A SUPERFLUID UNIVERSE

Introduction

Physics in the twentieth century was dominated by quantum mechanics and relativity. Their interplay may illuminate the great
puzzles of our time: dark energy and dark matter.

Compared with classical mechanics, quantum mechanics has an extra dimension, the quantum phase, which enables systems to
enter into a kind of correlation that is impossible to comprehend in classical thinking. When the environment gets complicated, asin
the macroscopic world, the phase usually randomizes, and we get classical behavior. Even in the macroscopic world, however, atoms
obeying Bose statistics can exhibit bulk quantum effects. When the temperature is sufficiently low, it undergoes the Bose-Einstein
phase transition, in which a fraction of the atoms go into the same single-particle state, and become correlated in phase. The variation
of the phase in space gives rise to a superfluid velocity.

Spin systems can become phase-correlated, or “entangled”, over macroscopic distances, and this is the basis of the technology of
quantum information. But that is another story.

We have observed superfluidity in liquid “He at low temperatures, and manipulated it in cold trapped atomic gases. We have seen
vortex activity and quantum turbulence, which is as ubiquitous as classical turbulence. The superconductivity of metals is a form of

superfluidity arising from the condensation of paired electrons. We have alsc discovered that *He becomes a superfluid below 10 ° K,
when its fermionic atoms pair up into bosens and condense. Similar condensation of paired fermions also occurs in neutron stars at
about 10° K. Superfluidity is a well studied subject in diverse systems, both experimentally and in theory.

In particle physics, one introduces the Higgs field, a complex scalar field, in order to generate mass for the vector bosons
mediating weak interactions. There is now experimental evidence for this, with the discovery of the associated particle, the Higgs
boson. This is a field that can give rise to superfluidity due to the dynamics of its quantum phase. This aspect of the Higgs is not
important on the particle-physics scale of 10 !* cm, but on the scale of millions of light years, it makes the entire universe a superfluid.

The superfluidity in the interior of a neutron star occurs on an astronomical scale, but it pertains only to stellar structure. We
are concerned here with something much bigger. We are talking about an all-pervasive superfluid in the universe. All astrophysical
processes take place in this superfluid.

‘When did this cosmic superfluid appear in the evolution of the universe? One possibility is that it was created at the big bang,
before matter existed. We imagine that the superfluid was created in a state of quantum turbulence, and all the matter in the universe
was created in this turbulence in a very short time. This will present a new picture of the “inflationary universe”.

We have formulated these ideas mathematically, and found that the emergence of the superfluid drives an accelerated expansion
of the universe. Thus, one could say that dark energy is the energy density of the cosmic superfluid. When the superfluid density
deviates from its equilibrium value, the patches of denser superfluid can be revealed through gravitational lensing, which we then
perceive as dark matter. For example, galaxies attract the surrounding superfluid to form dark-matter halos.

In this book, we aim to give a concise introduction to the various fields relevant to our model, and these include condensed
matter physics, quantum field theory, and general relativity. We will emphasize physical understanding, and also supply the
mathematical background, which should be accessible to advanced undergraduates and graduate students in physics.

Throughout this book, unless otherwise specified, we use units in which & = ¢ = 1, and Minkowski metric diag (-1, 1, 1, 1).
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Superfluidity and the order parameter

1.1 Bose-Einstein condensation

Bosonic atoms undergo the Bose-Einstein condensation below a critical temperature, in which a fraction of all the atoms go into the
same state, forming a condensate with a definite quantum phase. This transition occurs at 2.18 K for liquid helium, and typically
around 1 K for cold trapped atoms. As the temperature drops, the condensate fraction increases from zero to 1 at absolute zero. This
is illustrated in Fig. 1.1 for liquid *He. Also shown is the A-shaped spike in the heat capacity at the transition temperature, which
leads to the label “the A-transition.”

As we shall see, the condensate is called a “superfluid”, for its apparent lack of viscosity. At finite temperatures those atoms not

in the condensate behave like a “normal” fluid, and the system can be described by a “two-fluid model”, in which the superfluid and

the normal fluid are two interpenetrating fluids with the properties

Pag

Landau [1] identified the normal fluid at low temperatures as a gas of phonons excited from the condensate. A two-fluid
hydrodynamics has been developed and described by Khalatnikov [2].

In cold trapped atomic gases, one can create and manipulate the condensate under controlled conditions. Figure 1.2(a) shows
a condensate falling under gravity when released from the trap. Figure 1.2(b) shows interference fringes between two overlapping
condensates, demonstrating that the condensate is a macroscopic quantum state with a definite phase. The condensation is due to
Bose symmetry, not interparticle interactions, and it happens even for an ideal Bose gas; but interparticle interaction, no matter how
wealk, is necessary, to lock the quantum phases of the atoms together.

The condensate is a “superfluid”, in that it can flow through pipes frictionless at low velocities, or that an object can move
through the fluid with no friction at low relative velocities. However, it is not a non-viscous classical fluid. The absence of dissipation
is a quantum mechanical effect arising from the paucity of excited states, on account of Bose symmetry. In fact, the low-energy
excitations are solely phonons (sound waves), with energy-momentum relation ¢ = ¢|pl, where ¢ is the sound velocity. Suppose an
object moves through the fluid with velocity v,,;. At absolute zero, it can excite the fluid only by creating phonons, transferring

energy AE and momentum AP:

s falls freel

Fig. 1.2 (Left) Bose-Einsten condensate of sodium ator

vity. (Right) Interf fringes between two over

g condensates

erg

that each has a definite quantum phase. (MIT experiments, courtesy W. Ketterle)

Thus

On the other hand, we must have
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a change in order applies to all. One can quantify the amount of order present by an “order parameter”, which is a complex field in

the case of Bose-Einstein condensation, because the “order” pertains to a phase angle. It satisfies a nonlinear Schrédinger equation

Thus AE < v, |AP|, and this leads to (NLSE) known as the Gross-Pitaevskii (GP) equation [4]:

That is, the object can move without friction as long as its velocity is less than the sound velocity. At finite temperatures, the object

can scatter the phonons already present, and the critical velocity is lowered. .
where m is the atomic mass, y, the chemical potential, and

In a phase representation

we identify p as the superfluid density, which in the absence of external potential is given by pg = p/g. The superfluid velocity is

given by

Fig. 1.3 Superfluid helium can climb over the wall of its container, because it coats the wall v

gives (RSN

1a thick film maintained by quantum pressure. An estimate

A startling behavior of superfluid helium is that it can climb over the wall of its container. This is because it coats the wall
with a thick film that is maintained by quantum pressure, as illustrated in Fig. 1.3. Consider a fluid element of the film of volume
AV at height h above the surface. The energy of the element is dominated by gravity and quantum kinetic energy, which amounts to

h?/2mL? per particle:

The first equation is the continuity equation. The second is the analog of Euler’s equation. The last term in the brackets on the right-

hand side is the quantum pressure

1.3 Spontaneous symmetry breaking

where p is the mass density, L the thickness of the film, and f the fraction of atoms in the condensate. Writing AV = kL, and

The GP equation can be derived from quantum field theory. Let § operator, whose action on a quantum state of

be the quant

minimizing the total energy with respect to L, we obtain

the system is to annihilate an atom at position x at time t. The Hamiltonian is given by

where [l

1.2 The order parameter ". " ; X ) ( 13 3)

Landau [3] proposed a general phenomenological theory of phase transitions, based on the idea that the system changes from a less
“ordered” state to a more ordered one, or vice versa. The precise meaning of “order” depends on the system, but the general idea of
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where an overhead caret » denotes quantum field operator, u_,(x) is the potential of an external trap, and u(x - y) the interparticle

interaction potential. The condensate corresponds to a non-vanishing expectation of the field operator, and the order parameter is

the “condensate wave function” defined as the expectation value of the field operator:

Substituting this into (1.13), using the low-energy approximation u(x - y) = g6°(x - y), and neglecting [fj we obtain a mean-field

Hamiltonian:

Tvgt - Vg +ueayy+ V (¢'y)

2m

states that transform into each other under @i(1). Motions along the circle C in Fig. 1.4 correspond to Goldstone modes, or phonons.
Motion along the arrowed curve corresponds to the excitation of an atom

The order parameter is a phenomenological way to express spontaneous symmetry breaking, but how does it really come about
physically? Basically, it happens because the system gets stuck in a pocket in phase space, in its time evolution. For example, ferro
magnetism occurs because, when a block of spin of size N becomes aligned, it takes time of the order of " for the whole block to flip

due to thermal fluctuations; for macroscopic N the time is vastly greater than the age of the universe.

