality
in an attempt to explain, however incompletely, the peculiar charm and the
enormous influence which he exerted. In appraising the latter one must not
overlook the environmental factor. A German university in a small town like
Gottingen, especially in the halcyon days before 1914, was a favorable milieu for
the development of a scientific school. The high social prestige of the professors
and everything connected with the university created an atmosphere the like
of which has hardly ever existed in America. And once-a band of disciples
had gathered around Hilbert, intent on research and little worried by the chore
of teaching, how could they fail to stimulate one another! We have seen the
same thing happening here at Princeton during the first years of the Institute
for Advanced Study; there is a kind of snowball effect in the formation of such
condensation points of scientific research. )

Before giving a more detailed account of Hilbert’s work, it remains to charac-
terize in a few words the peculiarly Hilbertian brand of mathematical thinking.
It is reflected in his literary style which is one of great lucidity. It is as if you were
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on a swift walk through a sunny open landscape; you look freely around, demar-
cation lines and connecting roads are pointed out to you, before you must brace
yourself to climb the hill; then the path goes straight up, no ambling around,
no detours. His style has not the terseness of many of our modern authors in
mathematics, which is.based on the assumption that printer’s labor and paper
are costly but the reader’s effort and time are not. In carrying out a complete
induction Hilbert finds time to develop the first two steps before formulating the
general conclusion from n to n + 1. How many examples illustrate the funda-
mental theorems of his algebraic papers — examples not constructed ad hoc, but
genuine ones worth being studied for their own sake!

In Hilbert’s approach to mathematics, simplicity and rigor go hand in hand.
The generation before him, nay even most analysts of his time, felt the growing
demand for rigor imposed upon analysis by the critique of the nineteenth century,
which culminated in Weierstrass, as a heavy yoke that made their steps dragging
and awkward. Hilbert did much to change that attitude. In his famous address,
Mathematische Probleme, delivered before the Paris Congress in 1900, he stresses
the importance of great concrete fruitful problems.® “As long as a branch of
science,” says he, “affords an abundance of problems, it is full of life; want of
problems means death or cessation of independent development. Just as every
human enterprise prosecutes final aims, so mathematical research needs problems.
Their solution steels the force of the investigator; thus he discovers new methods
and viewpoints and widens his horizon.” “One who without a definite problem
before his eyes searches for methods, will probably search in vain.” The methodical
unity of mathematics was for him a matter of belief and experience. Again I
quote his own words: “The question is forced upon us whether mathematics
is once to face what other sciences long ago experienced, namely the falling
apart into subdivisions whose representatives are hardly able to understand each
other and whose connections for this reason will become ever looser. I neither
wish nor believe it. The science of mathematics as I see it is an indivisible
whole, an organism whose ability to survive rests on the connection between its
parts.” A characteristic feature of Hilbert’s method is a peculiarly direct attack on
problems, unfettered by algorithms; he always goes back to the questions in their
original simplicity. An outstanding example is his salvage of Dirichlet’s principle
which had fallen a victim of Weierstrass’s criticism, but his work abounds in
similar examples. His strength, equally disdainful of the convulsion of Herculean
efforts and of surprising tricks and ruses, is combined with an uncompromising
purity.”

Hilbert helped the reviewer of his work greatly by seeing to it that it is rather
neatly cut into different periods during each of which he was almost exclusively
occupied with one particular set of problems. If he was engrossed in integral
equations, integral equations seemed everything; dropping a subject,. he dropped
it for good and turned to something else. It was in this characteristic way that
he achieved universality. I discern five main periods: i. Theory of invariants
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Theory of invariants

The classical theory of invariants deals with polynomials J = J(z1, - ,Zy) de-
pending on the coefficients (z1, -+ ,x,) of one or several ground forms of a given
number of arguments 71, -+ ,7. Any linear substitution s of determinant 1 of
the g arguments induces a certain linear transformation U(s) of the variable co-
efficients z1,-+ ,Zn,z = 2’ = U(s)z, whereby J = J(z1 -+ 2,) changes into a
new form J(z}---z},) = J*(z1---Zp). J is an invariant if J* = J for every s.8
{The restriction to unimodular transformations s enables one to avoid the more
involved concept of relative invariants and to remove the restriction to homoge-
neous polynomials, with the convenient consequence that the invariants form a
ring.) The classical problem is a special case of the general problem of invariants
in which s ranges over an arbitrary given abstract group I" and s — U(s) is any
representation of that group (that is, a law according to which every element s of
T induces a linear transformation U(s) of the n variables z1, - , z,, such that the
composition of group elements is reflected in composition of the induced trans-
formations). The development before Hilbert had led up to two main theorems,
which however had been proved in very special cases only. The first states that
the invariants have a finite integrity basis, or that we can pick a finite number
among them, say i1, - - , i, such that every invariant J is expressible as a poly-
nomial in 44, - -+ ,4,,. An identical relation between the basic invariants 7y,--- , i,
is a polynomial F(z - - - zp,) of m independent variables z;, - - - zm, which vanishes
identically by virtue of the substitution

21 =1{T1 " Tn)y 0 2m = im{T1 - Tn)-

The second main theorem asserts that the relations have a finite ideal basis, or
that one can pick a finite number among them, say Fi,--- , Fy, such that every
relation F is expressible in the form

(1) F=Q1F1 +-- + QnFh,

the @; being polynomials of the variables 21, - , 2.
~ I'venture the guess that Hilbert first succeeded in proving the second theorem.
The relations F form a subset within the ring k[z; - - - 2] of all polynomials of
21, , Zy the coefficients of which lie in a given field k. When Hilbert found his
simple proof he could not fail to notice that it applied to any set of polynomials
3. whatsoever and he thus discovered one of the most fundamental theorems of
algebra, which was instrumental in ushering in our modern abstract approach,
namely:
(A) Every subset S of the polynomial ring klz; - - - 2] has a finite ideal basis.
Is it bad metaphysics to add that his proof turned out so simple because the
proposition holds in this generality? The proof proceeds by the adjoining of
one variable z; after the other, the individual step being taken care of by the
statement: If a given ring r satisfies the condition (P): that every subset of r has
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a finite ideal basis, then the ring r{z] of polynomials of a single variablez with
coefficients in r satisfies the same condition (P). Once this is established one gets
not only (A) but also an arithmetic refinement discussed by Hilbert in which the
field k of rational numbers is replaced by the ring of rational integers.

The subset X of relations to which Hilbert applies his theorem (A) is itself
an ideal, and thus the ideal {F},--- , Fi}, that is, the totality of all elements of
the form (1), @; € klz;--- zy], not only contains, but coincides with, ¥. The
proof, however, works even if % is not an ideal, and yields at one stroke (1) the
enveloping ideal {&} of ¥ and (2) the reduction of that ideal to a finite basis,
{Z}={F1--  Fp}.

Counstruction of a full set of relations F} - - - , F}, would finish the investigation
of the algebraic structure of the ring of invariants were it true that any relation #
can be represented in the form (1) in one way only. But since, generally speaking,
this is not so, we must ask for the “vectors of polynomials” M = (My,--- , Mp) for
which M Fy + -+ My F}, vanishes identically in z (syzygy of first order). These
linear relations M between Fy---,F}y again form an ideal to which Theorem
(A) is applicable, the basis of the M thus obtained giving rise to syzygies of the
second order. To the first two main theorems Hilbert adds a third to the effect
that if redundance is avoided, the chain of syzygies breaks off after at most m
steps.

All this hangs in the air unless we can establish the first main theorem, which
is of an altogether different character because it asks for an integrity, not an
ideal basis. Discussing invariants we operate in the ring k, = k[z;---z,] of
polynomials of z;---z, in a given field k. Hilbert applies his Theorem (A)
to the totality J of all invariants J for which J(0,---,0) = 0 (a subring of
k; which, by the way, is not an ideall) and thus determines an ideal basis
i1, ,%m of J. Each of the invariants i = 4, may be decomposed into a sum
i =104 of homogeneous forms of degree 1,2, - - - , and as the summands
are themselves invariants, the ¢, may be assumed to be homogeneous forms of
degrees v, > 1. Hilbert then claims that the 4,,--- ,%,, constitute an integrity
basis for all invariants. I use a finite group I consisting of NV elements s (although
this case of the general problem of invariants was never envisaged by Hilbert
himself) in order to illustrate the idea by which the transition is made. Every
invariant J is representable in the form

(2) J=c+Liti + -+ Lpim (Ly € k)

where ¢ is the constant J(0). If J is of degree v one may lop off in L, all terms
of higher degree than v — v, without destroying the equation. If it were possible
by some process to change the coefficients L in (2) into invariants, the desired
result would follow by induction with respect to the degree of J. In the case of a
finite group such a process is readily found: the process of averaging. The linear
transformation U(s) of the variables z;,-- - , 2, induced by s carries (2) into

J=cH+ L i+ -+ L i
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Summation over s and subsequent division by the number N yields the relation
J=c+ Ll +- -+ L}in

where .
L= Z L.

It is of the same nature as (2), except for the decisive fact that according to their
formation the new coefficients L* are invariants.®

Actually Hilbert had to do, not with a finite group but with the classical prob-
lem in which the group I' consists of all linear transformations s of g variables
M, ,Ng, and instead of the averaging process he had to resort to a differ-
entiation process invented by Cayley, the so-called Cayley €2-process, which he
skillfully adapted for his end. (It is essential in Cayley’s process that the g2
components of the matrix s are independent variables; instead of the absolutely
invariant polynomials J one has to consider relatively invariant homogeneous
forms each of which has a definite degree and weight.)

Hilbert’s theorem (A) is the foundation stone of the general theory of algebraic
manifolds. Let us now think of k more specifically as the field of all complex
numbers. It seems natural to define an algebraic manifold in the space of n
coordinates z1,- - ,Zn by a number of simultaneous algebraic equations )} =
0, ,fn =0 (fi € k). According to Theorem (A), nothing would be gained by
admitting an infinite number of equations. Let us denote by Z(f,,--- , f») the set
of points = = (z1,- - ,%,) where fi,---, fn and hence all elements of the ideal
J ={f1,--, fn} vanish simultaneously. g vanishes on Z(fi,--- , f) whenever
g € {f1, -+, fn}, but the converse is not generally true. For instance x, vanishes
wherever 2 does, and yet z1 is not of the form z3 - g(z1 -+ z,). The language of
the algebraic geometers distinguishes here between the simple plane z; = 0 and
the triple plane, although the point set is the same in both cases. Hence what
they actually mean by an algebraic manifold is the polynomial ideal and not the
point set of its zeros. But even if one cannot expect that every polynomial g
vanishing on Z(f1,---, fa) = Z(J) is contained in the ideal J = {f1, -, fa}
one hopes that at least some power of g will be. Hilbert’s “Nullstellensatz”
[“zero-locus-theorem”] states that this is true, at least if k is the field of complex
numbers. It holds in an arbitrary coefficient field k provided one admits points
z the coordinates z; of which are taken from k or any algebraic extension of
k. Clearly this Nullstellensatz goes to the root of the very concept of algebraic
manifolds.'®

Actually Hilbert conceived it as a tool for the investigation of invariants.
As we are now dealing with the full linear group let us consider homogeneous
invariants only and drop the adjective homogeneous. Exclude the constants (the
invariants of degree 0). Suppose we have ascertained p non-constant invariants
Ji,+ -+, J, such that every non-constant invariant vanishes wherever they vanish
simultaneously. An ideal basis of the set J of all non-constant invariants certainly
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Although the first main theorem has been proved for wide classes of groups
I" we do not yet know whether it holds for every group. Such attempts as have
been made to establish it in this generality were soon discovered to have failed.
A promising line for an algebraic attack is outlined in item 14 of Hilbert’s Paris
list of Mathematical Problems.

Having dwelt in such detail on Hilbert's theory of invariants, we must be
brief with regard to his other, more isolated, contributions to algebra. The
first paper in which the young algebraist showed his real mettle concerns the
conditions under which a form with real coeflicients is representable as a sum
of squares of such forms, in particular with the question whether the obviously
necessary condition that the form be positive for all real values of its arguments is
sufficient. By ingenious continuity arguments and algebraic constructions Hilbert
finds three special cases for which the answer is affirmative, among them of course
the positive definite quadratic forms, but counterexamples for all other cases.
Similar methods recur in two papers dealing with the attractive problem of the
maximum number of real ovals of an algebraic curve or surface and their mutual
position. Hilbert conjectured that, irrespective of the number of variables, every
rational function with real (or rational) coefficients is a sum of squares of such
functions provided its values are positive for real values of the arguments; and
in his Grundlagen der Geometrie [Foundations of Geometry, Hilbert 1971] he
pointed out the role of this fact for the geometric constructions with ruler and
“Pichmass [gauge or compass].” Later O. Veblen conceived, as the basis of the
distinction between positive and negative in any field, the axiom that no square
sum equals zero. Independently of him, E. Artin and O. Schreier developed
a detailed theory of such “real fields,” and by means of it Artin succeeded in
proving Hilbert’s conjecture.!?

In passing I mention Hilbert’s irreducibility theorem according to which one
may substitute in an irreducible polynomial suitable integers for all of the vari-
ables but one without destroying the irreducibility of the polynomial, and his
paper on the solution of the equation of ninth degree by functions with a min-
imum number of arguments. They became points of departure for much recent
algebraic work (E. Noether, N. Tschebotareff and others). Finally, it ought to be
recorded that on the foundations laid by Hilbert a detailed theory of polynomial
ideals was erected by E. Lasker and F. S. Macaulay which in turn gave rise to
Emmy Noether’s general axiomatic theory of ideals. Thus in the field of algebra,
as in all other fields, Hilbert’s conceptions proved of great consequence for the
further development.

Algebraic number fields

When Hilbert, after finishing off the invariants, turned to the theory of alge-
braic number fields, the ground had been laid by Dirichlet’s analysis of the group
of units more than forty years before, and by Kummer’s, Dedekind’s and Kro-



104 Levels of Infinity

necker’s introduction of ideal divisors. The theory deals with an algebraic field «
over the field k of rational numbers. One of the most important general results
beyond the foundations had been discovered by Dedekind, who showed that the
rational prime divisors of the discriminant of « are at the same time those primes
whose ideal prime factors in s are not all distinct (ramified primes). [ being a
rational prime, the adjunction to & of the [th root of a number « in & yields a rel-
ative cyclic field K = x(a/!) of degree | over x, provided s contains the lth root
of unity ¢ = e2™/! (and according to Lagrange, the most general relative cyclic
field of degree ! over k is obtained in this fashion). It may be said that it was
this circumstance which forced Kummer, as he tried to prove Fermat’s theorem
of the impossibility of the equation of + S = 4%, to pass from the rational ground
field % to the cyclotomic field x; = k(¢) and then to conceive his ideal numbers in
k; and to investigate whether the number of classes of equivalent ideal numbers
in x; is prime to [. Hilbert sharpened his tools in resuming Kummer’s study of
the relative cyclic fields of degree [ over x; which he christened “Kummer fields.”
- His own first important contribution was a theory of relative Galois fields K
- over a given algebraic number field x. His main concern is the relation of the
Galois group I' of K/k to the way in which the prime ideals of x decompose in
K. Given a prime ideal B in K of relative degree f, those substitutions s of
T' for which &8 = B form the splitting group. As always in Galois theory one
constructs the corresponding subfield of K/x (splitting field), to which a number
of K belongs if it is invariant under all substitutions of the splitting group. The
substitutions ¢ which carry every integer A in K into one, tA, that is congruent
to A mod P form an invariant subgroup of of index f, called the inertial group,
and the corresponding field (inertial field) is sandwiched in between the splitting
field and K. Let p be the prime ideal in » into which B goes, and *¢ the exact
power of 8 by which p is divisible. I indicate the nature of Hilbert’s results by the
following central theorem of his: In the splitting field of ‘B the prime ideal p in &
splits off the prime factor p* = B° of degree 1 (therefore the name!); in passing
from the splitting to the inertial field p* stays prime but its degree increases to
f; in passing from the inertial to the full field K, p* breaks up into e equal prime
factors 70 of the same degree f. For later application I add the following remarks.
If B goes into p in the first power only, e = 1 (which is necessarily so provided
p is not a divisor of the relative discriminant of K/x) , then the inertial group
consists of the identity only. In that case the theory of Galois’s strictly finite
fields shows that the splitting group is cyclic of order f and that its elements
1,s,8%,..- 8! are uniquely determined by the congruences

sA = AF, s24=AP" ... (modP)

holding for every integer A. Here P is the number of residues in k£ modulo p and
thus P/ the number of residues in K modulo 8. Today we call s = o() the
Frobenius substitution of %B; it is of paramount importance that one particular
generating substitution of the splitting group may thus be distinguished among
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all others. One readily sees that for any substitution u of the Galois group
oc(uP) =u"l-o(P) - u. Thus if the Galois field K/x is Abelian, the substitution

o(PB) = o(uP) depends on p only and may be denoted by (%)

In 1893 the Deutsche Mathematiker-Vereinigung asked Hilbert and Minkowski
to submit within two years a report on number theory. Minkowski dropped
out after a while. Hilbert’s monumental report Die Theorie der algebraischen
Zahlkorper [Theory of Algebraic Number Fields, Hilbert 1998] appeared in the
Jahresberichte of 1896 (the preface is dated April 1897). What Hilbert accom-
plished is infinitely more than the Vereinigung could have expected. Indeed,
his report is a jewel of mathematical literature. Even today, after almost fifty
years, a study of this book is indispensable for anybody who wishes to master
the theory of algebraic numbers. Filling the gaps by a number of original investi-
gations, Hilbert welded the theory into an imposing unified body. The proofs of
all known theorems he weighed carefully before he decided in favor of those “the
principles of which are capable of generalization and the most useful for further
research.” But before such a selection could be made that “further research” had
to be carried out! Meticulous care was given to the notations, with the result
that they have been universally adopted (including, to the American printer’s
dismay, the German letters for ideals!) He greatly simplified Kummer’s theory,
which rested on very complicated calculations, and he introduced those concepts
and proved a number of those theorems in which we see today the foundations
of a general theory of relative Abelian fields. The most important concept is
the norm residue symbol, a pivotal theorem on relative cyclic fields, his famous
Satz 90 (Collected Works, vol. I, p. 149). From the preface in which he describes
the general character of number theory, and the topics covered by his report in
particular, let me quote one paragraph :

“The theory of number fields is an edifice of rare beauty and harmony. The
most richly executed part of this building, as it appears to me, is the theory
of Abelian fields which Kummer by his work on the higher laws of reciprocity,
and Kronecker by his investigations on the complex multiplication of elliptic
functions, have opened up to us. The deep glimpses into the theory which the
work of these two mathematicians affords reveals at the same time that there
still lies an abundance of priceless treasures hidden in this domain, beckoning as
a rich reward to the explorer who knows the value of such treasures and with
love pursues the art to win them.”

Hilbert himself was the miner who during the following two years brought
to light much of the hidden ore. The analogy with the corresponding problems
in the realm of algebraic functions of one variable where Riemann’s powerful in-
struments of topology and Abelian integrals are available was for him a guiding
principle throughout (cf. his remarks in item 12 of his Paris Problems). It is
a great pleasure to watch how, step by step, advancing from the special to the
general, Hilbert evolves the adequate concepts and methods, and the essential
conclusions emerge. I mention his great paper dealing with the relative quadratic
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fields, and his last and most important Ueber die Theorie der relativ Abelschen
Zahlkorper [“On the Theory of Relative Abelian Number Fields”]. On the basis
of the examples he carried through in detail, he conceived as by divination and
formulated the basic facts about the so-called class fields. Whereas Hilbert’s work
on invariants was an end, his work on algebraic numbers was a beginning. Most
of the labor of such number theorists of the last decades, as Furtwéngler, Tak-
agl, Hasse, Artin, Chevalley, has been devoted to proving the results anticipated
by Hilbert. By deriving from the (-function the existence of certain auxiliary
prime ideals, Hilbert had leaned heavily on transcendental arguments. The sub-
sequent development has gradually eliminated these transcendental methods and
shown that though they are the fitting and powerful tool for the investigation
of the distribution of prime ideals they are alien to the problem of class fields.
In attempting to describe the main issues I shall not ignore the progress and
simplification due to this later development.

Hilbert’s theory of norm residues is based on the following discoveries of his
own: (1) he conceived the basic idea and defined the norm residue symbol for all
non-exceptional prime spots; (2) he realized the necessity of introducing infinite
prime spots; (3) he formulated the general law of reciprocity in terms of the norm
symbol; (4) he saw that by means of that law one can extend the definition of the
norm symbol to the exceptional prime spots where the really interesting things
happen. — It was an essential progress when E. Artin later (5) replaced the roots
of unity by the elements of the Galois group as values of the residue symbol. In
sketching Hilbert’s problems I shall make use of this idea of Artin’s and also
of the abbreviating language of (6) Hensel’s p-adic numbers and (7) Chevalley’s
ideles. 13 '

As everybody knows an integer a indivisible by the prime p # 2 is said to

be a quadratic residue if the congruence z? = @ (mod p) is solvable. Gauss
introduced the symbol (g—) which has the value +1 or —1 according to whether

a is a quadratic residue or non-residue mod p, and observed that it is a character,

(%) . (%) = (“T‘f/) Indeed, the p residues modulo p — as whose representatives

one may take 0,1,---,(p — 1) — form a field, and after exclusion of 0 a group
in which the quadratic residues form a subgroup of index 2. Let K = k(b'/?) be
a quadratic field which arises from the rational ground field & by adjunction of
the square root of the rational number &. An integer a # 0 is called by Hilbert
a p-adic norm in K if modulo any given power of p it is congruent to the norm
of a suitable integer in K. He sets 5‘;TK = +1 if @ is p-adic norm, —1 in the
opposite case, and finds that this p-adic norm symbol again is a character. The
investigation of numbers modulo arbitrarily high powers of p was systematized by
K. Hensel in the form of his p-adic numbers, and I repeat Hilbert’s definition in
this language: “The rational number a # 0, or more generally the p-adic number

ap # 0, is a p-adic norm in K if the equation

ap =Nm (z + yb*/?) = 2% — by?
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has a p-adic solution z = xp,y = yp; the norm symbol (a,, K) equals +1 or —1
according to whether or not a, is (p-adic) norm in K.”'* The p-adic numbers
form a field k(p) and after exclusion of 0 a multiplicative group G, in which,
according to Hilbert’s result, the p-adic norms in K form a subgroup of index 2
or 1. The cyclic nature of the factor group is the salient point. One easily finds
that the p-adic squares form a subgroup Gg of index 4 if p # 2, of index 8 if
p = 2, and thus the factor group G,/ Gzz, is not cyclic and could not be described
by a single character. Of course every p-adic square is a p-adic norm in K. Both
steps, the substitution of K-norms for squares and the passage from the modulus
p to arbitrarily high powers of p; the first step amounting to a relaxation, the
second to a sharpening of Gauss’s condition for quadratic residues; are equally
significant for the success of Hilbert’s definition.

Every p-adic number a,, # 0 is of the form ph -ep Where e, is a p-adic unit, and
thus a, is of a definite order h (at p). An ordinary rational number a coincides
with a definite p-adic number Ip(a) = a,. Here I, symbolizes a homomorphic
projection of & into k(p):

I(at+a)=Ip(a) + I(a'),  ILp(aa) = Iy(a) - Ip(a').

The character (9;5) is identical with (Iy(a), K).

We come to Hilbert’s second discovery: he realized that simple laws will not
result unless one adds to the “finite prime spots” p one infinite prime spot ¢q. By
definition the g-adic numbers are the real numbers and I,(g) is the real number
with which the rational number a coincides. Hence the real number q, is a g-adic
norm in K if the equation a; = z? — by? has a solution in real numbers z,y.
Clearly if b > 0 or K is real, this is the case for every aq4; if however b < 0 or K
is imaginary, only the positive numbers a, are g-adic norms. Hence

(aq, K) = 1if K real; (aq, K) = sgn aq if K imaginary.

The fact that the norm symbol is a character is thus much more easily verified
for the infinite prime spot than for the finite ones.

Hilbert’s third observation is to the effect that Gauss’s reciprocity law with
its two supplements may be condensed into the elegant formula

3) T, 5 =TT (%5) =1

P P

the product extending over the infinite and all finite prime spots p. There is no
difficulty in forming this product because almost all factors (that is, all factors
with but a finite number of exceptions) equal unity. Indeed, if the prime p
does not go into the discriminant of K, then (a,, K) = 1 for every p-adic unit
ap. Formula (3) is the first real vindication for the norm residue idea, which
must have given Hilbert the assurance that the higher reciprocity laws had to be
formulated in terms of norm residues.
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A given rational number a assigns to every prime spot p a p-adic number
ap = Ip(a). On which features of this assignment does one rely in forming the
product (3)? The obvious answer is given by Chevalley’s notion of idéle: an idele
a is a function assigning to every prime spot p a p-adic number a, # 0 which is
a p-adic unit for almost all prime spots p. The idéles form a multiplicative group
Ji. By virtue of the assignment a, = I,(a) every rational number a # 0 gives
rise to an idele, called the principal idéle a. With the ideles a at our disposal we

might as well return to the notation (%) for (ap, K). The formula
a, K
@ #r(a) = (,K) = [J(er &) = [T ( =5
» D

defines a character ¢k, the norm character, in the group Ji of all idéles. The
reciprocity law in Hilbert’s form (3) maintains that

(5) _ (a,K)=1

if a is principal. By the very definition of the norm symbol (a,, K) the same
equation holds if a is a norm in K, that is, if a, is a p-adic norm in K for every
prime spot p. Two ideles a,a’ are said to be equivalent, a ~ a’, if their quotient
a’a—! is principal. Let us denote by NmJg the group of all idéles which are
equivalent to norms in K. Then (5) holds for all idéles of NmJg; it would be
good to know that it holds for no other ideéles, or, in other words, that NmJg is
a subgroup of Ji of index 2.

The stage is now reached where the experiences gathered for a quadratic field
K over the rational ground field & may be generalized to any relative Abelian
field K over a given algebraic number field k = k(#). First a word about the
infinite prime spots of k. The defining equation f(#) = 0, an irreducible equation
in k of some degree m, has m distinct roots ¢’,8", - ,6(™ in the continuum of
complex numbers. Suppose that r of them are real, say ¢’,--- ,8(). Then each
element o of & has its r real conjugates o, - -+ , (", and o® arises from « by a
homomorphic projection I® of & into the field of all real numbers,

a—a® = I10(q) (t=1,-+-,7).

We therefore speak of r real infinite prime spots q’,- -, q(’") with the correspond-
ing projections I' = Iy, - , 1), the fields x(q’), -+ ,x(q")) are identical with
the field of all real numbers. Thus « is an nth ¢’-adic power if the equation
o' = £ has a real solution £’. One sees that this imposes a condition only if n is
even, and then requires o’ to be positive. (In the complex domain the equation is
always solvable whether n be even or odd, and that is the reason why we ignore
the complex infinite prime spots altogether.)

The finite prime spots are the prime ideals p of x. In studying a Galois field
K/r of relative degree n we first exclude the ramified ideals p which go into the
relative discriminant of K/x. An unramified ideal p of s factors in K into a



et

David Hilbert and His Mathematical Work 109

number g of distinct prime ideals B, -+ - P, of relative degree f, fg = n. It is
easily seen that a p-adic number oy # 0 is a p-adic norm in K if and only if its
order (at p) is a multiple of f. In particular, the p-adic units are norms. Thus
we encounter a situation which is essentially simpler than the one taken care of
by Gauss’s quadratic residue symbol: the norm character of a, depends only on
the order i at p of . It is now clear how to proceed: we choose a primitive
fth root of unity ¢ and define (ap, K) = ¢* if o is of order 7. This function of
ap # 0 is a character which assumes the value 1 for the norms and the norms
only. But here is the rub: there is no algebraic property distinguishing the several
primitive fth roots of unity from one another. Thus the choice of ¢ among them
remains arbitrary. One could put up with this if one dealt with one prime ideal
only. But when one has to take all prime spots simultaneously into account, as is
necessary in forming products of the type (4), then the arbitrariness involved in
the choice of ¢ for each p will destroy all hope of obtaining a simple reciprocity
law like (5). I shall forego describing the devices by which Eisenstein, Kummer,
Hilbert, extricated themselves from this entanglement. By far the best solution
was found by Artin: if K/k is Abelian, then the Frobenius substitution % is
uniquely determined by K and p and is an element of order f of the Galois group
T of K/k. Let this element of the Galois group replace ¢ in our final definition
of the p-adic norm symbol:

(6) (ap, K) = <a_,p5> = (%) if o, is of order ¢ at p.

We could now form for any ideles « the product

[t ) =TT (%5) = (@)

P p

extending over all finite and (real) infinite prime spots p and formulate the reci-
procity law asserting that (e, K) = 1 for any principal idéles o — had we not
excluded certain exceptional prime spots in our definition of (¢, K), namely the
infinite prime spots and the ramified prime ideals. In the special case he inves-
tigated Kummer had succeeded in obtaining the correct value of (a,, K) for the
exceptional p by extremely complicated calculations. Hilbert’s fourth discovery
is a simple and ingenious method of circumventing this formidable obstacle which
blocked the road to further progress. Let us first restrict ourselves to idéles o
which are nth powers at our exceptional prime spots; in other words, we assume
that the equation o, = £ is solvable for the p-adic values o, of a at this fi-
nite number of prime spots. There is no difficulty in defining (e, K) under this
restriction: .,
(o K) = [ (e, K,
p

the product extending, as indicated by the accent, over the non-exceptional prime
spots only, for which we know what (o, K') means. Under the same restriction
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I, I, T1T, (the subscript ¢ indicating restriction to cyclical fields) and IV are
the main propositions of what one might call the norm theory of relative Abelian
fields. They refer to a given field K/k.

There is a second part of the theory, the class field theory proper, which is
concerned with the manner in which all possible relative Abelian fields K over
% are reflected in the structure of the group J, of idéles in K. Each such field
K determines, as we have seen, a subgroup NmJg of J, of finite index. The
question arises which subgroups J: of J,, are generated in this way by Abelian
fields K/k. Clearly the following conditions are necessary:

(1) Every principal idéle is in J}.

(2) There is a natural number n such that every nth power of an idéle is in
Jr.

(3) There is a finite set S of prime spots such that « is in J provided « is
a unit at every prime spot and equals 1 at the prime spots of S.

The main theorem concerning class fields states that these conditions are also
sufficient.

V. Given a subgroup Jt of J.. fulfilling the above three conditions (and there-
fore, as one readily verifies, of finite index), there exists a uniquely determined
Abelian field K/x such that J; = NmJg.

We divide the idéles of x into classes by throwing two ideéles into the same
class if their quotient is in J%. Then J./J is the class group and K is called
the corresponding class field. The most important example results if one lets
J% consist of the unit idéles o whose values o, are p-adic units at every prime
spot p.!% Then the classes may be described as the familiar classes of ideals: two
ideals are put in the same class if their quotient is a principal ideal () springing
from a number « positive at all real infinite prime spots. The corresponding
class field K, the so-called absolute class field, is of relative discriminant 1, and
the largest unramified Abelian field over s (Theorem II). Its degree n over &
is the class number of ideals, its Galois group isomorphic to the class group of
ideals in x (Theorem IV). f being the least power of p which lies in the principal
class, p decomposes into n/f distinct prime ideals in K, each of relative degree
f. This last statement does nothing but repeat the norm definition of the class
field. Hence the way in which p factors in K depends only on the class to which p
belongs. The easiest way of extending the theory from the case with no ramified
prime ideals, which was preponderant in Hilbert’s thought, to Takagi’s ramified
case is by substituting idéles for ideals. Hilbert also stated that every ideal in &
becomes a principal ideal in the absolute class field. It is today possible to show
that this is so, by arguments, however, which are far from being fully understood,
because this question transcends the domain of Abelian fields.

