FUNDAMENTOS
DE MATEMATICA
ELEMENTAR

Trigonometria

) Ntual RESOLUCOES

M= Editora






GELSON [EZZI

FUNDAMENTOS
DE MATEMATICA
ELEMENTAR

Trigonometria

©

COMPLEMENTO PARA O PROFESSOR

92 edicdio | Sdo Paulo - 2013

a9
= sual



© Gelson lezzi, 2013

Copyright desta edi¢ao:
SARAIVA S.A. Livreiros Editores, Sao Paulo, 2013.
Rua Henrique Schaumann, 270 — Pinheiros
05413-010 — Sao Paulo — SP
Fone: (Oxx11) 3611-3308 — Fax vendas: (Oxx11) 3611-3268
SAC: 0800-0117875
www.editorasaraiva.com.br
Todos os direitos reservados.

Dados Internacionais de Catalogacao na Publicacao (CIP)
(Camara Brasileira do Livro, SP, Brasil)
lezzi, Gelson

Fundamentos de matematica elementar, 3 : trigonometria : complemento
para o professor / Gelson lezzi. — 9. ed. — Sao Paulo : Atual, 2013.

ISBN 978-85-357-1684-9 (aluno)
ISBN 978-85-357-1685-6 (professor)

1. Matematica (Ensino médio) 2. Matematica (Ensino médio) — Proble-
mas e exercicios etc. 3. Matematica (Vestibular) — Testes I. Titulo. Il. Titulo:

Trigonometria.

12-12852

CDD-510.7

indice para catalogo sistematico:
1. Matematica : Ensino médio 510.7

to para o Prof

— Fund tos de matematica elementar — vol. 3

P

Gerente editorial:

Editor:

Editores-assistentes:

Auxiliares de servicos editoriais:

Revisao:

Consultoria técnica:

Gerente de arte:

Supervisor de arte:

Projeto grafico:

Capa:

Imagem de capa:

llustracoes:

Diagramacao:

Assessoria de arte:

Encarregada de producao e arte:

Coordenadora de editoracao eletronica:

Producao grafica:

e acalk to:

Imp

729.191.009.002

Lauri Cericato

José Luiz Carvalho da Cruz

Fernando Manenti Santos/Guilherme Reghin Gaspar/Juracy Vespucci
Margarete Aparecida de Lima/Rafael Rabagallo Ramos

Pedro Cunha Jr. e Lilian Semenichin (coords.)/Renata Palermo/
Rhennan Santos/Felipe Toledo/Eduardo Sigrist/Luciana Azevedo

Maria Luiza Giordano de Figueiredo Gonzalez
Nair de Medeiros Barbosa

Antonio Roberto Bressan

Carlos Magno

Homem de Melo & Tréia Design
Stockbyte/Getty Images

Conceitograf/Mario Yoshida

TPG

Maria Paula Santo Siqueira

Grace Alves

Silvia Regina E. Aimeida

Robson Cacau Alves

Editora
Saraiva

0800-0117875
SAC | ve22a6 das 8h30 as 1930

www.editorasaraiva.com.br/contato

Rua Henrique Schaumann, 270 — Cerqueira César — Sdo Paulo/SP — 05413-909



Apresentacao

Este livro € o Complemento para o Professor do volume 3,
Trigonometria, da colecao Fundamentos de Matematica Elementar.

Cada volume desta colecao tem um complemento para o pro-
fessor, com o objetivo de apresentar a solu¢ao dos exercicios mais
complicados do livro e sugerir alguns encaminhamentos aos alunos.

E nossa intencao aperfeicoar continuamente os Complementos.
Estamos abertos as sugestoes e criticas, que nos devem ser encami-
nhadas por intermédio da Editora.

Agradecemos a professora Erileide Maria de Sobral Souza a
colaboracao na redacao das solucoes que sao apresentadas neste
Complemento.

Os Autores.



Sumario

CAPITULO Il — Razoes trigonométricas no triangulo retangulo .................. 1
CAPITULO 1l — AFCOS € ANZBUIOS .......vveeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseeeeesaeeesanne 3
CAPITULO IV — Razodes trigonométricas na circunferéncia ......................... 5
CAPITULO V — Relacdes fundamentais ...............cccccceeevuieiveiesieresenesnenenn. 10
CAPITULO VI — Arcos NOLAVEIS ............coceueeivieeeeieeneeenieetieeteeeteeeseeeseenens 11
CAPITULO VIl — Reducdo ao 1° quadrante ...............cccceeeeeueeeeeeeeesieeeenne. 12
CAPITULO VIl — FUNGOES CIFCUIAIES ............cooveeeeeeeiieeeeeeeeeseeeeeeeeesee e 13
CAPITULO IX — TransformMagoes ..............ccceeeeveeeeriresriessressinessieeesesesessans 35
CAPITULO X — Identidades ............c.ccccvueerueneruenenieninienesieseeneseeeseeeseenees 44
CAPITULO XI — EQUAGOES ........ccuveeieeeeueeeiteeeireeesteeesteseaesesesssesessesssnesenns 49
CAPITULO XII — INE@QUAGDHES .......eeeneveeeieeeieeeieeieeeieeeeeieeesseeesssseeessereeesanns 55
CAPITULO XIIl — Funcdes circulares inVersas ...............ccccceeeeeeeveeeenesenesnn. 63
APENDICE A — Resolucao de equacdes e inequacdes em intervalos
determinados ...............ccoooiiiiiiiiiii e 69
APENDICE B — Trigonometria em triangulos quaiSquer ...............cc.couee..... 83

APENDICE C — Resolucao de trangulos ................ccccoeeveeiveieiieresenesnenn. 87



VNNl — Razoes trigonométricas no triangulo retangulo
5¢2
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b2+02=a2:T+c2:36=>c=4eentéob=2\/3

14. a) sen 20°15' = sen 20° + % (sen 21° — sen 20°) =
= 0,34202 + % (0,35837 — 0,34202) = 0,34610
b) cos 15°30' = cos 15° + % (cos 16° — cos 15°) =
= 0,96593 + % (0,96126 — 0,96593) = 0,96358
c) tg 12°40' = tg 12° + % (tg 13° — tg 12°) =
= 0,21256 + % (0,23087 — 0,21256) = 0,22476
d) sen 50°12' = sen 50° + % (sen 51° — sen 50°) =
= 0,76604 + % (0,77715 — 0,76604) = 0,76826
e) cos 70°27' = cos 70° + % (cos 71° — cos 70°) =
= 0,34202 + % (0,32557 — 0,34202) = 0,33462
f) tg 80°35' = tg 80° + g—g (tg 81° — tg 80°) =
= 5,67128 + % (6,31375 — 5,67128) = 6,04605
15. b=4-1g35°=b =2,80084cm
= Cos 35° = a = 4,88311 cm
16. c-sen30°=4=c=8
b=c-tg30°:>b=$
a2=b2+02:>a=%\/§
3 | Fundamentos de Matemética Elementar
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17. b-cos15° =4 =b =42 (N3 — 1)
c‘cos75°=4=>c=4\/§(\/§+1)
a2=Db2+c2=a=16

18. h=y-tg30°eh=x-tg60°=>%=%
19. x=25-sen 70° = x = 23,49 m
X +2=2549m
h+y y
21. d=—">ed="—=
gp g o ):L___}
h
Sh=d(tgp —tga) I
B/ }y
o) “ -

_ H-—h _h _ (1B
22. AB =g € AB= g =H h(—tga+1>

23. Xx=y-1g31°53" e x = (60 + y) - tg 30° = x = 503,57 m
503,57 + 1,50 + 721,50 = 1226,57 m

nivel do mar

Fundamentos de Matematica Elementar | 3
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24, x = 7000 - tg 84° = x = 66,60 km
_ 7000 _
Y= osga =Y~ 66,97 km
25. y=x-1g24°ey = (10 + x) - tg 20° = x = 44,72m
B
y
20° 24°
AT 10 X C
26. 4 —x=3-c0820°=x=1,18m
B 20°
4m
X
N[NNI — Arcos e angulos
3. a-b=-=
2| _ ,_165n _iiw . 150w _ 5w _,
_Iw 180 12 ’ 180 6
a+tb=—
4
36. a+tb+c=13°
at+b+2c=15°y > a=4°b=7°ec=2°
a+2b+c=20°
_ 2mr 2
R - Pedl
ﬁ B

p rad = « =2?Trrad ou 120°

o=

3 | Fundamentos de Matematica Elementar
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40. {=a-r=45-7=315cm
12
40 o o
42, a)OL:E'SO =20 2
6 = 180° — 20° = 160° . 5
8
6
=95 300 =750
b)OL—6O 30 27,5

6 = 180° — 27,5° = 152,5° ou 152°30'

6 o= 30-30°
60
6 = 30° — 15° = 15°

= 15°

_15 S50 — 750
d) «=5530°=75

6 = 150° — 7,5° = 142,5° ou 142°30'

Fundamentos de Matematica Elementar | 3
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44.

>
T
Il
o
N
3
Il

m
e rad

o

ﬁmagens de x| A A | P

P,
L X O% ™

~|

VNI — Razoes trigonométricas na circunferéncia

NIERN
w
3
K%
EE
3]

"
>
\p

Mo 3T _ V2 VA
49. sen ) = sen R 3n _
L3 ity el Y
sen5—w=sen7—ﬂ=—ﬁ }%
4 4 2 >
7
R, 1N, 7Y
7 4
PLI fus
n__ 2n_+3 LSS T
51. sen 3 = sen 3 "o ]g
A 5’1T__£ >
sen 3 = sen 3 - 5 ]‘%
Am SS1- =77 5w
3 3

V3 | 2 N3 +42
52. 8)74‘7—0— 2
07 d ()25
c) 3(1)—2(—%)+% 0=3+12

3 | Fundamentos de Matematica Elementar
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7'17_\/5 Vi
57. cosz—cosT— > %Tﬂ %
coss—ﬂzcoss—wz—ﬂ
4 4 2 d d >
2| 3 )
5uN_ 2 | 2 Y
4 4
m™ 111T_\/§ A
58. COSE_COST_T 5 .
cos5—ﬂ=—coslz—£ 6: :6
6 6 2 _v__v_ "
cos ’TI':C 5_’“-__& 7 _g g M
6 6 2 6 6
1, V2 —1+42
60. a)?‘l‘T 1= >
V3 1 N2 a3 +42
b2t T g
2 1 02 -1
2 3(1 6( 3\ _ 21+ 30V3
) -3 0*?(7) 7( 7)——70
63. 0° < 45° < 90° = (sen 45° >0ecos 45°>0) =y, >0
180° < 225° < 270° = (sen 225° <0 e c0s 225° < 0) =y, <0
S << 2m=[sen 7 <0ccos 7> 0esen T | =[cos T
> < 7 <27 =|sen 2 <0ecos— 7 >0elsen 2 cos 7 =
=y,=0

270° < 300° < 315° < 360° = (|sen 300°| > |cos 300°|;
sen 300° < 0 e cos 300° >0) =y, <0

oL 5T - VA @ ke
66. tg 7 tg — 7 1 3T 3 1
N . 1
3m _ . Im |, [
g 7 —tg—4 1 o 1 -
e AN -1
Sm 7n [
4 4

G Fundamentos de Matematica Elementar | 3
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69. a) V3+1-0=1++3
V3 1 43 -3
A
B 1 1 _ﬁ)_ —18 + 3
©) 2(1)+7(O) 3( 3 ) 9
3( .= 6 ﬁ)_g _ 3143
d)F( V3) 7(3 3O =735
71.  a) 180° < 269° < 270° = tg 269° >0 }:} y. >0
1
90° < 178° < 180° = sen 178° >0
5 ™ 51
b) O<H<?=>Senﬂ>0
37 _ 23w 237w
20 ~£20 =27 <0
> < 17 < 2w = cos 1o >0 ¢ =Y,
37 _ 12w 127
74 cotglzcotg5—w= 1
’ 4 4
cotg??T1T = cotg% =-1 u
3 VA \3
75. cotgizcotg7—ﬂ=\/§ N >
6 6 57 o ”’n"
5T _ ote = YA X' &
cotg 5 cotg 5 V3 \:V,, _
e ~ u
cotg5—ﬂ=cotgﬂ—w=—\/§ Ia \"’ ~/ 1in
6 6 6 6
77. a) —3+1+\/§=3+—LN§
3 3
—3)_1 _ .3
PR
3 | Fundamentos de Matematica Elementar
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79.

81.

82.

84.

0 BB (@3- 2E0E
) %< @)_g_@_g(_1)+4 ( @):—111@—42@+7o

3 105

2

a) 180° < 269° < 270° = cotg 269° > 0 } . >0
90° < 178° < 180° = sen 178° >0 !

i 5t 5
—< < = >
b) > 11 ™ = Sen 0
3w 23w 23w
oM - £9T <0
> < 17 < 2w = cos 1o >0 =Y,
3 127 127
e = <
> = 27 = cotg 7 0
secS—Trz—s c L —&
6 6 3
sec 1T — _gee ™ — 203
6 6 3
seo—iiw— eci:—z\/§
6 6 3
sec5—ﬂ=se01=2
3 3
se02—ﬂ=sec4—w=—2
3 3

a) 180: < 269: < 270: = sec 269° < :1 } =y, <0
90° < 178° < 180°=0<sen178° <1
b) w<i—;r<%:>sen ?L—I>O
37“<213—27T<27r:cos 213; >0 =>Y,>0
37“<127ﬂ<2w:>sec 1;“ >0
Fundarmentos de Matemética Elermentar | 3
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o _ L
86. cossec 5 cossec 5 2
cossec Im_ cossec Am _ -2
6 6
u
v
27 ™ 23
. L —_ == V3
87 COSSeC == = cossec — 3 (o, T)
2m N w
cossec am_ cossec Sm_ —& : 3
3 3 3
u
47 5m
ER 3
2\3
(0.-27]
89. a) 90° < 91° < 180° = cos 91° < 0 e cossec 91° > O} -y, >0
|cos 91°| < |cossec 91°| :
b) 90° < 107° < 180° = sen 107° >0 e sec 107° < 0} = y,<0
|cos 107°| < |sec 107°| 2

n n m
C) O<7<?:>COtg7>O
7w _ 3w 7
< < > = <0
™ 5 > = tg 5 0 Y3
9w _ 3w O
1T<?<7=>S€C?<O

SR REE

3 | Fundamentos de Matematica Elementar a



MANUAL | COMPLEMENTO PARA O PROFESSOR

O \:IINAVE) — Relacoes fundamentais

92.

94.

95.

97.

99.

101.