1.4 Quantized vorticity

The condensate wave function y must be a continuous function in space, and hence its phase must be continuous modulo 2z. The

circulation, defined by the following line integral, is therefore quantized

B

ey -

where V(y

) is a field potential:

-4 The “wine-bottle” potential leads to spontaneous symmetry |

g. The black dot indicates the ground state, chosen out of any equivalent point

nd the circle C, thus picking outac Small oscillations on the circle

adicated by t

1ite phase angle out the ground state correspond to the Goldstone mode or

ion of an atom.

with arrows correspor to the excita

phonons. Mot

The Hamiltonian H; is invariant under the global gauge transformation - , where B is a real constant, and the
transformations form a group WI(1). As illustrated in Fig. 1.4, the minima of V lie on the circle C, any point of which can be
a ground state, but the system must choose one of them. This singles out a definite phase 6, and breaks the (1) symmetry.
This phenomenon, in which the ground state does not have the symmetry of the Hamiltonian, is called “spontaneous symmetry

breaking” [5]. The symmetry is not lost, being re-expr:

d through the fact that there are an infinite number of equivalent ground

where C is a closed loop in space. For n = 0, the loop cannot be shrunken to zero continuously, and C must encircle a vortex line,
on which ¢ = 0, as illustrated in Fig. 1.5. In practice, we need to only consider a single quantum n = +1, because from energy
considerations, multiple quanta will break up into single ones.

The vortex line cannot terminate inside the fluid. It must either form a closed loop, or terminate on a boundary of the fluid. The
superfluid density vanishes on the vortex line. Away from the vortex line, it rises to an asymptotic value with a “healing length”

as illustrated in Fig. 1.5. Thus, the vortex line is effectively a vortex tube of radius . The GP equation (1.8) gives, in the absence of

external potential,

Order parameter

Fig. 1.5 The vortex tube. The superfluid density vanishes on the central vortex line, with “healing

with distance from the central vortex line.
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1.6 Vortex lines ir

um made v

superflt

For a circular loop C of very small radius rin Fig. 1.5, we can treat the local vortex line as a segment of a straight line. Symmetry
then dictates that v be tangential to the circle C, with constant magnitude v = 2zhn/mr. The 1/r behavior creates a Bernoulli
pressure, and impurities will tend to stick to the vortex tube. Vortex lines in superfluid helium have been made visible through this
effect, by sprinkling metallic powder into the liquid, as shown in Fig. 1.6 [6].

In superfluid helium and cold condensed atomic gases, vortices can be created by rotating the container. When the angular
velocity of the container exceeds a critical value, the superfluid responds by developing vortex lines parallel to the axis of rotation
|7, 8]. Experimental results in a trapped atomic gas are shown in Fig. 1.7, showing the development of a vortex lattice as the angular

frequency increases [7]. In the limit of very high angular frequency, this makes the superfluid rotate like a rigid body.

tein condensate in a rotating container develops vortex la

lar frequen necreases. From [7]
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circulation

Fig. 1.8 A vortex ri

f radius R has translational velocity v ~ R"! In R and energy E ~ R In R. The right panel is the result from an experiment in which

charged particles are shot into superfluid helium to create and be trapped by vortex r

The simplest closed vortex line is a vortex ring in the shape of a circle of radius R. It moves normal to the plane of the circle, with

velocity v ~ R"1In R, and energy E ~ R In R. Thus, roughly speaking, E ~ v™1. By shooting alpha particles or electrons into superfluid

helium, vortex rings can be created, which trap the projectiles [8] to form charged vortex rings. The velocity-energy curve of such
composite objects can be obtained by dragging them across the liquid against an electric field. The results fit that of quantized vortex

rings with unit quantum, as shownin Fig. 1.8.

1.5 Superconductivity

Superconductivity [11] may be thought as superfluidity arising from a condensation of bound electron pairs, the Cooper pairs. They

have charge g = 2¢, and the Hamiltonian generalizes from (1.13) to

where we have omitted the external potential u,,,. This leads to the Ginzburg-Landau (GL) equation for the order parameter [12

o
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where A is a magnetic field, and g is a model parameter. The superconductor is thus characterized by a phase angle, that of i). When
two superconductors touch each other, the difference in their phases induces a supercurrent to flow from one body to the other, and

this is known as the Josephson effect.

A conserved current of the system is

function

r

Fig. 1.9 Upper panels show the behavior ve function near the surface (v = 0) of the superconductor. Lower panels

illustrate the expulsion of magnet flux in Type I superconductors, and the formation of a quantized-flux lattice in Type Il case.

The existence of two length scales, the healing length [§ and the penetration length d, leads to two types of superconductor:

Typel > d) Magnetic field completely expelled from interior

Typell (@<d) Magnetic field that penetrates the body in quantized vortex tubes

The vortex tubes carry quantized magnetic flux in units of hc/e, and have an effective radius of the order of [§. We can understand
such behavior by referring to Fig. 1.9, which depicts the magnetic field and the condensate wave function near the surface of the
superconductor. In Type I case, there is little overlap between magnetic field and wave function. If a flux tube were formed, the
system can lower the energy by expelling it outside, and filling the hole in the order parameter. For Type II, an overlap between
magnetic field and order parameter lowers the energy, creating a negative surface tension. Thus, flux tubes are formed, maintained

by solenoidal supercurrents

1.6 Higgs mechanism

We recall that the Hamiltonian H, has global gauge invariance, which is spontaneously broken by the definite phase of the order
parameter. As a result, there are Goldstone modes, which are phonons. The Hamiltonian H, for a superconductor has a higher

symmetry, owing to the gauge coupling to the electromagnetic field, in which one makes the replacement
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“Higgs mechanism".
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Quantum turbulence

2.1 Vortex dynamics

A superfluid is accompanied by a normal fluid at finite temperatures, which exhibits classical turbulence, in which vorticity plays
an important role. Through “vortex stretching”, energy cascades from a larger length scale to a smaller one, and finally dissipates at
the molecular level. This energy cascade leads to the Kolmogorov energy spectrum E ~ k™53, where k is the wave number.

The superfluid also exhibits turbulence, but there is no vortex stretching, because vorticity is quantized. Instead, energy
cascade proceeds through vortex reconnections, in which a large vortex ring degrades into smaller ones, and the small rings further
degrade into still smaller ones, resulting in a “vortex tangle” that is quantum turbulence. There are important differences with
classical turbulence. While the velocity distribution in classical turbulence is Gaussian, that in quantum turbulence has a power law
tail, due to the fact that the reconnection process creates high-velocity jets in the superfluid. To understand quantum turbulence, we
must start with a discussion of the dynamics of quantum vorticity.

A vortex configuration is characterized by a vortex line, a directed space curve on which the superfluid density vanishes. It can
be described by a position vector s(t, t), where tis a parameter that runs along the line, and t is the time. The vortex line may be made
up of disjoint closed loops, and curves that terminate on boundaries. The parameter rruns through all of the components according
to some convention. The superfluid density vanishes on the vortex line with a characteristic healing length . We can picture the
vortex line as a tube with effective radius @ This “core size” is supposed to be much smaller than any other length in the theory.

When we refer to a point on the vortex line, we mean some point within the core.

2.1 The vortex configurs s. The superfluid velocity flows around the line,

nse via the right-hand rule. The vortex line can o nd at a boun

or upon itself, in which case it is a vortex ring. Let s be the vector

at a point on the string, and let the distance along the string be 1. Thus, s’ = d is tangent to the string, and s” is normal z. The

tangential circle, shown d normal proportional to s’ = s” and radius |s""

Let us denote

The vector s’ is tangent to the vortex line, and s” is normal to it, as depicted in Fig. 2.1. The local radius of curvature is given by R =
s”|"!. We recall from (1.18) that

Using Stokes’ theorem, we can rewrite this in the form

where k(r, t), the vorticity density, is non-vanishing only on the vortex line:

We can haveld » v, = 0 even though v = |8, because the phase ¢ is not continuous. Another way to see this is that closed loops around
the vortex line cannot be shrunken to zero continuously, making the space non-simply connected.