As was stated above, Hilbert did not prove these theorems in their full gener-
ality, but taking his departure from Gauss’s theory of genera in quadratic fields
and Kummer’s investigations he worked his way gradually up from the simplest
cases, developing as he went along the necessary machinery of new concepts
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and propositions about them until he could survey the whole landscape of class
fields. We cannot attempt here to give an idea of the highly involved proofs. The
completion of the work he left to his successors. The day is probably still far
off when we shall have a theory of relative Galois number fields of comparable
completeness.

Kronecker had shown, and Hilbert found a simpler proof for the fact, that
Abelian fields over the rational ground field k are necessarily subfields of the
cyclotomic fields, and are thus obtained from the transcendental function 2%
by substituting rational values for the argument x. For Abelian fields over an
imaginary quadratic field the so-called complex multiplication of the elliptic and
modular functions plays a similar role (“Kronecker’s Jugendtraum”).' While
Heinrich Weber following in Kronecker’s footsteps, and R. Fuéter under Hilbert’s
guidance, made this dream come true, Hilbert himself began to play with modu-
lar functions of several variables which are defined by means of algebraic number
fields, and to study their arithmetical implications. He never published these
investigations, but O. Blumenthal, and later E. Hecke, used his notes and de-
veloped his ideas. The results are provocative, but still far from complete. It is
indicative of the fertility of Hilbert’s mind at this most productive period of his
life that he handed over to his pupils a complex of problems of such fascination
as that of the relation between number theory and modular functions.!”

There remain to be mentioned a particularly simple proof of the transcendence
of e and 7 with which Hilbert opened the series of his arithmetical papers, and
the 1909 paper settling Waring’s century-old conjecture. I should classify the
latter paper among his most original ones, but we can forego considering it more
Z closely because a decade later Hardy and Littlewood found a different approach
= which yields asymptotic formulas for the number of representations, and it is
: the Hardy-Littlewood “circle method” which has given rise in recent times to a
considerable literature on this and related subjects.!®

Axiomatics

There could not have been a more complete break than the one dividing Hilbert’s
last paper on the theory of number fields from his classical book, Grundlagen der
Geometrie, published in 1899 [Foundations of Geometry, Hilbert 1971]. Its only
forerunner is a note of the year 1895 on the straight line as the shortest way. But
O. Blumenthal records that as early as 1891 Hilbert, discussing a paper on the
role of Desargues’s and Pappus’s theorems read by H. Wiener at a mathematical
meeting, made a remark which contains the axiomatic standpoint in a nutshell:
“It must be possible to replace in all geometric statements the words point, line,
plane, by table, chair, mug.”

The Greeks had conceived of geometry as a deductive science which proceeds
by purely logical processes once the few axioms have been established. Both
Fuclid and Hilbert carry out this program. However, Euclid’s list of axioms was

A TR 0 A
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still far from being complete; Hilbert’s list is complete and there are no gaps in the
deductions. Euclid tried to give a descriptive definition of the basic spatial objects
and relations with which the axioms deal; Hilbert abstains from such an attempt.
All that we must know about those basic concepts is contained in the axioms.
The axioms are, as it were, their implicit (necessarily incomplete) definitions.
Euclid believed the axioms to be evident; his concern is the real space of the
physical universe. But in the deductive system of geometry the evidence, even
the truth of the axioms, is irrelevant; they figure rather as hypotheses of which
one sets out to develop the logical consequences. Indeed there are many different
material interpretations of the basic concepts for which the axioms become true.
For instance, the axioms of n-dimensional Euclidean vector geometry hold if a
distribution of direct current in a given electric circuit, the n branches of which
connect in certain branching points, is called a vector, and Joule’s heat produced
per unit time by the current is considered the square of the vector’s length.
In building up geometry on the foundation of its axioms one will attempt to
economize as much as possible and thus illuminate the role of the several groups
of axioms. Arranged in their natural hierarchy they are the axioms of incidence,
order, congruence, parallelism, and continuity. For instance, if the theory of
geometric proportions or of the areas of polygons can be established without
resorting to the axioms of continuity, this ought to be done.

In all this, though the execution shows the hand of a master, Hilbert is not
unique. An outstanding figure among his predecessors is M. Pasch, who had
indeed traveled a long way from Euclid when he brought to light the hidden
axioms of order and with methodical clarity carried out the deductive program
for projective geometry (1882). Others in Germany (I. Schur) and a flourishing
school of Italian geometers (Peano, Veronese) had taken up the discussion. With
respect to the economy of concepts, Hilbert is more conservative than the Italians:
quite deliberately he clings to the Euclidean tradition with its three classes of
undefined elements, points, lines, planes, and its relations of incidence, order and
congruence of segments and angles. This gives his book a peculiar charm, as if
one looked into a face thoroughly familiar and yet sublimely transfigured.

It is one thing to build up geometry on sure foundations, another to inquire
into the logical structure of the edifice thus erected. If I am not mistaken, Hilbert
is the first who moves freely on this higher “metageometric” level: systematically
he studies the mutual independence of his axioms and settles the question of
independence from certain limited groups of axioms for some of the most funda-
mental geometric theorems. His method is the construction of models: the model
is shown to disagree with one and to satisfy all other axioms; hence the one can-
not be a consequence of the others. One outstanding example of this method had
been known for a considerable time, the Cayley-Klein model of non-Euclidean
geometry. For Veronese’s non-Archimedean geometry Levi-Civita (shortly be-
fore Hilbert) had constructed a satisfactory arithmetical model. The question of
consistency is closely related to that of independence. The general ideas appear
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to us almost banal today, so thoroughgoing has been their influence upon our
mathematical thinking. Hilbert stated them in clear and unmistakable language,
and embodied them in a work that is like a crystal: an unbreakable whole with
many facets. Its artistic qualities have undoubtedly contributed to its success as
a masterpiece of science.

In the construction of his models Hilbert displays an amazing wealth of in-
vention. The most interesting examples seem to me the one by which he shows
that Desargues’s theorem does not follow from the plane incidence axioms, but
that the plane incidence axioms combined with Desargues’s theorem enable one
to embed the plane in a higher dimensional space in which all incidence axioms
hold; and then the other example by which he decides whether the Archimedean
axiom of continuity is necessary to restore the full congruence axioms after having
curtailed them by the exclusion of reflections.*®

What is the building material for the models? Klein’s model of non-Euclidean
geometry could be interpreted as showing that he who accepts Euclidean geome-
try with its points and lines, and so on, can by mere change of nomenclature also
get the non-Euclidean geometry.2? Klein himself preferred another interpretation
in terms of projective space. However, Descartes’s analytic geometry had long
provided a more general and satisfactory answer, of which Riemann, Klein and
many others must have been aware: All that we need for our construction is the
field of real numbers. Hence any contradiction in Fuclidean geometry must show
up as a contradiction in the arithmetical axioms on which our operations with
real numbers are based. Nobody had said that quite clearly before Hilbert. He
formulates a complete and simple set of axioms for real numbers. The system of
arithmetical axioms will have its exchangeable parts just as the geometric system
has. From a purely algebraic standpoint the most important axioms are those
characterizing a (commutative or noncommutative) field. Any such abstract num-
ber field may serve as a basis for the construction of corresponding geometries.
Vice versa, one may introduce numbers and their operations in terms of a space
satisfying certain axioms; Hilbert’s Desarguesian Streckenrechnung [distance cal-
culation] is a fine example. In general this reverse process is the more difficult
one. The Chicago school under E. H. Moore took up Hilbert’s investigations, and
in particular O. Veblen did much to reveal the perfect correspondence between
the projective spaces obeying a set of simple incidence axioms (and no axioms of
order), and the abstractly defined number fields.*!

What the question of independence literally asks is to make sure that a cer-
tain proposition cannot be deduced from other propositions. It seems to require
that we make the propositions, rather than the things of which they speak, the
object of our investigation, and that as a preliminary we fully analyze the logical
mechanism of deduction. The method of models is a wonderful trick to avoid that
sort of logical investigations. It pays, however, a heavy price for thus shirking
the fundamental issue: it merely reduces everything to the question of consis-
tency for the arithmetical axioms, which is left unanswered. In the same manner
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completeness, which literally means that every general proposition about the ob-
jects with which the axioms deal can be decided by inference from the axioms,
is replaced by categoricity (Veblen), which asserts that any imaginable model is
isomorphic to the one model by which consistency is established. In this sense
Hilbert proves that there is but “one,” the Cartesian geometry, which fulfills
all his axioms. Only in the case of G. Fano’s and O. Veblen’s finite projective
spaces, for example, of the projective plane consisting of seven points, the model
is a purely combinatorial scheme, and the questions of consistency, independence
and completeness can be answered in the absolute sense. Hilbert never seems to
have thought of illustrating his conception of the axiomatic method by purely
combinatorial schemes, and yet they provide by far the simplest examples.

An approach to the foundations of geometry entirely different from the one
followed in his book is pursued by Hilbert in a paper which is one of the earliest
documents of set-theoretic topology. From the standpoint of mechanics the cen-
tral task which geometry ought to perform is that of describing the mobility of
a solid. This was the viewpoint of Helmholtz, who succeeded in characterizing
the group of motions in Euclidean space by a few simple axioms.?? The question
had been taken up by Sophus Lie in the light of his general theory of continuous
groups. Lie’s theory depends on certain assumptions of differentiability; to get
rid of them is one of Hilbert’s Paris Problems. In the paper just mentioned he
does get rid of them as far as Helmholtz’s problem in the plane is concerned. The
proof is difficult and laborious; naturally continuity is now the foundation — and
not the keystone of the building as it had been in his Grundlagen book. Other
authors, R. L. Moore, N. J. Lennes, W. Siiss, B. v. Kerékjartd, carried the prob-
lem further along these topological lines. A half-personal reminiscence may be of
interest. Hilbert defines a two-dimensional manifold by means of neighborhoods,
and requires that a class of “admissible” one-to-one mappings of a neighbor-
hood upon Jordan domains in an z, y-plane be designated, any two of which are
connected by continuous transformations. When I gave a course on Riemann
surfaces at Gottingen in 1912, I consulted Hilbert’s paper and noticed that the
neighborhoods themselves could be used to characterize that class. The ensuing
definition was given its final touch by F. Hausdorff; the Hausdorff axioms have
become a byword in topology.?® (However, when it comes to explaining what a
differentiable manifold is, we are to this day bound to Hilbert’s roundabout way;
cf. Veblen and Whitehead, The Foundations of Differential Geometry [1932]).

The fundamental issue of an absolute proof of consistency for the axioms which
should include the whole of mathematical analysis, nay even Cantor’s set theory
in its wildest generality, remained in Hilbert’s mind, as a paper read before the
International Congress at Heidelberg in 1904 testifies. It shows him on the way,
but still far from the goal. Then came the time when integral equations and later
physics became his all-absorbing interest. One hears a loud rumbling of the old
problem in his Ziirich address, Aziomatisches Denken [“Axiomatic Thinking”], of
1917. Meanwhile the difficulties concerning the foundations of mathematics had
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this sense only, he promises to salvage our cherished classical mathematics in its
entirety.

For those who accuse him of degrading mathematics to a mere game he points
first to the introduction of ideal elements for the sake of completeness as a com-
mon method in all mathematics — for example, of the ideal points outside an
accessible portion of space, without which space would be incomplete—; secondly,
to the neighboring science of physics where likewise not the individual statement
is verifiable by experiment, but in principle only the system as a whole can be
confronted with experience.

But how to make sure that the “game of deduction” never leads to a contra-
diction? Shall we prove this by the same mathematical method the validity of
which stands in question, namely by deduction from axioms? This would clearly
involve a regress ad infinitum. It must have been hard on Hilbert, the axioma-
tist, to acknowledge that the insight of consistency is rather to be attained by
intuitive reasoning which is based on evidence and not on axioms. But after all,
it is not surprising that ultimately the mind’s seeing eye must come in. Already
in communicating the rules of the game we must count on understanding. The
game is played in silence, but the rules must be fold and any reasoning about
it, in particular about its consistency, communicated by words. Incidentally,
in describing the indispensable intuitive basis for his Beweistheorie [theory of
proof] Hilbert shows himself an accomplished master of that, alas, so ambiguous
medium of communication, language. With regard to what he accepts as evident
in this “metamathematicial” reasoning, Hilbert is more papal than the pope,
more exacting than either Kronecker or Brouwer. But it cannot be helped that
our reasoning in following a hypothetic sequence of formulas leading up to the
formula 0 # 0 is carried on in hypothetic generality and uses that type of evidence
which a formalist would be tempted to brand as application of the principle of
complete induction. Elementary arithmetics can be founded on such intuitive
reasoning as Hilbert himself describes, but we need the formal apparatus of vari-
ables and “quantifiers” to invest the infinite with the all important part that
it plays in higher mathematics. Hence Hilbert prefers to make a clear cut: he
becomes strict formalist in mathematics, strict intuitionist in metamathematics.

It is perhaps possible to indicate briefly how Hilbert’s formalism restores
the principle of the excluded middle which was the main target of Brouwer’s
criticism. Consider the infinite sequence of numbers 0,1,2,---. Any property A
of numbers (for example, “being prime”) may be represented by a propositional
function A(z) (“z is prime”), from which a definite proposition A(b) arises by
substituting a concrete number b for the variable z (“6 is prime”).2® Accepting
the principle which Brouwer denies and to which Hilbert wishes to hold on, that
(i) either there exists a number z for which A(z) holds, or (ii) A(z) holds for no
x, we can find a “representative” r for the property A, a number such that A(b)
implies A(r) whatever the number b, A(b) — A(r). Indeed, in the alternative (i)

we choose r as one of the numbers z for which A(z) holds, in the alternative (ii)
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at random. Thus Aristides is the representative of honesty; for, as the Athenians
sald, if there is any honest man it is Aristides. Assuming that we know the
representative we can decide the question whether there is an honest man or
whether all are dishonest by merely looking at him: if he is dishonest everybody
is. In the realm of numbers we may even make the choice of the representative
unique, in case (i) choosing z = r as the least number for which A(z) holds,
and r = 0 in the opposite case (ii). Then r arises from A by a certain operator
Pz;T = psA(x), applicable to every imaginable property A. A propositional
function may contain other variables y, z, - - - besides . Therefore it is necessary
to attach an index z to p, just as in integrating one must indicate with respect to
which variable one integrates. p, eliminates the variable z; for instance p; A(z, y)
is a function of y alone. The word quantifier is in use for this sort of operator.
Hence we write our axiom as follows:

(8) A(b) = A(pz A())-

It is immaterial whether we fix the representative in the unique manner described
above; our specific rule would not fit anyhow unless x ranges over the numbers
0,1,2,---. Instead we imagine a quantifier p, of universal applicability which, as
it were, selects the representative for us. Zermelo’s axiom of choice is thus woven
into the principle of the excluded middle.?® It is a bold step; but the bolder the
better, as long as it can be shown that we keep within the bounds of consistency!

In the formalism, propositional functions are replaced by formulas the han-
dling of which must be described without reference to their meaning. In general,
variables z,y, -+ will occur among the symbols of a formula 2. We say that the
symbol p, binds the variable z in the formula 21 which follows the symbol?” and
that x occurs free in a formula wherever it is not bound by a quantifier with index
. T,Y,—, pg are symbols entering into the formulas; the German letters are no
such symbols, but are used for communication. It is more natural to describe
our critical axiom (8) as a rule for the formation of axioms. It says: take any
formula 2 in which only the variable z occurs free, and any formula b without
free variables, and by means of them build the formula -

(9) 2A(b) — Alpz2A).

Here 24(b) stands for the formula derived from 2 by putting in the entire formula
b for the variable x wherever x occurs free.

In this way formulas may be obtained as axioms according to certain rules.
Deduction proceeds by the rule of syllogism: From two formulas a and a — b
previously obtained, in the second of which the first formula reappears at the left
of the symbol —, one obtains the formula b.

How does Hilbert propose to show that the game of deduction will never
lead to the formula 0 # 07 Here is the basic idea of his procedure. As long
as one deals with “finite” formulas only, formulas from which the quantifiers
Pz, Py, are absent, one can decide whether they are true or false by merely
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looking at them. With the entrance of p such a descriptive valuation of formulas
becomes impossible: evidence ceases to work. But a concretely given deduction
is a sequence of formulas in which only a limited number of instances of the
axiomatic rule (9) will turn up. Let us assume that the only quantifier which
occurs is p; and wherever it occurs it is followed by the same finite formula 2,
so that the instances of (9) are of the form

(10) A(6;) = A(pa2), -+, 2A(b,) — A(p2A).

Assume, moreover, b,,---,b, to be finite. We then carry out a reduction, re-
placing p,2 by a certain finite v wherever it occurs as part of a formula in our
sequence. In particular, the formulas (10) will change into

(11) Aby) = WA(x), -, 2U(by) — A(v).

We now see how to choose t: if by examining the finite formulas 24(b,), - -- , %(by)
one after the other, we find one that is true, say (b;), then we take b, for t.
If every one of them turns out to be false, we choose v at random. Then the
h reduced formulas (11) are “true” and our hypothesis that the deduction leads
to the false formula 0 # 0 is carried ad absurdum. The salient point is that a
concretely given deduction makes use of a limited number of explicitly exhibited
individuals by, - , by only. If we make a wrong choice, for example, by choosing
Alcibiades rather than Aristides as the representative of incorruptibility, our
mistake will do no harm as long as the few people (out of the infinite Athenian
crowd) with whom we actually deal are all corruptible.

A slightly more complicated case arises when we permit the by, - by to
contain p,, but always followed by the same 2. Then we first make a tentative
reduction replacing p,2 by the number 0, say. The formulas bj,- - , by, are thus
changed into reduced finite formulas b3, -, and (10) into

A(6) = A(0), -+, A(b)) — A(0).

This reduction will do unless 2(0) is false and at the same time one of the
Ql(b?), o, A(BY), say Ql(bg), is true. But then we have in b3 a perfectly legitimate
representative of 2, and a second reduction which replaces p, by 6§ will work
out all right.

However, this is only a modest beginning of the complications awaiting us.
Quantifiers pg, py,- - with different variables and applied to different formulas
will be piled one upon the other. We make a tentative reduction; it will go
wrong in certain places and from that failure we learn how to correct it. But
the corrected reduction will probably go wrong at other places. We seem to be
driven around in a vicious circle, and the problem is to direct our consecutive
corrections in such a manner as to obtain assurance that finally a reduction will
result that makes good at all places in our given sequence of formulas. Nothing
has contributed more to revealing the circle-like character of the usual transfinite
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arguments of mathematics than these attempts to make sure of consistency in
spite of all circles.

The symbolism for the formalization of mathematics as well as the general
layout and first steps of the proof of consistency are due to Hilbert himself. The
program was further advanced by younger collaborators, P. Bernays, W. Acker-
mann, J. von Neumann. The last two proved the consistency of “arithmetics,” of
that part in which the dangerous axiom about the conversion of predicates into
sets is not yet admitted. A gap remained which seemed harmless at the time,
but already detailed plans were drawn up for the invasion of analysis. Then
came a catastrophe: assuming that consistency is established, K. Gédel showed
how to construct arithmetical propositions which are evidently true and yet not
deducible within the formalism. His method applies to Hilbert’s as well as any
other not too limited formalism. Of the two fields, the field of formulas obtainable
in Hilbert’s formalism and the field of real propositions that are evidently true,
neither contains the other (provided consistency of the formalism can be made
evident). Obviously completeness of a formalism in the absolute sense in which
Hilbert had envisaged it was now out of the question. When G. Gentzen later
closed the gap in the consistency proof for arithmetics, which Godel’s discovery
had revealed to be serious indeed, he succeeded in doing so only by substan-
tially lowering Hilbert’s standard of evidence.?® The boundary line of what is
intuitively trustworthy once more became vague. As all hands were needed to
defend the homeland of arithmetics, the invasion of analysis never came off, to
say nothing of general set theory.

This is where the problem now stands; no final solution is in sight. But
whatever the future may bring, there is no doubt that Brouwer and Hilbert
raised the problem of the foundations of mathematics to a new level. A return
to the standpoint of Russell-Whitehead’s Principia Mathematica is unthinkable.

Hilbert is the champion of axiomatics. The axiomatic attitude seemed to him
one of universal significance, not only for mathematics, but for all sciences. His
investigations in the field of physics are conceived in the axiomatic spirit. In
his lectures he liked to illustrate the method by examples taken from biology,
economics, and so on. The modern epistemological interpretation of science has
been profoundly influenced by him. Sometimes when he praised the axiomatic
method he seemed to imply that it was destined to obliterate completely the
constructive or genetic method. T am certain that, at least in later life, this was
not his true opinion. For whereas he deals with the primary mathematical objects
by means of the axioms of his symbolic system, the formulas are constructed in
the most explicit and finite manner. In recent times the axiomatic method has
spread from the roots to all branches of the mathematical tree. Algebra, for one,
is permeated from top to bottom by the axiomatic spirit. One may describe the
role of axioms here as the subservient one of fixing the range of variables entering
into the explicit constructions. But it would not be too difficult to retouch the
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picture so as to make the axioms appear as the masters. An impartial attitude will
do justice to both sides; not a little of the attractiveness of modern mathematical
research is due to a happy blending of axiomatic and genetic procedures.

Integral equations

Between the two periods during which Hilbert’s efforts were concentrated on the
foundations, first of geometry, then of mathematics in general, there lie twenty
long years devoted to analysis and physics.

In the winter of 1900-1901 the Swedish mathematician E. Holmgren reported
in Hilbert’s seminar on Fredholm’s first publications on integral equations, and
it seems that Hilbert caught fire at once. The subject has a long and tortuous
history, beginning with Daniel Bernoulli. The mathematicians’ efforts to solve the
(mechanical, acoustical, optical, electromagnetical) problem of the oscillations of
a continuum and the related boundary value problems of potential theory span
a period of two centuries. Fourier’s Théorie analytigue de la chaleur (1822)
[Analytical Theory of Heat] is a landmark. H. A. Schwarz proved for the first
time (1885) the existence of a proper oscillation in two and more dimensions
by constructing the fundamental frequency of a membrane. The last decade of
the nineteenth century saw Poincaré on his way to the development of powerful
function-theoretic methods; C. Neumann and he came to grips with the harmonic
boundary problem; Volterra studied that type of integral equations which now
bears his name, and for linear equations with infinitely many unknowns Helge
von Koch developed the infinite determinants. Most scientific discoveries are
made when “their time is fulfilled”; sometimes, but seldom, a genius lifts the veil
decades earlier than could have been expected. Fredholm’s discovery has always
seemed to me one that was long overdue when it came. What could be more
natural than the idea that a set of linear equations connected with a discrete set
of mass points gives way to an integral equation when one passes to the limit of
a continuum? But the fact that in the simpler cases a differential rather than an
integral equation results in the limit riveted the mathematicians’ attention for
two hundred years on differential equations!

It must be said, however, that the simplicity of Fredholm’s results is due to
the particular form of his equation, on which it was hard to hit without the
guidance of the problems of mathematical physics to which he applied it:

1
z(s) —/0 K(s,t)z(t)dt = f(s) (0=s=1).

Indeed the linear operator which in the left member operates on the unknown
function z producing a given f, (E — K)z = f, consists of two parts, the identity
E and the integral operator K, which in a certain sense is weak compared to E.
Fredholm proved that for this type of integral equation the two main facts about
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n linear equations with the same number n of unknowns hold: (1) The homoge-
neous equation [f(s) = 0] has a finite number of linearly independent solutions
z(8) = ¢1(8), -+, Pn(s), and the homogeneous equation with the transposed ker-
nel K'(s,t) = K(t,s) has the same number of solutions, 11(s), -+ ,¥n(s). (2)
The nonhomogeneous equation is solvable if and only if the given f satisfies the
h linear conditions

1
/0f<s>wi<s>ds:o (i=1,-- ,h).

Following an artifice used by Poincaré, Fredholm introduces a parameter A re-
placing K by AK and obtains a solution in the form familiar from finite linear
equations, namely as a quotient of two determinants of H. von Koch’s type, either
of which is an entire function of the parameter .

Hilbert saw two things: (1) after having constructed Green’s function K for
a given region G and for the potential equation Au = 0 by means of a Fredholm
equation on the boundary, the differential equation of the oscillating membrane
A¢ + A¢ = 0 changes into a homogeneous integral equation

8(s) — A / K(s,t) $(t) dt = 0

with the symmetric kernel K, K (¢,s) = K(s,t) (in which the parameter X is
no longer artificial but of the very essence of the problem); (2) the problem
of ascertaining the “eigenvalues” X and “eigenfunctions” ¢(s) of this integral
equation is the analogue for integrals of the transformation of a quadratic form
of n variables onto principal axes. Hence the corresponding theorem for the
quadratic integral form

1opl
(12) /o /o K(s,t)z(s)z(t) dsdt

with an arbitrary symmetric kernel K must provide the general foundation for the
theory of oscillations of a continuous medium. If others saw the same, Hilbert
saw it at least that much more clearly that he bent all his energy on proving
that proposition, and he succeeded by the same direct method which about 1730
Bernoulli had applied to the oscillations of a string: passage to the limit from the
algebraic problem. In carrying out the limiting process he had to make use of
the Koch-Fredholm determinant. He finds that there is a sequence of eigenvalues
A1, A2, -+ tending to infinity, A, — oo for n — oo, and an orthonormal set of
corresponding eigenfunctions ¢, (s)

6 (5) — An / K(s,£) du() dt = 0,

/0 G (5) b (5) dS = Spum,
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such that

/1 /1 K(s,t)z(s)z(t)dsdt = 252//\“,
0o Jo

&, being the Fourier coefficient fol z(8)¢n(s)ds. The theory implies that every
function of the form

1
y(s):/o K(s,t)z(t)dt

may be expanded into a uniformly convergent Fourier series in terms of the
eigenfunctions ¢n,

1
y(s) = Znn ¢n(3): T = /0 y(s) ¢n(8) ds.

Hilbert’s passage to the limit is laborious. Soon afterwards E. Schmidt in a
Gottingen thesis found a simpler and more constructive proof for these results
by adapting H. A. Schwarz’s method invented twenty years before to the needs
of integral equations.

From finite forms the road leads either to integrals or to infinite series. There-
fore Hilbert considered the same problem of orthogonal transformation of a given
quadratic form

(13) ZKmnImmn
“into a form of the special type
(14) ki€ +Rrals +0 (K =1/A = 0)

also for infinitely many (real) variables (z1,z2,-++) or vectors z in a space of a
denumerable infinity of dimensions. Only such vectors are admitted as have a
finite length |z,

2| = 2% + 25+ -+ ;

they constitute what we now call the Hilbert space. The advantage of Hilbert
space over the “space” of all continuous functions z(s) lies in a certain property of
completeness, and due to this property one can establish “complete continuity” as
the necessary and sufficient condition for the transformability of a given quadratic
form K, (13), into (14), by following an argument well known in the algebraic
case: one determines k1, ko, -+ as the consecutive maxima of K on the “sphere”
|z = 1.

As suggested by the theorem concerning a quadratic integral form, the link
between the space of functions z(s) and the Hilbert space of vectors (z1, za,- )
is provided by an arbitrary complete orthonormal system uy(s),ua(s),--- and
expressed by the equations .

Ty = /01 z(8) un(s) ds.
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Bessel’s inequality states that the square sum of the Fourier coefficients x., is
less than or equal to the square integral of x(s). The relation of completeness,
first introduced by A. Hurwitz and studied in detail by W. Stekloff, requires
that in this inequality the equality sign prevail. Thus the theorem on quadratic
forms of infinitely many variables at once gives the corresponding results about
the eigenvalues and eigenfunctions of symmetric kernels K(s,t) — or would do
so if one could count on the uniform convergence of Y zpun(s) for any given
vector (x1,x2,---) in Hilbert space. In the special case of an eigenvector of that
quadratic form (13) which corresponds to the integral form (12),

Tn =AY KnmTm.
m

Hilbert settles this point by forming the uniformly convergent series

1
A Z:L’m / K(s,t) um/(t) dt
- 0
which indeed yields a continuous function ¢(s) with the nth Fourier coefficient

A Z Knmxm = Tn,

and thus obtains the eigenfunction of K(s,t) for the eigenvalue A. Soon after-
wards, under the stimulus of Hilbert’s investigations, E. Fischer and F. Riesz
proved their well-known theorem that the space of all functions z(s) the square
of which has a finite Lebesgue integral enjoys the same property of complete-
ness as Hilbert space, and hence one is mapped isomorphically upon the other
in a one-to-one fashion by means of a complete orthonormal system u,(s). I
mention these details because the historic order of events may have fallen into
oblivion with many of our younger mathematicians, for whom Hilbert space has
assumed that abstract connotation which no longer distinguishes between the
two realizations, the square integrable functions z(s) and the square summable
sequences (T1,Tz,--+). I think Hilbert was wise to keep within the bounds of
continuous functions when there was no actual need for introducing Lebesgue’s
general concepts.

Perhaps Hilbert’s greatest accomplishment in the field of integral equations
is his extension of the theory of spectral decomposition from the completely
continuous to the so-called bounded quadratic forms. He finds that then the point
spectrum will in general have condensation points and a continuous spectrum will
appear beside the point spectrum. Again he proceeds by directly carrying out
the transition to the limit, letting the number of variables z;,x9,- - increase ad
infinitum. Again, not long afterwards, simpler proofs for his results were found.

While thus advancing the boundaries of the general theory, he did not lose
sight of the ordinary and partial differential equations from which it had sprung.
Simultaneously with the young Italian mathematician Eugenio Elia Levi he de-
veloped the parametrix method as a bridge between differential and integral
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equations. For a given elliptic differential operator A* of the second order, the
parametrix K (s,t) is a sort of qualitative approximation of Green’s function, de-
pending like the latter on an argument point s and a parameter point ¢. It is
supposed to possess the right kind of singularity for s = ¢ so that the nonhomo-
geneous equation A*uy = f for

u= Kp, u(s) = /K(s,t) p(t) dt

gives rise to the integral equation p + Lp = f for the density p, with a kernel
L(s,t) = A}K(s,t) regular enough at s = ¢ for Fredholm’s theory to be appli-
cable. It is important to give up the assumption that K satisfies the equation
A*K = 0, because in general a fundamental solution will not be known for the
given differential operator A*. In order not to be bothered by boundary condi-
tions, Hilbert assumes the domain of integration to be a compact manifold, like
the surface of a sphere, and finds that the method works if the parametrix, be-
sides having the right kind of singularity, is symmetric with respect to argument
and parameter.