102.

cossecxz—gzsenxz—%
24 25
7
2 + 2 — - _
sen< x + cos“ x = 1 = Cos X 55
(1o x = 24 - - _25
edaitgx = 7,cotgx—24esecx 7
_2Ym _ (m—1)Vm
cotgx—m_1:>tgx— >
tg2x+1=sec2x=>secx=tm—H:cosx=t2m
2 2 2 2
2 2, _ _ 4 (a= — b9 _ 4 (@2 +b?)
sen< x + cos® x = 1 = cos X T oS =

1
senx=§:>cossecx=3

sen’x + cos?x =1 = cosx=¥
1 =>cotgx=2\/§
SenX:§

_ 2 CcOSSec x _2-3 ~v=6
y cossec? x — cotg? x -8~y
cosx=£:>secx=§;se02x=tg2x+1:>tg2x=£

5 2 4
_ 212 212 _ 457
y—<1+4>+<1 4>:>y— 8

5secx —3(sec?x —1)=1=3sec?2x —5secx—2=0

. 1 ~ .
e dai sec x = 3= cos X = —3 (nao convém), sec x = 2 =

:>cosx=1
2

sen?x + cos?2x =1 =senx = *

V3
2

sen?x + cos?x — 5senxcosx =3 = —5senxcosx =2 =

—5 sen x cos x 2
cos? x cosZx 5t ( p: :z =
=2tg2x +5tgx+2=0=tgx=—2o0utgx = -5
Fundamentos de Matematica Elementar | 3
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105.

108.
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~ 1 _m__ 1 L i2-om-3= = -
cotgx—tgx:>3 m_2:>m 2m—3=0=m=3oum 1
COSSsec X = a+1=>senx= ate
Va+2 a+1
qa+2)2 < 1 )2
2 2y — —
sen< x + cos® x 1:><a+1 + P—] 1=

= al+a—-2=0=a=1
(senx +cosx)2=1+2senxcosx=a’=1+2b=a2—-2b=1
senx +cosx=a=sen?2x + 2-senx-cos x + cos?2x = a2 =

2 _
:>senx-cosx=a 1

y = (sen x + cos x)(sen? x — sen X - cos X + cosZ x) =

=a-(1— a22—1>: a(32—a2)

o \Nl KRl — Arcos notaveis

112.

113.

115.

2 -2

tg =12 —V4=2) = V2 —\2; sen 5
sen21+cos21=1:>cosl=ﬂ;tgl= /2_\5:
8 2 ++2

8 8 8 2
:tg%=—1+\/§

m V10 — 2V5

™ V6 + 2V5

g _ YU T 2No 2T 2T _ a_
sen 5 4 e sen 5\/‘1008 5 1=cos 5 4
T 5 _oyg sen Yo —1 2 T 2 M _
tg5 =5 — 2V5; sen 0°- "2 e sen 1o+cos 10—1=>
:cosl=\/10+2@-tgl= V6—1 25 —10V5
10 4 7710 N10+2V5 5
1 3 1 <3 ] >
A = = 2 = 22 2
{Or 27 2717 27 27 1 ________ .
_ N2 V2 } . 6
‘[1'70"7‘1 "

ANB={-1,0, 1}

3 | Fundamentos de Matematica Elementar
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VIR — Reducado ao 1° quadrante

T _ (= _ Ty = -3
118. sen(x+?)—sen[w (2+x>] sen(2 x) COS X 5
119. a)sen2x+cos2x=1:>cosx=§
LI I S = — T )=
b) cos<x+?>— cos[fn (2 +x)] 003(2 x>
=—senx=—i
2
c) sen<x+l>=sen{fn—1+x>]=sen<1—x):cosx:£
2 2 2 2
sen<x+%>
d)tg<x+—= = —3
cos(x+1)
2
1 1 V3
e) cot x+1)= =——==——0
) g( 2 tg(x-l—l) \3 3
2
f) sec<x+— = 1 = =2

120. a) [sen x + sen x][cotg x + cotg Xx] = 2 sen x+ 2 cotg x =
COS X

=4 senx- = 4 cos x
sen x
senx — 1
) tg X — sec x _ cos X -
[tg x + cossec X] - sen x (sen2x+cosx)-senx
COS X * sen X
__senx—1
sen? x + cos x
— +
121. senx —senx ftgx _ tgx _ 4
—tgx —cosx+cosx —tgx
- — + +
122. senx —cosx +cosx +3senx _ _2senx - _tgx

—COS X — COS X — Sen X + sen X —2 CoSs X

Fundamentos de Matematica Elementar | 3
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SR — Funcoes circulares

124, Vi

Vi

%

>| o|a
cy

cy

VA
D (1N
A
1w
8
AP = E do ciclo, no

- 1 .
AP = 16 do ciclo, no =16
sentido anti-horario sentido anti-horario

VA

N Ty

N/

AP = 3 do ciclo, no

16
sentido horario

v _15m

(.

LA

L3 e = sdo
6 6

B oo
AP = 16 do ciclo, no

sentido horario céngruos

- 1 .
AP = 15 do ciclo, no
sentido anti-horario

3
17w

N

LA e 3w sao
2 2
congruos

A_i .
P= ) do ciclo, no

sentido horario

v

3w
K4
u

ane
NV

irm e - s30 cONgruos _3im
4 4 4
=<1 .
AP ¢é 5 do ciclo, no

sentido anti-horario

3 | Fundamentos de Matematica Elementar
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126. E={A"A F={AP,P, A, PP}

VA A
B B

N T
NPARRNYA

4

U!\
cV

B'

G = {P, Py} H ={P,, P, Py, P,

VA VA
B B

u
Ps Ps
P3 ' P '

127. a) 830° = 2(360°) + 110° = sen 830° = sen 110° = sen 70°
1195° = 3(360°) + 115° = sen 1195° = sen 115° = sen 65°
0° < x < 90° = sen x é crescente = sen 830° > sen 1195°

b) —535°=—-360°—175°=cos (—535°)=cos(—175°) = —cosb°
cos 190° = —cos 10°; 0° < x < 90° = cos x € decrescente =
= c0s 5° > cos 10° = cos 190° > cos (—535°)

cV

130. N Im(f) =[-2, 2]
X sen x y=—2senx p=2mw
0] 0 0
- 1 2
5 _
Tr 0 0
3m
2| §
2 0 0
. J

Fundamentos de Matematica Elementar | 3
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0 X
11 —--:
LN

132. [ N Im(f) = [0, 3]

X sen x y = |3 sen x| p=m
0 0 0
m
> 1 3
o 0 0
37
2 1 3
21 0 0

_ J

YA

3--___- 2 N

o [ e

0 A Y AN S

0 E: i ,'i‘rr =X

2 2,
e
3 | Fundamentos de Matematica Elementar

MANUAL
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136.

137.

a B N\
X t= 3 y = —sent
0 0 0
3m o
2 2 -1
3 ™ 0
O 37
2| 2 1
o 2T 0
- J

\y

Im(f) = [—1, 1]
p = 6w

e N — -
X t = 4x y=3sent Im(f) = [=3, 3]
p=I
2
0 0 0
™ K
8 2 3
% ™ 0
37 3
8 2 -3
™
- 21 0
2 Y
Fundamentos de Matematica Elementar | 3
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YA

g )
139. X sen x y=—2+senx Im(f) = [—3, —1]
p=2m

0 0 -2
™
> 1 -1
™ 0 -2
3w
2| 1 -3
2m 0 -2

\_ J

<Y

3 | Fundamentos de Matematica Elementar
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140. [ N Im(f) = [—1, 3]

X sen x y=1+2senx | p=2x

0 0 1

m

> 1 3

Tr 0 1

3

2| 1 -1

2 0 1

_ J

xy

141. ~ N Ime =14, 3]
X sen X y =2 — senx
p = 2w

0 0 2
m

> 1 1
™ 0 2
37

. 8
2T 0 2

. J

Fundamentos de Matematica Elementar | 3
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YA

3.._______________
2fk-----=-=-=-==

o
<
i
e
e
Ea
p
+—
e
(0]
()]
aF o i [qV} ~—
— | [ |
_
I
>
-
- “4 | o]l 4] o
[} |
(7]
&
E E
I Elv| € 3_2 ~
-
= gl | & %_4 E
&

142.

YA

19

Fundamentos de Matematica Elementar
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143.

145.

c Ny N Im(f) = [-2, 4]
X =5 sen t y=1+3sent | p=4n
0 0 0 1
™
Tr ) 1 4
2T ™ 0 1
3m 37“ ~1 -2
Qg 2 0 1
. J
X
( o —eent | MO =111
X X+ y = sen p=2n
™
3 0 0
o ul 1
6 2
21
3 g 0
7 3
6 2 -1
Sm 2 0
\_ 3
Fundamentos de Matematica Elementar | 3
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YA

146. [ - N Im(f) = [—1, 1]

X t=2x—§ y =sent p=m
% 0 0
5m o

1 2 1

11 3

12 2 -1
7

—_ 2 0

\_6 Y,

YA

xy

3 | Fundamentos de Matematica Elementar
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147. [ X  w N Im(f) =[-1,3]
X tZ?—g sent |y=1+2sent| p=4x
v
3 0] 0 1
41 o
3 2 1 3
Ik
3 oy 0 1
10T 37
3 2 -1 -1
13m 27 0 1
3 Y,
YA
- T y—2m_ 2m
149. t—217x+2:>p— c 217:>p_1

Fundamentos de Matematica Elementar | 3
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150. = N Im(f) = [~1, 3]
X t=2x—§ sent ([y=1—-2sent| p=mn
T
= 0 0 1
S5 U _

i) 2 ! !

¥y

5 m 0 !

117w 3

| 2 -1 3

Iw o 0 1
\_ 6 J

m-1_ 2m — 3 _ -3 >
b)m = -1 — O=m 2oum 2 (A)
2_1<1= 1 _<o=sm<2(@

Fazendo a intersecao de (A) com (B), vem m <

][
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153.

154.

g N\
X cOS X y = —COS X
0 1 -1
T
> 0 0
™ -1 1
37
2| 0
21 1 -1
_ J

Im(f) = [—1, 1]
p = 2w

4 N Im(f) =[-2,2]
X COS X y = 2 C0S X p=2m
0 1 2
m
> 0 0
ay -1 -2
37
2 0 0
21 1 2
J
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25

)
q_u, A%
0k
~
€
Ea
[
A N\ g
8 o
o £
s ™ o ™ o ™ o
| | I ]
I i
> mmm
;
D
< @
o | 4| o| 4| o p3
o | o
© T
0
3
- o
E E =
= O |ElN| E |HlN] & m
N J o
C
J
L

155.
3
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156.

157.

Fundamentos de Matematica Elementar

g Im(f) = [0, 1]
X COS X y = |cos x| p=m
0 1 1
w
5 0 0
oy -1 1
3
2 0 0
21 1 1
-
y
g -
REN | |
2 | .
05T | |
of £z 2= w 3w 2 x
6 4 3 2% ' /2
,1.______________::-JI."_,_, ________________
( Im(f) = [—1, 1]
X t = 2x y =cost p=m
0 0 1
m m
) 2 0
T
> ™ -1
3 3
z 2 0
T 217 1
N



158.

3

COMPLEMENTO PARA O PROFESSOR

<V

_______lel__

s ) _
X _ Im(f) = [—1, 1]
X = > y =cost D= 4n
0 0 1
o
™ > 0
2T ™ -1
37
37 N 0
Vi% iy 2 1
N J
vA

Fundamentos de Matematica Elementar
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159. f ) Im(f) = [0, 2]
X cosx |y=1+ cosx p=2m
0 1 2
m
> 0 1
0y -1 0
37

2 0 !
21 1 2
. J
YA
2% --

-
1
|
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
|
1
1
1
1
1
1
1

£

1
1
1
1
1
1
1
!
T

=Y

N[ 4= === - = -
3

0| zxx 3 P
6 4 3 2
160. s N Im(f) =[-1, 3]
X t = 3x cost [y=1+ 2cost _ 2m
-3
0 0 1 3
K ™
6 > 0 1
e
3 i -1 -1
™ 3
5 5 0 1
2
= | 2w 1 3
- J
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COMPLEMENTO PARA O PROFESSOR | MANUAL

<Y

e ——
161. . t=x—% . Im(f) = [—1, 1]
’IT
4 0 1
37 ™
| 2 0
5
Tﬂ oy -1
7 3
| 2 0
9
Tﬂ 2m 1
_
YA
3 | Fundamentos de Matematica Elementar
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162.

163.

a o N Im(f) =[—-2, 2]
X t=x—? y =2cost :7_7r_1:2
- P=3 ~3 ="
3 0 2
51 ™
6 2 0
4
=R -2
11 37
6 o 0
7
= 2m 2
o J
YA
"x
( o N\ Im(f) =[-3,1]
X =3x—7 cost |ly=-1+2cost 30 o om
~ 4 12 3
15 0 1 1
2 [ o]
5
12 ™ -1 -3
7 3
12 2 0 -1
3
T 2m 1 1
o J
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<Y

t+ 2 3t+1 1 1
t+ 2 —-t+3 1
1 s1:>2t_ 1 =s0=t< > out=3 (B)
Fazendo a intersecao de (A) com (B), vem t < —% out=3
166. [ N p=27
X COSX | senx |y =cos X — sen X
0 1 0 1
ERN R ) 0
4 2 2
e
> 0 1 -1
37 V2 V2
2| 2| 2 —V2
™ -1 0 -1
Sm | V2 | V2 0
4 2 2
3
N 0 -1 1
Tn | 2 | _J2
2 | 5 | 2 V2
27 1 0 1
. J
3 | Fundamentos de Matematica Elementar
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167.

168.

169.

171.

172.

Solucao 1
O<x<%=>senx>0esenx<1=sen2x<senx (1)
0<x< %:>cosx>0ecosx<1:>cos2x<cosx (2)
De (1) + (2) = sen x + cos x > 1.