We can decompose the superfluid velocity into an irrotational part v, and a rotational part b:

where 8, is a particular point on the vortex line, and the integral extends over all s,.

The velocity at any point r depends on the shape of the entire vortex line. For r on the vortex line itself, one can make a “local
approximation”, which takes into account only influences coming from the immediate neighborhood of r, resulting in the following
picture. The vortex line at any point has a local radius of curvature R. A vortex ring of radius R tangent to the vortex line at that point
would move normal to the ring with velocity v = R™! In R. This is taken to be the local velocity of the vortex line. Thus, a vortex line

generally executes a self-induced writhing motion, as illustrated in Fig. 2.2, and described by Schwarz's equation [1]
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2.2 The velocity of the vortex line at z

locity of the

gential vortex ring at that peint. It is normal to the

itude radius of curvature of the vor

rin

g, withm tex line. Thus, the sharper the vortex

bends, the faster it mowves at that point.

where

where J{is the average radius of curvature, and ¢, is a constant of order unity.

Refinements include the following effects. We see from (2.7), the local velocity of the vortex line

,t)mv; (1,t),in general does

not coincide with the local superfluid velocity v (s(z, t), t) m v (7, t), and the vortex line experiences a Magnus force per unit length

S

At finite temperatures, the vortex line faces a normal fluid “wind” with velocity v, and there is a frictional force per unit length f;,
on the vortex line:

wherev, = v

v,and a, o’ are temperature dependent parameters.

We must emphasize that the GP equation fully describes superfluid hydrodynamics, including vorticity. While the discussion
above gives a physical picture of the motion of the vortex line, to obtain quantitative results, it is more accurate and efficient to

numerically solve the GP equation

2.2 Vortex reconnections

Feynman [2] suggested that when two vortex lines cross, they would reconnect, and that through this process, vortex loops would
degrade into smaller loops, eventually reaching a state he dubbed “quantum turbulence”. His original sketch of the process is shown
on the upper panel of Fig. 2.3. The lower panel shows actual photographs of a vortex-reconnection event in superfluid helium [3].

Figure 2.4(a) shows the configurations of two vortex lines before and after their reconnection, with a cusp on each of the
subsequent lines. Since the local velocity of a vortex line is inversely proportional to the local radius of curvature, the near-zero
radii of the cusps make them rapidly spring away from each other, creating two jets of energy in the background superfluid. This
is a mechanism that can convert potential energy into kinetic energy in a short time. Figure 2.4(b) shows the similar process of the

reconnection of magnetic flux lines in the sun, which is responsible for the creation of solar flares

Schwarz [1] estimated that two vortex line segments of approximately the same curvature R reconnect when they are within a

critical distance

where ¢, and R, are constants. When the lines approach each other, they recrient themselves into an antiparallel configuration, if
necessary, before reconnecting. Since the local velocity of a vortex line is approximately that of the tangential vortexringv ~R™ ! In

R, we have

100 um

Fig. 2.3 ( 1 repeated reconnections, eventually 1 tate of

luid helium [3]

quantum tur
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Fig. 2.4 (a) Reconnection of two vortex lines, which subsequently spring away from each other at hi,

reconnections in the Sun produce solar flares [4].

The reconnection process has been studied numerically using the GP equation [5], and using Schwarz's equations [6].

2.3 The vortex tangle: quantum turbulence

Schwarz [1] created a vortex tangle via computer simulation, by exposing a vortex ring to “head wind”, i.e. heat flows counter to
the ring’s translational motion. The vortex ring slows down and expands. In a tail wind, on the other hand, it will speed up and
shrink. Thus, vortex rings in a head wind are subject to two opposing effects: growth due to head wind, and degradation due to
reconnections. A balance between these two tendencies creates a steady-state vortex tangle, which is quantum turbulence.

An external heat current is necessary for the maintenance of quantum turbulence, just as input airflow in a wind tunnel
maintains classical turbulence. When the heat current stops, the vortex tangle will decay into ever smaller vortex rings, and
eventually disappear into the sea of thermal fluctuations.

Figure 2.5 shows Schwarz's simulation, which details the formation of quantum turbulence due to reconnections [1]. The
fractal dimension of a vortex tangle similar to that in the last frame is 1.62 [6].

The quantum turbulence has similarities with, and differences from, classical turbulence. Experiments in superfluid helium
[8], and computer simulations of the GP equation [9] reveal that both has the Kolmogorov energy spectrum E(k) ~ k™5/3, as shown
in Fig. 2.6. This can be explained by the fact that, both classical and quantum turbulence can be described by vortex lines that
do not cross themselves, because of Kelvin's theorem in the classical case, and reconnections in the quantum case. As far as the
power spectrum is concerned, such vortex line belongs to the universal class of random self-avoiding walk (SAW), which features an

exponent of 5/3, and also applies to a polymer chain [10].

o
o
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@
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ractal of dimension a of vortex tangle similar to tt
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itum turbulence) [1]. The number of vortex reconnections is given under each time

1at in the last frame is 1.62 [6].
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on, follows Kolmogorov's law E(k) ~

2.6 Energy spectrum E(k) of quantum turbulence, w

k33 which e sponds to the straight-line. From [9].

istribution in qua’

ortexre

tail coming

On the other hand, experiments in superfluid helium reveal that the velocity distribution in quantum turbulence is different

from the Gaussian distribution in classical turbulence, in that it has a power-law tail, as shown in Fig. 2.7 [11]. This is due to the fact

that quantum turbulence is maintained by reconnections, which creates high-velocity jets.
Let @l be the density of vortex lines, i.e. the number

We can estimate the average superfluid speed vin a vortex tangle as follov
of vortex lines per unit volume. In a sufficiently small volume element, the lines must be parallel to each other, or else they would
reconnect. Consider a volume element in the shape of a thin square wafer, with the vortex lines normal to the surface of the wafer,

with average spacing & between the vortex lines. We can see that il ~ §2. On the other hand, § ~ v~ from (2.12). Thus

Fig. 2.8 Computer simulation of a Bose

m. From [12].

into thermal equ

We expect quantum turbulence to occur when a condensate was created far from thermal equilibrium, and the equilibrium

was reached only after the turbulence decayed. This is like pouring water into a glass to create classical turbulence, and is verified via

computer simulation 12), as shown in Fig. 2.8.
2.4 Vinen's equation

% loops due to external heating,

d

The vortex tangle in quantum turbulence is the result of balancing the growth rate of new vorte:
ss€

against the rate of degradation due to reconnections. These two phenomena have their own scaling behavior, which are exp1

in Vinen's equation [13]
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where [ll(£) is the vortex line density (average length per unit volume), and A and B are temperature-dependent parameters. The first
term gives the growth rate, and the second term is the decay rate. Originally proposed as a phenomenological equation, it has been

derived from vortex dynamics by Schwarz [1], and experimentally verified in superfluid helium [14].

2.5 String theory of relativistic quantized vorticity

Quantized vorticity corresponds to a singular solution of the NLSE in which the field vanishes on a vortex line, as discussed earlier in
Chapter 1. It is useful to have a physical understanding to identify the variables pertinent to these solutions, as we have done in Sec.
2.1. Here, we want to generalize the variables to the relativistic case, and reformulate the action in terms of them. In the relativistic

domain, the order parameter is a relativistic scalar field ¢(x) governed by the Lagrangian density

where V' = dV/d(¢*p). The vortex line is a space curve that sweeps out a world sheet in 4D spacetime. The dynamics of the vortex
line is therefore that of a relativistic string, which has been widely discussed in the literature [15, 16]. We summarize very briefly
how to pass from field theory describing the order parameter to string theory describing relativistic vorticity, omitting derivations

In the phase representation, we write

The superfluid velocity is proportional to j8e. (This will be discussed in more detail in Sec. 3.4.) It is convenient to work with the 4-

vector

The quantization condition is a property of v

where x is a continuous function (whereas o is only continuous modulo 2r), and b* describes vorticity. We define a “smooth” order

parameter ), with the phase x:

The Lagrangian density can be rewritten in terms of 1 and b* as

This implies that we can start with potential flow described by y

Lagrangian density is invariant under a local gauge transformation

where a(x) is a continuous function; the transformation is equivalent to a shift y + y - a. Note that b has a dual personality: on the

one hand, it is like a magnetic field according to the Biot-Savart law (2.6), and on the other hand, it is a gauge field in the present
context

The vortex quantization condition refers to b* only, and may be represented covariantly as

which clearly shows that vorticity arises from a discontinuity in the phase o. This tensor is non-vanishing only on the vortex line.

covariant f rticity k = is
The covariant generalization of the vorticity k xbi

The spatial components give K' = @¥"b,0;b;, and thus k' = K'/b,. Since b is like a magnetic field, with \§- b = 0, we can introduce the

vector potential through b = | x A. The covariant generalization of this is [18]

where the generalized potential is the antisymmetric tensor B*’. It is determined only up to gauge transformations, and one can
impose the “Lorentz gauge” 9,8 = 0 plus B*® = 0 [19] to reduce the number of independent components of B*’ to one. The field

strength tensor corresponding to B is [18]

The action of the complex

with
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+ F=0"xaux — V(F

where S, describes the potential flow of the superfluid, and §, specifically describes the quantized vorticity. To pass from field theory

to string theory, we transform §,, through a canonical transformation, from the gauge field b* to the string variable B ‘v [20]:

The first term results from a substitution of (2.28) into §,, and the second term comes from a term -dG/dt, where G is the generator
of the canonical transformation, needed to preserve the canonical form of the equations of motion.

The complete action undergoes the transformation § - , where

The first term S, describes potential superfluid flow. The last two terms (without the factor F2 in the integrand) constitute the Kalb

are called “cosmic strings”

Ramond action [18], derived originally in a different context. The mathematical objects described by B,

in the literature. When the F2 factor is present, the cosmic string is said to be “coupled to a scalar field". In our theory, of course, they

[10] K.Huang, Lectures on Statistical Physics and Protein Fol

[11] M.S.Paole

all arise from the same order parameter, and are inseparable.
We emphasize again that the above is no more than a rewriting of the NLKG, and for numerical studies, it is more efficient to

solve the NLKG directly.

References

|1] K.S.Schwarz, Phys. Rev. B 31, 5782 (1985); Phys. Rev. 38, 2389 (1988)

[2] R.P.Feynman ss in Low Temperature Physics, Vol.1,ed. C. ]. Gorter (North-Holland, Amsterdam, 1955), p.17.

[3] D.Lathrop, Phys. Today, 3 June, 2010.

|4] G.D.Holman,F 65,56 (2012).

|5] J. Koplik and H. Levine, s. Rev. Lett. 71,1375 (1993).

|6] D.Kivotides, C. F. Barenghi, D. C. Samuels, Phys. Rev. Lett. 87,155301 (2001).
[7] J. Maurer and P. T:
|8] S.R.Stalp, L. Skrbek, R. . Donnelly, Phys. Rev. Lett. 82, 4831 (1999)
l9] . Rev. Lett. 38, 2398 (1988)

ing (World Scentific Publishing, Singapore, 2005), Chap. 14

beling, Europhys. Lett. 43,29 (1998).

Tsubota, Ph

r, K. R. Sreenivasan, D. P. Lathrop, Phys. Rev. Lett. 101, 154501 (2008).

[12] N.G.Berlof and B. V. Svistunov, Phys. Rev. 66, 013603 (2002).
13] A114(1957);240,128(1957); 243, 400(1957).
[14] 5. 67,37 (1995).

15] A.Vilenkin gical Defects (Cambridge University Press, 1994)

[16] B.Gra B 338,371 (1990)
[17] rodyamics with quantized vorticity from the nonlinear Klein-Gordon equation. (To be publ
[18] (1974).

/5. Rev. D 37,2872,(1988).
t.B214,219(1988).

lenkin, B. Allen, Ph

€ ake, A. V'
nd E. P. 8. Shellard, Phy

Page 32 of 122 = 32%



A SUPERFLUID UNIVERSE

Higgs

3.1 Why Higgs

In the standard model of particle theory, the vacuum is filled with a complex scalar field called the Higgs field, introduced to give mass

to the vector bosons that mediate the weak interactions, like the order parameter in superconductivity that gives mass to the photon,

as discussed in Chapter 1. We review again how this Higgs mechanism works, emphasizing the importance of gauge invariance.
According to the gauge principle, a charge particle must have a Lagrangian density that is invariant under a global gauge

transformation before it can be coupled to the electromagnetic field. The global gauge transformation belongs to the group i 1):

1 N 7
1 i

where g is the field of the charged particle, and € is an arbitrary real constant. The electromagnetic interaction is turned on through

the replacement

where A" is the vector potential, or photon field. The invariance under WK1) global gauge transformations is now promoted to an

invariance under Mi(1) local gauge transformations:

where y(x) is an arbitrary function of spacetime, and e the charge. For this reason A" is called a gauge field.
To make A* a dynamical field with its own equation of motion, we need to add to the Lagrangian density a “free-field” term
where F¥¥ = gAY - §YA is the electromagnetic field strength. It is of course locally gauge invariant, and leads to the free

field equation of motion

and violate gauge invariance.

As we can see from the GL equation (1.21), a superconductor coupled to the electromagnetic field is a locally gauge invariant
system. Nevertheless, the photon develops mass inside the superconductor, as implied by the Meissner effect, which shows that a
magnetic field can penetrate the superconductor only to skin depth equal to the photon’s inverse mass. How can we reconcile this

seeming paradox? The answer is to break the local gauge symmetry spontaneously, by introducing a complex order parameter . This

leads to (3.4), in which m? is not a fixed constant, but proportional to p*i

In the standard model of particle physics [1], all interactions arise through a generalization of the gauge principle. In the
electroweak sector, the gauge fields involved include A¥, W¥, and Z¥, and the gauge group is (1) * SW2). Local gauge invariance
requires the vector bosons W and Z to be massless, but they have been observed to have mass, with my, = 80 GeV, m; » 91 GeV. This
calls for a spontaneous breaking of the local (1) = SMi(2) by introducing the Higgs field f§j(x), a multi-component scalar quantum field

with non-vanishing vacuum expectation value

which serves as an order parameter. The excitation of this field, the Higgs boson, has been observed, with mass my; = 125 GeV.
By spacetime translational invariance, ¢, must be uniform and time-independent; but when the system is perturbed by an

external source, it can become a function of spacetime

where |t} is the state that evelves in time ¢ under external perturbation. Then, masses generated from the Higgs mechanism will

depend on spacetime. We often refer to ¢(x) as the Higgs field.

3.2 The vorticon

We have seen in Chapter 1 that a projectile shot into superfluid helium can create a vortex ring and be trapped by it, forming a new
structure (see Fig. 1.8). In a similar manner, an energetic Z can tear through the vacuum Higgs field, create a vortex ring in the Higgs
field, and be trapped by it, as illustrated in Fig. 3.1. The Z is massive outside of the vortex ring, but massless inside, like a photon
confined to a donut-shaped waveguide. This particle is dubbed the “vorticon”, whose mass can be estimated by constructing normal
modes of the Z field inside the waveguide, and minimizing the energy of the lowest mode by varying the dimensions of the waveguide
[2].

The standard-model Hamiltonian in the Z sector is given by

produced in
high-energy
collison

Inducing supe

w in the background Higgs field, creat
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Here, ¢ is the Higgs field, Z the vector potential in Coulomb gauge (- Z = 0),and B =@ * Z, E = -0Z/0t. The Higgs potential V(p*p) is

given by a phenomenological ¢* potential:

where

where e is electronic charge, and 68y, is the Weinberg angle given by sin” 8, = 1/4.
There are two types of vorticons: magnetic and electric, with the magnetic (electric) field pointing along the toroidal direction.

As in electromagnetic wave guides, there is no completely transverse mode. The masses are found to be

The size of these vorticons are of order |

B They are unstable, with lifetimes of the order of the Z lifetime 3 x 107

3.3 The Higgs field as order parameter

Regardless of the ultimate microscopic origin of the Higgs field, it serves as order parameter for superfluidity on the large scale, and

=11

makes the entire universe a superfluid. But the Higgs field is introduced in particle physics with a typical length scale 107!% cm,

whereas we are contemplating its manifestation in the universe, with a length scale in millions of light years, or the order of 1
Over such a vast difference in length scale, the nature of the Higgs field could change.