‘What has been said should be enough to make clear that in the terrain of
analysis a rich vein of gold had been struck, comparatively easy to exploit and
not soon to be exhausted. The linear equations of infinitely many unknowns had
to be investigated further (E. Schmidt, F. Riesz, O. Toeplitz, E. Hellinger, and
others); the continuous spectrum and its appearance in integral equations with
“singular” kernels awaited closer analysis (E. Hellinger, T. Carleman); ordinary
differential equations, with regular or singular boundaries, of second or of higher
order, received their due share of attention (A. Kneser, E. Hilb, G. D. Birkhoff,
M. Bécher, J. D. Tamarkin, and many others).?® It became possible to develop
such asymptotic laws for the distribution of eigenvalues as were required by the
thermodynamics of radiation (H. Weyl, R. Courant). Expansions in terms of
orthogonal functions were studied independently of their origin in differential or
integral equations. New light fell upon Stieltjes’s continued fractions and the
problem of momentum. The most ambitious began to attack nonlinear inte-
gral equations. A large international school of young mathematicians gathered
around Hilbert and integral equations became the fashion of the day, not only
in Germany, but also in France where great masters like E. Picard and Goursat
paid their tributes, in Italy and on this side of the Atlantic. Many good papers
were written, and many mediocre ones. But the total effect was an appreciable
change in the aspect of analysis.

Remarkable are the applications of integral equations outside the field for
which they were invented. Among them I mention the following three: (1) Rie-
mann’s problem of determining n analytic functions fi(z),--, fn(z), regular
except at a finite number of points, which by analytic continuation around these
points preassigned linear transformations. The problem was solved by Hilbert
himself, and subsequently in a simpler and more complete form by J. Piemelj. (A
very special case of it is the existence of algebraic functions on a Riemann surface
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if that surface is given as a covering surface of the complex z-plane.) Investiga-
tions by G. D. Birkhoff on matrices of analytic functions lie in the same line. (2)
Proof for the completeness of the irreducible representations of a compact contin-
uous group. This is an indispensable tool for the approach to the general theory
of invariants by means of Adolf Hurwitz’s integration method, and with its re-
finements and generalizations plays an important role in modern group-theoretic
research, including H. Bohr’s theory of almost periodic functions.?® Contact is
thus made with Hilbert’s old friend, the theory of invariants. (3) Quite recently
Hilbert’s parametrix method has served to establish the central existence theo-
rem in W. V. D. Hodge’s theory of harmonic integrals in compact Riemannian
spaces.3! '

The story would be dramatic enough had it ended here. But then a sort of
miracle happened: the spectrum theory in Hilbert space was discovered to be the
adequate mathematical instrument of the new quantum physics inaugurated by
Heisenberg and Schrodinger in 1923. This latter impulse led to a reexamination
of the entire complex of problems with refined means (J. von Neumann, A. Wint-
ner, M. H. Stone, K. Friedrichs). As J. von Neumann was Hilbert’s collaborator
toward the close of that epoch when his interest was divided between quantum
physics and foundations, the historic continuity with Hilbert’s own scientific ac-
tivities is unbroken, even for this later phase. What has become of the theory of
abstract spaces and their linear operators in our times lies beyond the bounds of
this report.

A picture of Hilbert’s “analytic” period would be incomplete without men-
tioning a second motif, calculus of variations, which crossed the dominating one
of integral equations. The “theorem of independence” with which he concludes
his Paris survey of mathematical problems (1900) is an important contribution to
the formal apparatus of that calculus. But of much greater consequence was his
audacious direct assault on the functional maxima and minima problems. The
whole finely wrought machinery of the calculus of variations is here consciously
set aside. He proposes instead to construct the minimizing function as the limit
of a sequence of functions for which the value of the integral under investigation
tends to its minimum value. The classical example is Dirichlet’s integral in a
two-dimensional region G,

ou\? | [ou\?
Dl = //G {<%> + (a“y) }dwdy.
Admitted are all functions v with continuous derivatives which have given bound-
ary values, d being the lower limit of D[u] for admissible u, one can ascertain
a sequence of admissible functions wu, such that Du,] — d with n — oco. One
cannot expect the u, themselves to converge; rather they have to be prepared
for convergence by the smoothing process of integration. As the limit function

will be harmonic and the value of the harmonic function at any point P equals
its mean value over any circle K around P, it seems best to replace u,(P) by
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its mean value in K, with the expectation that this mean value will converge
toward a number %(P) which is independent of the circle and in its dependence
on P solves the minimum problem. Besides integration Hilbert uses the process
of sifting a suitable subsequence from the u,, before passing to the limit. Owing
to the simple inequality

{Ditty, — un]}? < {Dlum] — d}/? + {Dum] — d)}/?

discovered by S. Zaremba, this second step is unnecessary.

Hilbert’s method is even better suited for problems in which the boundary
does not figure so prominently as in the boundary value problems. By a slight
modification one is able to include point singularities, and Hilbert thus solved the
fundamental problem for flows on Riemann surfaces, providing thereby the neces-
sary foundation for Riemann’s own approach to the theory of Abelian integrals,
and he further showed that Poincaré’s and Koebe’s fundamental theorems on
uniformization could be established in the same way. We should be much better
off in number theory if methods were known which are as powerful for the con-
struction of relative Abelian and Galois fields over given algebraic number fields
as the Riemann-Hilbert transcendental method proves to be for the analogous
problems in the fields of algebraic functions! Its wide application in the theory of
conformai mapping and of minimal surfaces is revealed by the work of the man
who was Hilbert’s closest collaborator in the direction of mathematical affairs at
Géttingen for many years, Richard Courant.?? Of a more indirect character, but
of considerable vigor, is the influence of Hilbert’s ideas upon the whole trend of
the modern development of the calculus of variations; in Europe Carathéodory,
Lebesgue, Tonelli could be mentioned among others, in this country the chain
reaches from O. Bolza’s early to M. Morse’s most recent work.

Physics

Already before Minkowski’s death in 1909, Hilbert had begun a systematic study
of theoretical physics, in close collaboration with his friend who had always kept
in touch with the neighboring science. Minkowski’s work on relativity theory was
the first fruit of these joint studies. Hilbert continued them through the years,
and between 1910 and 1930 often lectured and conducted seminars on topics of
physics. He greatly enjoyed this widening of his horizon and his contact with
physicists, whom he could meet on their own ground. The harvest however can
hardly be compared with his achievements in pure mathematics. The maze of
experimental facts which the physicist has to take into account is too manifold,
their expansion too fast, and their aspect and relative weight too changeable for
the axiomatic method to find a firm enough foothold, except in the thoroughly
consolidated parts of our physical knowledge. Men like FEinstein or Niels Bohr
grope their way in the dark toward their conceptions of general relativity or
atomic structure by another type of experience and imagination than those of
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the mathematician, although no doubt mathematics is an essential ingredient.
Thus Hilbert’s vast plans in physics never matured.

But his application of integral equations to kinetic gas theory and to the
elementary theory of radiation were notable contributions. In particular, his
asymptotic solution of Maxwell-Boltzmann’s fundamental equation in kinetic gas
theory, which is an integral equation of the second order, clearly separated the
two layers of phenomenological physical laws to which the theory leads; it has
been carried out in more detail by the physicists and applied to several concrete
problems. In his investigations on general relativity Hilbert combined Einstein’s
theory of gravitation with G. Mie’s program of pure field physics. For the de-
velopment of the theory of general relativity at that stage, Einstein’s more sober
procedure, which did not couple the theory with Mie’s highly speculative pro-
gram, proved the more fertile. Hilbert’s endeavors must be looked upon as a
forerunner of a unified field theory of gravitation and electromagnetism. How-
ever, there was still much too much arbitrariness involved in Hilbert’s Hamilto-
nian function; subsequent attempts (by Weyl, Eddington, Einstein himself, and
others) aimed to reduce it. Hopes in the Hilbert circle ran high at that time;
the dream of a universal law accounting both for the structure of the cosmos as
a whole, and of all the atomic nuclei, seemed near fulfillment. But the problem
of a unified field theory stands to this day as an unsolved problem; it is almost
certain that a satisfactory solution will have to include the material waves (the
Schrdinger-Dirac 9 for the electron, and similar field quantities for the other
nuclear particles) besides gravitation and electromagnetism, and that its mathe-
matical frame will not be a simple enlargement of that of Einstein’s now classical
theory of gravitation.

Wi

Hilbert was not only a great scholar, but also a great teacher. Witnesses are
his many pupils and assistants, whom he taught the handicraft of mathemati-
cal research by letting them share in his own work and its overflow, and then
his lectures, the notes of many of which have found their way from Géttingen
into public and private mathematical libraries. They covered an extremely wide
range. The book he published with S. Cohn-Vossen on Anschauliche Geometrie
[Geometry and the Imagination, Hilbert and Cohn-Vossen 1999], is an outgrowth
of his teaching activities. Going over the impressive list attached to his Collected
Papers (vol. 3, p. 430) one is struck by the considerable number of courses on
general topics like “Knowledge and Thinking,” “On the Infinite,” “Nature and
Mathematics.” His speech was fairly fluent, not as hesitant as Minkowski’s, and
far from monotonous. He had no difficulty in finding the pregnant words, and
liked to emphasize short pivotal phrases by repeating them several times. On
the whole, his lectures were a faithful reflection of his spirit; direct, intense; how
could they fail to be inspiring?
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Notes

[Published as Weyl 1944b; WGA 4:130-172. Wey!’s punctuation has been pre-
served but compound words like “eigen function” have been rendered as one
word, following present-day usage.]

! [For these academic ranks, see above, 12, 66.]

? How Georg Cantor himself in his excitability suffered from Kronecker’s
opposition is shown by his violent outbursts in letters to Mittag-Leffler; see A.
Schoenflies, Die Krisis in Cantors mathematischem Schaffen, Acta Math. vol. 50
(1923), pp. 1-23.

3 [Hilbert’s 1922 essay (HGA 3:157-177), translated in Ewald 1996, 2:1115-
1134, directly addresses and critiques Weyl’s position.]

4 [Regarding Hilbert’s Zahlbericht, see above, 91n2.]

5 [Robert Maynard Hutchins, president of the University of Chicago (1929
1945), sought to promote education based on study of the great books as the
center of what Weyl refers to as the “universality of letters” or knowledge, a
Latin phrase describing the original purpose of the university.]

6 [Regarding Hilbert’s list of problems, see Gray 2000.]

7 [For Dirichlet’s principle, see below, 180.]

8 [For the material in this and the following section on algebraic number
fields, Kleiner 2007 gives very helpful brief overviews and summaries on a fairly
elementary level.]

9 The example of finite groups is used here as an illustration only. Indeed, a
direct elementary proof of the first main theorem for finite groups that makes no
use of Hilbert’s principle (A) has been given by E. Noether, Math. Ann. vol. 77
(1916), p. 89. In dividing by N we have assumed the field & to be of characteristic
Z€r0.

10 B, L. van der Waerden’s book Moderne Algebra, vol. 2, 2nd ed., 1940 [van
der Waerden 1970], gives on pp. 1-72 an excellent account of the general algebraic
concepts and facts with which we are here concerned.

11 ] recommend to the reader’s attention a brief résumé of his invariant-
theoretic work which Hilbert himself wrote for the International Mathematical
Congress held at Chicago in conjunction with the World Fair in 1893; Collected
Papers, vol. 2, item 23.

12.0. Veblen, Trans. Amer. Math. Soc. vol. 7 (1906), pp. 197-199. E. Artin
and O. Schreier, Abh. Math. Sem. Hamburgischen Univ. vol. 5 (1926), pp. 85-99;
E. Artin, ibid. pp. 100-115.

13 The latest account of the theory is C. Chevalley’s paper “La théorie du
corps de classes,” Ann. of Math. vol. 41 (1940), pp. 394-418.

14 For a good elementary introduction to p-adic numbers, see Gouvéa 1997.]

15 At the (real) infinite prime spots the positive numbers are considered the
units.
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Ann. of Math. vol. 34 (1933), pp. 147-169. J. von Neumann, Trans. Amer. Math.
Soc. vol. 36 (1934), pp. 445-492. Cf. also L. Pontrjagin, Topological Groups,
Princeton, 1939. [Pontrjagin 1946]

31 W. V. D. Hodge, The Theory and Applications of Harmonic Integrals,
Cambridge, 1941. H. Weyl, Ann. of Math. vol. 44 (1943), pp. 1-6 [WGA 4:115-
120].

32 A book by Courant on the principle is in preparation [Courant 1950].
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Mathematics and Logic
(1946)

1. Reduction of mathematics to set theory: the logical ap-
paratus.

The reduction of mathematics to set-theory was the achievement of the epoch of
Dedekind, Frege and Cantor, roughly between 1870 and 1895. As to the basic
notion of set (to which that of function is essentially equivalent) there are two
conflicting views: a set is considered either a collection of things (Cantor), or
synonymous with a property (attribute, predicate) of things. In the latter case
“z is a member of the set 7,” in formula z € v, means nothing but that z has the
property 7. The property of being red or being odd is certainly prior to the set of
all red bodies or of all odd numbers. On the other hand, if with regard to a bag
of potatoes or a curve drawn by pencil on paper, the property of a potato to be
in the bag or of a point to lie on the curve is introduced, then the set (or a more
concrete structure representing the set) is prior to the property. Whatever the
epistemological significance of this distinction, it leaves the mathematician cool,
since for any property v we may speak of the set v of all elements which have
the property, and with respect to a given set v we may speak of the property
to be a member of v. When he adopts the term set in preference to property
the mathematician indicates his intention to consider co-extensive properties as
identical, two properties & and S being co-extensive if every element that has
the property o has also the property S8 and vice versa (set = “Begriffsumfang
[extension of concept],” Frege).! Thus he will identify red and round in spite of
their different “meanings” if every red body in the world happens to be round
and vice versa.

The property m of “being prime” is represented by the propositional function
P(z), read “z is prime,” with an argument x the range of significance of which is
circumscribed by the concept “number.” (The natural numbers 1,2,3,--- shall
simply be called numbers; other numbers will be specified as rational, real, etc.)
Indeed, understanding of the (false) proposition “6 is prime” requires that one
understand what it means for any number z to be prime. Hence the proposition
P(86) arises from the propositional function P(z) by the substitution z = 6.
Besides properties we must consider binary, ternary, ..., relations, represented
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given. We are assuming that this category is a closed realm of things existing in
themselves, or, as we shall briefly say, is ezistential, when we ask with respect to
a given property -y of its elements whether there exists an element of the property
v, with the expectation that, whatever the property =, the question has a definite
meaning and that there either exists such an element or every one of its elements
has the opposite property ~ . In number theory or in elementary geometry we
assume the numbers or the points, lines, planes, to constitute existential cate-
gories in this sense. However, we envisage only single individual properties and
relations, never anything like the category of “all possible properties of numbers.”
This situation changes radically with the set-theoretic approach.

There we are forced to consider properties of numbers x as objects £ of a new
type to which the numbers stand in the relation £ € & The proposition “6 is
prime” is now looked upon as arising from the binary relation z € £ by substitut-
ing 6 for z, and the property 7 of being prime for the argument £. The “copula”
€ corresponds to the word “is” in the spoken sentence “6 is prime.” Any propo-
sitional function P(z), like “z is prime,” gives rise to a corresponding property
7 = [z]P(x) (the property of being prime) such that P(z) is equivalent to x € .
The operator [z] which effects transition from the propositional function to the
corresponding property or set kills the argument z. For the sake of uniformity
of notation we shall write henceforth €(z;€) instead of z € £. In the same way
a binary propositional function P(z,y) defines a relation = = [z,y|P(z,y) and
€(zy; 7) expresses the same as P(z,y), namely that z and y are in this relation
.

2. Two examples.

Let our further reflections be guided by two typical examples taken from Dede-
kind’s set-theoretic analysis of the two decisive steps in the building up of math-
ematics: his analysis of the sequence of numbers (in Was sind und was sollen
die Zahlen 1887) and of the continuum of real numbers (in Stetigkeit und Ir-
rrationalzahlen 1872).2 Our critical attention will be kept more alert by using
Frege’s terminology of properties rather than that of sets.

I. A property o of numbers is said to be hereditary if for any number z that
has the property «, the follower x + 1 also has it. Dedekind defines: A number
b is less than a if there exists a hereditary property that @ has but b has not.

Here it is not only supposed that we know what we mean by any property,
but we refer to the totality of all possible properties. In applying the quantifiers
to properties of numbers as well as to numbers, it is absolutely imperative to
look upon properties as secondary objects related to our primary objects, the
numbers, by the copula relation €. Heredity is even a property of properties. To
be consistent we have to imagine objects of type 1 (the numbers), of type 2 (the
properties of numbers), type 3, ..., and the fundamental relation €(z,;Znt1)
connects a variable x,, of type n with one x4 of type n+ 1. Let I(£) denote
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the proposition that £ is hereditary. The definition of this propositional function
whose Greek argument refers to the category “properties (or sets) of numbers”
is as follows:

1(§) = (Vz){e(@;€) —»€(z + L)},
and Dedekind’s definition of z < y:

(z <y) = EO{EN €(y; )N ~e(x;6)}-

II. Dedekind, as Eudoxus had done more than 2000 years before him, charac-
terizes a non-negative real number « by the set of all positive rational numbers
(fractions) £ > . But for him any arbitrarily constructed (non-empty) set o of
fractions (satisfying a certain condition, namely that along with any fraction b
it contains every fraction > b) creates a corresponding real number a. The real
number « is but a facon de parler for this set a. A set a consists of all fractions
z satisfying a certain propositional function A(z);a = [z]A(z). Let I(£) be a
propositional function whose argument £ refers to properties of fractions. The
(greatest) lower bound v = [z]C(z) of a set of non-negative real numbers £ can
then be obtained as the join of all sets £ for which I(£) holds:

(1) Clz) = (F){(E) N (z €}

In this way Dedekind proves that any set of non-negative real numbers has a
lower bound. Again the quantifier (3¢) is applied to “all possible properties of
fractions.”

3. Levels or no levels? The constructive and the axiomatic
standpoints.

But now let us pause to think what we have been doing. Properties of fractions
are constructed by combined iterated application of a number of elementary
logical operations Oy, 0g,--+ ,0p. Let us call any property o thus obtained a
constructible property, or a property of level 1. We can then interpret (3¢) in the
definition (1) as “There exists a constructible property £,” and this application
of the quantifier is legitimate provided we admit its applicability to natural num-
bers. Indeed, the different manners in which one can form finite sequences with
iteration out of A symbols O;,03,--- ,0p is not essentially more complicated
than the possible finite sequences of one symbol 1. But the property v = {z]C(z)
defined by (1) is certainly not identical in its meaning with any of the properties
of level 1 because it is defined in terms of the totality of all properties of level 1. It
is therefore a property of higher level 2. Nevertheless it may be coextensive with
a property of level 1, and this is exactly what Russell’s “axiom of reducibility”
claims. But if the properties are constructed there is no room for an axiom here;
it is a question which ought to be decided on the ground of the construction;
and in our case that is a hopeless business. On the other hand, the edifice of our

=
-
=
-
E =4




Mathematics and Logic 137

classical analysis collapses if we have to admit different levels of real numbers
such that a real number is of level [ -+ 1 when it is defined in terms of the totality
of real numbers of level I. If we wish to save Dedekind’s proof we must aban-
don the constructive standpoint and assume that there is given, independently
of all construction, an existential category “properties” or “second-type objects”
(among which the constructible ones form but a small part) such that the fol-
lowing axiom holds, replacing the definition (1): For a given third-type object i
there exists a second-type object v such that '

zey-=(3){ecnEei)

Here the arguments = and £ refer to objects of first and second types, and =
means “coextensive.” That is a bold, an almost fantastic axiom; there is little
justification for it in the real world in which we live, and none at all in the evidence
on which our mind bases its constructions. With the assumption that properties
constitute an existential category of given objects we return from Dedekind, who
wanted to construct the real numbers out of the rational ones, to Eudoxus, for
whom they were given by the points on a line; and instead of proving the existence
of the lower bound on the ground of a definition of real numbers, we accept it as
an axiom.

In reflecting on the source of the antinomies which had shown up at the
fringe of Cantor’s general set-theory, Russell realized the necessity of distinguish-
ing between the several levels.> No doubt; by this fundamental insight, which
he expressed somewhat loosely by his vicious circle principle: “No totality can
contain members defined in terms of itself,” he cured the disease but, as shown
by the Dedekind example, also imperiled the very life of the patient. Classical
analysis, the mathematics of real variables as we know it and as it is applied
in geometry and physics, has simply no use for a continuum of real numbers
of different levels. With his axiom of reducibility Russell therefore abandoned
the road of logical analysis and turned from the constructive to the existential-
axiomatic standpoint,—a complete volte-face.* After thus abolishing the several
levels of properties, he still has the hierarchy of types: primary objects, their
properties, properties of their properties, etc. And he finds that this alone will
stop the known antinomies. But in the resulting system mathematics is no longer
founded on logic, but on a sort of logician’s paradise, a universe endowed with an
“ultimate furniture” of rather complex structure and governed by quite a number
of sweeping axioms of closure. The motives are clear, but belief in this transcen-
dental world taxes the strength of our faith hardly less than the doctrines of the
early Fathers of the Church or of the scholastic philosophers of the Middle Ages.

4. The Russell universe.

Let us describe this structure in a little more detail. A few primary categories
of elements are given; they are the ranges of significance for the lowest types
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of arguments. In a relation, each of the n (= 1 or 2 or 3 or ---) arguments

Iy, , Ty refers to a certain “type” ki,---,kn; the relation itself is of a type
k* = {ky,--- ,kp}, determined by k1, - , kp, that stands higher than any of the
constituents k1, - -+ , k,. Draw a diagram representing k* by a dot and k1,--- , &y,

by a row of dots below &* joined with it by straight lines, as you would depict a
man k* and his descendants in a geneological tree. Descending from £* to its n
constituents, and from them to their constituents, etc., one obtains a “topological
tree” in which each end point is associated with one of the primary categories:
this diagram describes the type k*. The fundamental relation is €(xy - - - zp; z*)
where z1,- -+ ,z,, refer to given types k1, ,kn and z* to k* = {k1, -+ ,kn}.
Existential categories of elements are supposed to be given, one for each possible
type (including the lowest, the primary types). We mentioned at the beginning
with what data axiomatic elementary geometry operates, or a phenomenology
of nature may have to operate; our present “Russell universe” U is seen to be
incomparably richer.

We give a few of the more obvious axioms on which its theory is to be
erected. The universal normal form for propositional functions involving n vari-
ables z1,-- ,z, of given types ki, -+ ,kn is € (z1 -+ xn;a*). Indeed, such a
relation is itself an element a* of type k* = {k1,- - , kn}. The relation of identity
(z = y) between elements of type k is itself an element of type {k, k}; call it
I = Ij. Similarly, let E = Ej, ..., be the € relation with its n 4+ 1 arguments
of types ki, ,kn,k* = {k1,---,kn}. The existence of these special elements
must be stipulated explicitly:

Axiom 1. There is an element I = Ij, of type {k, k} such that €(zy;I) holds
if and only if the elements z,y of type k are identical. There is an element
E = Ey,..x, of type K = {ky, - , ks, k*} such that €(z; - -2,2% E) is coex-
tensive with €(z, -+ zn; ™), the variables 21, -+ ,zp, and z* ranging over their
respective categories ki, -+, kn and k* = {k1, -+ ,kn}.

The composite property “red or round” is no longer constructed from the
descriptive properties “red,” “round,” but belongs with them to the category of
properties given prior to all construction. Its existence must be guaranteed by
one of the simpler axioms of closure.

Axiom 2. Given an element a* and an element b* of type k* = {k1,--- ,kn}
there exists an element c¢* of the same type such that €(z; - - - zp; c*) is coextensive
with

E(xy -+ xp;a" YU E(T1 -+ 2 bY)

(each xz; varying over its category k;).
Substitution of a definite element b for a variable is taken care of by the
Axiom 3. Given an element o* of type k* = {ki, - ,k,} and an element
b, of type ky,, there exists an element c of type k = {k1,---,kn-1} such that
€(zy- - Tp_1;0) is coextensive with € (x1-+-xp_1by;a*) (if z1,- -+ ,2p—1 vary
over the categories ki,- - ,kn—1)-
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Elimination of a variable z,, by the corresponding quantifier (3z,) changes
a relation a* of type k* into a relation a of type k:

Axiom 4. Given an element a* of type k* = {ki1,--- ,kn}, there exists an
element o of type k = {k1,++- ,kn—1} such that €(z; - -z,_1;a) is coextensive
with (Jz,) € (21 Tn_1Zn;a%). .

These are only a few typical axioms that indicate the direction. The reader
must not look for them in the Principia Mathematica, which are conceived in
a different style. But our system U embodies the same ideas in a form that
seems to me both natural in itself and advantageous for a comparison with other
systems W, Z presently to be discussed. ‘

Our axioms serve as a basis for deduction in the same way as, for instance,
the axioms of geometry; deduction takes place by that sort of logic on which one
is used to rely in geometry or analysis, including the free use of “there exists”
and “all” with reference to any fixed type in the hierarchy of types an dthe
elements of the corresponding categories. While these categories, as well as the
basic relation €, are considered as undefined, the logical terms like “not” ~, “if
then” —, “there is” (3x), etc., have to be understood in their meaning and do
not form part of the axiomatic system: the formalism of symbolic logic is merely
used for the sake of conciseness.

If the Principia Mathematica set out to base mathematics on pure logic the
result, as we now see, is quite different: an axiomatic world system has taken
the place of logic. Its very structure, the hierarchy of types, cannot be described
without resort to the intuitive concept of iteration. To develop, in Dedekind-Frege
fashion, a theory of natural numbers from this system is therefore an enterprise
of doubtful value.

5. A constructive compromise.

Realizing the highly transcendental character of the axiomatic universe from
which this system deduces mathematics, one wonders whether it is not possible
to stick, in spite of everything, to the constructive standpoint, which seems so
much more natural to the mathematician. We accept the hierarchy of types;
but we assume only one category of primary objects, the numbers; and one
basic binary relation between numbers, namely “z is followed by y.” All other
relations of the various types are explicitly constructed, the quantifiers (3z) and
(Vz) being applied only to numbers and not to arguments of higher type. No
axioms are postulated. What we can get in this way constitutes the ground level,
or level 1. One could build over it a second level containing relations which are
constructed by applying the quantifiers to the totality of relations of this or that
type constructible on the first level, and proceed in the same manner from the
second to a third level, etc. One would obtain a “ramified hierarchy” of types and
levels. But in this way, as we have said before, nothing resembling our classical
Calculus will result. The temptation to pass beyond the first level of construction
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must be resisted; instead, one should try to make the range of constructible
relations as wide as possible by enlarging the stock of basic operations. It is a
priori clear that steration in some form must find a place among these irreducible
principles of construction—contrary to the Dedekind-Frege program.

We begin again at the beginning. Let R(z,£) be a binary propositional func-
tion the two arguments z,£ of which are of types k, & respectively; for instance
the relation “z is less than £” between numbers. We can then speak of the
property of a number “to be less than £” (or of the set of all numbers less than
€). This is obviously a property depending on £. In general terms we can form
[z]R(z, &) = r*(€), which is an element of {k} depending on & such that R(z, &)
is coextensive with €(x;7*(€)). If in addition to R(z, &) we have a propositional
function S(z*) whose argument is of type k* = {k}, we can form T'(¢) = S(r*(£)),
or more explicitly,

T(§) = S([z]R(z,£))-

This is the process of substitution generating T'(¢) from R(z,£) and S(z*).

Take now the particular situation that £ = {k}. Then argument and value of
the function r(€) = [z]R(z, ) are of the same type &, and whenever that happens
iteration becomes possible. Thus we define by complete induction a relation
T(n,£) in which the argument n refers to the primary category of numbers, as
follows:

T(1,8) = S(&);
Tn+1,8)=Tmnr(¢€) (=12-)

Adding the operation of substitution and iteration, as illustrated by these
examples, to the other elementary logic operations, but without applying the
quantifiers to anything else than numbers, the writer was able (in Das Kontin-
wum, 1918) to build up in a purely constructive way, and without axioms, a
fair part of classical analysis, including for instance Cauchy’s criterion of conver-
gence for infinite sequences of real numbers.® In this system iteration plays the
role which in set-theory was played by the uninhibited application of quantifiers.
Our construction honestly draws the consequences of Russell’s logical insight into
the tower of levels, which Dedekind had ignored inadvertently and Russell him-
self, afraid of its consequences, razed to the ground by his axiom of reducibility.
Considering their common origin the axiomatic system U as outlined in section
4 and this constructive approach are remarkably different. But even here we
have adhered to the belief that “there is” and “all” make sense when applied to
natural numbers: in addition to logic we rely on this existential creed and the
idea of iteration.

6. Brouwer’s intuitionistic mathematics.

Essentially more radical and a further step toward pure constructivism is Brouwer’s
intuitionistic mathematics.® Brouwer made it clear, as I think beyond any doubt,
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that there is no evidence supporting the belief in the existential character of the
totality of all natural numbers, and hence the principle of excluded middle in the
form “Either there is a number of the given property =, or all numbers have the
property ~ ~” is without foundation. The first part of the sentence is an abstract
from some statement of fact in the form: The number thus and thus constructed
has the property 7. The second part is one of hypothetic generality, asserting
something only if - . -; viz., if you are actually given a number, you may be sure
that it has the property ~ ~. The sequence of numbers which grows beyond any
stage already reached by passing to the next number, is a manifold of possibili-
ties open towards infinity; it remains forever in the status of creation, but is not
a closed realm of things existing in themselves. That we blindly converted one
into the other is the true source of our difficulties, including the antinomies—a
source of more fundamental nature than Russell’s vicious circle principle indi-
cated. Brouwer opened our eyes and made us see how far classical mathematics,
nourished by a belief in the “absolute” that transcends all human possibilities
of realization, goes beyond such statements as can claim real meaning and truth
founded on evidence. According to his view and reading of history, classical logic
was abstracted from the mathematics of finite sets and their subsets. (The word
finite is here to be taken in the precise sense that the members of such a set
are explicitly exhibited one by one.) Forgetful of this limited origin, one after-
wards mistook that logic for something above and prior to all mathematics, and
finally applied it, without justification, to the mathematics of infinite sets. This
is the Fall and original sin of set-theory, for which it is justly punished by the
antinomies. Not that such contradictions showed up is surprising, but that they
showed up at such a late stage of the game!

Thanks to the notion of “Wahlfolge [choice sequence],” that is a sequence in
statu nascendi in which one number after the other is freely chosen rather than
determined by law, Brouwer’s treatment of real variables is in the closest harmony
with the intuitive nature of the continuum; this is one of the most attractive
features of his theory.” But on the whole, Brouwer’s mathematics is less simple
and much more limited in power than our familiar “existential” mathematics. It
is for this reason that the vast majority of mathematicians hesitate to go along
with his radical reform.