Solucao 2
\ No triangulo OP,P temos:

OP, + PP > OP

7
/ *
- - (um lado é sempre menor que a soma
of P x dos outros dois)

Entao:

cosx +senx>1

X = X TSX= 5P = 5

A sequéncia é cos a, —C0S «, COS «, —COS «, ...; entdao: a soma dos
12 termos iniciais € zero.

a) t=3x;3x¢%+kw;D(f)={xE[R|x#%+k1,kEZ}

3
b) t=2x—T;ox— T 2T 4 ;Df={ ER ¢5i+k1,kez}
) 1= 2x - g2 g F o Hkm D) = (X ER [x# 5 kg
a2 —50+4=0=a<1loua=4
Fundamentos de Matematica Elementar | 3
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174. t=2x+ " ox+ T~ = T 4 km; V4

6 6 2
_ T }
D(f) {XERIX¢6 k2,kEZ

T T s o L
o St = ERRE _m Ll/oz T x
3 12 6 3
- T (AT
P=% (3 2
175. t=x—%,x—%¢kw,D(f):{xe[Relx;é%Jrkw,kez}
3 41 41 ™
<x——=< T ox< 2 p=2T T _
0 <x 3 7r:>3 X 3,p 3 3 o
_ S L LU
t—2x,2x¢2+k1-r,D(g) {XER|X¢4+k2,kEZ}
37 T 3w, _3m _[(_m)\_
?<2x<2: T<X<T,p—4 ( 4> m
- a a = -
t—x+4,x+4¢k1-r,D(h) {xe[RRIx;é 4+k'rr,kEZ}
O<x+1<27r=>——<x<77rp—7—w—<—1>=27r
4 4 4’ 4 4
176. a2-m=0=>m=<2
b)3m—2<—1:ms%ou3m—2>1:>m>1
2m — 1 —-m 1
ou
2m -1 5m — 2 1 2
= —<ms=<
1-3m - 121-am 023 M=%
1
177. 1 (L +cosx?2 _ COS X _ _Cosx _ cosx
<1+ 1) (1—cosx)% V1 —cos?x VsenZx |senx|
COS X
senx "% cos2x  cosx
178. _ L LOS X _ cotgdx
1 sen X sen< x
— cos
COS X

3 | Fundamentos de Matematica Elementar
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1 —sen?0 (1 + sen@)(1l — senH)

- == — +
179 1—send 1 —senb 1 +send
1
180 (cos? x+sen®x)(cos? x — sen?x) _ cos?x — cos? x - tg x _
) (1 + tg2x)(1 — tg2x) sec2 x - (1 — tg2 x)
_C0S%X _ 4
= ——%— = c0s"* X
sec? x

senx+ (1 +cosx? _ 2+2cosx _ 2 _
181. sen x - (1 + cos x) senx-(1+cosx) senx 2 cossec x
182. sen x — cossec x =t = (sen x — cossec x)2 = t2 =

= sen?x + cossec?x =t2 + 2

)
2 2 _ 2

183. sec >2< _ __sen x2 _ n _ (n—1)

cossec® x 1 — sen®x (n—1)2 2n — 1

-1
_y_sen(=x) _ _senx _ _ . <

184. a) tg (—x) 505 (=x) v~ tg (x); a funcao é impar

b) cotg (—x) = 1 __ 1 _ —cotg (x); a funcdo é impar

g te (—x) te x g (X); C p
c) sec (—x) = 1 -1 _ sec x; a funcao é par
coSs (—X)  cos X
d) cossec (—x) = 1 -1 _ —cossec x; a funcao é impar
sen (—Xx) sen x

185. a) 0 € D(f), fé impar = f(—0) = —f(0) = f(0) + f(0) = 0 = f(0) = O

b) £é Impar = f(—x) = —f(x) } = —f(x) = f(x) = 2f(x) = 0 = f(x) = 0, ¥x
f é par = f(—x) = f(x)

186. f(x) = f(—x) = 3 = f(x) € par; g(x) é par, Vn, pois
g(x) = f(x) - f(x) - ... - f(x) = f(—x) - f(—x) - f(—x) - ... - f(—x) = g(—x), Vx

n fatores n fatores
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XLV — Transformacoes

188.

189.

190.

193.

195.

cotg (120° + 45°) = (2 + V3):
3,
3
0 ow_ V2 3 V2 1 _J2-16.
cos (225° + 30°) = T'T+T'?_ 7 .
o1 _ _5_
S€ 225° = o5 255° V2 -6
o ow_ V2 V3 1 2 V6-+2,
sen (45 =309 = Z- -5 T g
cosse015°=;0:\/6+\/§
sen 15
o 2-1 1
CA-B=175173
o e V3 V2 V2 1 6 2
R e AR DU
2
cos (30° + 459 = 33,321 N2 V6 2 g

cos x = +V1 — sen? :%; cosy = —V1—sen?y = —%,

tgx—g tgy—%
sen (x+y)_% (__) (_%)(%)_
cos (x +y) = tg( ):__;L

a) f(x) = cos 2x - cos 2x — sen 2x - sen 2x = cos 4x

D(f) = R; Im(f) = [1, 1] p = 7
=9. a — a =92. a
b) g(x) =2 - sen 3 COS X — 2 cos 3 senx =2 sen(3 x)
D(g) = R;Im(g) = [-2,2]; p = 2w

senx , cosx

COS X COS X tgx+ 1 ( )

= = = + —

©) h(x) COS X _ senx 1 8 |x 4

COS X COS X

3 | Fundamentos de Matematica Elementar
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196.

197.

199.

201.

203.

204.

205.

206.

m m _ m
X+Z¢5+kw:>D(h)—{x€[R|x¢4+kfn}
x4 T T - _3m

S SR
X+1:1:>X:1

4 2 4

f(x) = sen x (cos 2x cos 3x — sen 2x sen 3x) +
+ cos X (sen 2x cos 3x + sen 3x cos 2X) =

= f(X) = sen x cos 5x + cos x sen 5x = sen 6X; p—%z%
(2 ++3) -3
tg (75° — 60°) = ~—————= =2 — 3
& 1+ (2 +V3)V3
2 2

tgx+cotgx=3:>w=3:>senx-cosx=i:>

COS X - sen x 3
:>2-senx-cosx=%:>sen2x=%

a) sen(%+2a>=cos2o¢=1—2sen2a:>sen<%+2a)=%

b) cos(1+a>=ﬁcosa—£sena
4 2 2 ™ V10— 2V2
NG = COS Z+oc B
cos o = 1—sen2cx:>cos<x=T
sen x = — ( ):senx——i'
Vi-ls 5’
sen 3x = (—i ( ) =t
x= 5 -~ 125
COS X = — 1—(£>2:>cosx=— 5
13 13’
5 \3 5 2035
cos 3x = (‘F) 3'(_ 13) 2197
3 ﬂ_(ﬂ)3
tgx=\lsec2x—1=ﬂ=>tg3x= 3 3 =—5ﬁ
: T
3
14 ™ ™ 2w
2—— 2 = — -—_— —_ —_—
(sen 15 ~cos 12>+tg3+tg 3 cos<2 12)+tg3+tg3
U <
6 2
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208. a) f(x) = (cos? x + sen? x)(cos? x — sen? x) = cos 2x
e N\
X t = 2x cos t Im(f) = [—1, 1]
D(f) = R
0 0 1
p=a
e T
7| 2 0
D
> -1
37 3w
7 | 0
™ 21 1
. J

<Y

b) g(x) = 2(2 sen x cos x)2 = 2 sen? 2x = 1 — cos 4x

s N\ _
X t=4x | cost |[y=1 — cos 4x Im(g) = [0, 2]
D(g) = R
0 0 1 0 p="
D ™
) > 0 1
% ™ -1 2
37 3
8 | 2 0 1
T
- 21 1 0
\_2 Y,
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v
3 N S ——
A A W —
0 = = 3w = %
8 4 8 2
2
¢) h(x) =(cos?x+ sen?x)2—2-cos?2x-sen?x=1— 2-(%”) =
_ 1 2o 1 (1 — cos 4x) _ 3 1
= - = = - — [ 2ER ) = = 4 .
1 > sen2x =1 > 5 7 7 cos 4x
4 ) 1
X t =4x cos t y = h(x) = [? ]
0 0 1 1 =R
p= 1
il o 3 2
8 2 0 2
™ 1
4 -1 2
3 3
T 7| o | =
4
K
L2 2T 1 1 )
VA
1
3
4 :
1 .
2 : | : :
T 1 2z E
8 4 8 2
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210.

211.

212.

215.

216.

COMPLEMENTO PARA O PROFESSOR | MANUAL

1 . 2m
a) f(x)—?sen2x p—7:>p—1-r
b) g(x) —# (1 —tg22x) - cos22x = c0s2 2X — sen?2x = cos 4x
sec” 2x
21 ™
p= 2 =p= >
¢) h(x) = (cos? x + sen? x)(cos* x — cos? x - sen? x + sen* x) =
= (cos* x + sen* x) — cos2 x - sen? x =

(
= (

cos2x + sen?x)2 — 3 - cos2x- sen?x =

_,_3 2 _ _i<1—0084><)_£ 3.
=1 4(sen2x) =1 7 > _8+8 cos 4x
_2m _m
P= =73
3 4 24 4\2 3)\2 7
sen 2a =2 F ? %, cos 2a (g) —<€> —g,
31
sen 2a + cos 2a 55

/ _ |8 V5 2\ 45

senb = - —;sen2a=2- 3 ( ?>__T'
1 | 1 8 __ 7

Coszb_(?)_( ?)‘9 9 9

=Stgx=—+

1
tg 2x T Egx 2 tg x
=2tg2x—2a=—btg?x+b=(2=-be—2a=b)=b=-2ea=1

tgx=acotgx+b-

cos 6 = — —senzezcosez—g,sen%:+ _1_;3039 -

— sen o= —2=; A= 252 + V10

A=25- A=18
2 410 \/_:>

:cos(ﬂ)= j2n+l

2 2n + 2

:cos(i) _N4n?+6n+2
2 2n + 2
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X _ ,[1—cosx N3 . x __ [1-—cosx _ V2
218.  senm =+ 2 T3 Y T T csx . 2
1—cosi
:+/1+cosx: 7;seni=+ - P2
2 5v2 4 2
_ . [10-T7\2
20
X
e Xy 1+cos5 /10+7@-tgiz [10 - TV2 _
4 2 20 "4 10 + 772

219. cos

N[ =

=52 -7
_ 1
220. secx—4:cosx—T
3 3 X
7<X<21T:T<?<Tr

| 1+ cosx V15
tg(%Jr%):—cotg%:—(— 1—cosx): 3

222 f(x) = V1—-cos2x _ [1—cos2x _ Itg x|
) Vi+cos2x N 1+ cos2x

|m(f):R;DZ’IT;D(f)Z{XEIR|x;&1+k,‘T}

* 2
223.  f(x)=V1+cos4dx =2 - /%:@‘|COS2X|
2-85 2'% 4
224. tga= = 12:?
2 2 (=
et 1o
2 g2
225, cotg%= 1a :tg%=§;sena=—2=%
tg_ 1+t2i

2 2
2 senbcos (a+ ¢)

a+2b+a) <a+2b—a
- coSs

229, a) y:2sen<a+b+0_a+b_C>~cos(a+b+C+a_b+C>:

b)y=2-cos( > 5

)=2003(a+b)cosb
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231.

c)

e)

f)

a)

b)

COMPLEMENTO PARA O PROFESSOR | MANUAL

y=[sen(a+ 3r)+ sena] +[sen(a+ 2r)+sen(a+r)]=

—5.gen28 30 3 5. en2@t3r o
= 2 -sen > cos > + 2 - sen > cos >
=2-sen M-(cosgntcosL):éLsenm-cosr-cosL
2 2 2 2 2
y = [cos (a + 3b) + cos a] + [cos (a + 2b) + cos (a + b)] =
2 2 2 2
_H. 2a+ 3b 3b by\_,. 2a + 3b_ ) b
=2-c0s > (cos > +cos 2) 4-cos > cosb 0032

y = (cos p + cos q)(cos p — ¢cos q)

-2 o2 (52 om(2 ) (5]
y 2003( > cos > 2-sen > sen >

= —sen(p+q)-sen(p—q)

y = (sen p + sen g)(sen p — sen Q)

y=2-sen(p;q)-cos<%>-2sen<p;q)-cos(p+q):

= sen (p + q) - sen (p — q)

_1+cos2p 1-cos2q_ 1 _
= > > > (cos 2p + cos 2q)
=cos(p+q)-cos(p—aq)
_ 2sen(atb)cos(@a—hb) _ _ _
—2sen(a+ b)sen(a—Db) cotg (@ — b)
iy ™ a n a
:sen7+sena:2sen(4 +?> cos(4 ?>:
™
sen— — sena 1_i>. (1 i)
2 2sen<4 > cos 4+2
g8, amo_a
_tg(4+2> C°tg<4 2)
ptg_T/wm.p—q_ w. _ _ 3m,
2 8’ 2 g P=mea=74 5
1 T 3 1 3m -2 -2
= . —_— —_— = = —+ —_— | =
y > (20058 cosg) 2(00317 0054) 7
ptq_13wm.p—-q_T7m  _57 _ 7.
2 ' 2 12P 3 97
=—i(—25en13—ﬂ-sen7—7T>:—i<cos5—7T—cosl>=—i
y=77 12 12 2 3 2 ]
ptq_5m.p-q__m.  _m _T.
2 24’ 2 24Pt etATg
—i(2sen5—w-cos—>—i(sen1+senl)— 1+1\2
Yy=75 24 24)~ 2 4 6 4
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233.

235.

236.

237.

238.

(tg 81° + tg 9°) — (tg 63° + tg 27°) =

_ sen 90° sen 90° _
c0s 81°-¢c0s9° cos 63°-cos 27°
1 B 1
(cos 90°+ cos 72°) % (cos 90°+ cos 36°)

NJIS

_ 2 _ 2
sen 18°  sen 54°
:2-2~sen 18° - cos 36°
sen 18° - sen 54°

2 (sen 54° —sen 18°)

sen 18° - sen 54°

=4
= a = LU I _m
f(x) = sen 2x + sen(2 +2x) 2 sen <2x+ 4) cos( 4>

fx)=\/§'sen( %)D = R; Im(f =[—\/§,\/§],p=frr
(

sen [+ )
4
i I
s LI LIS
tg4+tgx cos - cosx_sen(4 X—tg(“+x>- B
tg——tgx oo _sen<1—x>_ 4 P
sen |5~ — X 2
COS = oS X
4
|Senx—senYI=‘2senxgy-cosx+y‘=
- . X—Y|. Xty Y|4 =
|2] - |sen 5 ‘ ‘cos 5 ‘ |2] - 2 ‘ 1

=‘2-(%>‘=Ix—yl:>|senx—seny|slx—yl

a) tgb(tgat+tgc)+tgc-tga=-cotg(a+c)-(tgat+tgc)+tgc-tga=
_cos(@atge .
sen (a + ¢)

sen (a + ¢)
COS a cos ¢

+ sencsena
cos c cos a

:cosacosc—senasenc+sencsena

COS a cos ¢

b) cos?a + cos?b + cos?c—2-sena-senb-senc=
=1+02°S2a+1+02052b+(1—sen2c)+(—2-sena-senb)-senc=
=1+ cos(a+ b)cos(@—b)+ 1— sen?c+ [cos (a + b) —
—cos (a—b)]senc=
=2+senc-cos(a—b)—sen?c+[senc—cos(a—b)]senc=2

=1
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242.