There may be more vacuum fields arising from deeper layers in the structure of matter, so that the universe may contain a

mixture of superfluids, like a mixture of liquid “He and “He. But we shall bypass the intricacies of particle physics, and consider here

a generic vacuum complex scalar field ¢(x) with a Lagrangian on a microscopic scale given by a p* theory:

Cl:li.,l'.,l = |E"II i ll:'?Z“ : (rh‘ l: a.‘e i !.I.TZ.H :l (Th

where Z* is a generic gauge field, and V(p*p) is given by (3.8). Expanding this, we get

L]

L micro

(_]”d’l.

where

is a conserved current density: 4 j* =0

We see matter in bulk on a macroscopic scale, and not elementary particles like the Z bosons. Even the ubiquitous electrons and
photons enter the picture via macroscopic currents. Thus, the microscopic Lagrangian density should be replaced by a macroscopic
one. We can replace Z* by a matter current density J¥, arising from bulk matter resulting from the decay of the Z particle into electrons,
neutrinos and quarks. The term Z#Z, will be neglected, because its average value in the vacuum should be zero. Thus, on a macroscopic

scale, we consider a phenomenological Lagrangian density with current—current coupling to matter

where

with A Vo as phenomenological parameters different from those in (3.9). The reason is under a scale change they undergo

renormalization, as we shall discuss in more detail in the next chapter. The energy density V, corresponds to Einstein’s cosmological
constant discussed in Sec. 6.2.

The equation of motion of the order parameter ¢ is a nonlinear Klein—-Gordon equation (NLKG):

The energy-momentum tensor is given by

which satisfies 8, T =

3.4 Relativistic superfluidity

In a phase representation, we write

The superfluid 4-velocity is proportional to

The superfluid velocity is the 3-vector [3, 4]
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mode will destroy long-ranged order for D < 2, but not otherwise.

The other effect that could destroy long-ranged order is gravitational clumping. This is investigated in [3], which finds that

gravitational effects split the Goldstone mode into two branches, analogs of the "optical” branch and “acoustical” branch in solid-state
¢ {304)2 - B
< (dY0)".

This guarantees that |v| is less than the speed of light if v is a time-like 4-vecto.

physics, as shown in Fig. 3.2. In the acoustical branch, the sound velocity becomes pure imaginary below wave number k&, signaling
3l

ovariant fi lation, v, is part of a 4-v1 s i i i i :
In a covariant formulation, v, is part of a 4-vector W that the order parameter will clump into patches of dimension L, = 2

; but under present conditions L, is much larger than the
radius of the universe.

In conclusion, we expect that the phase correlation expressed by ¢(x) will persist to cosmic distances in three-dimensional space.

Optical branch

3.5 Persistence of long-ranged order ACO US“ cal branch

The order parameter has the value @(x) = F; in the lowest-energy state. One might wonder whether it really fills all space uniformly,
over cosmic distances. We can only examine the effects we can think of that might destroy the long-ranged order.

Taking thermal fluctuations into account, we write ¢(x) = F; + u(x), and expand the fluctuation in normal modes:

where D is the dimension of space, and n labels the types of modes. The integral is cut off at some upper limit. The energy residing in

anormal mode is

are split into “opti ity. The order parameter wil ches of size L

1mp into pa

where @, s much larger than the radius of the universe.

mode is,

3.6 Non-relativistic limit

In the non-relativistic limit, ¢ has a large frequency w corresponding to ¢ = wt. This gives a mass scale mc? = hw The relativistic field

contains both signs of the frequency: ¢ = e ™" + ¢“"¥", and the second term can be neglected when w is large. Thus
and the mean-squared fluctuation is

One can check that NLKG reduces to NLSE in the limit ¢ -
The superfluid velocity is defined in (3.23):

which diverges at the lower limit for D < 2, but is otherwise convergent. In other words, fluctuations in the long-wavelength Goldstone
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where the original phase ¢ is now given by

Thus,

and

References
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Renormalization

4.1 Virtual processes in quantum field theory

In quantum field theory, there are quantum fluctuations, due to virtual processes that do not exist in classical field theory. These
virtual processes occur in the vacuum all the time. An electron would feel it and exhibit observable effects such as the Lamb shift and
the anomalous magnetic moment. The virtual processes have a momentum spectrum that extend to infinity, and we must cut off the
high end at some momentum A, or else they cause divergences in scattering matrix elements. In any event, the high-momentum end
of the theory does not accurately represent the physics that it is meant to model.

The cutoff Ay marks the momentum scale at which the field theory is expected to fail to represent the physics, and is usually
much higher than the scale we are working with. We therefore try to lower it to an effective cutoff A to suit our applications. This
procedure is known as renormalization, in which the coupling constants in the Lagrangian change to compensate for the change in
cutoff, so as to preserve the identity of the theory [1].

The order parameter we consider in the last chapter is the vacuum expectation value of a quantum scalar field, and is therefore

subject to renormalization.

4.2 Wilson's theory of renormalization

A complete description of the quantum field theory is given by the partition function, which is a functional integral [2]

where M is the Lagrangian density, and

is a normalization constant. The field is coupled to an external source J(x), with (¢,]) = [ dx

¢]. We can obtain all the correlation functions of the theory by taking repeated functional derivatives of In Z with respect to J(x):

where [Jli] denotes functional average with weight S[gp]. This is equal to the “vacuum Green'’s function”, the time-ordered product of
the corresponding quantum operators in the vacuum state. These correlation functions determine the quantum field theory. We shall

take /mm 0, since it is not relevant to our purpose, and work with Z = Z[0].

We place the system in a large box, with periodic boundary conditions, and decompose ¢(x) into discrete Fourier components ¢,

The function integral is then the integration over all ¢;:

where A, is the cutoff.

This is a coarse-graining process that defines a new action §’, corresponding to a renormalized system with a lower cutoff A. The
coupling parameters in §’ are generally different from those in §. Thus, the appearance system is changed, even if the basic identity of
the system remains the same. This process is illustrated in Fig. 4.1.

It might appear that coarse-graining goes only in one direction; but once we have defined §’ for any A < Ay, we can change A in any

direction. We can thus regard the scaling operations as a group, the renomalization group (RG).
lum spectrum
Original cutoff A,

I'hese modes
are being hidden

Effective cutoff A

Renormalized

system
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Fig. 4.1 In Wilson's theory, renormalization consists of “hiding” high-momentum meodes, by integrating over them in the partition function, thereby
lowering the effective cutoff.

Fig. 4.2 When we examine a woodcut under increasing magnification, w iewing it at an ever decreasing length scale. At each stage, the system presents

to us a different physical appearance. First we see art, then paper fibers, and then atoms. This is like a system on a RG trajectory being described by different

effective Lagrangians at different points of the trajectory.

4.3 RGtrajectories

When A changes, the renormalized parameters in §’ trace out an RG trajectory in the parameter space, the space of all possible
Lagrangians. The same system may present very different physical appearances at different points on an RG trajectory. For example,
Fig. 4.2 shows a woodcut under ever greater magnification, corresponding to ever decreasing length scale. At first one sees art,

perhaps, then paper fibers, and then atoms.

4.4 Fixed points

The cutoff A does not explicitly appear in the Lagrangian, because it is a scale parameter, and may be “scaled away” by choosing the
right units. Its value is solely reflected through the coupling parameters. One cannot “send it to infinity” by declaration; it approaches
infinity only when the parameters are so tuned that the correlation length of the system approaches infinity. This occurs at a fixed
point of the RG group, corresponding to a scale-invariant system.

Fig. 4.3 UV trajectory. The arrow points along the coarse-graining direction, a

nd the ticks make equal decrements in the effective cutoff A. The original cutoff

A\, can be made infinite by placing it at the fixed point. For a theory on UV trajectory, one can fulfill the dream of “sending the cutoff to infinity."

By convention, we take the positive direction on an RG trajectory to that of coarse-graining, or the direction along which A
decreases. Fixed points are terminals of trajectories, and RG trajectories never cross themselves, nor each other, except at these
fixed points. Interactions usually vanish at a fixed point, because it corresponds to a scale-invariant system, and we will make that

assumption.