7. The Zermelo brand of axiomatics; sets and classes.

From this excursion to the left wing of the “constructionists” we return to the
universe U with its hierarchy of types. Once one has committed oneself to the
existential or axiomatic viewpoint, can one not go forth in the same direction
and even erase all differences of types, taking only such precautions as are ab-
solutely necessary to avoid the known contradictions? This is what Zermelo did
in his Untersuchungen tber die Grundlagen der Mengenlehre [Investigations on
the Foundations of the Theory of Sets], 1908.% His axioms deal with only one
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(existential) category of objects called elements or sets, and one basic relation
z € y, “z is member of y.” But he is forced to give up the principle that any
well-defined property ~ determines an element ¢ such that £ € ¢ whenever the
element z has the property v and vice versa. Properties are used by him merely
to cut out subsets from a given set. Hence his axiom of selection: “Given a
well-defined property v and an element a, there is an element a’ such that z € o
if and only if = is member of ¢ and has at the same time the property +.” The
notion of a well-defined property which enters into it is somewhat vague. But
we know that we can make it precise by constructing properties by iterated com-
bined application of some elementary constructive processes. Instead of saying
that = has the property v, let us say that z is a member of the class v,z € v.We
thus distinguish between elements or sets on the one hand, classes on the other,
and formulate the axioms in terms of two undefined categories of objects, ele-
ments and classes. Since we postulate that two elements a, b are identical in case
z € a and x € b are coextensive, and since each element ¢ is associated with
the class o of all elements x satisfying the condition z € a, we are justified in
identifying ¢ with that class @. Then every element is a class and the axioms
deal with one undefined fundamental relation z € &, “the element z is member
of the class £,” which has absorbed Zermelo’s relation z € y between elements.
The principles for the construction of properties are replaced by corresponding
axioms for classes; e.g., given two classes o and 3, there exists a class + such that
the statement (z € a)U (x € §) about an arbitrary element x is coextensive with
T € Yy

Since the axiom of selection can only generate smaller sets out of a given set,
we need some vehicle that carries us in the opposite direction. Therefore two
axioms are added guaranteeing the existence of the set of all subsets of a given
set and the join of a given set of sets. It is essential that they be limited to sets
= elements and do not apply to classes.

With the introduction of classes, which is due to Fraenkel, von Neumann,
Bernays, and others, the axioms assume the same self-sustaining character as,
for instance, the axioms of geometry; no longer do such general notions as “any
well-defined property” penetrate into the axiomatic system from the outside. A
complete table of axioms for this system, Z as we shall call it, is to be found on
the first pages of Gédel’s monograph, Consistency of the Continuum Hypothesis.?
Even before the turn of the century Cantor himself had moved in the same
direction by distinguishing “consistent classes” = sets and inconsistent classes.!©
Not the hierarchy of types, but the non-admission among the decent “sets” of
such classes as are too “big,” averts here the disaster of the familiar antinomies.

One might object to a system like 2 on the ground that it does not rest on
a real insight into the causes of the antinomies but patches up Cantor’s original
conception by a minimum of concessions necessary to-avoid the known contra-
dictions. Indeed, we have no assurance of the consistency of Z, except from the
empirical fact that so far no contradictions have resulted from it. But we are in
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no better position toward Russell’s universe U. And Z has its great advantages
over U: it is of an essentially simpler structure and seems to be the most ade-
quate basis for what is actually done in present-day mathematics. In particular,
the “existential” Dedekind-Frege theory of numbers can be derived from it (Zer-
melo), and Godel was able to show that Zermelo’s far-reaching axiom of choice
in a very sharp form is consistent with the other axioms of Z.!!

8. Complete formalization and the question of consistency.
Pessimistic conclusions.

A new turn in the axiomatization of mathematics of paramount importance was
inaugurated by Hilbert’s “Beweistheorie” [theory of proof] (since 1922).12 Hilbert
sets out to prove (not the truth, but) the consistency of mathematics. He realizes
that to that end mathematics and logic must first be completely formalized: all
statements are to be replaced by formulas in which now also the logical operators
~, N, (3x) etc., appear as undefined symbols. Thus formalized logic is absorbed
into formalized mathematics.!® The formulas have no meaning. A mathematical
demonstration is a concrete sequence of formulas in which a formula is derived
from the preceding ones according to certain rules comprehensible without re-
course to any meaning of the formulas — just as in a game of chess each position
is derived from the preceding one by a move obeying certain rules. Consistency,
the fact that no such game of deduction may end with the formula ~ (1 = 1),
must be proved by intuitive reasoning about the formulas which rests on evi-
dence rather than on axioms, and respects throughout the limits of evidence as
disclosed by Brouwer. But in this thinking about demonstrations, in following
a hypothetic sequence of formulas leading up to the end formula ~(1 = 1) our
mind cannot help using that type of evidence in which the possibility of iteration
is founded. In the axiomatization of mathematics Hilbert is forced to proceed
with more restraint than Zermelo: if he is too liberal with his axioms he will lose
all chance of ever proving their consistency; he is guided by an at least vaguely
preconceived plan for such a proof. It is for this reason that he finds it advisable,
for instance, to distinguish various levels of variables.

Hilbert’s formulas are concrete structures consisting of concrete symbols; the
order in which the symbols follow one another in a formula, and also their iden-
tity in the same or different formulas, must be recognizable irrespective of little
variations in their execution. Handling these symbols, we move on the same level
of understanding as guides our daily life in our relationship to such tools as ham-
mer or table or chair. Hilbert sees in it the most important prelogical foundation
of mathematics, in fact of all science. But in addition his axioms of mathemat-
ics and the intuition of iteration of which the metamathematical nonaxiomatic
reasoning about mathematics makes use are other extralogical ingredients of his
system.

Our brief survey may be summarized in a little diagram in which the con-
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structive tendency increases toward the left, the axiomatic toward the right, and
also the relative “depth” of the foundations is indicated. Frege and after him
Russell had hoped (1) to develop the theory of natural numbers on a sure basis
without recourse to the intuitive idea of indefinite iteration, and (2) to make
mathematics a part of logic. We have now seen that none of the systems dis-
cussed gives any hope of accomplishing (2), the subjugation of mathematics by
logic. In U and Z elaborate systems of axioms form the basis, in W, B, and
to a lesser degree also in U, the intuitive idea of iteration is indispensable. The
extra-logical foundations of Hilbert’s theory have just been described. The only
system which in a sense can claim to reach the goal (1) is Z. But even there the
theory of numbers does not rest on logic alone, but on a highly transcendental
system of axioms (the belief in whose consistency is supported by empirical facts,
but not by reasons). Poincaré has proved right in his defense of mathematical
induction as an indispensable and irreducible tool of mathematical reasoning.

It is likely that all mathematicians ultimately would have accepted Hilbert’s
approach had he been able to carry it out successfully. The first steps were inspir-
ing and promising. But then Godel dealt it a terrific blow (1931), from which it
has not yet recovered. Godel enumerated the symbols, formulas, and sequences
of formulas in Hilbert’s formalism in a certain way, and thus transformed the
assertion of consistency into an arithmetic proposition. He could show that this
proposition can neither be proved nor disproved within the formalism.!* This
can mean only two things: either the reasoning by which a proof of consistency
is given must contain some argument that has no formal counterpart within the
system, i.e., we have not succeeded in completely formalizing the procedure of
mathematical induction; or hope for a strictly “finitistic” proof of consistency
must be given up altogether. When G. Gentzen finally succeeded in proving the
consistency of arithmetic he trespassed those limits indeed by claiming as evi-
dent a type of reasoning that penetrates into Cantor’s “second class of ordinal
numbers.” 1% '

From this history one thing should be clear: we are less certain than ever
about the ultimate foundations of (logic and) mathematics. Like everybody and
everything in the world today, we have our “crisis.” We have had it for nearly
fifty years. Qutwardly it does not seem to hamper our daily work, and yet I for
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one confess that it has had a considerable practical influence on my mathematical
life: it directed my interests to fields I considered relatively “safe,” and has been
a constant drain on the enthusiasm and determination with which I pursued my
research work. This experience is probably shared by other mathematicians who
are not indifferent to what their scientific endeavors mean in the context of man’s
whole caring and knowing, suffering and creative existence in the world.

Notes

[Published with the subtitle “a brief survey serving as a preface to a review of The
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Relativity Theory as a Stimulus in Mathematical
Research
(1949)

About the influence which the physical theory of relativity had upon purely math-
ematical research different mathematicians will be of different opinions. But it is
unlikely that anybody today would agree with E. Study, Felix Klein’s contempo-
rary and life-long enemy, a man of considerable merit in his field and of violent
temper, who, in a book published 1923, accused the writers on relativity the-
ory and tensor calculus of having laid waste a rich cultural domain (ein reiches
Kulturgebiet der Verwahrlosung anheimgegeben zu haben), that rich cultural field
being the algebraic theory of invariants. What got Study’s goat was the fact that
the symbolic method and the classical notations of that theory had been more
or less ignored by the relativists. I shall come back to his problems later on.
Anyhow I would not stand here and try to say some words about the topic which
the program announces, were I not convinced that relativity theory during the
last decades has been an invigorating rather than a devastating influence in the
development of several branches of mathematics, including the theory of invari-
ants. Nor is it difficult to prove my point; the facts speak a too unmistakable
language.

The relativity problem is one of central significance throughout geometry and
algebra and has been recognized as such by the mathematicians at an early time.
It played a great role in Leibniz’s philosophical-mathematical ideas. In the nine-
teenth century the concept of a group of transformations was devised and devel-
oped as the adequate tool for dealing with it. Suppose a realm of objects, which
may be called points, is given to you. Those transformations, those one-to-one
mappings of the point field into itself which leave all relations of objective signif-
icance between points undisturbed, form a group, the group of automorphisms.
If in some way coordinates, self-created reproducible symbols like numbers, are
assigned to the points then any automorphism carries this assignment over into a
new one from which it is objectively indiscernible (to use Leibniz’s word). Hence
any coordinate assignment requires an act of choice by which one picks out one
from a class of equally admissible coordinate systems. The class is objectively
characterized, but not the individual coordinate assignment. In Galois’ theory
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the “points” are the n roots ai,---,a, of an algebraic equation of degree n
with rational coefficients. The objective relations are those expressible in terms
of the fundamental operations of addition, multiplication, subtraction, and di-
vision, i.e., all relations of the form F(ay, - ,an) = 0 where F(zq, -+ ,z,) is
a polynomial of the n variables z;,--- ,z,, with rational coefficients. Labeling
the roots by 1,2, -+ ,n amounts to a coordinate assignment. A transformation
is a permutation of the n roots, an automorphism a permutation which leaves all
algebraic relations F(aq,- -+ ,a,) = 0 with rational coeflicients undisturbed; the
automorphisms form the Galois group. Examples from geometry are probably
more familiar to this audience. In the three-dimensional Euclidean vector space
a frame of reference consists of 3 mutually perpendicular vectors of length 1. Rel-
ative to such a frame any vector can be described by the triple of its coordinates
(z1z223). Transition from one such frame to an arbitrary other is effected by
an orthogonal transformation of the coordinates x1, 2,3, and these transfor-
mations constitute the group of automorphisms. In affine vector geometry this
group is replaced by the group of all homogeneous linear transformations with
non-vanishing determinant (or, if one follows Euler, with determinant 1). In the
first half of the nineteenth century projective geometry had arisen, whose group of
automorphisms consists of all collineations, i.e., of all point transformations that
carry straight lines into straight lines. Mobius had added his spherical geometry,
the automorphisms of which carry spheres into spheres. In a space of three or
more dimensions the group of Mobius transformations coincides with that of all
conformal transformations. Ideas which seem to have guided Mébius implicitly
in his investigations, but could not be formulated without the group concept,
were made explicit by Felix Klein in his famous Erlanger program, 1872.! Tran-
sitions between equally admissible coordinate assignments or frames of reference
in a Klein space find their expression in a group I' of coordinate transformations.
Klein defines the geometry by this group, which the mathematician feels free to
choose as he likes: point relations are then said to be of objective significance if
they are invariant with respect to the group I', two configurations of points are
considered objectively alike if one is carried into the other by an operation of the
group. For instance, if the group is transitive, as we shall assume in the future,
all points are alike, the space is homogeneous.

According to Einstein’s special relativity theory the four-dimensional world
of the space-time points is a Klein space characterized by a definite group I'; and
that group is the one most familiar to the geometers, namely the group of Fu-
clidean similarities—with one very important difference however. The orthogonal
transformations, i.e., the homogeneous linear transformations which leave

(+) 22 422+ 22+ 22

unchanged have to be replaced by the Lorentz transformations leaving

(=) o} + a5 + 75 — 73
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invariant. This was certainly a surprise to the mathematicians. But it did not
disturb them very greatly; Minkowski made the necessary adjustments at once.
Indeed in algebraic geometry they had become used to considering their variables
as capable of arbitrary complex values; for that made their theories so much sim-
pler, owing to the fact that the field of all complex numbers is algebraically closed,
i.e., that an arbitrary algebraic equation of degree n with coefficients in the field
always has n roots in the field. Now in the domain of complex numbers there is
no difference between (+) and (—) ; indeed (+) goes over into (—) by substituting
izq4 for z4. But in the last forty-odd years algebra has reversed its position: not
only has it recognized the right of the field of real numbers besides that of the
complex numbers, but it carries on its investigations, whenever possible, in an
arbitrarily given field of numbers, no longer assuming that this underlying field,
though closed with respect to the operations of addition, subtraction, multipli-
cation, and division, be also algebraically closed. Two non-degenerate quadratic
forms with coefficients in a given field § belong to the same genus if one may be
carried into the other by a linear transformation with coefficients in §. Special
relativity could have taught the algebraists this lesson: do not ignore other gen-
era of quadratic forms besides the principal genus represented by the unit form
x?+x2+---. As a matter of fact, in their arithmetical theory of quadratic forms,
a classic subject from Gauss to Minkowski, they had never ignored them. I am
afraid, the geometers had. Yet one can hardly say that here the mathematicians
received a new stimulus from relativity theory; rather Klein’s Erlanger program
and the distinction of genera of quadratic forms was in happy concordance with
relativity theory, and Einstein’s discovery gave support to these geometric and
algebraic conceptions by exhibiting one very important and quite unexpected
application in physics.

‘We are used today to look at mathematical questions from the standpoints
of abstract algebra and of topology. Between the orthogonal and the Lorentz
group there is a topological difference much more incisive than the algebraic
difference of genus: the one is a compact manifold, the other is not. The most
systematic part of group theory deals with the representations of groups by linear
transformations. Representations in a Hilbert space of finite or infinitely many
dimensions are of supreme interest to quantum mechanics. If the group is finite
every such representation breaks up into irreducible parts of finite dimensionality;
the entire theory, one of the proudest buildings of mathematics, is dominated by
the orthogonality and completeness relations. They carry over from finite to
compact groups. The theory of Fourier series is nothing but the representation
theory of the group of rotations of a circle. Pleased by the beauty and harmony
of this theory of representations of compact groups, the mathematicians shyed
away for some time from the more complicated and less harmonious situation
that had to be expected for non-compact groups. But the Lorentz group and
the interest which quantum mechanics has in its representations in Hilbert space
finally forced the issue: V. Bargmann in this country and Gelfand and Neumark
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in Russia mustered enough courage to tackle the representations of the Lorentz
group in Hilbert space, and the Russians went on to develop the theory for any
groups that are locally but not globally compact.

There is hardly any doubt that for physics special relativity theory is of much
greater consequence than the general theory.? The reverse situation prevails with
respect to mathematics: there special relativity theory had comparatively little,
general relativity theory very considerable, influence, above all upon the develop-
ment of a general scheme for differential geometry. The kind of world geometry
Einstein needed to put into mathematical form his central idea of an inertial
field that not only acts upon matter but is also acted upon by matter, he found
ready-made in the mathematical literature: from Gauss’s theory of surfaces in
Euclidean space Riemann had abstracted his conception of an n-dimensional Rie-
mannian space. Here the coordinate assignment remains quite arbitrary, subject
to arbitrary (differentiable) transformations. A coordinate system usually covers
only a part of the manifold; a finite or even an infinite number of partially over-
lapping patches are needed to cover it completely. But this is of little concern
to us, as long as we are still far from overlooking the four-dimensional world in
its entire extension. The fact that in an infinitesimal neighborhood of a point
Pythagoras’ theorem is supposed to prevail finds its expression in Riemann’s
formula

*) ds® = gydzidz; (95 = 9i5)
0

for the square of the length ds of a line element that leads from the point P =
(z1, -+ ,Zn) to an arbitrary infinitely near point P’ = (z1 + dz1, -+ , 2 + dz,).
The coefficients g;; do not depend on the line element but will in general vary
from point to point. Riemann had gone some distance in developing this kind of
geometry, which clearly follows a trend entirely different from Klein’s Erlanger
program; he had, in particular, derived what is now called the Riemann curva-
ture tensor. An elaborate mathematical machinery for Riemannian geometry had
been set up under the name of Absolute Differential Calculus by G. Ricci and
T. Levi-Civita. These things, which Einstein learnt from his friend, the math-
ematician Marcel Grossman in Zurich, enabled him to write down the equation
of motion for a planet and the differential equations for the gravitational field,
without an appeal to experience, in a purely speculative and yet astonishingly
compelling manner. And Nature graciously confirmed his laws with as clear an
O.K. as one can ever get from her.

The great importance which Riemannian geometry acquired for Einstein’s
theory of gravitation gave the impetus to develop this geometry further, to study
more carefully its foundations and, as a consequence of such analysis, to generalize
it in various directions. The first and decisive step was Levi-Civita’s discovery of
the notion of infinitesimal parallel vector displacement. Let us begin with Gauss’
representation of a surface in FEuclidean space. The points P of the surface



Relativity Theory as a Stimulus in Mathematical Research 151

are referred to arbitrary coordinates z1,zg, the location of the point P in the
embedding space is given by v = v(z1z2) where v = OP is the vector leading in
that space from the origin O to the space point P. The increment

o O

de = —dz; + —dx

0z 1 0zs 2
is the line element joining P = (z;,x2) with the nearby surface point P’ =
(z1 + dz1,z2 + dz2). In this way it comes about that the two-dimensional lin-
ear manifold of the tangent vectors ¢ in P is referred to the affine vector basis
consisting of the two vectors

e = 0t/0z1,e0 = Ot/Oxa : t=E1eq + Egea.

The metric structure of this vector compass is taken into account, only after-
wards, as it were, by expressing the square of the length of v as a quadratic
form }° gi;6:€; of its components with certain coefficients g;;. Thus the two-
dimensional Euclidean vector space, the compass at P, is here treated as an
affine space to which a quadratic form is joined as the “absolute.” In a similar
fashion affine space is sometimes treated as projective space in which one plane
has been absolutely distinguished as the “plane at infinity.” There is an obvious
artificiality in this procedure as it falsifies the group, so to speak; but it is also
obvious how Gauss’ approach led to this treatment. But the natural frame for
the compass would be a Cartesian one consisting of two perpendicular vectors
€1, €2 of length 1 at the point P; choose such a frame without tying it to the
coordinates z1,Z2 to which the neighborhood P on thﬂrface is referred. The
line element PP’ will then be given by an expression PP’ = ) w;€; where the
w; are linear differential forms 0;1dx1 + 0;2dzo. Invariance must prevail (1) with
respect to arbitrary transformations of the coordinates x;, (2) with respect to
an arbitrary rotation of the frame €; of the vector compass at P, arbitrary in
the sense that it may depend in an arbitrary fashion on P. This scheme which
E. Cartan always used is better suited to the nature of the Pythagorean metric.
When one tries to fit Dirac’s theory of the electron into general relativity, it be-
comes imperative to adopt the Cartan method. For Dirac’s four #-components
are relative to a Cartesian (or rather a Lorentz) frame.® One knows how they
transform under transition from one Lorentz frame to another (spin represen-
tation of the Lorentz group); but this law of transformation is of such a nature
that it cannot be extended to arbitrary linear transformations mediating between
affine frames.

Let us return to the surface in Euclidean space. A tangent vector v at P
can be transferred to the nearby surface point P’ by parallel displacement in the
embedding Euclidean space. The t thus obtained is no longer tangential at P’;
we therefore split it into its tangential and its (infinitesimal) normal component
at P',t = t' +t,, and throw away the latter: v — t/ is Levi-Civita’s process of
infinitesimal parallel displacement on the surface. It first looks as if it depended
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on the embedment of the surface into the surrounding Euclidean space; but when
one carries out the computation, it turns out to be completely determined by
the intrinsic metric of the surface. Hence it must be possible to give an intrinsic
definition of the process. The first obvious property of Levi-Civita’s displacement
is that it leaves the length of the vector t unchanged. In combination with another
intrinsic condition, which I shall not formulate but only allude to by the word
“condition of closure,” this leads indeed to a unique determination of the “affine
connection” by virtue of which each vector at P goes over into a definite vector
at the infinitely near point P’. After the notion is thus made independent of an
embedding Fuclidean space, it becomes applicable to any two-dimensional, nay
to any n-dimensional Riemannian manifold.

It is natural to introduce the concept of an affinely connected manifold as one
in which the process of infinitesimal parallel vector displacement satisfying the
condition of closure is defined. It is a fact that the whole tensor analysis with its
“covariant derivatives” makes use of the affine connection only, not of the metric.
Also Riemann’s curvature finds its place here. Indeed if one carries the compass
at P by successive steps of infinitesimal parallel displacement around a circuit
returning to the start P, then the compass will in general not return to its initial
position, but in one that arises from the initial position by a certain rotation
around P. This rotation is essentially what Riemann called curvature and what
should perhaps more appropriately be called vector vortex. The affine notions
of covariant differentiation and of curvature become applicable to Riemannian
geometry owing to the fact that the Riemann metric uniquely determines the
affine connection.

Thus an affine infinitesimal geometry has sprung up beside Riemann’s metric
one. One may say that the causal structure of the universe in the immediate
neighborhood of the world point P is described by the equation ) g;;dz;dx; = 0.
Hence a Riemannian metric g;; and a metric o of the same space lead to the same
causal or conformal structure if gj; = Ag;; with a positive factor A depending on
P in an arbitrary fashion.? Such features of a Riemannian space are conformal
as are not affected by the change g;; — Ag;;. One can also easily describe under
what conditions two affine connections are equivalent in the sense that they lead
to the same geodesics and thus to the same inertial or projective structure. What
happens, one may further ask, when one replaces the geodesics by any families
of curves of such nature that through every point in every direction there goes
one of these lines? (General geometry of paths.)

Now here is clearly rich food for mathematical research and ample oppor-
tunity for generalizations. Thus schools of differential geometers sprang up in
the wake of general relativity. Here in Princeton Eisenhart and Veblen took the
lead, Schouten in Holland. In France, E. Cartan’s fertile geometric imagination
disclosed many new aspects of the subject.® Some of their outstanding pupils
are Tracy Thomas and J. M. Thomas in Princeton, van Dantzig in Holland and
Shiing Shen Chern of the Paris school. A lone wolf in Zurich, Hermann Weyl,
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also busied himself in this field; unforunately he was all too prone to mix up his
mathematics with physical and philosophical speculations. In several ways these
authors soon arrived at the conclusion that it is better to establish projective dif-
ferential geometry not by abstraction from the affine brand, as described above,
but independently, namely by associating with each point P of the manifold a
projective space X p in the sense of Poncelet and Pliicker, this homogeneous space
taking the place of the affine vector compass in the affinely connected manifold.
In the same manner a general conformal geometry may be developed by associ-
ating with each point P a Mébius space X p. The generalization is evident. Let
a manifold M and a homogeneous Klein space ¥, defined by a transitive group
T of transformations, be given. Assume that with each point P there is associ-
ated a copy Xp of the Klein space, and that Xp is carried over to the space ¥ p:
associated with an infinitely near point P’ of M by an infinitesimal operation
of the group T' that depends linearly on the relative coordinates dz; of P’ with
respect to P. The manifold M, or at least part of it, is referred to coordinates
z;. In each ¥ p we must choose an admissible frame of reference, with respect to
which the points of ¥p are represented by coordinates £. Since the Klein space
is supposed to generalize the affine tangent vector space, it is natural to assume
that a definite center O in ¥p is marked which “covers” the point P on M. The
frame for ¥ p may be so chosen that O becomes the origin & = & = --- = 0.
It is further natural to assume that the infinitesimal vectors issuing from O in
Yp on the one hand, and those issuing from P in M on the other hand, are
“in coverage” by dint of a one-to-one linear mapping. This assumption brings it
about that ¥ has the same number of dlmensmns as M. It is further natural to
assume that, if the infinitesimal vector 001 in ¥p covers PP’ on M, then the
displacement Yp — Zps will carry O; into the center O’ of ¥ pr. But no other
restrictions should be imposed. Carrying >p by successive steps of infinitesimal
displacement around a circuit we shall, when we return to P, have arrived at a
definite mapping of Tp into itself, an operation of the Klein group that is in-
dependent of the choice of coordinates x; and also, if this is understood in the
proper sense, of the choice of admissible frames in all the Klein spaces associated
with the various points of M. It will, of course, depend on the circuit described.
This automorphism is the generalization of Riemann’s curvature. Hence we have
here before us the natural general basis on which that notion rests. The infinites-
imal trend in geometry initiated by Gauss’s theory of curved surfaces now merges
with that other line of thought that culminated in Klein’s Erlanger program.

It is not advisable to bind the frame of reference in ¥ p to the coordinates
x; covering the neighborhood of P in M. In this respect the old treatment of
affinely connected manifolds is misleading. What I said about Cartan’s method
in dealing with Riemannian geometry was intended as an illustration of this
lesson. In studying curves in three-dimensional Euclidean space one does not
use a stationary Cartesian frame but associates with the point P traveling along
the curve a mobile frame that is adapted to the curve in the most intimate
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manner, namely the Cartesian frame consisting of tangent, principal normal, and
binormal. Freedom means adaptability. Cartan coined the phrase méthode de
répére mobile for this procedure. Also in the modern development of infinitesimal
geometry in the large, where it combines with topology and the associated Klein
spaces appear under the name of fibres, it has been found best to keep the répéres,
the frames of the fibre spaces, independent of the coordinates of the underlying
manifold.

The temptation is great to mention here some of the endeavors that have
been made to utilize these more general geometries for setting up unified field
theories encompassing the electromagnetic field beside the gravitational one or
even including not only the photons but also the electrons, nucleons, mesons, and
whatnot. I shall not succumb to that temptation.

Nobody can predict what sort of geometric structures may be thought up, and
hence it would be foolish to claim that our pattern of associated Klein spaces
and their displacement is universal. Whatever the structure, it must be described
in some arithmetical way relative to a frame of reference f, whether that frame
consists of a coordinate system for the manifold M or of a coordinate system
for M plus admissible frames of references for each associated Klein space, or is
something even more complicated. Always the problem of equivalence arises, i.e.,
the question under what conditions two such structures can be carried into each
other by a change of the universal frame f. It was in the attempt of solving this
problem for Riemannian geometry that Christoffel first introtuced his 3-indices
symbols which later were interpreted by Levi-Civita as describing infinitesimal
vector displacement, and that Riemann constructed his curvature tensor. This
example is typical. In a number of important cases the attempt of solving the
equivalence problem led to associating Klein spaces with the points of the man-
ifold and to defining their infinitesimal displacement. Auxiliary variables that
had to be introduced could be interpreted as coordinates in the fibre space X p.
Hence in practice the scheme has proved of fairly universal applicability.

I wish to say a word about Cartan’s treatment of Riemannian geometry. At
each point P of the manifold the vector compass bears a Cartesian frame €5
The infinitesimal vector PP’ at P is expressed in terms of it,

(1) PP =dP =Y w7,

by means of coeflicients w; that are linear differential forms of the dz;. Passing
from P to the near-by point P’ we obtain two Cartesian frames at P’: the one
that is associated with P’ and the one into which the frame associated with P
goes over by parallel displacement from P to P’. These two frames in P’ are
linked by an infinitesimal rotation

(2) dei =Y wij - €;
j

the coeflicients w;; of which are again linear differential forms. The displacement
of the vector compass is now described by (1), (2). The condition of closure,
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which I never formulated, makes the w;; expressible in terms of the w;. The
adequate instrument for carrying out the calculations to which such a set-up
inevitably leads is a calculus fully developed by Cartan; it deals with multilinear
differential forms and their multiplication and “external” derivation. This is a
subject of considerable importance in several branches of mathematics including
topology.

A scalar f(z1,---,2,) has a differential df =3, g,-cedxi. From an arbitrary
linear differential ¢ = 3, prdzi we can formally derive dp = 3 %;Lfdmidmk. The
essential point now is that in interpreting this formal expression one assumes the
antisymmetric rule daxxdz; = —dx;dzy for the multiplication of the differentials
dz;. It is then perhaps more sincere to introduce two independent line elements
dz and éx and let dy stand for the skew-symmetric bilinear differential form

Opr  Opy

(3) Z (Baci - Bmk> dz;dxg.

The marvelous thing about this kind of derivative is its invariance with respect to
arbitrary coordinate transformations. If ¢ itself is the differential df of a scalar
f, then de = 0: the derivative of a derivative is always zero. Maxwell’s theory
of the electromagnetic field gives a perfect illustration for this calculus. The
potentials ; form the coefficients of an invariant differential form ¢ = Y @,dz;
of rank 1; its derivative F' = dy, (3), of rank 2 gives the electromagnetic field

strength Fy, = g%’: — g—ff. Since F' itself is a derivative, the form dF of rank 3
must vanish, i.e.,

0Fy L oOFy L OFu _

dz;  Oxg Oxy
The symbolism here employed is not as strange as it may strike you. Indeed look
at the customary form of writing a double integral, f -«+dz1dzy. Here also the
proper meaning of dx;dx; as the area of a parallelogram spanned by two line
elements dz, 5z would be more fully exhibited by writing it as the determinant
dz16T2 — dr2dxy; only this form indicates without explanation what happens to
the integral under a transformation of coordinates. Multiplication of linear forms

> fidzi - gedmy =Y figrdziday

must of course also be submitted to the antisymmetric rule dexdx; = —dz;dzy.
It is clear how to pass on to higher ranks. All the integral theorems of vector and
tensor analysis are special cases of the general Stokes formula which deals with
the integral of a differential form of rank r over an r-dimensional (orientable)
manifold imbedded in the space with the coordinates z;: the integral of the
derivative df over a manifold C of dimensionality r+1 equals the integral of f over
the r-dimensional boundary 8C of C. The law that the derivative of a derivative
vanishes is thus the dual counterpart of the topological law that the boundary 0C
of something is always closed, i.e., has the boundary zero. The question whether
a form f, the derivative of which vanishes, is itself a derivative leads straight

0.
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to the topological theory of homologies and cohomologies; de Rham’s work is
fundamental in that respect.

An impressive example demonstrating the power of this technique in which
the méthode de répére mobile combines with the calculus of linear differential
forms is a brief paper by Chern [1945], in which he gives an intrinsic proof for
the analogue of the Gauss-Bonnet formula in a Riemannian space of arbitrary
even dimension. The classical Gauss-Bonnet formula states for a closed surface
in three-dimensional Euclidean space that the integral of its Gaussian curvature
equals 27 - ¢ where the even integer ¢ is the most important topological invariant,
the Euler characteristic. Allendoerfer had derived the formula for a Riemannian
space of even dimension imbedded in Euclidean space, Chern freed it from the
imbedding space.” It is this perhaps the simplest instance of a relation between
the differential and the topological properties of a space, and it seems that there
are still many deep problems to solve in this field.