244.

245,

246.

COMPLEMENTO PARA O PROFESSOR | MANUAL

sen 4A + sen 4B = —sen 4C =

= 2 sen (2A + 2B) - cos (2A — 2B) = —2 sen 2C - cos 2C =
= sen (360° — 2C) - cos (2A — 2B) = —sen 2C - cos 2C =
= CcosS(2A—2B)=c0os2C =>2A—-2B=2C =

=><A=B+C=10u2A—2B=—2C>=>B:A+C=1

2 2
A+B+C=7=>C=wn—-—(A+B)=>3C=37—-(3A+ 3B)=
= sen 3C = —sen (3A + 3B), entao:

(sen 3A + sen 3B) + sen3C =0 =
:2-sen3(A£L B)-coss(A; B)—2-sen3(A2+ B)-COSS(A2Jr B)=O:
:2-sen3(A+B)-{0053(A_B)—cosw]=0=>
2 2 2
een3A+B) (3A 3B _

= 4 - sen > sen > sen > 0=
:senw=00usen%=00usen3—8=0=>

2 2 2
=C= 3 ouA 3 ouB 3 (respectivamente)

4 sen (x + 60°) - cos (x + 30°) =

= 4 (senxcos 60° + sen 60° cos x) - (cos x cos 30° — senxsen 30°) =
= (sen x + Y3 cos x) - (V3 cos x — sen x) = (V3 cos x)2 — (sen x)2 =
= 3 cos?x — sen? x

a) f(x) =sen2x,Im(f)=[—-1,1],Df) = R,p=

<Y

2 \\ 7’,/
D T . N
b) f(x)=sen2x+sen<2x+1)=2sen<2x+%)-cos<—%)=

2
=2 sen (2x + %)

senu+cosu=senu+sen(%—u)=\/§-cos<u—%)=\/§cosv(1)

T
2 7 2 2
_V2-cosv _2-cosv _  2x
cos 2v cos 2v 2x2 — 1
V2

3 | Fundamentos de Matematica Elementar



MANUAL | COMPLEMENTO PARA O PROFESSOR

1 + cos 30°

247. n<20-c0s?15=20" 5 +%

_ 5. (L
=20 (2

entdon = 18

2

> = 18,66;

4

248. f(x) = cos 2x + sen 2x = sen (1 + 2x) + sen 2x = V2 sen (1 + 2x

Im(f) = [—v2, V2]
— Identidades

253. a) f(x) = (cosZx + sen?x)2 =1 = g(x)
sen x COS X sen X COoS X
b) 1(x) COSSec x Sec X 1 1
sen X CoS X

=sen?x + cos?x =1 = g(x)

senx , COSX _ sen? x + cos? x

254, f(x) = tg x + cotg x =

1
= . = SecC X + cossec x = g(x)
COS X sen x

n x X 1
255.  f(x) = (Se + oS )( — cos x)(
cos x  sen x/\cos x sen x
_ (sen2 X + cos? x)(l — co0s2 x)(l — sen? x)
sen x cos X coSs X sen x

COSs X sen X Seén X COoS X

_ sen?x-cos?x _ ,
= P x o2y~ 1=8X)
sen? x - cos? x

2 2
256. £(x) 1 1  sen“x+cos‘x _ 1

— séen X)

1

= sec? x - cossec? x = g(x)

_ cotg?x _cos’x . 1 5. _
257. Tk cossec2x  senZx’ sem2x 0% X gx)
— 2 2
258.  fix) = (senx —cos x)(sen” X +Cos” X +senxcosx) _

sen x — cos X
259. f(x) = 1 + cotg? x + tg2 x = sec? x + cotg? x = g(x)

260. f(x) = 2<sen X + m)(cos X + M) =
COoS X sen x

[sen X (cos x + 1)] [cos X (sen x + 1)] _
coS X sen x

(cos x + 1)(sen x + 1) = h(x)

=2
=2

= + = = .
cos?2x sen?x  cos?x-sen?x cosZx sen?x

)

1+ senxcos x = g(x)

Fundamentos de Matematica Elementar | 3



COMPLEMENTO PARA O PROFESSOR | MANUAL

g(x) = (1 + sen x + cos x)2 =
=1+ sen?2x+ cos2x+ 2senxcosx+ 2senx+ 2cosx=
=2(1+ senx+ cosx + senxcos x) = 2(1 + sen x)(1 + cos x) = h(x)
261. f(x)=1+ 2cotgx+ cotg2x+ 1 — 2cotgx + cotg2x =2 + 2 cotg?x =
= 2(1 + cotg? x) = 2 cossec? x = g(x)
(1 —cos2x)? _

262. 0= T cormy = (

sen? x
cos? X

2
) — tgf x = g(x)

263. f(x) — g(x) = cotg2x — 2 cotgx - cos x + cos2x+ 1 — 2-senx + sen?x —
— 1+ 2 - cossec x — cossec? x =

COoS X 1
=—-2.-———-cosx—2-senx+ 2- =
sen X sen x
:—2-0032x—2-sen2x+2_O
sen x

+ +
264. f(x) — g(x) = cosx+cosy _senx+seny _
SenXx — seny  COSYy — COS X
_ cos?y —cos?x — sen? x + sen?y
(sen x — sen y)(cos y — cos X)

COS X
COS X + ——
_ senx _ (senx-cos X + COSX) - COS X _
265. f(x) = = =
sen x 1 sen x (sen x + 1)

COS X  COS X
_ cos?x (senx + 1)
sen x (senx + 1)

= COS X * cotg x = g(x)

_ sen?x —cos?y + cos?xcos?y _ sen®x —cos?y (1 —cos?x) _
cos? x - cos? y cos? x - cos? y
sen? x (1 — cos?y)

" cos?x - cosZy tgx - tg?y = gi)

266.  f(x)

267.  g(x) = cossec? x — 2 - COSSEC X - cotg x + cotg? x =
1 2cosX , COS2X
- 2y 2y T 2y
sen’x  sen’x  sen?x
_ (1 —cosx)? _ (1 — cos x)2 — fx)
1—cos?2x (1+ cosx)(1— cosx)
cosx . cosy
268 fix) = SENX__seny _
' senx  seny
COSX  COSY
_(cosx-seny +cosy-senx) (cos x - cos y) _
senx-seny (senx-cosy + seny - Cos x)

= cotg x - cotg y = g(x)
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269.

270.

271.

273.

275.

276.

278.

f(x) = sec? x - sec?y + 2-secx-secy-tgx-tgy +tg2x-tg2y =
=(1+tg?x)(1+1tg?y)+2-secx-secy-tgx-tgy +tg2x-tg?y=
=1+tg?x+tg?y +tg?x-tg2y + 2-secx- secy-tgx-tgy + tg?x - tg?y =
=1+1tg?y(1+1tg2x)+2-secx-secy-tgx-tgy +tg2x (1 +tg?y) =
=1+tg2y-sec?x+2-secx-secy-tgx-tgy+tg2x- sec?y = g(x)

(secx —tgx)(secx +tgx) —1 _sec®x —tg?x —1 _

0
sec X + tg x secx +1g x

f(x) — g(x) =

f(x) = (cossec? x — cotg? x)(cossec? x + cossec? x - cotg? x + cotg?x) =
= (1 + cotg2x — cotg2x)[(1 + cotg2x)2 + cossec?x - cotgZx + cotg?x] =
=1+ 2 cotg? x + 2 cotg* x + cossec? x - cotg? x =

=1+ 2 cotg? x (1 + cotg? x) + cossec? x - cotg? x =

=1 + 3 cotg? x - cossec? x = g(x)

f(x) = tg2 (45° + x) = [ tg 45° + tg x }2: [cos X + sen xT:

1 — tg 45° tg x COS X — sen X
1+ 2senxcosx _
= g(x)

1 — 2senxcos X

%<a<%:0,7<sena<1;O<cosa<0,71

%<b<%=>0,7<senb<1;O<cosb<0,71

sen(a+b)—sena—%senb:
=sena(cosb—1)+senb(cosa—0,8)<0=

:>sen(a+b)<sena+%senb

f(x) = [sen A + sen (% - Aﬂ4 = [\/5 . oS (A - 1)]4 -

= 4 cos? (A - %) = g(x)

B+C.cosu_2senﬁ.cosﬁz
2 2 2 2
B-C A A

-cosT—2sen§-cos§=

{cosB_C—cosBJrC}:
2 2

a) senB+senC—senA=2sen

= 2 cos

{—2 sen = sen (—iﬂ = 4 cos A sen L4 sen <
2 2 2 2
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cos B+ cosC —cosA=
B+CCOSB—C_

= 2 cos
2 2

A
— 2 ) =
(1 2 sen 2)

_ B-C A

= -1+ 2 sen (cosT+ sen 2)

B-C B+C>:
2 2

+ cos

A

2
=—1+25en%(cos
_ A B. —C)| =
= -1+ 2sen > [2003 > cos( > )}
_ B s L cen A
= 1+40032 cos;2 sen2
cos 2A+ cos 2B+ cos 2C =2 cos?A— 1+ 2cos(B+ C)- cos (B— C) =
=2c0s?A— 1+ 2(—cosA)cos (B—C)=
=—-1+2cosA[cosA—cos(B—C)] =
=—-1—-—2cosAf[cos(B+ C)+cos((B—C)]=

=—-1—-—2cosA(2cosBcosC)=—1—4cosAcosBcosC

sen? A + sen? B + sen? C =

_1—-cos2A ,1—-cos2B , 1—cos2C _
2 2 2
_3+1+4cosAcosBcosC _

5 2(1 + cos Acos Bcos C)

A+B+C=m=>A+B=7w—-C;

to (A + B) = cot —C)= —cotg C cotgA-cotgB -1 _
cotg ( ) = cotg (m ) cote &= cotg A + cotg B
= —cotgC=cotgA-cotgB— 1= —cotgA-cotgC — cotgB-cotgC=
= 1 + 1 + 1 =1

tgA-tgB tgB-tgC tgC-tgA

f(a)=send4a=2sen2a-cos2a=4sena-cosa(cos?a—sen?a)=
=4 sena-cosa— 4senda-cosa=g@)

fla)=cos 4a=2cos22a—1=2(2cos2a— 12— 1=

= 8cos*a — 8cos?a+ 1 =g(a)

_2-tg2a _ . . 1 _
f@) =T tg20a = (21829 T35, =
_4-tga | 1 _
1-tg2a 1_(2-tga>2
1—-tg2a
_4-tga (1 — tg2 a)? _4-tga—4-tga _

"1 ta 1-@aP-R ga? 1-6-@attga o0
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280.

281.

282,

285.

286.

Prova pelo principio da inducao finita.

sen2a _2senacosa_ . ..
2sena 2sena

Paran=1,

Admitindo para n = k:
cosa-cos2a-..-cos(2x"1.-a)=
Provemos que vale paran = k + 1:

1-cosa-cos2a-..-cos (2K 1-a)-cos(2%-a)=
H.I.

sen (2¥ - a)
2. sena

_sen(2t-a) k. _ Ll-sen[2-(2%-a)] _ sen(2*?!-a)
~ 2k.sena cos (2 a) = 2-2k.sena  2¢*l.gena

1 1

a) cotg % —cotg a =

1-tg25 1+t

tg — 2-tg% 2-tg%

1 _ 1

2-tg% 2-sen%-cos% sen a

1 1 1
b + + +it ————=
) sena sen2a send4a sen (2" - a)

(cotg% — cotg a) + (cotg a — cotg 2a) + ... +

[

+ (cotg 2"~ 2a — cotg 2"~ 1a) + (cotg 2"~ 1a — cotg 2"a) =
= cotg % — cotg 2"a

cos?Xx + sen?x + 2senxcosx+ ksenxcosx—1=0=
=senxcosx(2+k=0=2+k=0=k=-2

(—sen x)(—sen x) _ sen? x

a) = = sen x
sen x sen x
————(—CcosXx)
COS X
senx(—cotgx) _  cotgx _ 5
b) —tg x (—sen x) 1g x cotg” x
—secx(—cotgx) ~  senx
©) Cossecx (—cotgx)  cos X g x

d) —cos x + cos x + cotg x = cotg x

1—senx-senx=1— sen?x = cos? x
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288.

289.

COMPLEMENTO PARA O PROFESSOR | MANUAL

— (= 2
q SN BN g SEUX oy geca
—a’—(@a—b)p-(-1)+2ab b% _
o? "t
y=—CcosS X+ 2
Im(f)=1[4,3]; p= 2w, D(f) = R
vA
3' """""""" i T=-===°=- 1
TR S - .
= A LN R |
- - 3n zlﬂ 5r =x
2 2 2

I\ NeP(W — Fquacoes

sen?x=t=4t2— 11t+6=O:>t=20ut=i;sen2x=2néoserve;

293.
3 \3 4
2y = 2 = + = -+ T
sen< x 4=>senx _2=>x _3+k1-r
295. a) bx = 3x + 2kw = x = km
ou
5X=w—3x+2k7r=>x=%+%
b) 3x = 2x + 2kw = x = 2k
ou
3x=w—2x+2kfn:>x=%+2k%
296. senx<0=2-senx-(—senx)+3-senx=2=
= ZAxER|2senx|senx|+ 3senx—2=0
senx>0:>senx=t:>2t2+3t—2=O:>t=%out=—2;
senx=—2néoserve;senx=%:>x=%+2kfn-oux=%"+2kw
297. sen(x+y)=sen 0= X+y=kﬂ'} m . kw kr
x—y=m | XT 2T 8YT T
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302.

303.

304.

305.

306.