4.5 Asymptotic freedom

A trajectory that comes out of a fixed point upon coarse-graining is called a UV (ultraviolet) trajectory, as illustrated in Fig. 4.3. A
system located on an UV trajectory is “asymptotically free”, for the interaction vanishes as A = =, This is the case for QCD. In this case,

one can make the original cutoff A, infinite by placing it at the UV fixed point.

4.6 Triviality

A trajectory that goes into a fixed point upon coarse-graining is called an IR (infrared) trajectory. On the entire IR trajectory we have
A = =, because A can only decrease along the coarse-graining direction, and A = « at the fixed point. It is not a trajectory at all, but a
limiting one that is a boundary separating two different phases, for example one with spontaneous symmetry and one without. One
cannot place a system on it, but only approach it along some path P, as shown in Fig. 4.4. The RG trajectories on both sides of the dotted
line are like rock strata on the sides of an infinitely deep canyon. The path P drops into the canyon towards the unreachable bottom,

where A ==,

Fig. 4.4 The dotted line represents an IR trajectory, which is a limiting trajectory that is a boundary between two phases of the system. Any point on this
trajectory is equivalent to the fixed point, with A = =. One can approach the fixed point by going along a path P, on which the system falls like a rock into a
bottomless canyon

If the interaction vanishes at an IR fixed point, as we assume, then it vanishes along the entire IR trajectory, where the system
becomes a free theory. This is the case for QED and the ¢* interaction, a situation known as “triviality”.

But triviality happens only if one insists that the original cutoff A, be ininite. In practice, whether or not A, is ininite
hardly matters. In QED, for example, one takes the electron’s physical charge from experiments. This means that A, has some inite
value determined by the electron’s charge, but it is irrelevant. Conceptually, this make the theory “phenomenological” instead of
“fundamental”, but its predictions have agreed with experiments to the precision of one partin a trillion.

In the end, all theories are phenomenological to different degrees. Whether the actual fundamental theory exists is a question

belonging to the realm of metaphysics.
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4.7 Polchinski’s equation where (J, ¢) = [ d®xJ(x)@(x), and [ is a normalization constant that may depend on A. Renormalization means that, when A changes,

the interaction term §’ changes in such a manner as to preserve the theory. That is, Z[J, A] actually is independent of A:

Wilson's renormalization theory relies on a sharp high-momentum cutoff. Polchinski [4] gives a reformulation that is independent of
the form of the cutoff, and obtains a functional integro-differential equation for the interaction Lagrangian.
The virtual modes in quantum field theory are described by the propagator function, which for a free field has Fourier transform

A(k?) = k2. We can introduce a cutoff by modifying the high k behavior, replacing it with

One can determine $'[ip, A] by solving this functional integro-differential equation, with given initial condition at A = A,. It is this

The cutoff A appears as a scale parameter in the function f(k?/A"), whose inverse Fourier transform will be denoted by K(x, A). Its Lo . S ) = . . . X
) initial condition that distinguishes different systems. One can extract the interaction Lagrangian density @, which generates the RG
detailed form is not important for our development. . :
i . . i . . trajectories.
Consider a real scalar field ¢(x) in d-dimensional Euclidean spacetime, with Lagrangian density

References

where @, is the free-field Lagrangian density, and i the interaction Lagrangian density. The classical action is
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where the first term corresponds to the free field, and the term S'[¢@, A] represents interactions. The free field term can be put in the

form

herefore dead, and

zero. Hamiltonian field theoryi

r siege from bootstra ocracy”, It took

n the form of

into the pl aith in quantum field

The operator K"! differs from the Laplacian operator significantly only in a neighborhood of |x - y| = 0, of radius A™*.

The partition function with external source J is given by
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Consider for simplicity a real scalar field ¢(x), with Lagrangian density

Halpern-Huang scalar field

) ) The high-momentum cutoff A is the only scale in the theory. We can define a dimensionless field ¢ and dimensionless potential jjin
5.1 The Gaussian fixed point

d-dimensional spacetime:

A free massless scalar field is scale-invariant, corresponding to a fixed point of RG called the Gaussian fixed point. RG trajectories issue
forth from this fixed point, in all directions in the space of all possible Lagrangians. There are trajectories emanating along nontrivial
directions, and these are UV trajectories on which the scalar field is asymptotically free. IR trajectories correspond to trivial directions,

on which the system remains a massless free field. There are, of course, trajectories that go by the Gaussian fixed point without ever

touching it, an example of which is the ¢* theory. With decreasing or increasing length scale along its trajectory, the system sails off At the Gaussian fixed point $'e= 0, and in its neighborhood we can linearize the Polchinski equation, obtaining
to infinity to realms unknown. These possibilities are illustrated in Fig. 5.1. r_if\ T Y \ \ §2¢C/

The scalar field that permeates the universe was described in Chapter 3 by ¢* theory. That is merely a convenient phenomeno - ‘f \'d vV o 'R L e’ A .
logical choice for a specific scale. If the scalar field emerges at the big bang from the Gaussian fixed point, then it must do so alonga : P \ u‘(,”' X ) q"\ W)

nontrivial direction.
Assume that §’ can be put in the form

ontrnva
direction
\

Substituting this into the linearized Polchinski equation yields a linear differential equation for (e, A):

K

’ i d ) /
ur+ (1-5) o' +ud=o0

“

Trival

adirection i k -dagy(
j ect . where Wi = OMl/ 09, and k = A° “3K(0, A)/dA.

At the Gaussian fixed point iimm 0. Along directions corresponding to principal axes, we have eigenpotentials with the behavior

where b is the eigenvalue, with b > O corresponding to asymptotic freedom. This equation is a linear approximation to the more

general relation

Fig. 5.1 The black dot denotes the Gaussian fixed possible Lagrangians, corre free scalar field. The t

int in the space of all

directions correspond to IR trajectories, on w h the scalar field rer assless. The nont

1d to UV trajectories, on whictk

s asymptotics to the at never tou

where f is a functional

5.2 Eigenpotential Substituting (5.7) into (5.6), we obtain the differential equation

To search for nontrivial directions from the Gaussian fixed point, we examine the eigenvalues of RG transformations at the fixed point

Page 55 of 122 - 50%



A SUPERFLUID UNIVERSE

The cutoff A enters only through the normalization of W, and the parameter k, which can be scaled away. In view of (5.7), the
normalization factoris A™
For d = 2, (5.9) gives a sinusoidal solution, and the theory reduces to the XY model, or equivalently the sine-Gordon theory.

Ford = 2, (5.9) can be transformed into Kummer’s equation:

where

The solution is

the acceptable range. They increase ex

values of z. The scale on the vertical axis is arbitrary.

where c is an arbitrary constant, and M is the Kummer function. We have subtracted 1 to make i§;(0) = 0. This is permissible, since it
merely changes the normalization of the partition function.

We quote the generalization to an N-component scalar field with O(N) symmetry, with components ¢4, ..., @y = 4, this implies p > -2. Thus the only possibility that asymptotically free theory
has a polynomial potential corresponds to p = -1, or b = 2. But this is a free-field theory with mass. Therefore, no scalar field theory
with polynomial potentials, except for the free field, can be asymptotically free.!