If one tries to understand what is behind the formal apparatus of tensor cal-
culus that is used in general relativity, one arrives with necessity at the general
notion of a covariant quantity. Let us take those transformations of the Klein
space ¥ mediating between admissible frames of reference which leave the center
O of ¥ fixed. They form a group I". A covariant quantity of definite type € is de-
scribed relative to an admissible frame f by a number of components X1, -+, X,
which vary independently over all real values while the quantity ranges over the
manifold of all its possible values. The components X of the same quantity
relative to another admissible frame § are connected with the X; by a linear
transformation X; = }_.%;;X; the coefficients t;; of which are determined by
the operation S of the group I" that carries f into . Composition of the group
elements S must be reflected in the composition of the corresponding linear trans-
formations ||t;;(S)||. We then speak of a representation of the group T by linear
subsitutions, and that representation defines the type € of the covariant quantity.
In the last decades a quite elaborate theory of representations of continuous Lie
groups has developed, in which algebraic, differential, and integral methods are
blended with each other in a fascinating manner. Here those problems which ac-
cording to Study’s complaint the relativists had let go by the board are attacked
on a much deeper level than the formalistically minded Study had ever dreamt
of. For the representations of the linear group the symmetry characters studied
in A. Young’s Quantitative Analysis and in a different manner by G. Frobenius,
proved of great importance. Their bearing upon the quantum mechanics of sys-
tems consisting of equal particles (e.g., electrons) has been disclosed by Wigner.
For the orthogonal group Cartan found a host of double-valued irreducible rep-
resentations not less numerous than the single-valued ones. Their appearance is
due to the topological fact that the orthogonal group is not simply connected but
has a simply connected covering manifold of two sheets extending over it without
boundaries and ramifications. The most elementary of these double-valued rep-
resentations is the spin representation which Dirac used in his Lorentz-invariant
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quantum theory of the electron.

Of course it would be foolish to maintain that all these investigations have
their origin in relativity theory. Indeed Frobenius and Issai Schur’s spadework on
finite and compact groups and Cartan’s early work on semi-simple Lie groups and
their representations had nothing to do with it. But for myself 1 can say that
the wish to understand what really is the mathematical substance behind the
formal apparatus of relativity theory led me to the study of representations and
invariants of groups; and my experience in this regard is probably not unique.

What is the upshot of it all? Relativity theory is intimately intertwined with
a number of important branches of mathematics. Its influence in mathematics
has been far less revolutionary than in physics and the epistemology of natural
science; for its pattern fitted perfectly into the pattern of ideas already current in
mathematics. But just because it could be absorbed so readily by mathematics
it has stimulated the development and elaboration of those mathematical ideas
to which it had a natural affinity.

Notes

[Weyl prepared this lecture for a celebration at the Institute for Advanced Study
marking the seventieth birthday of Einstein, March 19, 1949; it was published in
Weyl 1949b and WGA 4:394-400.]

1 [Regarding the Erlangen program (which Weyl here calls Erlanger), see
above 66.]

2 [In 1949, many physicists considered general relativity a purely theoretical
subject, important for cosmology, but not having any feasible experimental tests.
That began to change with the experiments of R. V. Pound, G. A. Rebka, and
J. L. Snider (Pound and Rebka 1959), which demonstrated the gravitational
red-shift in a terrestrial experiment using the Mé&ssbauer effect.]

3 [In contrast to Einstein’s well-known resistance to the quantum theory, Weyl
was very open to it and continued to work on applying his gauge field ideas to
Dirac spinors. Weyl 1929a,b introduced the tetrad or vierbein formulation of
general relativity, meant to facilitate its connection with the Dirac theory.]

4 [Weyl 1952a, 112-117, 124-125, discusses affine manifolds in detail.]

5 [Weyl discusses the implications of conformal invariance for the dimension-
ality of space-time below, 212-213.]

6 [Weyl 1929¢c discusses the relation of his work and Cartan’s, continued in
Brauer and Weyl 1935. Einstein was very interested in Cartan and corresponded
with him on mathematical extensions of general relativity; see Cartan 1931, 1983,
1986, Pesic 2007, 179-186, and Cartan and Einstein 1979. For Weyl’s relation to
Cartan, see Scholz 2010.]

7 As a matter of fact, before him Allendoerfer and A. Weil had given a proof
by embedding each of the cells into which the space is cut up into a Euclidean
space. Chern got rid of this embedding device.
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A Half-Century of Mathematics
(1951)

1. Introduction. Axiomatics.

Mathematics, beside astronomy, is the oldest of all sciences. Without the con-
cepts, methods and results found and developed by previous generations right
down to Greek antiquity, one cannot understand either the aims or the achieve-
ments of mathematics in the last fifty years. Mathematics has been called the
science of the infinite; indeed, the mathematician invents finite constructions by
which questions are decided that by their very nature refer to the infinite. That is
his glory. Kierkegaard once said religion deals with what concerns man uncondi-
tionally. In contrast (but with equal exaggeration) one may say that mathematics
talks about the things which are of no concern at all to man. Mathematics has
the inhuman quality of starlight, brilliant and sharp, but cold. But it seems an
irony of creation that man’s mind knows how to handle things the better the
farther removed they are from the center of his existence. Thus we are cleverest
where knowledge matters least: in mathematics, especially in number theory.
There is nothing in any other science that, in subtlety and complexity, could
compare even remotely with such mathematical theories as for instance that of
algebraic class fields. Whereas physics in its development since the turn of the
century resembles a mighty stream rushing on in one direction, mathematics is
more like the Nile delta, its waters fanning out in all directions. In view of all this:
dependence on a long past, other-worldliness, intricacy, and diversity, it seems an
almost hopeless task to give a non-esoteric account of what mathematicians have
done during the last fifty years. What I shall try to do here is, first to describe in
somewhat vague terms general trends of development, and then in more precise
language explain the most outstanding mathematical notions devised, and list
some of the more important problems solved, in this period.

One very conspicuous aspect of twentieth-century mathematics is the enor-
mously increased role which the axiomatic approach plays. Whereas the ax-
iomatic method was formerly used merely for the purpose of elucidating the
foundations on which we build, it has now become a tool for concrete mathemat-
ical research. It is perhaps in algebra that it has scored its greatest successes.
Take for instance the system of real numbers. It is like a Janus head facing in two
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directions: on the one side it is the field of the algebraic operations of addition
and multiplication; on the other hand it is a continuous manifold, the parts of
which are so connected as to defy exact isolation from each other. The one is the
algebraic, the other the topological face of numbers. Modern axiomatics, simple-
minded as it is (in contrast to modern politics), does not like such ambiguous
mixtures of peace and war, and therefore cleanly separated both aspects from
each other.

In order to understand a complex mathematical situation it is often conve-
nient to separate in a natural manner the various sides of the subject in question,
make each side accessible by a relatively narrow and easily surveyable group of
notions and of facts formulated in terms of these notions, and finally return to
the whole by uniting the partial results in their proper specialization. The last
synthetic act is purely mechanical. The art lies in the first, the analytic act
of suitable separation and generalization. Our mathematics of the last decades
has wallowed in generalizations and formalizations. But one misunderstands this
tendency if one thinks that generality was sought merely for generality’s sake.
The real aim is simplicity: every natural generalization simplifies since it reduces
the assumptions that have to be taken into account. It is not easy to say what
constitutes a natural separation and generalization. For this there is ultimately
no other criterion but fruitfulness: the success decides. In following this pro-
cedure the individual investigator is guided by more or less obvious analogies
and by an instinctive discernment of the essential acquired through accumulated
previous research experience. When systematized the procedure leads straight
to axiomatics. Then the basic notions and facts of which we spoke are changed
into undefined terms and into axioms involving them. The body of statements
deduced from these hypothetical axioms is at our disposal now, not only for the
instance from which the notions and axioms were abstracted, but wherever we
come across an interpretation of the basic terms which turns the axioms into true
statements. It is a common occurrence that there are several such interpretations
with widely different subject matter.

The axiomatic approach has often revealed inner relations between, and has
made for unification of methods within, domains that apparently lie far apart.
This tendency of several branches of mathematics to coalesce is another conspic-
uous feature in the modern development of our science, and one that goes side
by side with the apparently opposite tendency of axiomatization. It is as if you
took a man out of a milieu in which he had lived not because it fitted him but
from ingrained habits and prejudices, and then allowed him, after thus setting
him free, to form associations in better accordance with his true inner nature.

In stressing the importance of the axiomatic method I do not wish to exag-
gerate. Without inventing new constructive processes no mathematician will get
very far. It is perhaps proper to say that the strength of modern mathematics
lies in the interaction between axiomatics and construction. Take algebra as a
representative example. It is only in this century that algebra has come into
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its own by breaking away from the one universal system  of numbers which
used to form the basis of all mathematical operations as well as all physical mea-
surements. In its newly-acquired freedom algebra envisages an infinite variety of
“number fields” each of which may serve as an operational basis; no attempt is
made to embed them into the one system ). Axioms limit the possibilities for
the number concept; constructive processes yield number fields that satisfy the
axioms.

In this way algebra has made itself independent of its former master analysis
and in some branches has even assumed the dominant role. This development
in mathematics is paralleled in physics to a certain degree by the transition
from classical to quantum physics, inasmuch as the latter ascribes to each phys-
ical structure its own system of observables or quantities. These quantities are
subject to the algebraic operations of addition and multiplication; but as their
multiplication is non-commutative, they are certainly not reducible to ordinary
numbers.

At the International Mathematical Congress in Paris in 1900 David Hilbert,
convinced that problems are the life-blood of science, formulated twenty-three
unsolved problems which he expected to play an important role in the devel-
opment of mathematics during the next era. How much better he predicted the
future of mathematics than any politician foresaw the gifts of war and terror that
the new century was about to lavish upon mankind! We mathematicians have
often measured our progress by checking which of Hilbert’s questions had been
settled in the meantime. It would be tempting to use his list as a guide for a
survey like the one attempted here.! I have not done so because it would neces-
sitate explanation of too many details. I shall have to tax the reader’s patience
enough anyhow.

Part I. Algebra. Number Theory. Groups.
2. Rings, Fields, Ideals.

Indeed, at this point it seems impossible for me to go on without illustrating
the axiomatic approach by some of the simplest algebraic notions. Some of
them are as old as Methuselah. For what is older than the sequence of natural
numbers 1, 2, 3, ..., by which we count? Two such numbers a, b may be added
and multiplied (@ + b and a - b). The next step in the genesis of numbers adds
to these positive integers the negative ones and zero; in the wider system thus
created the operation of addition permits of a unique inversion, subtraction. One
does not stop here: the integers in their turn get absorbed into the still wider
range of rational numbers (fractions). Thereby division, the operation inverse
to multiplication, also becomes possible, with one notable exception however:
division by zero. (Since b-0 = 0 for every rational number b, there is no inverse
b of 0 such that -0 = 1.) I now formulate the fundamental facts about the
operations “plus” and “times” in the form of a table of axioms:
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of these definitions e = (1,0) turns out to be the unity, while i = (0, 1) satisfies
the equation i - ¢ = —e. The two members z,y of the pair z are called its real
and imaginary parts, and z is usually written in the form ze + yi, or simply
z + yi. The usefulness of the complex numbers rests on the fact that every
algebraic equation (with real or even complex coefficients) is solvable in the field
of complex numbers. The analytic functions of a complex variable are the subject
of a particularly rich and harmonious theory, which is the show-piece of classical
nineteenth century analysis.

A set of elements for which the operations a + b and a - b are so defined as to
satisfy the axioms (1)—(4) is called a ring; it is called a field if also the axioms (5)
hold. Thus the common integers form a ring I, the rational numbers form a field
w; 80 do the real numbers (field Q) and the complex numbers (field Q*). But
these are by no means the only rings or fields. The polynomials of all possible
degrees h,

(1) f=f(z) =ap + a1z + agx® + - -« + apz®,

with coeflicients a; taken from a given ring R (e.g. the ring I of integers, or
the field w), called “polynomials over R,” form a ring R[z]. Here the variable
or indeterminate z is to be looked upon as an empty symbol; the polynomial is
really nothing but the sequence of its coeflicients ag,a1,a2,.... But writing it
in the customary form (1) suggests the rules for the addition and multiplication
of polynomials which I will not repeat here. By substituting for the variable
z a definite element (“number”) y of R, or of a ring P containing R as a sub-
ring, one projects the elements f of R[z] into elements o of P,f — a: the
polynomial f = f(z) goes over into the number « = f(v). This mapping f — a
is homomorphic, i.e., it preserves addition and multiplication. Indeed, if the
substitution of v for z carries the polynomial f into e and the polynomial g into
B then it carries f + g, f - g into a + 8, - 3, respectively.

If the product of two elements of a ring is never zero unless one of the factors
is, one says that the ring is without null-divisor. This is the case for the rings
discussed so far. A field is always a ring without null-divisor. The construction
by which one rises from the integers to the fractions can be used to show that
any ring R with unity and without null-divisor may be imbedded in a field &, the
quotient field, such that every element of k is the quotient a/b of two elements a
and b of R, the second of which (the denominator) is not zero.

Writing 1a, 2a, 3a, - - -, for a,a+a,a+ a+ a, etc., we use the natural numbers
n=1,2,3, -, as multipliers for the elements a of a ring or a field. Suppose the
ring contains the unity e. It may happen that a certain multiple ne of e equals
zero; then one readily sees that na = 0 for every element a of the ring. If the
ring is without null divisors, in particular if it is a field and p is the least natural
number for which pe = 0, then p is necessarily a prime number like 2 or 3 or 5
or 7or 11--.. One thus distinguishes fields of prime characteristic p from those
of characteristic 0 in which no multiple of e is zero.
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Plot the integers --- ,—2,-1,0,1,2,... as equidistant marks on a line. Let
n be a natural number = 2 and roll this line upon a wheel of circumference n.
Then any two marks a,a’ coincide, the difference o — a’ of which is divisible
by n. (The mathematicians write a = o’ (mod n); they say: a congruent to o’
modulo n.) By this identification the ring of integers I goes over into a ring I,
consisting of n elements only (the marks on the wheel), as which one may take
the “residues” 0,1,---,n — 1. Indeed, congruent numbers give congruent results
under both addition and multiplication: a = a’,b = V' (mod n) imply a + b =
& +V,a-b=d v (mod n). For instance, modulo 12 we have 7+8 = 3,5-8 =4
because 15 leaves the residue 3 and 40 the residue 4 if divided by 12. The ring
15 is not without null divisors since 3 - 4 is divisible by 12, but neither 3 nor 4
is. However, if p is a natural prime number, then I, has no null divisor and is
even a field; for as the ancient Greeks proved by an ingenious procedure (Euclid’s
algorism), for every integer a not divisible by p there is one, @/, such that a-a’ =1
(mod p). This Euclidean theorem is at the basis of the whole of number theory.
The example shows that there are fields of any given prime characteristic p.

In any ring R one may introduce the notions of unit and prime element as
follows. The ring element a is a unit if it has a reciprocal ¢’ in the ring, such
that a’ - ¢ = e. The element a is composite if it may be decomposed into two
factors ajas, neither of which is a unit. A prime number is one that is neither
a unit nor composite. The units of I are the numbers +1 and —1. The units of
the ring k[z] of polynomials over a field k are the non-vanishing elements of &
(polynomials of degree 0). According to the Greek discovery of the irrationality
of /2 the polynomial 22 — 2 is prime in the ring w(z]; but, of course, not in
Q[z], for there it splits into the two linear factors (z — v/2)(z + v/2). Euclid’s
algorism is also applicable to polynomials f(z) of one variable z over any field
k. Hence they satisfy Euclid’s theorem: Given a prime element P = P(z) in
this ring k[z] and an element f(z) of k[z] not divisible by P(z), there exists
another polynomial f’(z) over k such that {f(z)- f'(z)} —1 is divisible by P(z).
Identification of any elements f and g of k[z], the difference of which is divisible
by P, therefore changes the ring k[z| into a field, the “residue field & of k[z]
modulo P.” Example: w(z] mod z? — 2. (Incidentally the complex numbers may
be described as the elements of the residue field of Q[z] mod 22 + 1.) Strangely
enough, the fundamental Euclidean theorem does not hold for polynomials of two
variables z,y. For instance, P(z,y) = £ — y is a prime element of w(z,y|, and
f(z,y) = z an element not divisible by P(z,y). But a congruence

z-f'(z,y) =1 (mod z —y)

is impossible. Indeed, it would imply —1 + z - f'(z,z) = 0, contrary to the fact
that the polynomial of one indeterminate z,

~1+z-f(z,2) = —-1+ec1z +cez? + -+,

is not zero. Thus the ring w(z,y] does not obey the simple laws prevailing in I
and in wiz].
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Consider &, the residue field of w|z] mod z2 —2. Since for any two polynomials
f(z), f'(z) which are congruent mod z2—2 the numbers f(v/2), f'(+/2) coincide,
the transition f(z) — f(v/2) maps & into a sub-field w[v/2] of Q consisting of the
numbers a + bv/2 with rational a,b. Another such projection would be f(z) —
f(=+/2). In former times one looked upon  as the part w[v/2] of the continuum
Q or Q* of all real or all complex numbers; one wished to embed everything
into this universe £ or Q* in which analysis and physics operate. But as we have
introduced it here,  is an algebraic entity the elements of which are not numbers
in the ordinary sense. It requires for its construction no other numbers but the
rational ones. It has nothing to do with €, and ought not to be confused with
the one or the other of its two projections into Q. More generally, if P = P(z)
is any prime element in w|z] we can form the residue field xp of w[z] modulo P.
To be sure, if § is any of the real or complex roots of the equation P(z) =0 in
O* then f(x) — f(J) defines a homomorphic projection of xp into *. But the
projection is not xp itself.

Let us return to the ordinary integers ---,—2,—1,0,1,2,---, which form the
ring I. The multiples of 5, i.e., the integers divisible by 5, clearly form a ring. It
is a ring without unity, but it has another important peculiarity: not only does
the product of any two of its elements lie in it, but all the integral multiples of
an element do. The queer term ¢deal has been introduced for such a set: Given a
ring R, an R-ideal (a) is a set of elements of R such that (1) sum and difference
of any two elements of (a) are in (a), (2) the product of an element in (a) by
any element of R is in (a): We may try to describe a divisor a by the set of all
elements divisible by a. One would certainly expect this set to be an ideal (a) in
the sense just defined. Given an ideal (a), there may not exist an actual element
a of R such that (a) consists of all multiples j = m-a of a (m any element in R).
But then we would say that (a) stands for an “ideal divisor” a: the words “the
element j of R is divisible by a” would simply mean: “j belongs to (a).” In the
ring I of common integers all divisors are actual.

But this is not so in every ring. An algebraic surface in the three-dimensional
Euclidean space with the Cartesian coordinates z,y, z is defined by an equation
F(z,y,2) = 0 where F is an element of 3Q = Q|z,y, z], i.e., a polynomial of the
variables x,y, 2 with real coefficients. F' is zero in all the points of the surface;
but the same is true for every multiple L - F of F (L being any element of 3Q),in
other words, for every polynomial of the ideal (F) in Q. Two simultaneous
polynomial equations

Fi(z,y,2) =0, Ey(z,y,2) =0

will in general define a curve, the intersection of the surface F; = 0 and the
surface F5 = 0. The polynomials (L1 -F})+ (L2 - F2) formed by arbitrary elements
Ly, Ly of 32 form an ideal (F1, F»), and all these polynomials vanish on the curve.
This ideal will in general not correspond to an actual divisor F, for a curve is
not a surface. Examples like this should convince the reader that the study of
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algebraic manifolds (curves, surfaces, etc., in 2, 3, or any number of dimensions)
amounts essentially to a study of polynomial ideals. The field of coefficients is
not necessarily 2 or 2*, but may be a field of a more general nature.

3. Some achievements of algebra and number theory.

I have finally reached a point where I can hint, I hope, with something less than
complete obscurity, at some of the accomplishments of algebra and number theory
in our century. The most important is probably the freedom with which we have
learned to manage these abstract axiomatic concepts, like field, ring, ideal, etc.
The atmosphere in a book like van der Waerden’s Moderne Algebra, published
about 1930 [van der Waerden 1970], is completely different from that prevailing,
e.g., in the articles on algebra written for the Mathematical Encyclopedia around
1900. More specifically, a general theory of ideals, and in particular of polynomial
ideals, was developed. (However, it should be said that the great pioneer of
abstract algebra, Richard Dedekind, who first introduced the ideals into number
theory, still belonged to the nineteenth century.) Algebraic geometry, before
and around 1900 flourishing chiefly in Italy, was at that time a discipline of a
type uncommon in the sisterhood of mathematical disciplines: it had powerful
methods, plenty of general results, but they were of somewhat doubtful validity.
By the abstract algebraic methods of the twentieth century all this was put on
a safe basis, and the whole subject received a new impetus. Admission of fields
other than Q*, as the field of coefficients, opened up a new horizon.

A new technique, the “primadic numbers,” was introduced into algebra and
number theory by K. Hensel shortly after the turn of the century, and since then
has become of ever increasing importance.? Hensel shaped this instrument in
analogy to the power series which played such an important part in Riemann’s
and Weierstrass’s theory of algebraic functions of one variable and their integrals
(Abelian integrals). In this theory, one of the most impressive accomplishments
of the previous century, the coefficients were supposed to vary over the field Q*
of all complex numbers. Without pursuing the analogy, I may illustrate the idea
of p-adic numbers by one typical example, that of quadratic norms. Let p be a
prime number, and let us first agree that a congruence a = b modulo a power p”
of p for rational numbers a, b has this meaning that (a — b)/p" equals a fraction
whose denominator is not divisible by p;

12 _ 0 39 12,
—EZO (mod 7%) because4 z =7 5"

39
eg-az‘

Let now a,b be rational numbers, a # 0, and b not the square of a rational
number. In the quadratic field w[+/b] the number q is a norm if there are rational
numbers z,y such that

a = (z +yVb)(z — yvb),or a = 2% — by°.
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Necessary for the solvability of this equation is (1) that for every prime p and
every power p" of p the congruence a = 2% — by? (mod p") has a solution. This
is what we mean by saying the equation has a p-adic solution. Moreover there
must exist rational numbers z and y such that 2% — by? differs as little as one
wants from a. This is what we mean by saying that the equation has an co-adic
solution. The latter condition is clearly satisfied for every a provided b is positive;
however, if b is negative it is satisfied only for positive a. In the first case every a
is oo-adic norm, in the second case only half of the a’s are, namely, the positive
ones. A similar situation prevails with respect to p-adic norms. One proves that
these necessary conditions are also sufficient: if a is a norm locally everywhere,
i.e., if @ = % — by? has a p-adic solution for every “finite prime spot p” and also
for the “infinite prime spot co,” then it has a “global” solution, namely an exact
solution in rational numbers z, y.

This example, the simplest I could think of, is closely connected with the
theory of genera of quadratic forms, a subject that goes back to Gauss’ Disquisi-
tiones arithmeticae, but in which the twentieth century has made some decisive
progress by means of the p-adic technique, and it is also typical for that most
fascinating branch of mathematics mentioned in the introduction: class field the-
ory. Around 1900 David Hilbert had formulated a number of interlaced theorems
concerning class fields, proved some of them at least in special cases, and left
the rest to his twentieth century successors, among whom I name Takagi, Artin
and Chevalley. His norm residue symbol paved the way for Artin’s general reci-
procity law. Hilbert had used the analogy with the Riemann-Weierstrass theory
of algebraic functions over * for his orientation, but the ingenious, partly tran-
scendental methods which he applied had nothing to do with the much simpler
ones that had proved effective for the functions. By the primadic technique a
rapprochement of methods has occurred, although there is still a considerable
gap separating the theory of algebraic functions and the much subtler algebraic
numbers.

Hensel and his successors have expressed the p-adic technique in terms of the
non-algebraic “topological” notion of (“valuation” or) convergence. An infinite
sequence of rational numbers a1, ag, - - - is convergent if the difference a;—a; tends
to zero, a; —a; — 0, provided 7 and j independently of each other tend to infinity;
more explicitly, if for every positive rational number ¢ there exists a positive
integral N such that —e < a; —a; < e for all { and j > N. The completeness of
the real number system is expressed by Cauchy’s convergence theorem: To every
convergent sequence aj,dasg,--- of rational numbers there exists a real number
a to which it converges: a; — o — 0 for i —» oco. With the oo-adic concept of
convergence we have now confronted the p-adic one induced by a prime number p.
Here the sequence is considered convergent if for every exponent h =1,2,3,---,
there is a positive integer N such that a; — a; is divisible by p" as soon as ¢ and
j > N. By introduction of p-adic numbers one can make the system of rational
numbers complete in the p-adic sense as the introduction of real numbers makes
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where the (infinite) product extends over all primes 2,3,5,---. Riemann showed
that the zeta-function has a unique “analytic continuation” to all values of s and
that it satisfies a certain functional equation connecting its values for s and 1 —s.
Decisive for the prime number problem are the zeros of the zeta-function, i.e.,
the values s for which ¢(s) = 0. Riemann’s equation showed that, except for the
“trivial” zeros at s = —2,—4,—6,- .-, all zeros have real parts between 0 and 1.
Riemann conjectured that their real parts actually equal -é— His conjecture has
remained a challenge to mathematics now for almost a hundred years. However,
enough had been learned about these zeros at the close of the nineteenth century
to enable mathematicians, by means of some profound and newly-discovered the-
orems concerning analytic functions, to prove the above-mentioned asymptotic
law. This was generally considered a great triumph of mathematics. Since the
turn of the century Riemann’s functional equation with the attending conse-
quences has been carried over from the “classical” zeta-function (ii) of the field
of rational numbers to that of an arbitrary algebraic number field (E. Hecke).
For certain fields of prime characteristic one succeeded in confirming Riemann’s
conjecture, but this provides hardly a clue for the classical case. About the clas-
sical zeta-function we know now that it has infinitely many zeros on the critical
line Rs = %, and even that at least a fixed percentage, say 10 per cent, of them lie
on it. (What this means is the following: Some percentage of those zeros whose
imaginary part lies between arbitrary fixed limits —7" and +7" will have a real
part equal to %, and this percentage will not sink below a certain positive limit,
like 10 per cent, when T tends to infinity.) Finally about two years ago Atle
Selberg succeeded, to the astonishment of the mathematical world, in giving an
“elementary” proof of the prime number law by an ingenious refinement of old
Eratosthenes’ sieve method.3

IT. It has been known for a long time that every natural number n may be
written as the sum of at most four square numbers, e.g.,

7=224+124+1%24+12, 87=924+224124+12=7245%+324+22

The same question arises for cubes, and generally for any kth powers (k =
2,3,4,5,...). In the eighteenth century Waring had conjectured that every non-
negative integer n may be expressed as the sum of a limited number M of kth
powers,

(3) n=nF+nk+t...+nk,

where the n; are also non-negative integers and M is independent of n. The
first decade of the twentieth century brought two events: first one found that
every n is expressible as the sum of at most 9 cubes (and that, excepting a few
comparatively small n, even 8 cubes will do); and shortly afterwards Hilbert
proved Waring’s general theorem. His method was soon replaced by a different
approach, the Hardy-Littlewood circle method, which rests on thé use of a certain
analytic function of a complex variable and yields asymptotic formulas for the
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number of different representations of n in the form (3). With some precautions
demanded by the nature of the problem, and by overcoming some quite serious
obstacles, the result was later carried over to arbitrary algebraic number fields;
and by a further refinement of the circle method in a different direction Vino-
gradoff proved that every sufficiently large n is the sum of at most 3 primes. Is
it even true that every even n is the sum of 2 primes? To show this seems to
transcend our present mathematical powers as much as Goldbach’s conjecture.
The prime numbers remain very elusive fellows.

111. Finally, a word ought to be said about investigations concerning the arith-
metical nature of numbers originating in analysis. One of the most elementary
such constants is 7, the area of the circle of radius 1. By proving that 7 is a
transcendental number (not satisfying an algebraic equation with rational co-
efficients) the age-old problem of “squaring the circle” was settled in 1882 in
the negative sense; that is, one cannot square the circle by constructions with
ruler and compass. In general it is much harder to establish the transcendency
of numbers than of functions. Whereas it is easy to see that the exponential

function ,

I .

i 1.2 1-2.3
is not algebraic, it is quite difficult to prove that its basis e is a transcendental
number. C. L. Siegel was the first who succeeded, around 1930, in developing a
sort of general method for testing the transcendency of numbers. But the results

in this field remain sporadic.*

4.

4. Groups, vector spaces and algebras.

This ends our report on number theory, but not on algebra. For now we have to
introduce the group concept, which, since the young genius Evariste Galois blazed
the trail in 1830, has penetrated the entire body of mathematics. Without it an
understanding of modern mathematics is impossible. Groups first occurred as
groups of transformations. Transformations may operate in any set of elements,
whether it is finite like the integers from 1 to 10, or infinite like the points in space.
Set is a premathematical concept: whenever we deal with a realm of objects, a set
is defined by giving a criterion which decides for any object of the realm whether
it belongs to the set or not. Thus we speak of the set of prime numbers, or of
the set of all points on a circle, or of all points with rational coordinates in a
given coordinate system, or of all people living at this moment in the State of
New Jersey. Two sets are considered equal if every element of the one belongs to
the other and vice versa. A mapping S of a set o into a set ¢’ is defined if with
every element @ of o there is associated an element a’ of ¢/, a — a’. Here a rule
is required which allows one to find the “image” o’ for any given element a of o.
This general notion of mapping we may also call of a premathematical nature.
Examples: a real-valued function of a real variable is a mapping of the continuum
Q into itself. Perpendicular projection of the space points upon a given plane
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is a mapping of the space into the plane. Representing every space-point by its
three coordinates z, y, z with respect to a given coordinate system is a mapping of
space into the continuum of real number triples (z,y, ). If a mapping S, a — &'
of ¢ into ¢’, is followed by a mapping §’, a’ — a” of ¢’ into a third set ¢”, the
result is a mapping S5’ : @ — o’ of ¢ into o”’. A one-to-one mapping between
two sets o, ¢’ is a pair of mappings, S :a — o’ of ¢ into ¢/, and §' : ¢/ — a of
o' into o, which are inverse to each other. This means that the mapping S5’ of
o into ¢ is the identical mapping E of ¢ which sends every element a of ¢ into
itself, and that S’S is the identical mapping of ¢’. In particular, one is interested
in one-to-one mappings of a set ¢ into itself. For them we shall use the word
transformation. Permutations are nothing but transformations of a finite set.

The inverse S’ of a transformation S,a — a’ of a given set o, is again a
transformation and is usually denoted by S~!. The result ST of any two trans-
formations S and T of o is again a transformation, and its inverse is 7-18~1
(according to the rule of dressing and undressing: if in dressing one begins with
the shirt and ends with the jacket, one must in undressing begin with the jacket
and end with the shirt. The order of the two “factors” S,T is essential.) A group
of transformations is a set of transformations of a given manifold which (1) con-
tains the identity E, (2) contains with every transformation $ its inverse S,
and (3) with any two transformations S, T their “product” ST. Example: One
could define congruent configurations in space as point sets of which one goes
into the other by a congruent transformation of space. The congruent transfor-
mations, or “motions,” of space form a group; a statement which, according to
the above definition of group, is equivalent to the threefold statement that (1)
every figure is congruent to itself, (2) if a figure F is congruent to F', then F’ is
congruent to F, and (3) if F is congruent to F’ and F’ congruent to F"’, then
F is congruent to F"'. This example at once illuminates the inner significance of
the group concept. Symmetry of a configuration F' in space is described by the
group of motions that carry F into itself.