310.

a) 3X=X+2k1’r:>X=k'n'0u3X=—X+2k7r:>X=k7w
s I _ T, kr - x-T
b) 5x—x+3+2k7r:>x—2+12ou5x— X 3+2k¢r:>
___m , km
> X = 18+3

a) (senx+cosx)(secx+cossecx)=4=(senx+ cosx)(w) =4
COS X sen x

sen? x + 2 sen x cos X + cos? x
COS X Sen X

- T - T
:2x—2+2k7r:x 4+kw

b) sen x = cosy = cos2 x = sen?y = cOS X = *seny
Notemos que cos X = —seny = sec X = —C0SSec y =
= (sen x + cos x)(sec x + cossecy) = 0 # 4;
entao so interessa a hipotese cos x = seny.
Temos:
(sen x + cos y)(sec x + cossecy) = 4 =

=4=sen2x=1=

:>(senx+senx)(secx+secx)=4:>tgx=:L:>x=%+ K
edary:%+ k.

sen’x=y=y3+y2+y=3=(y—- 1)y’ +2y+3)=0=>y=1

senx=i1=>x=%+kfn-=>x=(2k+1)1

2sen1-cosx=\/§=>cosx=1:>x=2qu

4

Xty=m=X=m—Yy=Senx=seny
senx + seny = log,,t>? = 2 senx = 2 log,, t = sen x = log,, t
—1s<logt=1=01<t=<10

a) 1+tg2x—2tgx=0,tgx=t=12-2t+1=0=t=1

tgx=1:>x=1+kfrr

4
b) cossec?x =1 —cotgx = 1 + cotg2x =1 — cotg x =
= cotgZx=cotgx=0=cotgx=0oucotgx=—1=

:XZ%—i—kTrOUX:%TTr—i—kTr

c) sen 2x-cos(x+%>—cos2x-sen(x+%)=0:
K 1 ™
= sen |2x — X + — =O:sen<x—_:o:,,xz_+k7r
2 e 5 : :
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d) 1+sen2x—tgx—tgxsen2x=1+tgx:>sen2x=12_t—gtgxx
2t1gx _ 21tgx

1+1tg2x 1-—1tgx

=Stg2x+igx=0=2tgx(tgx+1)=0=
37

:tgx=0:x=kwoutgx=—1:x=T+kﬂ
1 _ 2 tg x 2., _ — 4 -+
311. T x 1+tg2X:>tgx 1=tgx=x1=x _4+k7r
2 M _ LI a :+l+ :+i+
312. g 2p 1=>tg2p _1=>2p 2 km=p 5 2k, ke”Z
313. tgx=1:>x=%+k7rou
senx=i£3x=t1+2kfnoux=i2—ﬂ+2kw;
2 3 3
entao as raizes positivas sé015—w @ 2m Aw Sm e dai
47 47"'7 37 37 3, 31
a= % (a menor delas). Temos:
45 _cos?a—sent ™ o2 ™1 _1__ 1
sen*a — cos“a = sen 7 cos 7 7 > 7
314. A=4tg2a+4=4dsec?ax=28ar2seca_,, _senarl
2 Cos a
316. a) senx+sen(%—x)=—1:\/§cos<x—%>=—1=>
:cos(x—i)z—Q:[cos(x—1>=coss—ﬂ=>
4 2 4 4
:>x=¢r+2quoucos<x—1)=cos5—ﬂ:>x=3—ﬂ+2kw]
4 4 2
m
1 sen—
b) senx — —=cosx=—-1=senx — -cosx=1=
\E CcOoS —
6
m\_ _3
:sen(x F>_ > =
™\ _ A _ 3w
=>[sen(x E)—sen 3 =X = > + 2k ou
™\ _ 5 _ 1w
sen(x 6)—sen 3:>x . +2k7r]
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318.

319.

321.

323.

u+v=1(1)
w2 +v2=1(2)
Su+(1l—-ul=1=2u2-2u=0.

a) sen4x=uecosx=v,{ ,(em((2) =

Entao:u:Oev::L:>sen4x=0ecos4x=1:>x=%"r
ouu:1ev=0:,sen4x=1ecos4x=0:x=%+"7Tr
b) senx=0ecosx=*1=x=Kkm
senx=tlecosx=0=>x:%+k7r
_ _ u+v=1(1)
sen 2x = u e cos 2x v,{u2+v2:1(2)2,(1)em(2)=>
sul+(1—-u2=1=2u2-2u=0.
Entdoi:u=0ev=1=sen2x=0ecos2x=1 = x= Kkmw
ouu=1ev=0:>sen2x=1ecos2x=0:>x=%+kw
a) senxziecosle_t2:>m(l_tz)—(m+1) ZASN
1+ t2 1+ t2 1+t2 1+ t2
St(2mt-2m—-2)=0=t=0o0u2mt—-2m—-2=0>=
m
m=0=0-cosx—senx=0,3x, Vm € R.
b) senx=iecosx=1_t2:> 2t +1_t2=m:>
1+1t? 1+ 714+t 1+

SFEFmM-1E+2t+1-mM=0=>A=-4m?+8=0=
= -2<sm=2

a) 2 sen <rnX—+nX> - COS (M) = 0. Entao: sen M =0=
2 2 2
oy = 2Kk
m + n
oucos M_MX _ gy _m  2km
2 m-n m-—n
b)2cosax+bx-cosax_bX:O.Entéo:cosM=0:>
2 2 2
= T 2K
a+tb a+b
@-—bX_ o, __m ., 2
ou cos — 0=x =5 3-8
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326.

327.
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C) sen2x — sen (1—x>=0:>2sen (ﬂ—%>cos(i+1>=0

4 2 2 8
Entao:
3X ™\ _ m ., 2km X om\_
sen(T §>—O:x—12+—3 oucos(2+8> 0=
:>x=3—7r+2k11

4

a) 2sen3x-cos2x — 2sen3x =0 = 2sen 3x(cos 2x — 1) = 0.

Entéo:sen3x=O:>x=|%”oucos2x=1:>x=kw.

b) 2cos (2x+a)cos(x+a)+cos(2x+a)=0=
= cos (2x + a)[2cos (x +a)+ 1] = 0.Entdo:cos(2x+a)=0=

oy T @ km
4 2 2 1 5
ou2c:os(x+a)+1=O=>cos(x+a)=—?:X=Tﬂ—a+2kw
0ux=4—ﬂ—a+2k’n'
3
c) 2sen4dx-cos 3x —2sendx-sen(—x)=0=
= 2sen4dx(cos3x + senx) = 0=
:>25en4x[cos3x+cos(%—x)}=O:>
=>4sen4x-cos(x+%)-cos(2x—%)=O
Entdo:
sen4x=0:>x=%roucos(x+%>=0:>
_m L __3m _ km
=X = 4+kwoucos(2x 4> 0=x 3 + >

1 + cos (2x + 2a) +1+cos(2x—2a)=1:>

2 2
= C€0S (2x + 2a) + cos (2x — 2a) = 0 = 2 cos (2x) - cos (2a) = 0 =

:oos(2x)=0=>x=%+ kwoux=%ﬂ+ k (supondo cos 2a # 0)

(sen 3x — senx) + (cos 2x —cos 0) = 0 =
=2-senx-cos2x—2-sen?2x=0=2-senx- (cos2x —senx) =0
Entao:

senx =0 = x = Kkmwou

cos2x=senx:>cos2x=cos<%—x>:>2x=t(%—x)+ 2km =
T K o T
=X = 6+ 3 ou X 2+2k,,.,
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328.

329.

330.

333.

o 2 1 ™ S5
. . —_—=— == =—+ ==+
2-senx c:os4 > = senx 2=>x 5 2k ou X 5 2k
a) Substituindox = 2w ey = % na equacao (1):
sen(2w+%)+sen<27r—%>=1— 1# 2.

b) 2-senx-cosy =2 senx-cosy =1 (A)
senx + cosy =2 }:senercosy:Q(B) , (A)em (B) =
=sen?x—2senx+1=0

Entao:
senx=1(C):>x=%+2kﬂ,(C)em(A):>cosy=1:>y=2qu
(cosx + 1)(senx + 1) = 0. Entdo: cosx+ 1 = 0= x = w7 + 2k ou
senx+1:0=>x=37“+2kw
a) (cos?x + sen?x)2 — 2 -sen?x-cos2x = %:>
5 1 5
_ . 2 v . 2 - _ = 2 = =
=1 - 2-sen‘x-cos*x 8:>1 2sen 2X 8:>
3
2 e
= sen< 2x ) =
Entéo:sen2x=+73:>x:%+kfrroux=%+kq-r;
_—\/§ _ 2w b1
sen2x—T=>x—?+kq-roux-?+kTr

5
b) (cos? x + sen? x)(cos? x — cos? x - sen? x + sen? x) = 5=
5
= (sen* x + cos? x) — sen? x - cos? x = 5=

N RN D DR SEPUNC DAV - ININD IR IO D W o)
:><1 > sen< 2x 7 sen< 2x 8:>1 7 sen< 2x 8

- _ 37

> = X 8+k1TOLIX 3 + Kk ou
_ N2 _om _Im

sen 2x > =X 8+k1-roux 8+k1-r

Entdo: sen 2x =

1 2 1 ~ T
- = == ; = =—+km
c) 1 > sen< 2x > Entdo: sen 2x = 1 = x 7 k

ousen2x= -1 = x = & ¢ ka
4
3 7 ~ N3 ™
1-—- n2x=——. En : nx==+x— = —+k
d) 7 sen< x 16 tao: sen x > =X 3 T ou
X = 2% + Kk
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e) (sen x + cos x)(sen? x + cos?2x — senx-cos x) = 1 =

= (senx + cosx)(1 — senx-cosx)=1.Fazendo senx + cosx =y,
y? -1
5

)=1:(y—1)2(y+2)=0:

temos (sen x + cos x)2 = y2 e dai: sen x - cos x =

-1
2
= y=1o0uy= —2 nao serve, pois 2 < y < \/5; entao

senx +cosx=1=

) _ _m\_ N2
=2 cos(x Z>_1:> cos(x 4) > =

A equacao ficay - (:L -

:x=%+2k¢r0ux=2k¢r

NP — Inequacoes

335. senXx=0=x=2kmou x = m + 2Kk
={x ER|2km < x < + 2km}

b
NP

_ N3 _bm
336. sen x = > =X = 3 T 4 2kar ou x

+ 2k

3
S = {xe[RiI—+2k7r<x<—+2k }

VA

cV

3 | Fundamentos de Matematica Elementar



MANUAL | COMPLEMENTO PARA O PROFESSOR

337. senx=ﬁz>x=1+2kwoux=3—w+2kw
2 4 4
-1 _Ir _m
sen x = 2:x 6+2kq-roux 5 + 2k
s={xeR|2kwsx<%+2kwou%ﬂ+2kw<xs%+2kw
ou%+2kwsx<2w+2kw}

cV

339. senx=-—=- =x =2+ 2% ou x=%"+2k7r

2
senx=—% :x=%n-+2kﬂn- ou x=11T1T+2kﬂn-
|senx|s% 4:)—% ssenxs%

sz{xeR|2kwsxs%+2kwou%+2kwsxs%+2kw
ou%+2kw<x<2w+2kw}

VA

cV
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340.

342.

COMPLEMENTO PARA O PROFESSOR

V2 V2 V2

senx| > —— & senx>—ousenx < ———
| | 2 2 2

m _3m
> T+2kﬂrroux—4+2kfrr
V2 B T

=X=—+ 2k7roux:T+ 2k

Senx=—7 4

I MANUAL

S:{XER|%+ 2kﬂn'<x<%TqT+ 2kwou%+ 2kw<x<%+ 2k7r}

a) 2senx—1>0=>senx>%

+2k1-roux=5—ﬂ+ 2k

=X =
6 6

sen X =

6

VA

2
S={xeR|%+2k7r<x<5—“+2kw}

cV

b) 2-Iog2(2-senx—:L)=Iog2(3-sen2x—4-senx+2):>
= log, (2-senx — 1) =log, (3-sen?x — 4 -senx + 2) =

=((2-senx—1)2=(3-sen?x—4-senx + 2) =

=sen?2x=1=senx==*1

S6 convém sen x = 1 (devido a parte a), entdao x = % + 2Kk1r.
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1 _ 2 _ Am
344. COS X = > =X = 3 + 2k ou X = 3 + 2k
S={x€ﬂ%|2kﬂ$xs%’ .

A

+ 2k ou 2T 4 ok < x < 21 + 2k

V2

345, oosx:—:>x=%+2kwoux=%”+ ok

2

S={x€R|%+2k¢r<x<%‘T+2kw}

v

cV

B _ 5m
346 cosx—2:>x 3+2k1'r ou X 3+2k7r
_ N3 _ b I
CcoS X - :>x——6+2kwoux——6+2k¢r

S={XER|%+ 2KW$X$%+ 2k ou

Vv

RS
2
— ]

s
3

6

A
4

cV

Jw . 2kwsxs%“+ Ok

1
1
|
1
1
1
1
S

cV

}

}
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347. |cosx|<ﬁ =>—£<cosx<ﬁ
2 2 2
_\/§ o _Adm
COSX—7:>X—E+2|(1TOUX—T+2K1T
_ \/§ _ 57 _Tw
COS X = 7@X—?+2k’noux—?+2k’ﬂ'
S={xeR|1+2kw<x<5—“+2kwou7—“+2kw<x<ﬁ+2kw}
6 6 6 6
Vi
u
348. |cos x| > %; impossivel, pois —1 <cosx<1;S=J
3 V3 V3
. Ix< = ——< <=
350 COS“ X ) = > CoS X >
S={xER|%+2kw<x<%‘T+2kwou%‘T+2kw<x<%+2k’n’}

VA

cy
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351. 2cos2x—1—cosx>0<:>cosx£—%oucosx=1

s={xen%l%“+2kwsxs%"+2kwoux:2kw}

VA

cy

353. sen x + sen
= CO0S <x -
4
D
Fazendo x — i y, temos:
T4 okm <y < T 4 Ok
4 Y= ’
- T i 7
entaoT+ 2km < X T<T+ 2k

S={x€R|%+2k¢r<x<2fn+2kfn}

VA

cy
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355.