We also require spontaneous symmetry breaking, i.e. that @, have a minimum at finite ¢. Therefore the acceptable range of b is

Figure 5.2 shows plots of eigenpotentials in the acceptable range. In Fig. 5.3, an eigenpotential is compared to polynomials obtained

by truncating the power series
¥ =3

This is the Halpern-Huang potential. It was originally derived by summing one-loop Feynman diagrams [1] with sharp cutoff, for
which (d - 2)/2k = 8n. The improved derivation here, for arbitrary cutoff function using Polchinski'’s equation, is due to Periwal [2].
The Kummer function has the power series

This function reduces to a polynomial for negative integer p. Otherwise it has exponential asymptotic behavior for large z
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5

m

3 Solid curve is the eig otential with ei

T

sition of two eigenpotentia ce a potential i w minimum valus he field flip-

Zmm: likean I

5.4 Superposition of eigenpotentials

The field potential M may be a linear superposition of eigenpotentials, since the defining equation (5.7) is linear. Considerd = 4, N =

and

91, Eq.(9.67)

The eigenpotential is always negative near z = 0, and the slope is more negative for larger b. In the above, the second term is positive

at small z because of the minus sign, and dominates over the first term. The first term eventually catches up, and controls the

i g i gk y in the linear ation. Higher
5.4. The potential is positive at small z, turns negative :

asymptotic exponential behavior. The qualitative behavior is illustrated in Fig

fts to the second

and goes through a minimum, and eventually rises exponentially. Because Wi, is proportional to A”, the weight sl

term for large A. This delays the occurrence of the minimum as z increases, but it happens very suddenly, and the minimum becomes

extremely narrow and deep. Figure 5.4 shows z,;, and Wi(z,.,;,) as functions of a = A !, for ¢, /¢, = 50. The field ¢, being proportional to

will be trapped between two symmetrically placed minima, and the field theory approaches the Isir

7 spin model.
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The dynamics of spacetime

6.1 Spacetime curvature

In Galileo's legendary experiment, he dropped two balls from atop the leaning tower of Pisa, one heavy and one light. Both hit the
ground at the same time, thereby demonstrating the equivalence principle, namely that gravitational mass is equal to inertia mass
Three hundred years later, Einstein pointed out that inertial mass and gravitational mass are different concepts, and for them to be
really equal, the defining concepts must be one and the same. He succeeded unifying the concepts through the theory of general
relativity, in which matter moves along geodesics in curved spacetime, so that the trajectories are purely geometrical.

The basic variable describing spacetime is the metric tensor g"¥(x), also referred to as the gravitational field, which gives the

spacetime separation ds between two events at x* and x* + dx*:

Under a general coordinate transformation, x,, transforms as a vector, by definition, and the product x,x, transforms as a tensor. A
scalar field ¢(x) is invariant under coordinate transformations, and its gradient A, = d,¢ transforms as a vector.

The crucial point is that d,A, is not a tensor in general. To get a tensor, one must replace the derivative d,, with the covariant
derivative D, defined by

which introduces the connection n Because of this term, D, and D, do not commute, and the commutator defines the Riemann

curvature tensor

All these depend on the metric:

6.2 Einstein's equation

Matter is a source of spacetime curvature. Since a tensor associated with matter is the energy-momentum tensor "', one might try

the relation R*" « T¥". But this is not consistent with the conservation law D, T*" = 0. The remedy is to add a term

curvature tensor to create the combination called the Einstein tensor

which satisfies the Bianchi identity

Now the relation G*¥ « T*" is consistent with conservation of energy-momentum. Supplying the appropriate proportionality constant

gives Einstein’s equation:

where G is Newton's constant:

It is introduced in Einstein’s equation in order that the latter recovers Newtonian gravity in the limit of a flat spacetime. The Planck

scales are defined as follows
Planck length
Pla

Planck e

ck time

If we take 472G = 1, then length, time, and energy will all be in Planck units.

One has the freedom to add a term proportional to g’ in Einstein’s equation, leading to

where A is called Einstein’s cosmological constant. But the T#" of a scalar field can give rise to such a term, for example, the vacuum

energy density V; in the phenomenological potential (3.18) of a scalar field.

6.3 Metrics

Matter is a source of curvature, and contributes to g**, but it also moves along a geodesic in curved spacetime, and its equation of
motion depends on g*’. The two systems, gravitational field and matter, are coupled together, and Einstein’s equation is only half the

story. In cosmology, we want to trace the evolution of the universe in this coupled dynamics.
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Note that even a universe devoid of matter can have nontrivial dynamics, because Einstein’s equation is nonlinear, and curvature
can be its own source.

To formulate a problem in general relativity, the starting point is often the adoption of an appropriate form of the metric g*,
which captures the essence of the physical situation, yet is simple enough for analysis. So far, only a few metrics have been discovered

as solutions to the Einstein's equation. They include

The Robertson-Walker (RW) metric, which describes a spatially uniform and homogeneous universe;

The Schwarzschild metric, which describes an empty region of spacetime outside a spherically symmetric static mass with
no angular momentum;

The Kerr metric, which is the generalization of the Schwarzschild metric to an inner mass with angular momentum;

The DeSitter metric, which solves Einstein’s equation with cosmological constant, but otherwise devoid of matter;

The Kerr-Newman and Kerr-Nordstrom metrics, which generalize the Schwarzschild metric for an inside mass with electric

charge, the former without angular momentum, and the latter with angular momentum

6.4 The expanding universe

The RW metric describes a spatially homogeneous and isotropic universe, and is given through the line element

The parameter k = 1 corresponds to a space with positive curvature, & = -1 that with negative curvature, and k = 0 is the limiting case
of zero curvature. The spatial coordinates are spherical coordinates: x* = {t, r, 8, ¢}, and dQ° = d6? + sin® 8dp? refers to an element of

solid angle. Recent observations show k = 0 in the present universe. [See (6.25).]

The only unknown quantity in the metric is a(t), the length scale of the universe. All physical lengths are proportional to a(t). The

coordinate r is dimensionless. It is said to be “co-moving”, in that the scale a(t) has been factored out. Suppose we are situated at r = 0,

and there is a galaxy at r = R. The distance between us is given by

The time dependence is contained solely in a(t), which is the same for all galaxies. Thus, it will appear to us that all galaxies are
moving away (or towards) us, at a rate proportional to j(t). Of course, the same must be true from the point of view of any galaxy:.
This prediction is consistent with the observations of Hubble [1], who finds that galaxies recede from us with velocity proportional to

distance. This is known as Hubble's law

]:'l’.'? _ 1
15

H=

{ di

where H is known as Hubble's constant. However, the sizes of galaxies will not increase with the expansion, because galactic structure

107 yrs

involves non-gravitational forces
The fabric of the universe is expanding, like the surface of a balloon being blown up at a constant rate, as illustrated in Fig. 6.1. As
the radius a(t) of the balloon increases at a constant rate, the relative velocity between p, g will be proportional to the distance between

them. However, a coin glued to the balloon will not increase in size
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2 A plot of a ance versus velocity (redshift) reveals that the universe is expanding. It conforms to Hubble's law corresponding to the

ghtline, except at the ons indicate that the cosmic expar ests that the expansion is driven by some

rown “dark energy”.

Observational data on the relation between galactic distance and galactic velocity (redshift) is shown in Fig. 6.2. Points at the
high end deviates from the linear Hubble's law [2], and indicate that distant galaxies have slower speed than expected. Since light
from these galaxies were emitted at an earlier epoch, this means that the cosmic expansion was slower then, or that the expansion is

accelerating. The accelerated expansion is thought to be driven by some unknown “dark energy” [3]

6.5 Perfect-fluid cosmology
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QOur universe on a large scale is uniform and isotropic, and may be described by the RW metric. A simple model for matter is a classical As a simple model, we assume an “equation-of-state” p = wyp, where w;, is a constant, having the values
“perfect” fluid that is uniform and isotropic. Let us describe the cosmology based on it. o
The non-vanishing components of g"" are 1 ( \ acuum ]

1/3 (Radiation)

0 (Pressureless dust)

Einstein’s equation has only two components:

There are two unknowns a and p, and three equations, and the system seems to be overdetermined. Actually, the H? equation is a

constraint of the form

and the [f equation is of the form J§ = 0. Thus the constraint need to be applied only once, as an initial condition. These equations
constitute the so-called “standard model of cosmology” [4]

The constraint (6.24) can be rewritten in the form of a sum-rule:

Using this to analyze data from the CBM (cosmic microwave background) reveals that the first term above is within 10% of unity,

hence the second term is zero, or k = 0, implying that our universe is flat [5]
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This is called the “Schwarzschild radius”. Suppose the mass distribution is confined to a sphere of radius r,,. If ry > r;, the Schwarzschild
metric ceases to be valid inside the mass distribution. On the other hand, if ry < r,, , all matter is contained within the radius r,, and
solving Einstein’s equation will show that the mass distribution undergoes gravitational collapse into what is called a “black hole”.
These possibilities are illustrated in Fig. 7.1.
Black hﬂles The Schwarzschild radius of the Sun is about 3 km, and that of the Earth is about 9 nm. No danger of gravitational collapse
there. But the Schwarzschild metric has been used to calculate spacetime curvature due to the Sun, and observable effects, such as the
deflection of light by the Sun, and the advance of the perihelion of Mercury's orbit.
A “star” whose radius is smaller than its Schwarzschild radius will collapse. This problem was solved by Oppenheimer and Snyder
[1], and reformulated by Weinberg [2]. We start with a uniform mass distribution which just fills its Schwarzschild radius, as shown
in Fig. 7.2. Outside the distribution, the metric is Schwarzschild, which is a vacuum solution. Inside, we use the RW metric. The

7.1 The Schwarzschild radius
boundary condition is that the inside solution smoeothly joins the outside solution. The aim is to find out how the boundary collapses.