Often manifolds have a structure. For instance, the elements of a field are
connected by the two operations of plus and times; or in Euclidean space we
have the relationship of congruence between figures. Hence we have the idea of
structure-preserving mappings; they are called homomorphisms. Thus a homo-
morphic mapping of a field % into a field ¥’ is a mapping a — a’ of the “numbers”
a of k into the numbers a’ of ¥’ such that (¢ +8) =’ + ¥V and (a-b) =a’ - V.
A homomorphic mapping of space into itself would be one that carries any two
congruent figures into two mutually congruent figures. The following terminology
(suggestive to him who knows a little Greek) has been agreed upon: homomor-
phisms which are one-to-one mappings are called isomorphisms; when a homo-
morphism maps a manifold ¢ into itself, it is called an endomorphism, and an
automorphism when it is both: a one-to-one mapping of ¢ into itself. Isomorphic
systems, i.e., any two systems mapped isomorphically upon each other, have the
same structure; indeed nothing can be said about the structure of the one system
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that is not equally true for the other.

The automorphisms of a manifold with a well-defined structure form a group.
Two sub-sets of the manifold that go over into each other by an automorphism
deserve the name of equivalent. This is the precise idea at which Leibniz hints
when he says that two such sub-sets are “indiscernible when each is considered
in itself”; he recognized this general idea as lying behind the specific geometric
notion of similitude. The general problem of relativity consists in nothing else
but to find the group of automorphisms. Here then is an important lesson the
mathematicians learned in the twentieth century: whenever you are concerned
with a structured manifold, study its group of automorphisms. Also the inverse
problem, which Felix Klein stressed in his famous Erlangen program (1872),
deserves attention: Given a group of transformations of a manifold o, determine
such relations or operations as are invariant with respect to the group.®

If in studying a group of transformations we ignore the fact that it consists
of transformations and look merely at the way in which any two of its transfor-
mations 5,7 give rise to a composite ST, we obtain the abstract composition
schema of the group. Hence an abstract group is a set of elements {of unknown
or irrelevant nature) for which an operation of composition is defined generating
an element st from any two elements s, ¢ such that the following axioms hold:

1. There is a unit element e such that es = se = s for every s.
2. Every element s has an inverse s~! such that ss™! = s~ ls =e.
3. The associative law (st)u = s(tu) holds.

It is perhaps the most astonishing experience of modern mathematics how rich in
consequences these three simple axioms are. A realization of an abstract group
by transformations of a given manifold o is obtained by associating with every
element s of the group a transformation S of o, s — 9, such that s - S, t > T
imply st — ST. In general, the commutative law st = ¢s will not hold. If it does,
the group is called commutative or Abelian (after the Norwegian mathematician
Niels Henrik Abel). Because composition of group elements in general does not
satisfy the commutative law, it has proved convenient to use the term “ring” in
the wider sense in which it does not imply the commutative law for multiplication.
(However, in speaking of a field one usually assumes this law.)

The simplest mappings are the linear ones. They operate in a vector space.
The vectors in our ordinary three-dimensional space are directed segments AB
leading from a point A to a point B. The vector AB is considered equal to A'B’
if a parallel displacement (translation) carries AB into A’B’. In consequence
of this convention one can add vectors and one can also multiply a vector by a
number (integral, rational or even real). Addition satisfies the same axioms as
enumerated for numbers in the table T, and it is also easy to formulate the axioms
for the second operation. These axioms constitute the general axiomatic notion
of vector space, which is therefore an algebraic and not a geometric concept.
The numbers which serve as multipliers of the vectors may be the elements of
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any ring; this generality is actually required in the application of the axiomatic
vector concept to topology. However, here we shall assume that they form a field.
Then one sees at once that one can ascribe to the vector space a natural number
7 as its dimensionality in this sense: there exist n vectors ej,--- , e, such that
every vector may be expressed in one and only one way as a linear combination
ziey + + - + Tnen, where the “coordinates” z; are definite numbers of the field.
In our three-dimensional space n equals 3, but mechanics and physics give ample
occasion to use the general algebraic notion of an n-dimensional vector space for
higher n.

The endomorphisms of a vector space are called its linear mappings; as such
they allow composition ST (perform first the mapping S, then T'), but they also
allow addition and multiplication by numbers ~: if S sends the arbitrary vector
z into =S, T into 2T, then §+T,~S are those linear mappings which send z into
(zS) +(zT) and ~ - =8, respectively. We must forego to describe how in terms
of a vector basis e, -+ , e, a linear mapping is represented by a square matrix of
numbers.

Often rings occur — they are then called algebras — which are at the same
time vector spaces, i.e., for which three operations, addition of two elements,
multiplication of two elements and multiplication of an element by a number,
are defined in such manner as to satisfy the characteristic axioms. The linear
mappings of an n-dimensional vector space themselves form such an algebra,
called the complete matric algebra (in n dimensions). According to quantum
mechanics the observables of a physical system form an algebra of special type
with a non-commutative multiplication. In the hands of the physicists abstract
algebra has thus become a key that unlocked to them the secrets of the atom.
A realization of an abstract group by linear transformations of a vector space
is called representation. One may also speak of representations of a ring or an
algebra; in each case the representation can be described as a homomorphic
mapping of the group or ring or algebra into the complete matric algebra (which
indeed is a group and a ring and an algebra, all in one).

5. Finale.

After spending so much time on the explanation of the notions I can be brief in
my enumeration of some of the essential achievements for which they provided
~ the tools. If g is a subgroup of the group G, one may identify elements s,t of
G that are congruent mod g, i.e., for which st~! is in g; g is a “self-conjugate”
subgroup if this process of identification carries G again into a group, the “fac-
tor group” G/g. The group-theoretic core of Galois’ theory is a theorem due to
C. Jordan and O. Hélder which deals with the several ways in which one may
break down a given finite group G in steps G = Gg,G1,Ga,- - -, each G; being a
self-conjugate subgroup of the preceding group G,..;. Under the assumption that
this is done in as small steps as possible, the theorem states, the steps (factor
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phus Lie had reduced a continuous group to its “germ” of infinitesimal elements.
These elements form a sort of algebra in which the associative law is replaced by
a different type of law. A Lie algebra is a purely algebraic structure, especially
if the numbers which act as multipliers are taken from an algebraically defined
field rather than from the continuum of real numbers ). These Lie groups have
provided a new playground for our algebraists.

The constructions of the mathematical mind are at the same time free and
necessary. The individual mathematician feels free to define his notions and
to set up his axioms as he pleases. But the question is, will he get his fellow
mathematicians interested in the constructs of his imagination. We can not
help feeling that certain mathematical structures which have evolved through the
combined efforts of the mathematical community bear the stamp of a necessity
not affected by the accidents of their historical birth. Everybody who looks at the
spectacle of modern algebra will be struck by this complementarity of freedom
and necessity.

Part II. Analysis. Topology. Geometry. Founda-
tions.

6. Linear operators and their spectral decomposition. Hilbert
space.

A mechanical system of n degrees of freedom in stable equilibrium is capable
of oscillations deviating “infinitely little” from the state of equilibrium. It is a
fact of fundamental significance not only for physics but also for music that all
these oscillations are superpositions of n “harmonic” oscillations with definite fre-
quencies. Mathematically the problem of determining the harmonic oscillations
amounts to constructing the principal axes of an ellipsoid in an n-dimensional
Euclidean space. Representing the vectors z in this space by their coordinates
(1,23, - ,Zn) one has to solve an equation

r—A-Kx=0,

where K denotes a given linear operator {= linear mapping); A is the square of
the unknown frequency v of the harmonic oscillation, whereas the “eigenvector”
z characterizes its amplitude. Define the scalar product {z,y) of two vectors z
and y by the sum ziy; + -+ + z,y,. Our “affine” vector space is made into a
metric one by assigning to any vector z the length ||z|| given by ||z|? = (z,z),
and this metric is the Euclidean one so familiar to us from the 3-dimensional case
and epitomized by the “Pythagoras.”® The linear operator K is symmetric in the
sense that (z, Ky) = (Kz,y). The field of numbers in which we operate here is,
of course, the continuum of all real numbers. Determination of the n frequencies
v or rather of the corresponding eigenvalues A = v? requires the solution of an
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interval 0 < s £ 1 may be replaced by the sequence

1
zn-———\/ﬁ/ z(s) -sinnws-ds, n=1,2,3,---,
0

of its Fourier coefficients. Thus there is no inner difference between a vector
space whose elements are functions z(s) of a continuous variable and one whose
elements are infinite sequences of numbers (z1,2z2,z3,---). The square of the
“length,” [ 22(s) -da equals 3 + z3 + 23 + - - - . Between the two forms in which
one may pass from a finite sum to a limit, the infinite sum ay + ag + ag + - - -
and the integral fol a(s) - ds, there is therefore here no essential difference. Thus
an axiomatic formulation is called for. To the axioms for an (affine) vector space
one adds the postulate of the existence of a scalar product (z,y) of any two
vectors (z,y) with the properties characteristic for Euclidean metric: (z,y) is a
number depending linearly on either of the two argument vectors z and y; it is
symmetric, (z,y) = (y,7); and (z,z) = ||z||? is positive except for z = 0. The
axiom of finite dimensionality is replaced by a denumerability axiom of more
general character. All operations in such a space are greatly facilitated if it is
assumed to be complete in the same sense that the system of real numbers is
” sequence z’,z”,---
of vectors, namely, one for which ||z(™ — (™ || tends to zero with m and n
tending to infinity, there exists a vector a toward which this sequence converges,
(™ — af = 0 for n — co. A non-complete vector space can be made complete
by the same construction by which the system of rational numbers is completed to
form that of real numbers. Later authors have coined the name “Hilbert space”
for a vector space satisfying these axioms.

Hilbert himself first tackled only integral operators in the strict sense as exem-
plified by [1]. But soon he extended his spectral theory to a far wider class, that
of bounded (symmetric) linear operators in Hilbert space. Boundedness of the
linear operator requires the existence of a constant M such that |Kz||2 £ M-||z|?
for all vectors x of finite length ||z||. Indeed the restriction to integral operators
would be unnatural since the simplest operator, the identity x — z, is not of this
type. And now one of those events happened, unforeseeable by the wildest imagi-
nation, the like of which could tempt one to believe in a pre-established harmony
between physical nature and mathematical mind: Twenty years after Hilbert’s
investigations quantum mechanics found that the observables of a physical sys-
tem are represented by the linear symmetric operators in a Hilbert space and
that the eigenvalues and eigenvectors of that operator which represents energy
are the energy levels and corresponding stationary quantum states of the system.
Of course this quantum-physical interpretation added greatly to the interest in
the theory and led to a more scrupulous investigation of it, resulting in various
simplifications and extensions.

Oscillations of continua, the boundary value problems of classical physics and
the problem of energy levels in quantum physics, are not the only titles for appli-

complete; Le., if the following is true: Given a “convergen
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cations of the theory of integral equations and their spectra. One other somewhat
isolated application is the solution of Riemann’s monodromy problem concerning
analytic functions of a complex variable z. It concerns the determination of n
analytic functions of z which remain regular under analytic continuation along
arbitrary paths in the z-plane provided these avoid a finite number of singular
points, whereas the functions undergo a given linear transformation with constant
coefficients when the path circles one of these points.

Another surprising application is to the establishment of the fundamental
facts, in particular of the completeness relation, in the theory of representations
of continuous compact groups. The simplest such group consists of the rotations
of a circle, and in that case the theory of representations is nothing but the theory
of the so-called Fourier series, which expresses an arbitrary periodic function f(s)
of period 27 in terms of the harmonic oscillations

cosns, sinns, n=0,1,2,---.

In Nature functions often occur with hidden non-commensurable periodicities.
The mathematician Harald Bohr, the brother of the physicist Niels Bohr, prompted
by certain of his investigations concerning the Riemann zeta function, developed
the general mathematical theory of such almost periodic functions. One may de-
scribe his theory as that of almost periodic representations of the simplest con-
* tinuous group one can imagine, namely, the group of all translations of a straight
line. His main results could be carried over to arbitrary groups. No restriction
is imposed on the group, but the representations one studies are supposed to
be almost-periodic. For a function z(s), the argument s of which runs over the
group elements, while its values are real or complex numbers, almost-periodicity
amounts to the requirement that the group be compact in a certain topology
induced by the function. This relative compactness instead of absolute compact-
ness is sufficient. Even so the restriction is severe. Indeed the most important
representations of the classical continuous groups are not almost-periodic. Hence
the theory is in need of further extension, which has busied a number of American
and Russian mathematicians during the last decade.

7. Lebesgue’s integral. Measure theory. Ergodic hypothe-
sis.

Before turning to other applications of operators in Hilbert space I must mention
the, in all probability final, form given to the idea of integration by Lebesgue
at the beginning of our century. Instead of speaking of the area of a piece of
the 2-dimensional plane referred to coordinates z,y, or the volume of a piece
of the 3-dimensional FEuclidean space, we use the neutral term measure for all
dimensions. The notions of measure and integrol are interconnected. Any piece
of space, any set of space points can be described by its characteristic function
x(P), which equals 1 or 0 according to whether the point P belongs or does not

=
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belong to the set. The measure of the point set is the integral of this characteristic
function. Before Lebesgue one first defined the integral for continuous functions;
the notion of measure was secondary; it required transition from continuous to
such discontinuous functions as x(P). Lebesgue goes the opposite and perhaps
more natural way: for him measure comes first and the integral second. The
one-dimensional space is sufficient for an illustration. Consider a real-valued
function y = f(z) of a real variable z which maps the interval 0 £ z < 1
into a finite interval @ £ y < b, Instead of subdividing the interval of the
argument z Lebesgue subdivides the interval (a,b) of the dependent variable y
into a finite number of small subintervals a; £ ¥ < a;41, say of lengths < ¢, and
then determines the measure m; of the set S; on the z-axis, the points of which
satisfy the inequality a; < f(z) < a;41. The integral lies between the two sums
Y_;a;m; and Y7, a;41m; which differ by less than ¢, and thus can be computed
with any degree of accuracy. In determining the measure of a point set — and
this is the more essential modification — Lebesgue covers the set with infinite
sequences, rather than finite ensembles, of intervals. Thus, to the set of rational
z in the interval 0 £ z £ 1 no measure could be ascribed before Lebesgue. But
these rational numbers can be arranged in a denumerable sequence a1, as,as, -,
and, after choosing a positive number € as small as one likes, one can surround
the point a, by an interval of length ¢/2™ with the center a,. Thus the whole
set of rational points is enclosed in a sequence of intervals of total length

e(1/2 + 1/22_+ /28 +.-)=g¢

and according to Lebesgue’s definition its measure is therefore less than (the
arbitrary positive) € and hence zero. The notion of probability is tied to that
of measure, and for this reason mathematical statisticians are deeply interested
in measure theory. Lebesgue’s idea has been generalized in several directions.
The two fundamental operations one can perform with sets are: forming the
intersection and the union of given sets, and thus sets may be counsidered as
elements of a “Boolean algebra” with these two operations, the properties of which
may be laid down in a number of axioms resembling the arithmetical axioms for
addition and multiplication. Hence one of the questions which has occupied
the more axiomatically minded among the mathematicians and statisticians is
concerned with the introduction of measure in abstract Boolean algebras.

Lebesgue’s integral is important in our present context, because those real-
valued functions f(z) of a real variable & ranging over the interval 0 £ z £ 1,
the squares of which are Lebesgue-integrable, form a complete Hilbert space —
provided two functions f(z), g(z) are considered equal if those values z for which
f(z) # g(z) form a set of measure zero (Riesz-Fischer thesorem).

The mechanical equations for a system of n degrees of freedom in Hamilton’s
form uniquely determine the state tP at the moment ¢ if the state P at the mo-
ment ¢ = 0 is given. Such is the precise formulation of the law of causality in
mechanics. The possible states P form the points of a (2n)-dimensional phase
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also for deriving the basic propositions of the theory of uniformization. That
theory occupies a central position in the theory of functions of one complex
variable, and the first decade of the 20th century witnessed the first proofs by P.
Koebe and H. Poincaré of these propositions conjectured about 25 years before
by Poincaré himself and by Felix Klein. As in an Euclidean vector space of finite
dimensionality, so in the Hilbert space of infinitely many dimensions, this fact is
true: Given a linear (complete) subspace E, any vector may be split in a uniquely
determined manner into a component lying in E (orthogonal projection) and one
perpendicular to £. Dirichlet’s principle is nothing but a special case of this fact.
But since the function-theoretic applications of orthogonal projection in Hilbert
space which we alluded to are closely tied up with topology we had better turn
first to a discussion of this important branch of modern mathematics: topology.

8. Topology and harmonic integrals.

Essential features of the modern approach to topology can be brought to light in
its connection with the, only recently developed, theory of harmonic integrals.
Cousider a stationary magnetic field h in a domain G which is free from electric
currents. At every point of G it satisfies two differential conditions which in the
usual notations of vector analysis are written in the form div A = 0,rot A = 0.7
A field of this type is called harmonic. The second of these conditions states that
the line integral of h along a closed curve (cycle) C, fc h, vanishes provided C
lies in a sufficiently small neighborhood of an arbitrary point of G. This implies
/. o b =0 for any cycle C in G that is the boundary of a surface in G. However, for
an arbitrary cycle C in G the integral is equal to the electric current surrounded
by C.

Let the phrase “C homologous to zero,” C ~ 0, indicate that the cycle C in
G bounds a surface in G. One can travel over a cycle C in the opposite sense,
thus obtaining —C, or travel over it 2,3,--- times, thus obtaining 2C, 3C, - - -;
and cycles may be added and subtracted from each other (if one does not insist
that cycles are of one piece). Two cycles C, C’ are called homologous, C ~ C’, if
C —C’ ~ 0. Note that C ~ 0,0’ ~ 0 imply —C ~ 0,C+C’ ~ 0. Hence the cycles
form a commutative group under addition, the “Betti group,” if homologous
cycles are considered as one and the same group element. These notions of cycles
and their homologies may be carried over from a three-dimensional domain in
Euclidean space to any n-dimensional manifold, in particular to closed (compact)
manifolds like the two-dimensional surfaces of the sphere or the torus; and on an
n-dimensional manifold we can speak not only of 1-dimensional, but.also of 2-, 3-
,-+ - ,n~-dimensional cycles. The notion of a harmonic vector field permits a similar
generalization, harmonic tensor field (harmonic form) of rank r (r =1,2,--- ,n),
provided the manifold bears a Riemannian metric, an assumption the meaning of
which will be discussed later in the section on geometry. Any tensor field (linear
differential form) of rank r may be integrated over an r-dimensional cycle.
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The fundamental problem of homology theory consists in determining the
structure of the Betti group, not only for 1-, but also for 2-, - | n-dimensional
cycles, in particular in determining the number of linearly independent cycles
(Betti number). (v cycles Cy,--- ,C,, are linearly independent if there exists no
homology k1C1+- - -+k,C, ~ 0 with integral coefficients k except k1 = -+ =k, =
0.) The fundamental theorem for harmonic forms on compact manifolds states
that, given v linearly independent cycles Ci,--- ,C,, there exists a harmonic
form h with pre-assigned periods

/h:nl,..-, /hzm,.
Cy C.

H. Poincaré developed the algebraic apparatus necessary to formulate exactly
the notions of cycle and homology. In the course of the twentieth century it turned
out that in most problems co-homologies are easier to handle than homologies.
I illustrate this for 1-dimensional cycles. A line C; leading from a point p; to
p2, when followed by a line Cy leading from py to a third point pg, gives rise to
a line C; + Cs leading from p; to ps. The line integral fc h of a given vector
field h along an arbitrary (closed or open) line C is an additive function ¢(C)
of C, ¢(Cy + C3) = ¢(C1) + ¢(C3). If moreover rot h vanishes everywhere, then
#(C) = 0 for any closed line C that lies in a sufficiently small neighborhood of a
point, whatever this point may be. Any real-valued function ¢ satisfying these
two conditions may be called an abstract integral. The cohomology ¢ ~ 0 means
that ¢(C) = 0 for any closed line C, and thus it is clear what the cohomology
ki¢r + -+ + k¢, ~ O with arbitrary real coefficients kq,--- ,k, means. The
homology C' ~ 0 could now be defined, not by the condition that the cycle C
bounds, but by the requirement that ¢(C) = 0 for every abstract integral ¢. With
the convention that any two abstract integrals ¢, ¢’ are identified if ¢ — ¢/ ~
0, these integrals form a vector space, and the dimensionality of this vector
space is now introduced as the Betti number. And the fundamental theorem for
harmonic integrals on a compact manifold now asserts that for any given abstract
integral ¢ there exists one and only one harmonic vector field h whose integral
is cohomologous to ¢, [, h = ¢(C), for every cycle C' (realization of the abstract
integral in concreto by a harmonic integral).

J. W. Alexander discovered an important result connecting the Betti numbers
of a manifold M that is embedded in the n-dimensional Kuclidean space R,, with
the Betti numbers of the complement R, — M (Alexander’s duality theorem).

The difficulties of topology spring from the double aspect under which one
can counsider continuous manifolds. Euclid looked upon a figure as an assemblage
of a finite number of geometric elements, like points, straight lines, circles, planes,
spheres. But after replacing each line or surface by the set of points lying on it
one may also adopt the set-theoretic view that there is only one sort of elements,
points, and that any (in general infinite) set of points can serve as a figure. This
modern standpoint obviously gives geometry far greater generality and freedom.
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In topology, however, it is not necessary to descend to the points as the ultimate
atoms, but one can construct the manifold like a building from “blocks” or cells,
and a finite number of such cells serving as units will do, provided the manifold is
compact. Thus it is possible here to revert to a treatment in Euclid’s “finitistic”
style (combinatorial topology).

On the first standpoint, manifold as a point set, the task is to formulate that
continuity by which a point p approaching a given point pg becomes gradually
indistinguishable from pg. This is done by associating with pg the neighborhoods
of pp, an infinite shrinking sequence of sub-sets. Uy D Uy D Uz O -- -, all contain-
ing po. (U D V means: the set U contains V.) For example, in a plane referred
to Cartesian coordinates =,y we may choose as the nth neighborhood U of a
point po = (o, yo) the interior of the circle of radius 1/2™ around ps. The notion
of convergence, basic for all continuity considerations, is defined in terms of the
sequence of neighborhoods as follows: A sequence of points py, pa, -+ converges
to po if for every natural number n there is an N so that all points p, with v > N
lie in the nth neighborhood U, of ps. Of course, the choice of the neighborhoods
U, is arbitrary to a certain extent. For instance, one could also have chosen as
the nth neighborhood V,, of (zg,y0) the square of side 2/n around (z,%s), to
which a point (x,y) belongs, if

—1/n<xz—1x9 <1/n, —1/n<y-—-yo <1l/n.

However the sequence V,, is equivalent to the sequence U, in the sense that for
every n there is an n’ such that U, C V, (and thus U, C V,, for v 2 n/),
and also for every m an m/ such that V;,» C Up,; and consequently the notion
of convergence for points is the same, whether based on the one or the other
sequence of neighborhoods. It is clear how to define continuity of a mapping of
one manifold into another. A one-to-one mapping of two manifolds upon each
other is called topological if continuous in both directions, and two manifolds
that can be mapped topologically upon each other are topologically equivalent.
Topology investigates such properties of manifolds as are invariant with respect
to topological mappings (in particular with respect to continuous deformations).

A continuous function y = f(z) may be approximated by piecewise linear
functions. The corresponding device in higher dimensions, the method of simpli-
ctal approximations of a given continuous mapping of one manifold into another,
is of great importance in set-theoretic topology. It has served to develop a gen-
eral theory of dimensions, to prove the topological invariance of the Betti groups,
to define the decisive notion of the degree of mapping (“Abbildungsgrad,” L. E.
J. Brouwer) and to prove a number of interesting fixed point theorems. For in-
stance, a continuous mapping of a square into itself has necessarily a fixed point,
i.e., a point carried by the mapping into itself. Given two continuous mappings of
a (compact) manifold M into another M’, one can ask more generally for which
points p on M both images on M’ coincide. A famous formula by S. Lefschetz
relates the “total index” of such points with the homology theory of cycles on M
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and M’.

Application of fixed point theorems to functional spaces of infinitely many
dimensions has proved a powerful method to establish the existence of solutions
for non-linear differential equations. This is particularly valuable, because the
hydrodynamical and aerodynamical problems are almost all of this type.

Poincaré found that a satisfactory formulation of the homology theory of
cycles was possible only from the second standpoint where the n-dimensional
manifold is considered as a conglomerate of n-dimensional cells. The boundary
of an n-dimensional cell (n-cell) consists of a finite number of (n — 1)-cells, the
boundary of an (n — 1)-cell consists of a finite number of (n — 2)-cells, etc. The
combinatorial skeleton of the manifold is obtained by assigning symbols to these
cells and then stating in terms of their symbols which (i — 1)-cells belong to
the boundary of any of the occurring i-cells (i = 1,2, .-+ ,n). From the cells one
descends to the points of the manifold by a repeated process of sub-division which
catches the points in an ever finer net. Since this subdivision proceeds according
to a fixed combinatorial scheme, the manifold is in topological regard completely
fixed by its combinatorial skeleton. And at once the question arises under what
circumstances two given combinatorial skeletons represent the same manifold,
i.e., lead by iterated sub-division to topologically equivalent manifolds. We are
far from being able to solve this fundamental problem. Algebraic topology, which
operates with the combinatorial skeletons, is in itself a rich and beautiful theory,
linked in various ways with the basic notions and theorems of algebra and group
theory. .

The connection between algebraic and set-theoretic topology is fraught with
serious difficulties which are not yet overcome in a quite satisfactory manner. So
much, however, seems clear that one had better start, not with a division into
cells, but with a covering by patches which are allowed to overlap. From such
a pattern the fundamental topologically invariant concepts are to be developed.
The above notion of an abstract integral, which relates homology and cohomology,
is an indication; it can indeed be used for a direct proof of the invariance of the
first Betti number without the tool of simplicial approximation.

9. Conformal mapping, meromorphic functions, Calculus of
Variation in the large.

Homology theory, in combination with the Dirichlet principle or the method of
orthogonal projection in Hilbert space, leads to the theory of harmonic integrals,
in particular for the lowest dimension n = 2 to the theory of abelian integrals on
Riemann surfaces. But for Riemann surfaces the Dirichlet principle also yields the
fundamental facts concerning uniformization of analytic functions of one variable
if one combines it with the homotopy (not homology) theory of closed curves.
Whereas a cycle is homologous to zero if it bounds, it is homotopic to zero if it
can be contracted into a point by continuous deformation. The homotopy theory
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of 1- and more-dimensional cycles has recently come to the fore as an important
branch of topology, and the group-theoretic aspect of homotopy has led to some
surprising discoveries in abstract group theory. Homotopy of 1-dimensional cycles
is closely related with the idea of the wuniversal covering manifold of a given
manifold. Given a continuous mapping p — p’ of one manifold M into another
M, the point p’ may be considered as the trace or projection in M’ of the
arbitrary point p on M, and thus M becomes a manifold covering M’. There
may be no point or several points p on M which lie over a given point p’ of
M’ (which are mapped into p'). The mapping is without ramifications if for
any point pg of M it is one-to-one (and continuous both ways) in a sufficiently
small neighborhood of py. Let py be a point on M, pj its trace on M’, and C’
a curve on M’ beginning at pj. If M covers M’ without ramifications we can
follow this curve on M by starting at pg, at least up to a certain point where we
would run against a “boundary of M relative to M’.” Of chief interest are those
covering manifolds M over a given M’ for which this never happens and which
therefore cover M’ without ramifications and relative boundaries. The best way
of defining the central topological notion “simply connected” is by describing a
simply connected manifold as one having no other unramified unbounded covering
but itself. There is a strongest of all unramified unbounded covering manifolds,
the universal covering manifold, which can be described by the statement that on
it a curve C is closed only if its trace C’ is (closed and) homotopic to zero. The
proof of the fundamental theorem on uniformization consists of two parts: (1)
constructing the universal covering manifold of the given Riemann surface, (2)
constructing by means of the Dirichlet principle a one-to-one conformal mapping
of the covering manifold upon the interior of a circle of finite or infinite radius.

All we have discussed so far in our account of analysis, is in some way tied up
with operators and projections in Hilbert space, the analogue in infinitely many
dimensions of Euclidean space. In H. Minkowski’s Geometry of Numbers [196§]
distances |AB|, which are different from the Euclidean distance but satisfy the
axioms that |BA| = |AB| and that in a triangle ABC the inequality |AC| £
|AB| + |BC| holds, were used to great advantage for obtaining numerous results
concerning the solvability of inequalities by integers. We do not find time here
to report on the progress of this attractive branch of number theory during the
last fifty years. In infinitely many dimensions spaces endowed with a metric of
this sort, of a more general nature than the Euclid-Hilbert metric, have been
introduced by Banach, not however for number-theoretic but for purely analytic
purposes. Whether the importance of the subject justifies the large number of
papers written on Banach spaces is perhaps questionable.

The Dirichlet principle is but the simplest example of the direct methods of
the Calculus of Variation as they came into use with the turn of the century.
It was by these methods that the theory of minimal surfaces, so closely related
to that of analytic functions, was put on a new footing. What we know about
non-linear differential equations has been obtained either by the topological fixed
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point method (see above) or by the so-called continuity method or by constructing
their solutions as extremals of a suitable functional.

A continuous function on an n-dimensional compact manifold assumes some-
where a minimum and somewhere else a maximum value. Interpret the function
as altitude. Besides summit (local maximum) and bottom (local minimum) one
has the further possibility of a saddle point (pass) as a point of “stationary” alti-
tude. In n dimensions the several possibilities are indicated by an inertial index
k which is capable of the values k = 0,1,2,--- ,n, the value k¥ = 0 a minimum
and k = n characterizing a maximum. Marston Morse discovered the inequality
M}, 2 By, between the number M}, of stationary points of index k& and the Betti
number By, of linearly independent homology classes of k-dimensional cycles. In
their generalization to functional spaces these relations have opened a line of
study adequately described as Calculus of Variation in the large.

Development of the theory of uniformization for analytic functions led to a
closer investigation of conformal mapping of 2-dimensional manifolds in the large,
which resulted in a number of theorems of surprising simplicity and beauty. In
the same fleld there is to register an enormous extension of our knowledge of the
behavior of meromorphic functions, i.e., single-valued analytic functions of the
complex variable z which are regular everywhere with the exception of isolated
“poles” (points of infinity). Towards the end of the previous century Riemann’s
zeta function had provided the stimulus for a deeper study of “entire functions”
(functions without poles). The greatest stride forward, both in methods and
results, was marked by a paper on meromorphic functions published in 1925 by
the Finnish mathematician Rolf Nevanlinna. Besides meromorphic functions in
the z-plane one can study such functions on a given Riemann surface; and in the
way in which the theory of algebraic functions (equal to meromorphic functions
on a compact Riemann surface) as a theory of algebraic curves in two complex
dimensions may be generalized to any number of dimensions, so one can pass
from meromorphic functions to meromorphic curves.