357. S={XER|%+kw<x<%+kfn}

cV
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359. S={x€R|2kw$x£%+2k¢rou

%“+2kw<xs%“+ 2k7rou5?ﬁ+ 2kw<xs2w+2kw}

N
3

-
\\qujﬂ

cy

\
\
\
-
o

cy

361. C.E.tgx >0 (A)
logy = log al%8®€*x = 0 = log a2 €* = |og 1 = log al€€*x = |og a° =
= a%Ex=g0 s jlogtgx <0 =logtgx<logl=tgx <1 (B)
De(A)e(B)=> 0 <tgx<1

S={XER|O<X$%OU1T<X$%‘T}
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cy

VNP — Funcdes circulares inversas

363. a)a=arcsenO@sena=Oe—%sas%:>a=0
_ V3 3 = E @
b)a—arcsenT@sena—Te ?SaS?:a—?
— _1 S S T =T
c)a—arcsen( 2)(:)seno¢ 2e 2sas2:>a 5
_ — LT o< =T
d a=arcsenl s sena=1e 2<a<2:>a >
_ _ - _ LI =T
e) a=arcsen(—1) < sena le 2<a<2:>a >
_ _2 -2 _m o
367. a)a—arcsen( 3):>sena— 3 2$a$2
_ 1 _1 m o
B—arcsen4:>sen[3—4, 2s3s2
tg2 o —2v5 g2 B
2y =95 = _ . 20 —
sen< a 1+tg2a:tga 5 ; sen< 3 T+ 2P
_ 15
BT
g o+ p)= BT 1B _V5(-6+13)
1-tga-tgp 15 + 243
_ _3 __3..m o
b)a—arcsen( 5):>sena 5e 2$0¢$2
003a=\l1—sen2a=%;5en2a=2~sena-cos<x=—§—g
- 12 _12, @ .
c)B—arcsen13:>senB—13e 2s[3s2,
5 2035
=1 = 23 ="_. — 30 _ - _
cos P 1—sen 13,cos3B 4cos°B—3cosP 5197
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1_ _l._m T =T
368. arcsen 5-=a=sena =€ 2S0LS2:OL 5
arcsenx=2-1:arcsenx=1:sen1=x=>x=ﬁ
6 3 3 2
370. a) p=arccosl=cosB=1e0=B=m7=p=0
b)Bzarccos%:cosﬁ=%eOsBSw:>B—%
c)B=arccosﬁzmosBzﬁeogﬁsfn:Ms:1
2 2 4
d)B=arccosO:>cosB=Oe0$B$rn:>B=%
e) B=arccos(—1l)=cosB=-1leO0O=s=B=m=R=m=

372. B=arccos(—%):>cosﬁ=—%eOsBsw

senB=Vl—cosQB:>senB=i

o1

373. Bzarcc;os%=>cos[3=%e0s|3sfrr;sen|3=\ll—cos2 =
_35

374. arcsenx:A:}S'anA:X}:senA=cosB:>B=£—A=arccosx

arccosx=B=cosB=x 2
3 3
376. a) arccosg—BicosB—geogssw:

:>senB=V1—cosZB=%
arccosi=a:>cosa=ie0<a<w:>

13 13 T
:>sena=\ll—cosza=%
sen(B—a)=senB‘cosa—senowcosB:—%

7 T ul - 24
b)arcsen2—5—B:>senB—25e 2$B$2:>cos[3 55
12 _12 -5
aI’CCOSE—a:COSa—1360Sa<'rr:sena 13
323

CoS (B — «) = cos B - cos a + sen B - sen a = =5=
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380.

COMPLEMENTO PARA O PROFESSOR | MANUAL

c) arccos(—%)zB:>cos[3=—%e0$[3$fn:>sen[3=%e
_senp __ 4 __2t1gp _ 24
BP=Cosp 3 8B =T w7
d) arccos%=8=>coss=2—75e0sﬁsw=>
B _ [Ltcosp _ 4
= C0S 5 > 5
a) cos (2arccosx) =0
arccosx=B=cosB=xe0==B=m
cosZB=0:>2cos2B—1=0:>2x2—1=0:>x=tg
1 _ 1 1 V2
b) g(x) = X c0s2p 2T 1SXs1ex¢+2 e
V2
X7y
I vA I
| 1 |
i ORI P
2 2
E R

B=arccos@:wosB=\/§,£Bpois—1$cosﬁg1,VBER

arctg0=a:>tga=Oe—%<a<%:>a=O

arctg\/§=B:>th=x/§e—%<B<%:>B=%
_ - 1e_T a - T
arctg(—l)=a=>tga le 2<0L<2:>(x )
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382, arctg(—%>=B:>th=—ie—%<[3<%

3
_ 1 _3
cos B = T1@p 5

384. a) arctg2=0L=>tgoc=2e—1<o¢<1

2 2
arctg3:B=>th=3e—%<B<%

Cos a = 1 = L \/_0

V5. o = _
1+tg2 5’ sp 1+tg2pB

\/_

5

sen o = g o ;senf = g’ B 3\/_0
V1 + tg2 N 1+ tg2

sen(a + B)=sena-cosP +senf- COSOL——

2
™ T
b)arctg2:3:tggzze_7<8<?:
25 V5
ﬂsenB——cosB—?
= 1. m ol
arCtgj—Y:tgv—ze S <YV<5=
:>Sen'y=—5(305—y:2_5
57 5
COS(B—v)=cosB-cosw+senB-seny=%
_ _1 o @
c)arctg5 B=tEgp=—c¢e 2<p,<2
__21Ep :i
:>tg2B—1_tg2B 5

d) arctg%=[‘:‘> th—2—74e—3<B<—:>

2
coSs = 1 _L
=CosB= T2~ 25

11753
- 4. 3g_13. =
cos3B=4-cos°pB—3-cosP 15605
386. a) arctg2—B:>th—% —%<B<% <B<%
1 1 i i e
arctg?Za:tga—?e—7<a<7:>0<a<?
:>O<B+o¢<frr(A);y=%(B)
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__EgBp+ttga _ . _
De (A, B)e (C)= B +a=r1.
1 1 T s s
b) arcsen—=pB=>senB=—=e——=pRB=—=0<B<—
==F B=Tze 5 =B=% B<
3 3 (7
arccos —=a=csa=—el=sasmT=>0<a<—
V10 V10 2
:>O<B+a<frr(A);'y=%(B)
2g- 1828 I O N _1
sen< 3 1+tg2B:>th 2,003a 1+tg2a:>tga 3
__gpttga _ ., _
B+ =T e g - 1= YO
De (A),B)e(C) =B +a=1.
3 3 T
c) arc:cosg—oc=>c;030t—€e0socsw=>0<o¢<7
=
12 _12 U
arccosl—3—B:>cosB—13e0$[3$fn:>0<[3< >

>0<a+pB<m(A)

arccosﬁzyﬁcosvzﬁeOsy<w(B)

65 65
seno¢=\ll—cos2o¢=%;senBz\ll—cos2 =%
cos(a+[3)=cosa‘cosB—sena-senBz%zcoswf(C)
De (A),B)e (C) = a + B =1.

d) arcseng—g=oc=>sen0L=g—ge—%so‘s%=>0<ot<7

3 _ _ 3, m_gom m (7
arcseng—B:senB—Se 2<B<2=O<B<2
>0<a+p<w(A)

3 _ S P ol
arcth—yatgy—éle 2<'y<2(B)

g2 a 24 tg? B 3
2 = = — 2 = — = —
sen® o 1+tg2a:>tga 7,senB 1+tg2[3:>th 7
24 3
- 4 _3_
P =5 370
7 4
De (A),(B)e (C)=a — B =1.
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388.

_2,_T ul ol
arctg?—a:tg =3 2<o¢<2 O<a<4=>
= 0<20<—

12 _ _12 o
arccosE—B:mosB—13 e0=B=sm1=0<B< 5 =
=0<2a+B<m(A)

5.2

3 1 _ 5.
tg 2a = (2)2 5 ; COS 2o = w— 13’

< L (22

3 5

5
sen2a= [ 1— (13
_ ZI_22 _m
senB= _|1- 13 13,7 > (B)
5

cos (2a + B) = —-———~—=O=cosv(C)

1_ 1, @ ol ul
b) arcsenT—a:sena— 4e 5 SaS2=>O<0L<6=>
:>O<3a<% =
11 11
arc cos —— 16 B:COSB——690<B<W:>0<B<?
:O<30¢+B<1T(A);y=%(8)
cCOoS o = 1—L:@ SenB: 1—& :@
16 4’ v 256 16 '
cos 3a = 4 (1B _ HT5 _ TS
4 4 16
_ 1 (1 11
sen 3a = 3 7 (4) 16 , COS (3a + B) =
_3V16 11 11 3VIB _ 5 oo
16 16 16 16 Y
De (A), B)e (C) = 3a + B =1.
X X
arctg(lze)—aﬁtga= 128 e-—L <a<
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) -
at+B T:)tg(a-l-[:‘)) 1_<1+ex)<1_ex>
2 2
1 4 4
= = =1 2Xx = 1 = =
g _l-e* 3+e> 3+ex - ° =x=0,5=1{0}
4

389, azarctg(7x—1)=>tga=7x—1e—%<o¢<%(A)

B=arcsec(2x+ 1)=secfp=2x+1eO0<B=<m(B)
a=B=2tga=tgp=2tg2a=1tg?B =tg?a =sec’p— 1=
=S (Tx—1P2=2x+12-1=45° - 18 +1=0=

1 _ 1 = . _ R !
=X = 3 ou X 15 (nao satisfaz tg o tgp) .. x 3
_ 4 _
390. o = arc sen 5 = sena =

_ [, 16 _ _ _4.
CoOS ax = 1 % 5’
4)
COS pb = —] =
B - ( 5

25-cos (o + B) =25 {

LYl — Resolucao de equacoes e inequacdes em intervalos
determinados

=T 4 =T 4 —
- X 5 2k = X 18 2k
393. sen 3x=senE: ou 5
I
X = 1T €+2K1T=>X—E+2k?
_ _ _5m., _ _ 13w _ 17w
k—0:>x—180ux 18’k 1=x 18 ou X 18

:{l5_7" 13w 171T}
18’ 18’ 18 ' 18
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395.

397.

398.

400.

401.

402.

403.

3x=2x+2kfn:x=2kfnou3x=fn—2x+2kw=>x=%+2%
3:{013_ﬂw}

157 57
3x=2x+2k¢r:x=2kfnou3x=—2x+2kfrr:x=2%
_ g 2m 4w
s_{o, T 5}
senx-(4sen2x—1)=O.Entéo:senx=0:>x=kﬂousenx=%:>

_m _om __1

:>x—6+2kwoux 6+2k7rousenx 2:>

T o
= X 5 2Kkt ou X 5 2k =

_lom 57 _ 7m 1im
:>S_{076v617r7 6! 67211-}

tgx+i=2=>tg2x—2tgx+1=0:,z

tg X
_ _ _|m 5w
StEgx=1=x 4+k11:S {4,4}

Vsen2? x = Vcos? x = sen? x = cos2 x = cos2 x — sen?x = 0 =

_ _ T _m Kk _|m 37w

:cos2x—0=>2x—2+kw=>x 4+2=>S {4,4}
T

_ =2y

senx+seny=25en<X ; y)-cos<x > y>=1:>cos(3T)

y:2kfrr:>y=%—2kfrr

=1=

F‘T_

6 6

x+y=%:>x=%+2kfrr

m
:>cos(——y>=oosO:>

2x=%+ 2k7r:>x:f—2+ Kt

a) cos 2x=cos%:> ou ou
- _m S
2X = 6+2k1-r=>x 15 K
SZ{l 117 137w 231T}
12’ 12 ' 127 12
2k

b) 2x:x+2k7r=>x:2kwou2x=—x+2kfrr=>x=T
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406.

407.

COMPLEMENTO PARA O PROFESSOR | MANUAL

a) 3X=X+2k7rﬁx=k’n'0u3x=—X+2kTr:X='%T
_lom™ . 3T
S—{O,z,w,2,2w}
—+ T _m , km - - T
b) 5x—x+3+2k1-r:>x 12+ 2ou5x X 3+2k1-r:>
x= T km
18 3

S:{L7_'n' 137 197 57w 11w 17w 23w 297 351’r}
12’ 12’ 12’ 12’ 18’ 18’ 18 18 18 18

cos? x — =1=cos*x—cos2x—2=0=cos?x=2ou

cos? x
cos2x=-1,S=

0 1° membro € a soma dos 10 termos da RG.,coma, = 1 e q = cos x;
- . 1-cosOx—1 . . -
entao sua soma é ———— = 0, e daicos x = —1; a equacao
cosx—1
tem uma unica solucao.

= tg L =T A W [ om
a)tg2x—tg3=>x 6+2=> 6" 3" 6’ 3

b) 2x=x+ kmt = x=kw =S ={0, wm, 27}

™ K S:{’IT 2w T 571'}

R - __m  km
c) tg3x—tg4:>3x 4+k7r:>x 12+ 3 =
:S={l5—ﬂ3—ﬁl3ﬂ 17w 2111'}
12° 127 47 127 127 12

d) tg 3x = tg 2x = 3x = 2x + km = x = kw = S = {0, m, 27}

(1) (1) ™ I ~
=X+ —+ki =—+kmw,masx+—=#—+ ki =
e) 2x=x 7 km =X 7 kr, mas x 7 +* > km,entéaoS=

=tg = =T - Tk
f) tgdx=tg=4x=tkn=ox=ge+ o=
:Sz{l 5m 91w 13w 17w 21w 257 2911'}
16’16 16’ 16’ 16’ 16’ 16’ 16
=x+ - _|m 5m
g) 2x—x+4+k1-r=>x 4+k1-r=>S {4,4}
=tg = =T - T km
h) thX—tg3:>2X 3+k¢r:>x 6+ 5
ou
— tg 2T _ 2m _m km
tg2x = tg 3 = 2X 3 + km = X 3+ > =

isz{iz_“ﬁﬁlf’_ﬂ‘l_“ll“}
6' 3 6 ' 3'3 6'3' 6
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408.

409.

410.
411.

a) 1+tg2x—2tgx—0:>tgx—1:>x—T+kTr:>S {Z 5:}

b) 1=sen?x—senx-cosx=sen?x+ cos2x =sen?x— senx:cosx=
= cosx(senx + cosx)=0

Entao:
cosx=0:>x:%+kwousenx+cosx=0:>senx=—cosx:>
S < _ |m 3m 3m 7m
Stgx=—-1=x= 7 + k=S {2, >4 4}

c) sen2x-cos(x+%>—cos2x-sen<x+%)=0=>
:>sen[2x—(x+%>]=0:>sen<x—%)=0:>
T _ - |m 5m
=X Z—kw:S {4, 4}
d) 1+sen2x—tgx—tgxsen2x=1+tgx=sen2x(1 —tgx)=2tgx=>
21 gx . 2tgx

= tgx(tgx+ 1) =0.Entao:tgx=0=

1+1tg2x 1—tgx
= X = Kk ou

_ _ 37 ig=lg3m  Im
tgx=—-1=x 2 + kmwedal S {0, 7™ 4,2'”}

e) secx(3secx—2)=0=>secx=Oousecx=%edal’s=®

sen X

f) 2sen2x=m~cosx:>senx(2senx— 1)=0.Entdo:senx=0=

- _om _
= X = kmw ou sen x = ? x—6+2kwoux 5 2km =
_lo @ 5m
:>S—{O,6,6 2}
T o= Ty kT Y
2P Ty Ty TRk
gl p=—Lt Stglp==+1
2 P 0 o P= =
€5P

senx=tgx=cosx=1=x=2kw = Zx|0 < x <= nenhum ponto
1+tg2x—tgx=1=tgxtgx—1)=0=tgx=0outgx=1=

_ _ m _ T 51
:>X—k1'roux—4+k1'r:>S {0,4,11' 7 21'r}
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414.