The theory of analytic functions of several complex variables, in spite of a
number of deep results, is still in its infancy.

10. Geometry.

After having dealt at some length with the problems of analysis and topology
I must be brief about geometry. Of subjects mentioned before, minimal sur-
faces, conformal mapping, algebraic manifolds and the whole of topology could
be subsumed under the title of geometry. In the domain of elementary aziomatic
geometry one strange discovery, that of von Neumann’s pointless “continuous
geometries” stands out, because it is intimately interrelated with quantum me-
chanics, logic, and the general algebraic theory of “lattices.” The 1-, 2-, .-+ ,n-
dimensional linear manifolds of an n-dimensional vector space form the 0-, 1-,

-, (n—1)-dimensional linear manifolds in an (n—1)-dimensional projective point
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space. The usual axiomatic foundation of projective geometry uses the points
as the primitive elements or atoms of which the higher-than-zero-dimensional
manifolds are composed. However, there is possible a treatment where the lin-
ear manifolds of all dimensions figure as elements, and the axioms deal with the
relation “B contains A” (A C B) between these elements and the operation of
intersection, A N B, and of union, A U B, performed on them; the union AU B
consists of all sums z + y of a vector z in A and a vector y in B. In quantum
logic this relation and these operations correspond to the relation of implication
(“The statement A implies B”) and the operations ‘and,’ ‘or’ in classical logic.
But whereas in classical logic the distributive law

AN(BUC)=(AnBYU(ANC)
holds, this is not so in quantum logic; it must be replaced by the weaker axiom:
IfC CA then AN(BUC)=(ANnB)UC.

On formulating the axioms without the implication of finite dimensionality one

will come across several possibilities; one leads to the Hilbert space in which
quantum mechanics operates, another to von Neumann’s continuous geometry
with its continuous scale of dimensions, in which elements of arbitrarily low
dimensions exist but none of dimension zero.

The most important development of geometry in the twentieth century took
place in differential geometry and was stimulated by general relativity, which
showed that the world is a 4-dimensional manifold endowed with a Riemannian
metric. A piece of an n-dimensional manifold can be mapped in one-to-one
continuous fashion upon a piece of the n-dimensional “arithmetical space” which
consists of all n-tuples (zj,z2, -+ ,Z,) of real numbers z;. A Riemann metric
assigns to a line element which leads from the point P = (x;, -+ ,z,) to the
infinitely near point P’ = (zy + dzy,--- ,z, + dz,,) a distance ds the square of
which is a quadratic form of the relative coordinates dz;,

ds® =Y gydzidzy, (1,7 =1,---,n)

with coefficients g;; depending on the point P but not on the line element. This
means that, in the infinitely small, Pythagoras’ theorem and hence Euclidian
geometry are valid, but in general not in a region of finite extension. The
line elements at a point may be considered as the infinitesimal vectors of an
n~-dimensional vector space in P, the tangent space or the compass at P; indeed
an arbitrary (differentiable) transformation of the coordinates z; induces a linear
transformation of the components dz; of any line element at a given point P.
As Levi-Civita found in 1915 the development of Riemannian geometry hinges
on the fact that a Riemannian metric uniquely determines an infinitesimal par-
allel displacement of the vector compass at P to any infinitely near point P'.
From this a general scheme for differential geometry arose in which each point
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P of the manifold is associated with a homogeneous space ¥ p described by a
definite group of “automorphisms,” this space now taking over the role of the
tangent space (whose group of automorphisms consists of all non-singular linear
transformations). One assumes that one knows how this associated space ¥p is
transferred by infinitesimal displacement to the space ¥ p/ associated with any
infinitely near point P’. The most fundamental notion of Riemannian geome-
try, that of curvature, which figures so prominently in Einstein’s equations of
the gravitational field, can be carried over to this general scheme. Thus one has
erected general differential affine, projective, conformal, geometries, etc. One
has also tried by their structures to account for the other physical fields exist-
ing in nature beside the gravitational one, namely the electromagnetic field, the
electronic wave-field and further fields corresponding to the several kinds of el-
ementary particles.® But it seems to the author that so far all such speculative
attempts of building up a unified field theory have failed. There are very good
reasons for interpreting gravitation in terms of the basic concepts of differential
geometry. But it is probably unsound to try to “geometrize” all physical entities.

Differential geometry in the large is an interesting field of investigation which
relates the differential properties of a manifold with its topological structure.
The schema of differential geometry explained above with its associated spaces
Y p and their displacements has a purely topological kernel which has recently
developed under the name of fibre spaces into an important topological technique.

Our account of progress made during the last fifty years in analysis, geom-
etry and topology had to touch on many special subjects. It would have failed
completely had it not imparted to the reader some feeling of the close relation-
ship connecting all these mathematical endeavors. As the last example of fibre
spaces (beside many others) shows, this unity in diversity even makes a clear-cut
division into analysis, geometry, topology (and algebra) practically impossible.

11. Foundations.

Finally a few words about the foundations of mathematics. The nineteenth cen-
tury had witnessed the critical analysis of all mathematical notions including that
of natural numbers to the point where they got reduced to pure logic and the
ideas “set” and “mapping.” At the end of the century it became clear that the
unrestricted formation of sets, sub-sets of sets, sets of sets etc., together with an
unimpeded application to them as to the original elements of the logical quanti-
fiers “there exists” and “all” (cf. the sentences: the (natural) number n is even if
there exists a number x such that n = 2z; it is odd if n is different from 2z for all
z) inexorably leads to antinomies. The three most characteristic contributions of
the twentieth century to the solution of this Gordian knot are connected with the
names of L. E. J. Brouwer, David Hilbert and Kurt Gédel. Brouwer’s critique
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of “mathematical existentialism” not only dissolved the antinomies completely
but also destroyed a good part of classical mathematics that had heretofore been
universally accepted.

If only the historical event that somebody has succeeded in constructing a
(natural) number n with the given property P can give a right to the assertion
that “there exists a number with that property” then the alternative that there
either exists such a number or that all numbers have the opposite property non-P
is without foundation. The principle of excluded middle for such sentences may
be valid for God who surveys the infinite sequence of all natural numbers, as it
were, with one glance, but not for human logic. Since the quantifiers “there is”
and “all” are piled upon each other in the most manifold way in the formation of
mathematical propositions, Brouwer’s critique makes almost all of them meaning-
less, and therefore Brouwer set out to build up a new mathematics which makes
no use of that logical principle. I think that everybody has to accept Brouwer’s
critique who wants to hold on to the belief that mathematical propositions tell
the sheer truth, truth based on evidence. At least Brouwers’ opponent, Hilbert,
accepted it tacitly. He tried to save classical mathematics by converting it from
a system of meaningful propositions into a game of meaningless formulas, and
by showing that this game never leads to two formulas, F' and non-F, which
are inconsistent. Consistency, not truth, is his aim. His attempts at proving
consistency revealed the astonishingly complex logical structure of mathemat-
ics. The first steps were promising indeed. But then Gédel’s discovery cast a
deep shadow over Hilbert’s enterprise. Consistency itself may be expressed by a
formula. What Godel showed was this: If the game of mathematics is actually
consistent then the formula of consistency cannot be proved within this game.
How can we then hope to prove it at all?

This is where we stand now. It is pretty clear that our theory of the phys-
ical world is not a description of the phenomena as we perceive them, but is a
bold symbolic construction. However, one may be surprised to learn that even
mathematics shares this character. The success of the anti-phenomenological
constructive method is undeniable. And yet the ultimate foundations on which
it rests remain a mystery, even in mathematics.

Notes

[Published as Weyl 1951, WGA 4:464-494.]

! {Just this approach has been taken by Gray 2000.]

2 [These numbers are known today as p-adic, a term Weyl himself goes on to
use. See Gouvéa 1997 for a general introduction.]

3 [See Diamond 1982 and Goldfeld 2003.]

4 [See Vaughan and Wooley 2002.]

5 [For the Erlangen program, see 66, above.]
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6 [By “the ‘Pythagoras’,” Weyl means the Pythagorean theorem, the expres-
sion of the distance as the sum of the squares of the coordinates.]

7 [The notation curl h is currently more common than rot h.]

8 [Weyl here alludes to his own work to geometrize electromagnetism within
the framework of general relativity; see his 1952a, 282-312, 2009a, 20-24.]




Axiomatic Versus Constructive Procedures
in Mathematics
(1953)

In his charming little book A Mathematician’s Apology the late G. H. Hardy said:
“It is a melancholy experience for a professional mathematician to find himself
writing about mathematics. The function of a mathematician is to do something
and not to talk about what he and other mathematicians have done.” And a
little later he continues: “I write about mathematics, because like any other
mathematician who has passed sixty I have no longer the freshness of mind, the
energy or patience to carry on effectively with my proper job.” The mood which
Hardy’s words reflect with such obvious sincerity is not alien to me who long
ago passed sixty, and I agree wholeheartedly with him that “mathematics is a
young man’s game.” What I do not share is his contempt for the man who “talks
about.” It seems to me that in the intellectual life of men two spheres can be
distinguished, the one that Gf\ging, shaping, constructing, creating something,
in which the active artist, scientist, technician, statesman move, the other that of
reflection where the meaning of all this activity is questioned and which one may
consider the proper domain of the philosopher. Creative activity, if not supervised
by reflection, is in danger of running away from all meaning, of losing contact and
perspective, of degenerating into routine, whereas the peril of reflection is that
it becomes mere irresponsible “talk about,” thus paralyzing the creative power
of man. Philosophical reflection ought to be combined with historical reflection,
the ever new appropriation and transformation of the past in the light of today’s
tasks. Certainly the scientist’s aim and chief interest is objective truth, truth
that is raised above, and independent of, the frailties and barriers of our human
existence. But he cannot deny that on the other hand actual science is a branch
of human endeavor and as such essentially historic like the mind’s life on this
earth from which it springs. To the results which it produces we must not betray
sovereign life itself. Sterility would be the punishment. Day by day we all live
in this tension of what is historical-human on the one, eternal-objective on the
other side.

Mathematics has been called the science of the infinite. Indeed, the mathe-
matician invents finite constructions by which questions are decided that by their
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very nature refer to the infinite. That is his glory. Kierkegaard once said reli-
gion deals with what concerns man unconditionally. In contrast (but with equal
exaggeration) one may say that mathematics deals with the things which are of
no concern to man at all. Mathematics has the inhuman quality of starlight,
brilliant and sharp, but cold. But it seems an irony of creation that man’s mind
knows how to handle things the better the farther removed they are from the
center of his existence. Thus we are cleverest where knowledge matters least: in
mathematics, especially in number theory.

Here a passage from Aristotle’s Metaphysics (982b) comes to my mind where
he ponders whether man should ever try to transgress the boundaries of such
knowledge as is of immediate concern to him (tén kath’ heauton epistemen).
“Indeed,” he continues, “if the poets are right and the Deity is by nature jealous,
it is probable that in this case God would be particularly jealous and all those who
step beyond (pantas tous perittous) are liable to misfortune.” I am not so sure
whether we mathematicians during the last decades have not “stepped beyond”
the human realm by our abstractions. Aristotle (who actually speaks about
Metaphysics rather than Mathematics) comforts us by hinting that the envy of
the Gods is but a lie of the poets (for “poets tell many a lie,” as the proverb
says). For us today the idea that the Gods from which we wrestled the secret of
knowledge by symbolic construction will revenge our hubris has taken on a quite
concrete form. For who can close his eyes against the menace of our own self-
destruction by science? The alarming fact is that the rapid progress of scientific
knowledge is not paralleled by a corresponding growth of man’s moral strength
and responsibility, which have hardly changed in historical times. I think it is
futile to claim with Hardy for mathematics an exceptional and relatively innocent
position in this regard. He maintains that mathematics is a useless science, and
this means, he says, that it can contribute directly neither to the exploitation of
our fellow-men nor to their extermination. However, the power of science rests on
the combination of eriment, i.e., observation under freely chosen conditions,
with symbolic consmon, and the latter is its mathematical aspect. Thus if
science is found guilty, mathematics cannot evade the verdict.

The simplest, and in a certain sense most profound, example of symbolic
construction are the natural numbers 1,2, 3,... by which we count objects. The
most natural symbols for them are strokes, one put after the other, |, [, [/,
.... The objects may disperse, “melt, thaw and resolve themselves into a dew,”
but we thus can keep the record of their number.! What is more, we can by a
constructive process decide for two numbers represented through symbols which
one is the larger, namely by checking one symbol against the other, stroke by
stroke. This process reveals differences not manifest in direct observation, which
in most instances is incapable of distinguishing even between such low numbers
as 21 and 22. We are so familiar with these miracles which the number symbols
perform that we no longer wonder at them. But this is only the prelude to
the mathematical step proper. We do not leave it to chance which numbers we
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actually meet by counting this or that concrete set of objects, but we generate the
open sequence of all possible numbers which starts with 1 (or 0 = nothing) and
proceeds by adding to any number symbol n already reached one more stroke,
whereby it changes into the following number n/. Being is thus projected onto
the background of the possible, more precisely onto a manifold of possibilities
which unfolds by iterating the same step again and again and remains open into
infinity. Whatever number n we are given, we always deem it possible to pass to
the next n/. This intuition of the “ever one more,” of the open countable infinity,
is basic for all mathematics; it provides the simplest example of what I like to
call an a priori surveyable range of variability. Other examples will come into
ken later. At the moment I wanted only to conjure up in preliminary fashion the
idea of symbolic construction.

With the constructive there vies the ariomatic approach, that has come to
play an enormously increased role in our twentieth-century mathematics — to
such an extent that in an article by the famous Nicolas Bourbaki on “The Archi-
tecture of Mathematics” [1950], this aspect of mathematics dominates the entire
picture. Even though I do not quite agree with this attitude I shall now first
try to give you a description of mathematical axiomatics. In doing so I follow
partly a paper of mine, “A Half-Century of Mathematics,”? and also will use
notes from the Introduction of a course on “Methods and Problems of T'wentieth
Century Mathematics,” which I boldly began in Zurich and then in Princeton
during the years 1952-1953 but stopped before having exhausted even one-tenth
of the material.

Whereas the axiomatic method was formerly used merely for the purpose of
elucidating the foundations on which we build, it has now become a tool for
concrete mathematical research. It is perhaps in algebra that it has scored its
greatest successes. Take for instance the system of real numbers. It is like a
Janus head facing in two directions; on the one side it is the field of the algebraic
operatiorisf?addition and multiplication; on the other hand it is a continuous
manifold;the parts of which are connected as to defy exact isolation from each
other. The one is the algebraic, the other the topological face of numbers. Modern
axiomatics, simple-minded as it is, does not like (in contrast to modern politics)
such ambiguous mixtures of peace and war, and therefore cleanly separated both
aspects from each other.

Let us look for a moment at the algebraic face. A system of elements in which
the binary operations of addition and multiplication are defined and satisfy the
usual algebraic axioms — I must here forego to enumerate them — is called
a field. The real numbers form a field, but also the more elementary set of
rational numbers. Over the field of rational numbers one can erect the algebraic
number fields; if ¥ is the root of an irreducible algebraic equation with rational
coeflicients the polynomials of ¥ with rational coefficients form such a field. The
wonderful and profound theory of algebraic number fields deals with them. While
in the old axiomatics one was mostly concerned with axioms which determine the

g
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structure of the system completely, as, e.g., the axioms of Euclidean geometry
do for Euclidean space, we have here, in algebra, to do with axioms satisfied by
many different individual number fields that are not mutually isomorphic. The
axioms are now not used as in the investigation of foundations for the unique
characterization of one all-encompassing structure, but as a common basis for
the investigation of individual entities arising by specified constructions.

You all know that the first consistent axiomatic system ever developed was
that of Euclidean geometry. In its original meaning, it deals with the real space
of the physical universe, of which our mind seems to have adequate intuition.
Euclid took the axioms as evident statements about points, lines, and planes
in real space. Of these geometric objects he tries to give a descriptive defini-
tion, but all the theorems are developed by rigorous deduction from the axioms
and are in no way dependent on the descriptions. A modern form of this sort
of geometric axiomatics is Hilbert’s Grundlagen der Geometrie {Foundations of
Geometry, Hilbert 1971] published just at the turn of the century. Of course there
are obvious improvements. Fuclid’s list of axioms was still far from being com-
plete; Hilbert’s list is complete, and there are no gaps in the deductions. More
fundamental is the changed standpoint: Hilbert makes no attempt to describe
what points, lines, and planes mean in our spatial intuition; all that we need to
know about them and their relations of incidence, congruence, etc., is contained
in the axioms. The axioms are, as it were, their implicit (though necessarily
incomplete) definitions. Blumenthal records in his life of Hilbert that as early as
1891 Hilbert, discussing a paper by H. Wiener, made a remark which expressed
this standpoint in typically Hilbertian manner: “It must be possible to replace
in all geometric statements the words point, line, plane by table, chair, mug.”
In the deductive system of geometry the evidence, even the truth of axioms, is
irrelevant; they figure merely as hypotheses of which one sets out to develop the
logical consequences. There may exist other material interpretations besides the
familiar jgeometric one for which the axioms turn into true statements; then all
the théorems will hold likewise for this interpretation. For instance, the axioms
of n-dimensional Fuclidean vector geometry hold if a distribution of direct cur-
rent in a given electric circuit, the n branches of which connect in certain branch
points is called a vector, and Joule’s heat produced in unit time by the current is
considered the square of the vector’s length. The geometric theorem that a vector
determines uniquely its perpendicular projection onto a given linear submanifold
of the vector space then changes into the statement that a given distribution of
electromotive forces in the circuit uniquely determines the current.

From the system of geometry itself, erected on the basis of a few undefinite
concepts and a few axioms into which they enter, Hilbert soon passes to a higher
level of questions, which one may call the metageometric level; here one inquires
into the logical structure of the edifice of geometry, asking in particular for the
consistency, the mutual independence and the completeness or categoricity of
the axioms. Here his method consists in the construction of models: a certain
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algebraically constructed model is shown to satisfy all axioms except one; hence
the one that is not satisfied cannot be a consequence of the others. In all this,
although the execution shows the master hand, Hilbert is not unique. He had
predecessors, above all in Italy and Germany. One outstanding example of the
method of models had been known for a long time: the Cayley-Klein model of
non-Euclidean geometry. But perhaps it is true that Hilbert was the first who
moved with freedom and sovereignty on this meta-geometric level.

Let us now return to comparing this transcendental use of axiomatics to the
immanent use as exercised for instance in concrete algebraic research. Euclid’s
axioms, as he understood them, referred to an object, space, which has an extra-
mathematical origin, whereby [ mean that space is not, like number, mind’s free
creation. For one who does not accept their evidence they become hypotheses. In
contrast, immanent axiomatics as applied in algebra or topology or some other
concrete branch of mathematics is neither based on external evidence nor on
hypotheses, but the axioms are proved to hold for the mathematical objects in
the individual situations to which the axioms are applied. Thus in algebra and
number theory one comes again and again across “ideal divisors,” of which one
proves that they satisfy this or that set of axioms for ideals. It is useful to have
these axioms and their consequences before one’s eyes independently of the sev-
eral contexts in which the notion of divisor turns up in algebraic and arithmetical
investigations. Transcendental axiomatics has been successfully applied not only
to geometry, but also to such fields of knowledge as mechanics, in particular stat-
ics of rigid bodies (Archimedes, Galileo, Huygens), special and general relativity
theory, blackbody radiation (Hilbert), biology (J. H. Woodger) and economics
(von Neumann’s and Morgenstern’s “Theory of Games”). For the beginner, if I
may judge by my own experience as a young student, transcendental axiomatics
has something paradoxical and shocking, because one must try to learn to ab-
stract radically from the familiar intuitive significance of the terms occurring in
the axioms as undefined concepts. Axiomatics as used in concrete mathematical
reseaic?ié au fond a much simpler affair. One just formulates some of the funda-
mental facts which, as one can prove, hold for the object of investigation, which
is usually a set of freely constructed elements. The questions of consistency,
independence and completeness are here but of minor importance.

The purpose of this sort of axiomatics is to understand; and what it reveals
is a limited number of interrelated structures, that seem to form the backbone of
the mathematical universe. This hierarchy of structures is not closed, but still in
the process of growth and unification. We are not content to get convicted, as it
were, rather than convinced of a mathematical truth by a long chain of formal
inferences and calculations leading us blindfolded from link to link. We would
like to be shown not only the goal but also the way and general outline we are
to travel to that goal, to understand the underlying ideas of the proof and their
connections. Indeed a modern mathematical proof, just as any modern machine
or experimental arrangement effaces, so to speak, by the complexity of technical
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details, the simple principles on which it is based. When in his lectures on the
history of mathematics in the nineteenth century Felix Klein tries to Riemann
his place he says:

Certainly the keystone of the edifice of any mathematical theory are
the stringent proofs of its propositions. By renouncing these, mathe-
matics would pass its own sentence. Yet it will be forever the secret
of a genius’s productivity to ferret out new problems and to define
new and unexpected results and connections. Without the disclosure
of new viewpoints and goals mathematics would soon exhaust itself
in its pursuit of strict logical reasoning and begin to stagnate for lack
of new material. Thus in a way mathematics has been advanced most
by those whose strength lay in intuition rather than logical rigor.

The chief organ of Klein’s own productivity was this intuitive perception of inter-
connections and relations between separate fields; he failed where concentrated
force was required. In his memorial address on Lejeune Dirichlet, Minkowski
confronted that minimal principle, first formulated and put to manifold use by
William Thomson (Lord Kelvin) but since Riemann attached to Dirichlet’s name,
with what he called the true Dirichlet principle: namely to solve the problems by
a minimum of blind calculation, a maximum of seeing ideas. From this principle,
he said, dates the new age in the history of mathematics.3

Ideas and intuitive understanding versus calculation and strict logical deduc-
tions: what is the real point in these contrasts, what is the secret of understand-
ing a mathematical fact? Certain epistemological schools, I mention the name
: of Wilhelm Dilthey, have claimed understanding from within, hermeneutics, as
= the proper basis for historical research and the humanities, whereas the natural
sciences seek to explain rather than to understand the phenomena. The words
- “Intuition, understanding” appear here with a certain nimbus indicating a depth
and immediacy of their own. In mathematics we prefer to look at things more
soberly. I shall not try, and it would admittedly be difficult, to give a sufficiently
- precise description of the mental acts here involved. But I would like to point
— out at least one &ine characteristic of the process of understanding.
e In order to undérstand a complex mathematical situation we separate in a
natural manner the various sides of the subject in question, make each side ac-
cessible by a relatively narrow and easily surveyable group of notions and facts
formulated in terms of these notions, and finally return to the whole by uniting
the partial results in their proper specialization. The last synthetic act is purely
mechanical. The art lies in the first, the analytic act of suitable separation and
generalization. Our mathematics of the last decades has wallowed in generaliza-
tions and formalizations. But one misunderstands this tendency if one thinks
that generality was sought merely for generality’s sake. The real aim is simplic-
ity: natural generalization simplifies since it reduces the assumptions that have
to be taken into account. Of course, it may happen that different directions of
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generalizations make us understand the specific concrete situation under differ-
ent aspects. Then it is dogmatic and arbitrary to speak of the true reason, the
true source of the particular fact. It is not easy to say what constitutes a natu-
ral separation and generalization. For this there is ultimately no other criterion
but fruitfulness: the success decides. In following this procedure the individ-
ual investigator is guided by more or less obvious analogies and by instinctive
discernment of the essential, acquired through accumulated research experience.
When systematized, the procedure leads straight to axiomatics. Since the dis-
solution of complex and relatively concrete notions and facts into simple but
general and abstract notions attracted so much of the mathematicians’ attention
in recent times, it is but human that they sometimes indulged in cheap general-
izations, generalizations by rarefaction as Pélya called them, which do not add
to the mathematical substance but only dilute the good nourishing soup with
water. But such degenerations do not speak against the basic soundness and
importance of the axiomatic approach.

I spent my mathematical youth in Gé&ttingen, Germany, before the First
World War, in the era of Felix Klein—David Hilbert. It is interesting to com-
pare the attitude of these two men towards axiomatics. In the time of Klein’s
productivity (which had passed when I entered the University of Gottingen in
1904) the intuitive realization of inner connections between various domains had
been the most characteristic feature of his achievements. Typical is his book on
the Icosahedron in which geometry, algebra, function- and group-theory blend
in polyphonic harmony.* But by instinct he shrank from the process of isolating
the components. Therefore he disliked the systematization of his way of under-
standing things in the form of a rigorous axiomatics; even in analysing he did not
want for a moment to lose sight of the whole. Only once, when he had to defend
his position concerning non-Euclidean geometry by clarifying explication, was he
driven to the bitter end of axiomatization. On the whole his way of thinking
prevented him from doing justice to axiomatic research. I remember that once
in conversation with me he said: “Suppose I have solved a problem; I have taken
a hurdle or jumped a ditch. Then you axiomaticians come around and ask: Can
you still do it after tying a chair to your leg?”

How different was Hilbert! He was the champion of axiomatics. I mentioned
his Grundlagen der Geometrie. But as a matter of fact axiomatics was for him
a universal, nay the central methods of scientific thought. In a lecture given in
Zurich in 1917 he said: “Whatever can become an object for scientific thought,
will come, as soon as it is ripe for theory, under the rule of the axiomatic method
and thus indirectly of mathematics.” One is reminded of Kant’s famous say-
ing: “In every branch of knowledge there is as much as true science as there is
mathematics in it.”% Hilbert went to the very end of axiomatics by his attempt
to save classical mathematics, after the set-theoretic antinomies had shaken its
foundation, by a process of consistent formalization which turns the meaningful
mathematical propositions into meaningless formulas. The game of deduction
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then F' is equivalent to F”/.

It has proved quite important to emphasize the mere structure of a trans-
formation group by ignoring the nature of its elements and paying attention to
the fact only that two elements s,t of the group give rise by “composition” to
an element st. An abstract group is given once this binary operation for its ele-
ments is defined in such manner that the associative law s1(s2s3) = (s182)s3 is
fulfilled for any group elements s1, 2, 83. Two supplementary axioms are added:
(1) There is a unit element e such that es = se = s for every group element s;
(2) every group element s has an inverse s~! such that ss7! = s71s = e. It
is most astonishing how fertile in consequences these simple assumptions about
composition of group elements prove.

A ring is a group with respect to addition (i.e. if addition is taken as the
operation of composition by which two group elements give rise to a composite
element); the elements of a field which are # 0 form a group with respect to
multiplication.

This quick glance at the axiomatic procedure is perhaps sufficient to illus-
trate one important fact, namely that it does not lead to lots of small splinters
of axiomatically defined structures, but only to a few of marked singular char-
acter, like field, ring, ideal, group, vector space. These structures form a sort of
hierarchy (e.g. all fields are rings, ideals in a ring are special sub-rings, rings and
vector spaces are commutative groups with respect to addition, etc.) and they
are also capable of combination (e.g. an axiomatic topology may be imposed on
a group, so that we obtain the “double structure”: topological group.)

I said that one makes a complex mathematical situation manageable by sepa-
ration into parts each surveyable by a relatively simple set of axioms. This is one
side of the axiomatic procedure. The other side is economy through unification.
Again and again it happens that theories which in their intrinsic proper mean-
ings have nothing to do with each other prove to be ruled by the same axioms
after a suitable translation of the basic terms of the one domain into those of the
other. By this and by the often astonishing simplification of proofs which the
axiomatic methods brought about, mathematics has become more unified — in
spite of the ever increasing diversity of its problems. Without such unification
it would become. humanly impossible to further advance the boundaries of our
science. Fortheshuman brain has but limited capacity. This tendency of several
branches of mathematics to coalesce is another conspicuous feature of its modern
development.

Monsieur Bourbaki in the article mentioned before has this to say about
it: “The internal evolution of mathematical science has, in spite of appearance,
brought about a closer unity among its different parts, so as to create something
like a central nucleus that is more coherent than it has ever been.” And then
a little later he portrays mathematics as follows: “It is like a big city, whose
outlying districts and suburbs encroach incessantly and in a somewhat chaotic
manner on the surrounding country, while the center is rebuilt from time to time,
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each time in accordance with a more clearly conceived plan and a more majestic
order, tearing down the old sections with their labyrinths of alleys and projecting
towards the periphery new avenues more direct, broader, and more commodious.”

As I confessed before, this description seems to me to exaggerate somewhat
the influence of axiomatics on the architecture and development of our science.
And it is high time for me now to confront and combine with the axiomatic
the genetic or constructive approach, and thus come to the theme proper of this
lecture. Otherwise a lopsided picture would result.

The genetic standpoint seems the natural one for numbers; for they are sym-
bols created for recording. The genesis of the natural numbers 1,2, 3, ... has been
briefly described at the beginning. From there simple constructive processes lead
to the integers which include zero and the negative besides the positive integers,
and from them to the rational numbers, with which one reaches for the first time
the closure of a field. Maybe algebra would have been inclined to stop here.
But the Greeks discovered that the rational numbers are not sufficiently wide to
describe all exact measurements in science. This requires the larger field of real
numbers. Constructive transition to the continuum of all real numbers is a much
more serious affair than the previous steps, and I am bold enough to say that
not even to this day are the logical issues involved in that constructive concept
completely clarified and settled. The sequence of natural numbers and the con-
tinuum of real numbers are the most important examples of ranges of variability
that are, in a certain sense, a priori surveyable because they are the mind’s own
free creations. But the infinitude toward which they open is not that of the
given, but of the possible. Wherever mathematics is applied to science (includ-
ing mathematics itself) we encounter these features: 1) variables whose possible
values belong to a range of possibilities on which we have a sure grip because
it sprang from our own free symbolic construction; and 2) functions or freely
constructed mappings of the range of one such variable upon that of another.
The importance of topology rests on the fact that it tries to give mathematical
expression to these basic features in the most general way.

In a fashion similar to the natural numbers, our conception of space is depen-
dent on a constructive grasp on all possible places. Let us consider a metallic disk
in a plane E. Places on the disk can be marked in concreto by scratching little
crosses on the plate. But relatively to two axes of coordinates and a standard
length scratched into the plate we can also put ideal marks in the plane outside
the disk by giving the numerical values of their two coordinates. Each coordinate
varies over the a priori constructed range of real numbers. In this way astronomy
uses our solid eaftirag a base for plumbing the sidereal spaces. What a marvelous
feat of imagination when the Greeks first constructed the shadows which earth
and moon, illumined by the sun, cast in empty space and thus explained the
eclipses of sun and moon!

The same method of a priori construction is used to subject all phenomena of
nature to quantitative analysis. I believe the word gquantitative, if one can give it
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a meaning at all, ought to be interpreted in this wide sense. As material of the a
priori construction, Galileo and Newton used certain features of reality like space
and time, which they considered as objective, in opposition to the subjective sense
qualities, which they discarded. Hence the important role played by geometric
figures in their physics. You probably know Galileo’s words in the Saggiatore
[Assayer] where he says that no one can read the great book of nature “unless he
has mastered the code in which it is composed, that is, the geometrical figures
and the necessary relations between them.” Later we have learned that none
of these features distilled from our immediate observation, not even space and
time, have a right to survive in a pretended truly objective world, and thus have
gradually and ultimately come to adopt a symbolic combinatorial construction.

But I want to come back to the axiomatics of algebra to show how constructive
processes in algebra intermingle with the axiomatic foundations. Of an arbitrary
element a in a field (or a ring) one forms the multiples

la=a, 2a=1a+a, 3a =2a+a,...

and thus va for an arbitrary “multiplier” v; this multiplier is clearly not an
element of the field but a natural number arising from the constructive process
which creates the sequence 1,2,3,... into infinity. The field has a (unique) unit
element e such that ae = ea = a for every element a. There may be a multiplier
v such that ve = 0. Then also va = v(ea) = (ve)a = 0 for every element a. The
least such v must be a prime. Indeed a factorization v = 5 would lead through
ve = (v1e) - (1ze) = 0 to one of the equations 11e = 0 or vge = 0. It is therefore
impossible that both v; are less than v, hence one must be equal to v and the
other equal to 1. Consequently, either no multiple ve of the unit e is equal to
zero (fleld of characteristic 00), or there is a prime 7 such that me = 0, and then
ma = ( for every element a (field of prime characteristic 7). This shows how the
constructed number 1,2,3,... and their arithmetics enter into the realm of the
“axiomatic” numbers a. _

Another example of a construction in algebra, already mentioned before, is
the adjunction of an indeterminate z: Given an arbitrary ring P of elements,
the polynomials of the indeterminate = with coefficients from P form a new ring
Plz]. An “ideal” in a ring is a subset of the ring elements of such kind that the
difference of two elements of the ideal again lies in the ideal and also the product
of an element of the ideal by any element of the ring. This notion of ideal is the
basis for the arithmetical theory of divisibility. Now here is a further constructive
process of great importance which transmutes one ring P into another: Let r be
an idem and identify any two elements ry,r2 in P which are congruent
modulo 7, i.e., whose difference 9 — r; lies in r. This process of identification
carries P into a ring Py, the “ring of residue classes modulo r.” For instance let
P be the ring of integers and let r consist of all integral multiples of a prime
number p. Our process carries the ring of integers over into one consisting of p
elements only which can be represented by the residues 0, 1,...,p—1 the integers
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leave when divided by p. Intuitively one may describe this process by rolling a
straight line with equidistant marks of distance 1 (the integers) upon a circle of
circumference p. It can be shown that this finite ring just because p is prime, is
even a field. Indeed for any integer a not divisible by p there exists an integer a’
such that aa’ is congruent 1 mod p.

Topology provides no less interesting illustrations for the the way in which
constructive processes penetrate into axiomatics. But my time is running out
and therefore these few algebraic examples must suffice to drive home the point I
wanted to make in this lecture: that large parts of modern mathematical research
are based on o dexterous blending of constructive and axiomatic procedures. One
should be content to note their mutual interlocking. But temptation is great,
and not all authors have resisted it, to adopt one of these two views as the gen-
uine primordial way of mathematical thinking to which the other merely plays
a subservient role. In an address at the Bi-Centennial Conference of the Uni-
versity of Pennsylvania on a similar subject in 1940, I used the foundations of
combinatorial topology, instead of algebra, for illustrations and let the strongest
light fall on the constructive processes.® Indeed my own heart draws me to the
side of constructivism. Thus it cost me some effort today to follow the opposite
direction, putting axiomatics before construction, but justice seemed to require
this from me.

Notes

[This is a complete transcription of manuscript Hs 91a:27 in the Weyl Nachlaf
of the ETH Archiv in Ziirich, previously unpublished in this form. An edited
and abridged version was previously published as Weyl 1985, with a helpful in-
troduction by Tito Tonietti. The present transcription includes Weyl’s handwrit-
ten corrections to the typescript and restores his original paragraphing, as well
as including a passage omitted in Weyl 1985 and correcting a few misreadings
of his handwriting. Between the two complete typed copies preserved in this
manuscript, there are only a very few slight discrepancies; I have followed what
seemed the later (and final) copy, which appears first in Hs 91a:27.]

[Shakespeare, Hamlet 1.i1.129-130.]

[See above, 159-190.]

[For Dirichlet’s principle, see above 180.]
[See Klein 1956.]

5 [At this point in his typescript, Weyl struck out the following sentence:
“In his lectures, Hilbert liked to elucidate the method by examples taken from
mechanics, genetics, economics.”]

6 [See above, 75-80.]
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Why is the World Fo.ur-Dimensional?
(1955)

The title of my lecture seems to promise an answer to the question: Why has the
world exactly four and not any other number of dimensions? If you have come
here to learn that answer, I am bound to disappoint you. My aim is more modest:
I shall try to clarify the question somewhat and indicate possible directions in
which the answer may lie.

To begin with, let us rather talk about space than about the world. Space
is 3-dimensional. A line is 1-dimensional, a plane 2-dimensional, and space 3-
dimensional. There are two interpretations of these statements, one in terms
of elementary geometry or special relativity, the other in terms of infinitesimal
geometry or general relativity. 1 find it a little easier to discuss the notion of
dimension by means of the 2-dimensional plane instead of 3-dimensional space.
With respect to a Cartesian coordinate system consisting of an origin O and

£ .

O ~
two perpendicular vectors a,b of length 1, each point P may be characterized
by its pair of coordinates (&,m),OP = £a + nb. The points P of the plane
are mapped in a one-to-one continuous fashion upon the pairs of real numbers
(&,m). The coordinates (¢',1) of the same arbitrary point P with respect to any

other Cartesian coordinate system O’;a’, b’ are connected with (¢,n) by a linear
transformation,

¢ = a+ang+anm, n = B+ axnf + azn,

the constant coefficients of which satisfy certain relations (“orthogonal transfor-
mations”). Objective geometric relations between points are reflected in such
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arithmetical relations between their coordinates as are invariant under these or-
thogonal transformations, which describe the transition from one Cartesian coor-
dinate system to another. This is the elementary viewpoint in analytic geometry
and the principle of special relativity.

But there are many ways of introducing coordinates in the plane; e.g. for
some purposes the polar coordinates r, ¢ are more advantageous. Let us call a
pair of numbers (z1,z2) an arithmetical point and the totality of all such points
the arithmetical plane. Coordinatization then consists in a one-to-one continu-
ous mapping of the geometric plane upon the arithmetical plane (the mapping,
though, may be restricted to portions of the two planes). Saying that the plane
is 2-dimensional means that we need two numbers for coordinatization. Sur-
faces are two-dimensional manifolds, although on them we have no such special
coordinates as the Cartesian ones for the plane. E.g. on the globe we may fix
the position of a ship by latitude ¥ and longitude ¢. In interpreting ¢ and ¢
as Cartesian coordinates in a Euclidean plane one obtains a plane map of the
globe (or of part of the globe). Vice versa, any plane map of the globe stands
essentially for a definite coordinatization of it. The possible positions of a “top,”
a rigid body that can freely rotate around a fixed point O, form a 3-dimensional
manifold: the top has 3 degrees of freedom, while the possible positions of a freely
mobile rigid body constitute a variety of 6 dimensions. The spectral colors form
a l-dimensional manifold.! The possible states of a gas form a 2-dimensional
continuum, because such a state is to be specified by two independent quantities,
e.g. pressure and temperature. It is the gist of general relativity that it admits,
on an equal footing as it were, every possible coordinatization.

Transition from one coordinate system to another is effected by transforma-
tion. Thus Cartesian and polar coordinates, (¢,7) and (r, ), are related by the
transformation formulas

£ =rcosp, n=rsine.

In order to show that the number of coordinates necessary to cover a given con-
tinuous manifold is the same, however coordinatization is carried out, one must
prove that two continuous transformations ¢ — y,y — z,

(1) Yk :wk(wla'-'amm) | z; :Qo(yl?---:yn)
(k=1,...,n) (i=1,...,m)

mediating between m variables z and n variables y cannot be inverse to each
other without having m = n. That the two transformations (1) defined by the
n functions ¥y of the m variables z and the m functions ¢; of the n variables y
are inverse to each other means that by carrying out the two transformations in
succession, in either of the two possible orders, one obtains the identity:

ei(¥1(@), .. Un(x)) =25 | Yr(er(¥),--., 0m(y)) = Yk
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If we limit ourselves to differentiable transformations — and present-day physics
has no reason to go beyond that — the equation m = n, which guarantees the in-
variance of dimensionality, can be proved by means of the general idea underlying
differential calculus, namely the fact that in the infinitesimally small all relations
become linear. Development of classical physics supported the conviction that
the truly elementary laws of of nature are laws of near-by action, connecting the
values of state quantities but at infinitely close points in space and infinitely near
moments in time. At a fixed “point”

(o] e] o
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we obtain for corresponding infinitesimal increments dx and dy of the coordinates
z and y from (1) such linear equations as

dye =Y Bridzi,  dzi= Y  aipdys.
B k

They express two mutually inverse linear substitutions of the variables dx; and
dyi. From the theorem that a system of homogeneous linear equations

Zaik% =0
k

always has a non-trivial solution 7, provided the number of equations is less than
that of the unknowns, there follows easily that the existence of such mutually
inverse linear transformations is neither compatible with m < n nor with n < m,
hence requires m = n.

The metrical structure of Fuclidean space makes it possible to exhibit a special
kind of coordinates named after Descartes, such that the transition from one of
these distinguished coordinate systems to another is expressed by a linear trans-
formation. By FEinstein’s theory of gravitation we have learned that the actual
physical space is not of this special structure (although the deviations are small).
But the physical space is at least such that it distinguishes the “differentiable
coordinate systems.” Any two of these are connected by transformation functions
@, 1, cf. (1), which are not only continuous but have continuous first derivatives.
For otherwise such simple and indispensable physical notions as that of velocity
would be without foundation. Indeed this notion requires differentiation of the
positional coordinates x; of a moving mass point with respect to the time param-
eter ¢t. Hence it is sufficient for physics to have the invariance of dimensionality
established, as just has been done, for differentiable transformations (1).

Coordinates are nothing but names or labels by which we try to distinguish
points. For points are all alike and by themselves bear no marks by which to
recognize them. Simpler than a continuum of infinitely many points is a finite
collection of individual elements. Given 15 elements we could label them by the
numbers 1, 2, ..., 15; but we could also label them by the pairs (£,7) where £
ranges from 1 to 5, 7 from 1 to 3. One numerical label accomplishes here the same
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as two simultaneous numerical labels. There is thus no basis for the difference
of dimensions. Why then in a continuum? The fact that one can distinguish
between a one- and a two-dimensional continuum is obviously due to the very
demand of continuity, to the requirement that each coordinate be a continuous
function of the variable element P of the continuum.

I hope enough has now been said to explain the meaning of the statement:
Space, i.e. the continuum of space points, is 3-dimensional. The metrical structure
of Euclidean space can then be expressed as an infinitesimal law as follows: In
terms of certain distinguished coordinates, the Cartesian ones, &, 7, ¢, the square
ds? of the distance of two infinitely near points P, P’ with coordinates £, 7, ¢, and
§+dE,n-+dn,{ + d¢, respectively, is given by

ds? = dg? + dn? + d¢? (Pythagoras).

Again let us consider the plane instead of the space and thus cancel the third
coordinate ¢. The use of infinitesimal quantities like the differentials d¢,dn is
horrifying to the modern mathematician. But it is easy to replace them by
differential gquotients to which nobody objects. Imagine a mobile point whose
position (§,7) in the plane at every moment ¢ is given by € = £(¢),n = n(t). The
formula ds? = d¢2 + dn? means that the length of the curve the point describes
during the time interval ¢ < t < b equals

b b 2 2
ds _ dé dn
/a E'dt“/a \/(dt) + (E) .
The special form of the Pythagorean law ds? = d¢? + dn? is bound to the special

Cartesian coordinates. How does it read in arbitrary coordinates 1,227 Suppose
they arise from &, n by the transformation

£ = &(z1,z2), n = n(z1, T2).
You have simply to substitute for d¢, dn their expressions

0 . 98 on on
d§ = 31 +a dz, dn = 8x1d 1+62d$2

)
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and get the quadratic form

2
(2) d.S‘2 = glld."l}? + 2912(1.’121(1.’52 + gzzd.’l’?g = Z gijd.’L‘id.’L‘j
i,j=1

of the differentials dz;, dzo with symmetric coeflicients g;; = g;;. For instance,
in terms of polar coordinates

ds® = dr® + r?de®.

The coefficients g;; depend on the point P = (z1,z2). The relative coordinates
dzy,drs of P’ with respect to P are the components of a variable line element
PP’ issuing from P, and the quadratic form (2) expresses how ds? depends on
these line elements that form the vector compass at P.

A quadratic form

Zgz’j&fj (5,0 =1,...,n5955 = Gji)

in variables &; is non-degenerate if the determinant |g;;| # 0, a property that is not
destroyed by any invertible linear transformation. The form is positive definite
if 30,5 9i6€ > 0 except for & = -+ = &, = 0. Such a form is necessarily
non-degenerate. The unit form €2 + ... + €2 is clearly positive-definite. Any
non-degenerate form may by a suitable invertible linear transformation brought
into the form

N R )

However this is done, the number r of terms with the minus sign, the so-called
inertial index, is always the same. The positive-definite forms are those of index
r=0. ‘

It was Riemann who first investigated n-dimensional manifolds on which every
line element PP’ has a square length ds? that for a given point P = (z1,...,%,)
is a positive-definite quadratic form Zi’ ; 9ij(z)dzidz; of the components dz;
of the variable line element (dzxi,...,dz,) issuing from P. Hence we call such
a manifold Riemannian.? E.g. any surface in 3-dimensional Euclidean space is
a 2-dimensional Riemannian manifold. (Of course it is understood that ds? is
determined by the points P, P, and not affected by the choice of the coordinates
z; to which the manifold is referred. Hence after passing to another coordinate
system £; by means of the transformation

(3) Z; :mi(jl,..‘,a":.n), dmz = g—?-}-dfj
7 8.’1’3_7'
one has
(4) ds? = Zg”(i‘)di'ldjj
i!j
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into vertical fibres. Newton confesses in the Preface of his Principia that he
wrote his treatise for the express purpose: to determine the absolute motion
of bodies from their observable relative motions in combination with the forces
acting upon them. (E.g. the tension of a thread joining two balls indicates that
they do not rest but rotate around each other.) However Newton did not succeed
completely; certain metaphysical beliefs prevented him from realizing his failure.
He succeeded only in distinguishing uniform motion (motion in a straight line
with constant velocity, represented in our graphical picture by a straight world-
line) from all other motions. And we know now quite definitely that one cannot
go beyond that. This does away with absolute space. What about absolute time,
the layers of simultaneity? Their significance is originally based on the naive
assumption that an event takes place at the same moment it is observed. Olaf
Roémer’s discovery of the finite velocity of light knocked that foundation out. Let
us represent in our diagram 1 sec and the distance light travels in 1 sec by vertical
and horizontal segments of equal lengths.® Then the world-points at which a light
signal given at the world point O, here-now, arrives, will form a vertical circular
cone with vertex in 0 and an opening angle of 90°. To this forward light cone we
add the backward part. The whole cone consists of the world points (¢,7,¢;7)
satisfying the equation
2 (€ + () =0

(provided the origin O has the coordinates (0,0,0,0)). The very meaning of the
horizontal layers of simultaneity is that they are supposed to describe the causal
structure of the world. Any action at O can influence only events taking place
in the half of the world above the layer through O (active future of O), while
all events which can possibly have influenced that which happens at O must lie
in the lower half (passive past of O). But numerous experiences have taught us
that no effects travel faster than light. The light counes,

(T—m0)? = (—&)°—(m—m)*—({—¢)?=0,

rather than the horizontal layers, 7 = const. = 7y, therefore, determine the causal
structure. The active future of O consists of the interior of the forward cone, its
passive past of the interior of the backward cone. (They are separated from each
other by a world region which is not causally connected with O at all.) In this way
Einstein and Minkowski arrived at the conclusion (special relativity theory) that
the world is a 4-dimensional flat manifold, with the slight difference, however,
over against the classical Euclidean geometry, that the fundamental quadratic
form
dx? + dx2 + dx? — dz?

defining the metric is of inertial index 1 and not 0.

While physicists and mathematicians were busy to swallow this revolutionary
insight, Einstein pushed further ahead. In a few words I shall try to repeat
the argument which forced him to replace special by general relativity, namely to
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replace the flat space-time manifold by a more general Riemannian 4-dimensional
manifold of index 1; i.e. by a world the metric of which is expressed in terms of
arbitrary coordinates zi,...,Z4 by a quadratic differential form

d82 = ZQijdzidxj ('L,j =1, 2, 3,4)

of index 1 with non-constant and a priori unpredictable coefficients g;;. By calling
them “a priori unpredictable” I want to indicate that the g;; are not given once
for all, but have to be determined a posteriori by the observation of actual events;
they describe a physical field as real as the electromagnetic field, that is acting
upon matter but is also reacted upon by matter. — Galileo had taught us to
understand the motion of bodies as resulting from a struggle between inertia and
external force. The motion of a mass point is represented by a world line in the
4-.dimensional world. If not acted upon by any external force, its world line will
be a geodesic of the metrical field. Thus the inertial motion is determined by the
gi;. Certain expositions of general relativity theory used to stress, as E. Mach
had done, the conception that only relative motion of bodies counts. Suppose
a train collides with another near a village church. The train relative to the
church steeple, or the steeple relative to the train, experiences a violent jerk.
Why then, asked Lenard, Einstein’s passionate adversary among the physicists,
is the train smashed up and not the steeple? The answer, I think, is clear:
the train goes to pieces because of the violent clash between its inertia and the
molecular forces exerted by the engine of the colliding train, while the church
tower is left quietly to follow its inertial motion. Thus the metric field is revealed
as an agent of formidable reality. Now something that acts upon matter in such
forcible fashion has no claim to be enthroned in sphinx-like rigidity above the
ever-changing world of matter; it should itself be flexible and respond to the
changing distribution of matter; he who makes suffer must suffer himself. And
the fact that gravity of a mass point is always strictly proportional to its inertial
mass becomes understandable ex principio if gravitation can be considered the
changing part of inertia; thus in the juxtaposition of inertia and force gravitation
belongs to the side of inertia inseparably blended into it, and not of force. This
Einsteinian conception of gravitation met with complete success, and thus we
have to give up the fixed Euclidean metric of the 4-dimensional world and replace
it by a variable Riemannian metric. This is the point to which I had to lead you
before I could begin to discuss our central question: The stage on which this
frightful spectacle of the world is performed, its extensive space-time medium, is
a 4-dimensional manifold endowed with a variable Riemannian metric of index 1.
But the notion of Riemannian manifold is not bound to the special dimensionality
4; as far as this metrical structure goes, any other dimension would do just as
well. Why then 47

In discussing this question, we can not limit ourselves to the metrical structure
of space-time, we have to look at all the laws of the physical phenomena that
take place on this stage and ask: Can they also be carried, in the same cogent




=
=

Why is the World Four-Dimensional? 211

and unambiguous manner, from 4 to any other number of dimensions, or do they
contain something specific for n = 47 The answer is: They are all such as to
allow immediate generclization to n dimensions. Hence in these laws, there is no
reason to be found for the Creator’s whim to fashion a 4-dimensional world as
the scene for our activities. Of course, our present knowledge of the laws of the
physical world is incomplete, and one day it might strike a deeper level on which
dimensionality ceases to be indifferent, but at the moment this is merely a hope
and not a fact.

Yet even if I am unable to present a satisfactory answer to our question, I think
I need not stop here and can do something to further illuminate it. Let us begin
with those physical laws we know best: Mazwell’s laws of the electromagnetic
field in an empty universe. I shall not write them down explicitly but I wish
to mention that their formulation is particularly succinet in terms of the theory
of harmonic linear tensors, which in the last two decades has become a central
topic for mathematical research. There are in an n-dimensional Riemannian
manifold linear tensors of rank 1,2,...,n — 1, and two operations d and ¢ of
differentiation resembling the well-known operations of rot and div in ordinarily
3-dimensional vector analysis.* d changes a linear tensor of rank p into one of
rank p+ 1 while ¢ lowers the rank by 1. A linear tensor f is harmonic if both df
and df vanish. Maxwell’s laws in empty space may be summarized as stating that
the electromagnetic field is a harmonic linear tensor f of rank 2, df = 0,df = 0.

Again we ask: Why the rank 27 Probably the three questions for the reasons
of the dimensionality 4 of the universe, the inertial index 1 of its metric and the
rank 2 of the electromagnetic field ought to be answered jointly.

A first remark I wish to make is about the difference of even and odd di-
mensionality. For the moment I assume that the world is an n-dimensional flat
manifold (which is true in great approximation), of index 1, and T accept without
question the fact that the electromagnetic field is described by a linear tensor of
rank 2. Merely the dimensionality n is in question. Suppose that a single light,
a candle, is burning in the world. Now blow this candle out; what will happen
according to the Maxwellian laws? You probably think it will grow dark, pitch
dark, in a sphere around the candle which expands with the velocity of light.
And you are right — provided the number n is even, especially in our world for
which n = 4. But it would not be so in a world of odd dimensionality. Now
here you have a physically interesting difference at least between even and odd
dimensions, although it does not single out the dimensionality 4. “And God said,
Let there be light: and there was light,” so tells the story of Creation in Genesis,
Chapter I. If He wished to keep the possibility open for Himself to say “Let there
be darkness again” and to accomplish this by blowing out His candles then He
had to make the world of even dimensionality.

This example gives some inkling in which direction we must look for the
distinctive characters of dimensionality, inertial index, and rank of the electro-
magnetic field tensor. Let us start with the index r. There is some good reason
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for the special value r = 1 of the index to be found in the topology of causa-
tion. In a world of index 0 there is no propagation of effect, in a world of index
higher than 1 past and future form one connected domain; only if the index is
1, the ”interior of the light cone” (consisting of the line elements at P for which
ds? < 0) exists and falls apart into two disconnected regions: passive past and
active future. Whether a domain is connected or consists of several disconnected
parts is a topological difference. Hence in the case r = 1 the world is topolog-
ically distinguished by a very simple and decisive feature from all other cases.
This seems to me a genuine and fairly satisfactory answer to the question why
r=1.

When Dirac formulated his quantum mechanical equations for the electron
in the frame of special relativity the type of equations looked so strange, as
if they were bound to the number 4 of dimensions. But alas, in his general
investigations on Lie groups E. Cartan had long before established the group-
theoretical basis for the corresponding formulas in n dimensions, and later on
the n-dimensional spinor theory was worked out in algebraic detail by Richard
Brauer and the speaker.® In the presence of matter, in particular of electrons and
positrons, the second system of Maxwell’s equations §f = 0 has to be replaced
by df = s where the linear tensor s of electric current is given in terms of the
Dirac quantities 9 defining the electron-positron field. Now it is important for
the statistical interpretation of quantum physics that that component of s which
defines the probability of the presence of an electron in a given volume should be
positive, and this is so only if the rank of s equals the inertial index r. But with
e denoting the rank of the electromagnetic field, the rank of s is e — 1. Thus
quantum mechanics and its statistical interpretation force the relation e =r +1
upon a prospective world-builder. After he made r = 1 because of the topology
of causation, he has no choice but take e = 2. These seem to me sound arguments
for the values r = 1, e = 2, of inertial index r and of rank e of the electromagnetic
field.

Locally, that is to say in the infinitesimal neighborhood of a.world point P,
the equation of the light cone

(21) d32 = Zgij d.’Bid.’L'j =0

2%

describes the world’s causal structure. Knowing the causal structure, we do not
know the g;; themselves but only their ratios; the causal structure is not changed
when the g;; defining the metric are replaced by A - g;; with a positive factor of
proportionality A which is an arbitrary function of P. The mathematician speaks
here of conformal structure since the ratios of the g;; determine the angles and the
ratios of lengths of the various line elements at P. It would not seem unreasonable
to assume that the world is endowed, not with a metric but with a conformal
or causal structure only, in other words that only lengths of line elements at the
same point are comparable to each other. Then the laws of nature would not be

i 1| b
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affected by the modification g;; — A - gi; of the metrical field. Now it is a fact
that the equations, characterizing a harmonic linear tensor, df = 0,df = 0, are
invariant under this substitution if and only if n = 2e, i.e. if the dimensionality
n is twice the rank e of the electromagnetic tensor f. If r = 1,e = 2 we would
thus obtain the desired n = 4.

If » were 0, the equations e = r + 1,n = 2e, for which we have argued here,
would yield e = 1, n = 2; i.e. we would deal with a linear tensor of rank 1, in other
words a vector, in a 2-dimensional world of index 0. Every Riemannian manifold
of dimension 2 and index 0 has the conformal structure of the Euclidean plane.
Combine the plane’s real Cartesian coordinates ,xo into the complex variable
z = x1 +1z2. The vector has 2 components w1, us which we combine to form the
function w = ug — iug of the complex argument 2 = xy -+ ixy. That the vector is
harmonic amounts to saying that w is an analytic function of z. And indeed it
is a well-known and highly important fact that an analytic function of z remains
an analytic function of 2’ if the transition z — 2’ is a conformal mapping. Thus
this lowest case in which there is no propagation of effects (r = 0) corresponds to
the theory of analytic functions of a complex variable, and lines up very neatly
with the next higher case r = 1,e = 2,n = 4 corresponding to the theory of
propagation of light.

This looks quite harmonious, doesn’t it? I wish I could close here, but I am
afraid that would be thoroughly dishonest. It is true that the laws of the elec-
tromagnetic field in empty space presuppose only a conformal structure for the
world, they are invariant with respect to the replacement of g;; by A - g;;. But
when we pass to the non-homogeneous Maxwell equations §f = s which describe
the generation of such fields by matter, or to Einstein’s laws of gravitation even
in empty space, this is no longer so. The field laws, as derived by Maxwell and
Einstein from experience, are not conformally invariant, neither for the gravita-
tional field, nor for the electromagnetic field in the presence of electric charge and
current. The fact that Maxwell’s equations for the electromagnetic field in empty
space, in particular the laws for the propagation of light, are conformal-invariant
if and only if n = 4, is certainly worth pointing out, but it does not lead us very
far.

However, there are indications in recent mathematical research that are apt
to raise hopes for a more satisfactory answer in the future. So far we have ac-
cepted the Riemannian structure of the world without questioning. If one wants
a deeper reason for why the world has this metrical structure, I am sure one
has to ask why it is the orthogonal group among all groups of homogeneous
linear transformations that is characteristic for the local metric of the world.
Why is this metric Pythagorean? For a given non-degenerate quadratic form
> gijziz; (with constant coefficients g;; = gj:) the orthogonal transformations
are those linear transformations x; = Zj a:;%; which leave this form invariant:
> g%z =Y gij TiT;. Helmholtz succeeded in characterizing the group of or-
thogonal transformations or rotations by the degree of freedom which arbitrary
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rotations impart to a rigid body, a top spinning around a fixed point. However,
his characterization is valid only for the group as defined by a positive-definite
quadratic form. True, the metric of the 3-dimensional Euclidean space is de-
scribed by such a form, but not the metric of the 4-dimensional world; the latter
depends on a form of the inertial index 1. Moreover Helmholtz undertook his
analysis to account for the Euclidean nature of the geometry of the physical bod-
ies and fits into the frame of special, not of general relativity. I have advocated
another intrinsic characterization of the orthogonal group which applies to forms
of arbitrary index and stresses just that property of this group which is decisive
for the building-up of Riemann’s generally relativistic geometry: the fact that
the metric of the space-time continuum uniquely determines the gravitational
field. Both characterizations of the orthogonal group, Helmholtz’s as well as
mine, hold for every number of dimensions; perhaps they make us understand
why God imposed a Pythagorean metric upon this world, but give no hint why
He made it 4-dimensional.® From a purely mathematical standpoint, however,
there is a vast variety of ways how one can attempt to distinguish by simple
intrinsic properties the orthogonal groups from all other groups of linear trans-
formations. Here is one that quite naturally suggests itself. Let there be given
a group G of linear transformations in an n-dimensional vector space. Consider
an arbitrary direction at the origin O as indicated by a straight line = through
O. I call the direction b in which a point on 7 moves under the influence of any
infinitesimal operation of G conjugate to r. For the orthogonal group, b consists
of all directions perpendicular to r; b and r are thus related by what geometers
call a projective involution. Is this property, that conjugation is a projective in-
volution, characteristic for the orthogonal group! The answer is, yes, except for
the dimensionalities 7 and 8. For either of these two dimensions there exists, be-
sides the orthogonal group itself, one subgroup of it of 7 parameters less enjoying
the same property. Now here something that is specific for the dimensionalities
7 and 8 comes into our ken. In large part of mathematics, e.g. in the theory of
linear equations, just as in physics, the general laws are indifferent towards the
number of dimensions. But there are also deeper problems for which this ceases
to be the case.

The above is but an example. To any group of transformations one can as-
cribe a structure which is represented by the corresponding abstract group. The
structure of the orthogonal group turns out to be quite different for different di-
mensions n. All orthogonal groups except that of dimension 4 have the structural
property described by the word “simple”; I shall not try to define it here.” Only
the 4-dimensional orthogonal group has a more complex structure, being the di-
rect product of two simple groups. This fact, however, seems of little interest
in physics, and if it is true that Nature loves simplicity would provide a reason
against rather than for the dimensionality 4.

he orthogonal group for a positive-definite quadratic form is closely related
to[the notion of sphere. Topology has during the last years revealed elementary
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! [In 1854, Riemann already used this example of a non-spatial manifold,
which ultimately goes back to Helmholtz; see Pesic 2007, 24, 34n4, 50, Pesic
2012.]

2 [For Riemann’s foundational 1854 address with commentary, see Pesic 2007,
23-40; Weyl himself wrote a famous commentary on this lecture, Riemann 1919,
reprinted in Riemann 1990, 740-769.]

3 IThough Weyl does not include it here, the same diagram can be found
above, 71.]

4 [The present-day notation “curl” is more familiar than Weyl’s “rot.” By his

notation §f = 0 Weyl indicates the covariant divergence of the electromagnetic

field tensor Fﬁ‘: = (, in free space; df = 0 signifies the corresponding equation
for its dual tensor, *F“V" = 0 always (a result of the antisymmetrization of this
tenor, physically reflecting the absence of magnetic monopoles). Weyl will shortly
discuss the more general case §f = s, or F“U” = s, where s* is the charge=current
source-vector. See, for example, Adler Bazin and Schiffer 1975, 93-94, 114-116.]

5 [See Brauer and Weyl 1935. Cartan 1966 discusses the differences between
spinor theories in even and odd dimensions. For the relation between Weyl and
Cartan s work, see Scholz 2011a.]

6 [For Helmholtz’s arguments, see Pesic 2007, 47-52; for a fine modern pre-
sentation, see Adler Bazin and Schiffer 1975, 10-16.]

7 [Consider a group G with elements g. A subgroup N of G is called normal
(or invariant) if, for every element g of G and every element n of N, gng—! is
always an element n’ of N; that is, if gn = n’g. By definition, a simple group
has no normal subgroups, other than itself and the identity; roughly speaking,
a simple group cannot be “split” into smaller “atoms.” See Pesic 2003, 111-
130, for a discussion in the context of the solvability of algebraic equations and
Galois theory. Weyl here refers to important results about the structure of the
n-dimensional orthogonal group he had found in 1925-1926; see WGA 2:543ff.
Weyl 1997, 137-164, gives his magisterial treatment of the orthogonal group.]