COMPLEMENTO PARA O PROFESSOR | MANUAL

= _ km m @ 3m
6x—2x+k1-r:>x—4:>x€{0,4,2 w}

a

4

3m

X = 1

=Atg2x; x = =4tg2x =S = 0,%,77}

V3

5
a) (sen?x + cos?x)2 — 2 sen? x cos2 x = < = sen 2x = iT =

- =T —2m 5w

=><x— 5 + kmoux= 3 + kmoux 3 + kmoux 5 +k1-r)=>

:5:{11215_17&415_“1“}
6’33 6 6 3 3’ 6

5
b) (sen?x + cos? x)(sen* x — sen? x cos2 x + cos* x) = 5=

N2 w 37 5m
B =T — 2T _°om
= sen2x=* > =><x 3 + ki ou X 3 + Kk ou X 3 + Kk

):52{13_17547_179_17 11w 13w 15Tf}

7
ou — + km 8’8,8’8’8’8’8’8

8

c) sen22x=1:>sen2x=i1:><x=%+ kwoux=%”+ kw):>

352{13_’"5_“7_7’}
4’ 47 4’ 4
3 V3 ™ Qg
2y =2 = +2 = =20
d) sen“x 4:>senx _2:>(x 3+2k1-roux 3 + 2Kk ou
_2m _ om = |m 27 Am 5w
x—3+2k1-roux—3+2kw):>8 {3,3,3,3}

e) (sen x + cos x)(senZx — sen x - cos X + cos2x) = 1 =
= (senx + cos x)(1 — senx-cosx) = 1; fazendosenx + cosx =y

2 _ 2 _
esenx-cosx=%,vemy-<l—%)=1:>
=y=1o0uy= —2 (ndo serve, pois —\V2 <y < V2)
senx+cosx=1:>\/§cos<x—1>=1:>cos(x—1>zﬁz>

4 4 2
=><x=%+ 2kTrOUX=2k’rr)=>S={O,%,2Tr}
2x=x+2k1-r:>x=2kwou2x=w—x+2kfn:>x=%+2%:>
_ a 57 -
=S = O,?, ™3 = quatro solugoes
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415.

416.

417.

418.

419.

420.

2
3L2X S =3(1—cos?2x)+5cos2x—7cosx=0=
€0S“ X COS X
:>2cos2x—7cosx+3=O:>(cosx:3impossfve|oucosx=%>:>
=T - _ T B DRI
:><x—3+2k1-roux 3+2kw>:>8 { 3,+3}
_ _ 3 3
Sen mx = —COS X = Sen mX = sen |- — X :>x—f+k:>
_3 7
:S—{4,4}
1+tg@2x=tgx+1=2tgx(tgx—1)=0=(tgx=0outgx=1)=
_ _m _Jom™ oW
:><x—k1-roux— 4+kw>:>S {0,4,77, 4,277}

a) 2(1 —cos?2x)—3cosx—3=0=2cos?2x+3cosx+1=0=

[cosx =5 )
= cosx=—?oucosx=—1 =
2 %y
= X=?+2k'n'0ux=?+2k71'0ux='rr+2k71' =
_|2m 4w
:S—{s,w, 3}

b) cos?2x—2cosx+1=0=cosx=1=x=2kmr =S = {0, 2m}

c) 2cos2x+5005x—3=0:>cosx=i:>

2
_m __m _|m 57
:>(x—3+2kq-roux 3+2k7r>:>8 {3,3}
d) 4cos2x—8005x+3=0:cosx=%=>
_m __m _|m 5m
:><x—3+2k1-roux 3+2k7r):>8 {3,3}

COSX=i%z<X=£+2kﬂTOUX=5—w+ 2k7roux=2—7r+ 2k

3 3 3
_ 4w _|m 27 Am Sm
oux=-3 +2k1-r):>8—{3, 37 3" 3}:>
o m+ 2+ 4w+ 57w
= soma = 3 = 4

2c0s2x+ 3 (1 —cos2x)—5—3cosx=0=cos?x+3cosx+2=0=
= cosx=—1=x=m+ 2kwm = S = {m} = uma solucao
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422,

423.

424.

425.

COMPLEMENTO PARA O PROFESSOR | MANUAL

a) sen (x +y)+sen(x—y)—sen57+se (3;

b)2senxcosy=2} senxcosy=1 (A)
senx + cosy =2 senx + cosy =2 (B)

)=1—1=0¢2

} (A) em (B) =

:>sen2x—23enx+1:O:>senx=1(C):>X:%+2k,,.r

(C)em (A)=>cosy=1=y=2knm

=01~ (3.0 5.2

{sena+ cos b =1 (A)

sena+ senb= 1 (g) M em(B) =senb—cosb=0=

T\ _m _ T
:sen(b Z)—O:b 4+kw=>b 4(C)
(C)em(A):>sena—ﬂ:>a=arcsen2_2\/E
S={(arcsen 2 -2 Tr)}
1° caso:senx =0
|senx|=senx:2sen2x+senx—1=0:senx=%=>
_m _ 5m
:x—6+2k7roux 5 + 2k
2° caso: senx < O
|senx|=senx:>2sen2x—senx—1=O:>senx:—%:>
7 11w
=—+ = +
= X 5 2K ou X 5 2k
m 5w 7w 1lw
Entdo: S = {6 5 6" 6}'
1 5 2
:+_ —_ —_ —_— _ =
CoS X 2:>(x 3Jr2k170ux 3 + 2k ou X 3 + 2k
oux——+2kw) { }:>asomaefn-

Iog2sen2x=0:>2sen2x=1:>senx=ig:>

(x—% 2k1-roux—3—+ 2kwoux—5—+2kwoux—7—+ 2k1-r>

4 4 4
{ }
4’ 4
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426. senx=y=2>-5y+2=0= y=2néoserveouy=%:
_1 _m _ 5w
= senx = > :>(x— 5 + 2k ou X = 5 +2kw>:>
:>S={15—Tr}:>asomaéfn-
6’ 6
428. 2x=t:>costs§
s <t< T
6+2k’n' t 3 + 2k
o 11w
_ T 11w 13m 231
S—{XER|12SXS 1o OV SX= 12}
VA r
— T
\/3 1
2
_ 1
429. 4x—t:>cost>—?
2 47
2k7r$t<?+2k’1TOUT+2kTI'<t$21T+2k1T
K s Kkt ™ K iy K
R T E - T R B N
k:{0,1,2}:>S={xERlOSx<%ou%<x<2§ou
5%T<x<%‘Tou%”<x<ES?Tl'oullTﬂ‘T<xi2fn}

v

cy

*\
%
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2 _
431. cosx=y:>2y+_—yli>0=>—1<y<%ouy>1

1 . .
-1 <cosx< > ou cos x > 1 impossivel

S={XER|%<X<¢1}

cy

— 2x + +
432. 1— 2sen4x sg:nx 1_220:>
1 — 2 sen®x

2 sen?x + sen x

T2 sen?x =0,senx=y=

22 +y 21 2
:>1_2y220:> 2<ys 2ou0$y<2:>

:—7<senxi—%ou0$senx<g:>

:>S:{XER|O$X<10U3—T[<X<1T}

c
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1

433. 2°°S2X$25:>cos2xgé,2x=t:>costs%:>
ul <t< 2T s <y < 2T
:3+2k’n' t 3+2kw$6+k7r X 5 + km =
- oo $5_7T}
=S {XER|6 X<

cy

2T
3

435. 2x=t:>sent>%:>%+2kw<t<%”+2k1-r:>

™ 5
:12+k'n' X 12+k'rr

S={xe|]%§|1'”—2<x<5—"T ou 13Tr<x<17“}

12 12 12

VA

436. 3x=t:>sent<§:>

:><2k*n'$tS +2kwou2—“+2kw<t<2w+2kw):>

3 3
a
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437.

438.

439.

440.

COMPLEMENTO PARA O PROFESSOR | MANUAL

1 1 1 1 _
T$?sen2x<?:>?$sent<1,t—2x,

a0y S5 0y S5
It okmst<Z+ + T orkm=x<2Z 4

5 2km=st< 5 2k, t# L > 2k1'r:>12 Km <X 12 K1,

X#%—i—k’n’ﬁ
_ S 1 AN PSTR  A  f 5_ﬂ}
=S {XER|12 X 12,x¢40u 12 X 12 #* 2
2y _ _ 24 _ 2
4sencx— 1 =0 4(1 — cos® X) 120:3 4 cos X200
coSs X coSs X cos X
:(cosxs—§0u0<cosx g):
5 Vs ™ ™ 3 11w
o EXxsSE—oUU—=x<—ou=—<x=—
:(6 X 5 ou 5 X > ou 5 X 5 )

—l<sen2Xx<=+1=>-1-2<sen2Xx—2<1-—-2=sen2x—2<0(A)

sen 2x — 2

(A)
=0=>c0s2x+3cosx—1<0=
cos2x +3cosx—1

=2c0s2x+3cosx—2<0= — 2<cosx<%:?<x<%‘r

a) A=0=[—(4cosa)?—4(2cos2a)dcosia—1)=0=
= —32cos?*a + 24 cos? o = 0 fazendocos a = t =
= -32t*+ 2412 =0 =

= -8t2(4t2—-3)=0= — g< \/_ —£<003a g:
_ ful om
:>S—{O(€R|6SOLS6}
b) -2 <o dCOSa 2 0=cosa<0=E<a<m(A)
a 2 cos* a COS o 2
2 —
L>o0 4005—0;1>O:>400520c—1>0
2 cos
Fazendocosa=y:4y2—1>0:(y<—%ouy>%)=>
1 1 21 3
<-—-= > = — < <=
:(COSOL 2ou005a 2>:><3 asmTou0=a« 3)(B)
Solucdes reais = % <a< %T (C),
- 2m Sm
AﬂBﬂC—{aER|3<a$6}
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441.

442.

444.

445.

446.

(cosx>062-cosx—1>Oe1+cosx>0):>cosx>%(A)

log,,., (2 cos x — 1)(1 + cos x) > log,. , COS X =

=2c0s2x+cosx—cosx—1<0=

:>2-cos2x—1<O:>—%<cosx<%(8).

De(A)e(B)vem%<cosx<g,entéo:
™ 1 B 7
= — < x<—oU—/—<Xx< —
S {XERl T <X<zou3g 4}
Uma condicao necessaria é senx > 0. Entao: ( 1 — cos x)2 <sen?x=
=1-cosx<1-c0s2x=c0s2x—cosx<0=0<cosx<1=

m
<X < —=
=0<x >

Fazendo2x =y = tgy = \/_:>(2qu y<7+ 2k ou

%‘T+2k7r<y<37+ 2kwou%+ Dkr < y<2w+2kw>:>

:(kwsx<%+ kwou2—ﬂ+kwsx<%‘7+ km ou

6
51
— t+tkm=s=x=mw+km|=>

6
™ 3 5 S5

=x<Z <2 ou—/<sx<=22
=S = {X€R|O X< ouZ SX<Zmou—=<x<—-ou
417 7 11
Il ex< B —_— <
3 7 ou X< 271'}
tg22x —tg2x<=0=0<tg2x<1=

i K ™ K
:>k’1T$2X$T+k1T:>7$X$§+7:>
- cx< T oy <y<2m <y 9T
=S {XER|0 X<-gouZ SX<-—g-oum=<Xx<-gou
3—wsxs—13ﬂ}
2 8
Fazendotg2x=t=t2 - 3<0= —V3<t<V3= -3 <tg2x<3.
¥y

Fazendo2x =y = \/_<tgy<\/§=>—+2kw<y<?+ 2k ou

2kﬂ<y<?+2kﬂ0u%+2k’n’<y<27r+2k7r:>

:%+ kw<x<%"+ km ou

k7r$x<%+ kwou%-l— km<x<m+ krm=
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448.

449.

450.

COMPLEMENTO PARA O PROFESSOR | MANUAL

™ 2 57 T
= < T U Ecx <Ly LT <L
=S {XER|O X <5 0U—Z <X<ZEou—=<x<-zou

47 5 11w
—_— X< = —<
3 3 ou X < 211}
senXx — cos x> 0= senx — sen %—x)>0:sen(x—%)>0:
1T
= 0<x T<1T:>T<X<T
™
Sen?
cos X + po ~senx > V2 =
Ccos —
3
K
— — > —
= COS X cos3+sen3 sen x \/_cos3z>
m) V2 w V2
:>cos( ?>>7fazendox ?—t:cott> > =
L) L) s T T
$<O$t<ZOU—T<tSO).EdaI.O$X 3<4$
7 Q) ™ fn T
$?<X<EOU—4 <X - 3 <0:12<XS 3,portanto,

7
S= {XER|—< <12}

mT<X<2m=senx=< 0= |cos x| = sen x.

Se sen x = 0, a inequacdo equivale a cos? x = sen? x e daf

2 -sen?x — 1 < 0, portanto —g < sen x sg

Tendo em vista a hip6tese, temos 0 < sen x < g de onde vem
™ 3

Osx=s=E—ou—=x=<
4 Vg m

2tgx<1+tg2x—%>

=< =<
1T+ @x O=>tgx=0=

T 3w
:>?<X ’TFOUT<X 2m
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451.

452.

453.

454.

455.

456.

457.

_ 1
32senx 123°:>2senx—1>0:>senx>7:>

1 5
-1> >z L ox< 2T
a) 2senx— 1> 0= senx 2:>6 3

b) Iog2(2~senx—1)=%'Iog2(3sen2x—4~senx+2)

log, (2 - senx — 1)2 = log, (3 - sen?x — 4 - sen x + 2)
Entao:

(2-senx—12=3-sen?2x—4-senx+ 2=
=sen?x=1=senx=*1

e
Levando em conta a parte a), resultasen x =1 = x = —

5
3 \3 V3
2y _ _
C0S“ X 4>O=> 2<cosx<2=>
57 i 11w
22 +y—1

Fazendocosx =y = >O:—1<y<%ouy>1

-1

p 1
edal —1 < cOS X < — = L < x < .

2 3
4 secrfsxx— 1_0.4- 4Cc(j>ssix ~1_,
Fazendocosx=y:>3 4y ( ——ou0<y<§>:>
=>(cosx —§0u0<cosx\ )
%< <%ou%sxs%ou3§< sllT'"

x2+x+(tga—%>>0,Vx:>A<O:>1—4tga+3<0:>

T T
> — < a<—=
=g a 1:>4 a<3
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458. sen?x—2senx<0=0<senx<2=0<x<m

459, sen?x + cos?2x + 2senxcos x> 1= sen2x >0
Fazendo 2x = t, temos:
sent>0 :>2k7r<t<frr+2kfrr:>kfn<x<%+kfrr:>
:>0<x<%omr<x<371T

LW LINl) — Trigconometria em triangulos quaisquer

461. 2=42+ (322 —2-4-3V2 - cos 45° = ¢ = V10

462. BD=aeAC=0b
a2=82+122-2-8-12-¢c0s60°=
sa=4M7m
b2=82+122—2-8-12-cos 120° =
=b=4V19m

463. 22 = (V6" + (V3 + 1)* = 2(N6)N3 + 1) cos p =

=>cos[3=%=>[3=45°

WV6P=N3+1)2+22-2-2N3+ 1)cosa =

:cosaz%:a=60°

a+pB+vy=180°=vy=75°

464. a,b,ceQ=>a%0b%,c2eQ=@2+c2-DbH)eEQ
a,ce=2ace

a2 +c2 — p? _a2+c?—p?
580 eQecosp= a0 =cospBeEQ
465. (X2+x+1)2=(x2—-1)2+2x+ 12 —-2x2—1)2x+ 1)-cos B =

s cosp= 23+ x2—2x—1 _ 1-23+x*—-2x—-1 __1_
—4x3 —2x2+ 4x+2 —2-(2x¥+x2—2x—1) 2

=B = 120°

3 | Fundamentos de Matematica Elementar



MANUAL | COMPLEMENTO PARA O PROFESSOR

466. a2=c?2+1—2ccosl20°=a2—c2—c=1=(2¢c)2—-c2-c=1=

_1+413
6

468. a) 172 = 152 + 82 = O triagngulo € retangulo.
b) 102 > 52 + 62 = O triangulo é obtusangulo.
c) 82 <62+ 72 = 0 tridngulo € acutangulo.

469. Chamando as medidas dos lados de a, aq, ag?, s6 falta impor duas
condigoes:
(1) o maior lado € menor que a soma dos outros dois (condicao para
existéncia do triangulo): ag? < a + aq;
(2) o quadrado do maior lado é maior que a soma dos quadrados
dos outros dois (condicao para o triangulo ser obtusangulo):
(ag?)? > a2 + (ag)?.

1 —
De (1) resulta 5 >

De (2) resulta q < —

Como q > 0, temos

472. senB=-—= B=60°0uB = 120°

senC = ~= = C = 45° ou C = 135° =

NIVESF

A+B+C=180°=B+ C=180° — 15° = B + C = 165°
—=B=120°eC = 45°¢ A = 15°

473. Y o= % + B (angulo externo ao AABY) =

=B =

OO0
N|e

". o tridangulo ABY é is6sceles =
= BA=AY =50m

g5 A BX No AAXY temos XY2 = AY2 — AX2 =
= 502 — 252

XY = 25V3 m

HOooo
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- —_m
474. tga—ha:>ha o R m _ n R
L T
- m+n _ m - a __m _
tgat+tgpf tga tgat+tgp tga
—sa=""_.(tga+tgp)=a=h(tga+tgp)
tg « a B
475. s=%:s= 743 m2
476. Sabe-se que as diagonais de B
um paralelogramo dividem-se 10
mutuamente ao meio, entao: ‘
m = & = 10 m e 5
BO=0D=5m A
Alémdisso,as diagonais dividem o paralelogramo em quatro triangulos
de éareas iguais, entao:
DO - OC - sen DOC 5-10 -3
Siscp =4 Spoc = 4 - 5 =4 == = 50V3
4717. S=8.2losena:>sena=%:>a=30°,
a2=82+102—2-8-10 - cos 30° = a = 2441 — 20V3,
2 -r= M — 2R = R = 2v41 - 20V3 (M)
2
478. 72=02+82-2-8-¢c-c0s60°=¢c2—8c+15=0=c=50uc=3
c=5m=>8=52;83en60°=>8= 10V3m2ouc=3m=S=6V3m?
479. A+ B+ C=180°=A+B=180°— CouB+ C=180°— A,
cos (180° — C) = —cos C = cos (A + B) = cos (180° — C) = % =
= cos C = —%:>C= 120°
sen (B + C) = sen (180° — A) = senA:senA=%:A= 30°
B =180°—- (A+ C)= 30°
3 | Fundamentos de Matematica Elementar
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480. d2=42+52—-2.4-5.cos 150° =
=41 + 203
5  V41+20V3
= =
sen « sen 150°
= sena = 5
2V41 + 20V3
5
o =arcsen ———
2\41 + 203
482. 2 -0 _C ko a=5kb=7kc=9k
’ 5 7 9
cosB = a2+ c2 — b? _ 25k2 + 81k2 — 49k? _57_19
2ac 2(5k)(9k) 90 30
s 19
B = arc cos 30
483. sen15°=sen(45°—30°) =sen45°cos30°—sen30°cos45° = @
L s = \/§+A1 :>sené=Q:>I§=45°oul§= 135°
sen 15 sen B 2

A+B+C=180°=B+C = 180° — 15° = 165° =
— (C = 120° e B = 45°) ou (C = 30° e B = 135°)
484. 2= (2b)2+b2—2-2b-b-cos60°=c2=3b2=c=hV3

(o] b -~ 1 ~ N
= - = — = ° < o
Son 60° ~ wor g = S°"B = 5 =B =30 (pois B < 1207)

A= 180° — (B + C) = 90°

485. B=180°—(A+C)=180°—3A=senB = sen (180° — 3A) = sen 3A
b __ ¢ _ b_ sen 3A 3senA 4sen3A 3- 4sen2A

senB senC c sen?2A 2 senA - cos A 2 cos A

2 R .
( ) (3 4senA A) = 48 sen*A — 56 sen?A+ 11 =0 =
2 cos A

:>senA=%:>A=30°,entéoé=60°el§=90°
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a__ bA:> 6A: 3A

senA senB sen3B senB
Sen3Aé=3sené_{Sen3é=3—4sen28=sen8=l=>
sen B sen B 2
=B =30°A=90°eC=60°c2=b2+ a2 — 2ab cos C =
=c2=32+62-2-3-6-c0s60°=c=3V3m

486.

=2=

487. A+B+C=180°= B+C=180°-A=tg(B+C)= —tgA=
B+l _ i 2-®A 3

1-tgB-tgC 1-tgB-tgC

=»2=-1+tgB-tgC=>tgB-tgC=3

488. S=%=6-sena
S_3- 3.4-36[’]2((1_60) =6~sen(a—60°)
Entao:

6-sena—3=6-sen(a—60°)=>sena—sen(a—60°)=%:

:>2-sen30°-cos(a—30°)=%:>cos(a—30°)=%:>

=>a—-30°=60°=a=90°=S =6 sena=6m?

e[l N el — Resolucao de triangulos

490. a?2=bp?2+ 2= a?2-c2=32=(@a+c)fa—¢c)=9=
=S@+cN3=9=a+c=3V3 (1)
E dado que a — ¢ = V3 (2). De (1) e (2) resulta a = 2¥3 e ¢ = V3,
\3

entéosené=£=—el§=60°.
a 2

491. Do sistemaa + b= 18,a + ¢ = 25 e b2 + ¢2 = a2, resulta
(18 — a)2 + (25 — a)2 = a2 e dai a = 13, portanto
b=18—-a=5ec=25—-—a=12.

- 5_.b _ 5  na_c_12
Finalmente sen B = = " 13 esenC = = 13
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492.

493.

494.

495.

A 2b + a = 64 (1)
a 2
b2 = (5) + 242 (2)

De (1) a = 64 — 2b, que substituido em

b b (2)dab2=(32—b)2+ 576 edaib=25.

24 (1)a=64—-2b=14
a

o A

i . CcosB—cosC b 55

a a

A_2 _ T
SN =5 T 25

b=1,c=tgeo=a2+b2=c2=1+1g2¢p=sec?p=a=Ssec o

lados:a,b=a+ 1,c=a+ 2

a _ ¢ a _at+?2 ~ at+?2
= = = = =~ = COSA=

sen A senC sen A sen 2A 2a

2:>a2—3a—4=0:>

a?=(a+17+(@+2P-2@a+1)@+2) -2

: V7

= a=4edai:b=05,¢c=6,cos A=%,C=2-arcsen7

(@+b+c)-r_ a-h _ 2r2 + 2ra 12
= sh=2 149 - ==
2 2 a 5

(@+b+c)rr=a-h=b+c=7(A),b-c=a-h=b-c=12(B)
De(A)e (B)vemb?2—7b+12=0=b=4ec=30oub=3ec=4.

cosA=w=O:A=90°,sen|§=£:é=arcsenie
24 5 5
A_3 _Aa_ 3 s_ 4 _a_ 4
cosC = 5 = C = arc cos 5 ousenB = 5 = B = arc sen 5 e
f-3 o= 3
cosC = 7 = C = arc sen 7
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496. A SejaHopontoemqueasalturasAA',BB'
e CC' se interceptam. Os quadrilateros
HA'CB'e HA'BC' saoinscritiveis porque
tém dois angulos opostos retos e,
portanto, suplementares, entao:
Aj=C, =90° iAAe A2’AE B,=90°—-A.
C B' Chamando de A',B' e C' 0s angulos do
5 triangulo A'B'C', obtemos:
2 1]2 1 A'EAi+A2'E:I_80°—2A,I§'E
B ” ¢ =180°- 2B e C' = 180° — 2C.
Aplicando a lei dos senos ao triangulo A'B'C, temos:
A'B' B'C _acosC o1 asenCcosC
= — = =AB = ————F—.
senC  sen B'A'C sen A A senA A
Analogamente: B'C' = csenAcosA e AC = b sen B cos B )
sen B sen C
497. Seja | o centro da circunferéncia
inscrita em ABC. Ligando | com B e
com C, temos:
A'=180° - Bic = 225
Analogamente:
B' = 180° — Aic = A1 C
2
; &' =180° - AB=ATE.
A 2
O triangulo CA'B' é is6sceles (CA' = CB'), entao
c'=AB'=2-CA'- sen%= 2(p — c)sen%emquep=%b+c-
Analogamente, temos: R
b'=2(p — b)sen%ea‘ =2(p — a)sen%-
498. cosA=11-sen?A = %
aZ= b2+02—2bc-cosA:>9:b2+(1O— b)2 — 2b(10 — b)-%:
=b2-10b+25=0=b=5=c=5
EnttoB=CeA+B+C= T, portanto:
fog-m_A_m _ 1 . 3oL
2 2 2 2 50
3 | Fundamentos de Matematica Elementar @
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499.

500.

h,=c-senB=n=c-senB=c= =
sen B
n

senC

ha=b~sen6=>n=b~sené=>b=

b+tc=m=—1_ " —m@
senB senC

De (1) vem:

n(senB+ senC)=m-senB-senC
B;C - cos B;C =%[cos(l§—é)—cos(§+é)] 2)
Notemos que:

cos (I§ + 9) = —cos A (dado)

2n - sen

sen B J2r ¢ = coS % (calculavel a partir de cos A)
cos(é—é)=2‘0052¥—1
Entao a equacao (2) fica:
B-C A B-C A
. 2 _ . AN _ . 22
m - cos 2n - cos > cos > mﬂ sen > 0
A partir dessa equacao obtém-se o angulo B—C.
Como B ; C_ % — %, 0s angulos B e C estdo determinados e daf
_n _ N _m-sen(B+C)
b= ~,C = —,a = = — -
sen C sen B senB + sen C
a _ b ¢ a+c _ b
= = =~ = —= = = = =~ =
senA senB senC senA+senC senB
b k
= S = = = =~ =
sen(A+C) senA+senC
b K
T senATC o A+C ATC ooh-C
sen > cos 5 sen 5 cos >
b Kk
= — = —_—
cos ATC cos A-C
2 2
b+ k k—Db
T oA+l A-C A-C__ A+C
)
cos — + cos 5 cos > cos 5
- bij __ kjb A:>cotg£—b+k~tA
2-cos—-cos£ 2-s;enA sen2 2 k=P 2
2 2 2
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501.

502.

503.

504.

COMPLEMENTO PARA O PROFESSOR | MANUAL

Conhecendo C, temos: R R
B=1T—A—é,a= bsenAAeC:M_
sen B sen B
A+ B+ C=180°= A= 180° — (B + C)
a_- b == = =2R:>a=2Rsen/:\,b=2Rsen|§,c=2Rsen@
senA senB senC

em que R é calculado assim:

o
(@]

1 L1 - - N
S=-=—bcsenA=—=—-4R%2-senA - senB - sen C, entdo:

2 2
2R=\/ 25 _
senA-senB-senC
A a=m+n=—o i o
tgB tgC
b= haA
c o b senC
c= haA
sen B
B m n C R R R
D A=180°— (B+ C)
~ 2 ~ 1
D C — - =
tg MAB = = e tg NAB = ¢
|1\/| tg MAN = tg (MAB — NAB) =
1 2_1 1
W __5 5 _35 _5
2 1 27 27
+_ —_ —_—
A 5 B 1 5 b5 25
AB a
o Cdege
AB a
= = + ' el
5 = (d+00) - tg
Entdo:

d-tg%=(d+00')-tg%

d(tg L g i)
00" = 2 4)_ d
B tg — cos =
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MANUAL | COMPLEMENTO PARA O PROFESSOR

505. cosezloo+49_169:—i:>sec2e=49:>1+tg26=49:>
140 7
Stgh=-43=a
Entao:
V3ol = W3 (-4V3)| = 12
506. situacao inicial situacao final
«~—1—Vv=16(4 - h) 4 o
- v=32tga
h
seh <2
V =32-cotga

Seh=2 entd3016(4 — h)=32tga e daitg o = %-
Se h <2, entdo 16 h = 32 cotg « e daf tg o = %
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FUNDAMENTOS DE MATEMATICA ELEMENTAR
é uma colec¢do consagrada ao longo dos
anos por oferecer ao estudante o mais
completo conteddo de Matemdtica
elementar. Os volumes estdo organizados
da seguinte forma:

complexos, polinémios,
equagoes

A colecdo atende a alunos do ensino
médio que procuram uma formacdo

mais aprofundada, estudantes em fase
pré-vestibular e também universitérios que
necessitam rever a Matemdtica elementar.

)
P Ntual

Os volumes contém teoria e
exercicios de aplicagdo, além
de uma segdio de questdes de
vestibulares, acompanhadas de
respostas. Ha ainda uma série
de artigos sobre histéria da
Matemdtica relacionados aos
temas abordados.

Na presente edicdo, a secdo
de questdes de vestibulares foi

atualizada, apresentando novos
testes e questdes dissertativas
selecionados a partir dos
melhores vestibulares do pais.
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