The most general spherically symmetric metric that satisfies Einstein's equation has the form

in spherical coordinates, where dQ? = d82 + sin® 8dp?. Note that here r is of dimension length, and not “co-moving”, as in the RW
metric. Substituting this form into Einstein’s equation without matter, and without cosmological constant, we find Inside
Robertson
Walker

This defines the Schwarzschild metric. In the limit r - «, the metric approaches a form corresponding to Newtonian gravity with a

mass M at r = 0, without angular momentum. According to Birkoff’s theorem, the spacetime outside of a spherically symmetric mass
hwarzschild radius. The metric outside is Schwarzschild,

distribution is the same as that produced by a point mass at the center. This is like Gauss’ theorem in electrostatics: as long you are Fig. 7.2 Oppenheimer-Snyder model of gravitational collapse. Initially, the star fits snugly intoits

outside, you cannot know the details inside and that inside is RW.

7.2 Oppenheimer-Snyder solution: inside

With the RW metric, the cosmological equations inside are

where H = @/a. The equations are invariant under time reversal t » -t. We take as initial condition a(0) = 1, §(0) = 0. The second

Fig. 7.1 Each “star” has a Schwarzschild radius r; proportional to its mass. (Left) The s
collapse into a black hole. equation is a constraint, and the last equation guarantees its preservation. We can solve any two of these equations, and be assured
that the third one is automatically satisfied, as long as the initial conditions are consistent with the equations.

The metric defines a radius r;, at which f(r,) = 0: We take p = 0, corresponding to pressureless dust. Then (7.6) gives ll/p = - 3W/a, which can be integrated to yield
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7.3 Oppenheimer-Snyder solution: outside

The Schwarzschild metric outside is represented in co-moving coordinates, which we denote here with an overhead bar

where ¢, > 0 is an arbitrary constant. Substituting this into (7.5), we obtain

s goes to zero in

At t = 0, this gives

where b is the co-moving radius of the star. The fjis chosen such that no cross term didl appears in the converted RW metric, which

now reads as

where

and the solution in parametric form is

where r, t should be expressed as functions of m, i

At the surface of the star we have

We must take k = 1, as noted earlier. The collapse happens in finite time inside. In terms of outside time, however, it takes forever, as

we shall see.
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A light signal emitted radially at time | from the star's

At the Schwarzschild radius g = 2MG, we have ba(t) = 2MG, and the above integral diverges. Thus, light emitted from the star will never

reach an outside observer.

7.4 Rotating black holes in a cosmic superfluid

Black holes exist at the centers of all galaxies, but not of the Schwarzschild type, for they all have high angular momentum. The
spacetime outside of these black holes must be described by the Kerr metric, while the metric inside should be the generalization
of the RW metric with angular momentum. That, unfortunately, is unknown. For this reason, we do not have a description of the
gravitational collapse of most black holes comparable to the Oppenheimer-Snyder solution.

There may be a way out, however, when a fast-rotating black hole is immersed in a cosmic superfluid. The rotation will drag the
neighboring superfluid into rotation by creating vortex structures, some examples of which are depicted via computer simulations
in Figs. 11.2 [3] and 11.3 [4]. When the angular momentum is sufficiently high, the vortex structure may become a hydrodynamic

boundary layer that encloses the black hole, and that can adjust to any boundary conditions required to have continuity between the

outside and the inside metrics. Thus, one may be able to study black hole collapse without knowing the inside metric.
The matching condition is The superfluid outside the black hole has no contact with the matter inside; it knows about the black hole only through the Kerr
metric outside, which creates local rotating frames, a phenomenon called “frame-dragging”. Here, we have an example of the creation

of vorticity by pure geometry [5].

which says that the mass of the staris M. References

Alight signal propagates according to ds? = 0, and from (7.13) we get
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The big bang

where we have taken 471G = 1.
8.1 Scalar-field cosmology ‘ . . . " g 5 —
Now we specialize to a uniform universe using the RW metric. For a uniform scalar field, ] has the following non-vanishing
The perfect-fluid cosmology cannot describe the big bang, for it gives pwwa”3(1*"), which says matter density decreases as a expands, components:
unless wy, = -1, in which case, it is a constant. And these predictions are unrealistic. On the other hand, a Halpern-Huang scalar field

can emerge from the Gaussian fixed point at the big bang, because it is asymptotically free. We propose a big bang model based on it

<k (8.8)

where

with

The cosmological equations become

where M is the Kummer function, and ¢, an arbitrary constant. Asymptotic freedom and spontaneous symmetry breaking require

that 0 < b < 2. We may generalize the model by replacing |l by a linear superposition with different b’s. The equation of motion is

where V' = 3V/d¢?, and

where H = fi/a, a(t) being the scale in the RW metric

The canonical energy-momentum tensor is 8.2 There is only one scale
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At the big bang, there could be only one scale set by a(t) in the RW metric. The scale of the scalar field, the high-momentum cutoff,

must be related to a(t):

where we have restored i to emphasize that this is a quantum-mechanical relation. This means A = « at the big bang a = 0, and
hence V = 0. There is dynamical feedback between gravity and scalar field: a(t) alters the potential V by altering A, and V changes a(¢),
through the equation of motion.

The second equation in (8.10) is a constraint equation

and the equations of motion must guarantee Jj = 0. However, direct computation yields R = -(2/3)R(@V/da), which is nonzero if the
cutoff depends on the time. This defect can be attributed to the fact that the gravitational cutoff has not been built into the Lagrangian

(8.1). As remedy, we modify |

This is like Maxwell’s introduction of the displacement current, dictated by consistency; but it corresponds to the “trace anomaly” in
quantum field theory [2].

For an eigenpotential V = a i,

The cosmological equations now become

The first two equations imply ff§ = 0, and we have a closed set of self-consistent equations.

8.3 Initial conditions

The constraint equation in (8.15) requires

That H be real and finite imposes severe restrictions on initial values. In particular, a = 0 is ruled out; the initial state cannot be exactly

at the big bang, but somewhere with a ~ 1 in Planck units. From a physical point of view, the universe could be created at very high
temperatures, and rapidly cooled through a phase transition to reach a vacuum with spontaneous broken symmetry. Or it could have
been be created in a broken state. There is no way to know what actually happened; all we know is that we start our model at some

time after the big bang, but still in the Planck era, with a vacuum field already present

Now we turn to the consequence of the constraint (8.16). Since V = a~jlll, it would vanish rather rapidly in an expanding universe,
The same is true of ¢,, which is proportional to a~! by dimension analysis. Thus, the constraint (8.16) would make H = 0. Given the

absence of relevant scale, we expect H to obey a power law:

The argument is far from rigorous, of course, but the result is verified in numerical solutions, which show that the power law emerges

after averaging over small high-frequency oscillations

8.4 Numerical solutions

We illustrate numerical solutions for a real scalar field (N = 1). A multi-component field would yield qualitatively the same results. The

cosmological equations can be rewritten as a set of first-order autonomous equations:

With our addition of the term g in the second equation, this constraint is preserved by the equations of motion. Numerical

procedures, however, tend to introduce small viclations of the constraint, making it difficult to extend the time iterations indefinitely.
For completeness, we restate the Halpern-Huang potential V, which is generally a linear superposition of eigenpotentials V,
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1 of the potential. Dotted line shc X of the constraint equation X = 0. Deviation from zero shows the numerical solution is ur

Curvature:

Eigenvalue:

Potential strength: cg

A pair of values {b, ¢} should be specified for each eigenpotential in V. The c,'s should be real numbers of either sign, such that V be
ositive for large ¢, and have a lowest minimum at ¢ = 0.
=1

First, we use an eigenpotential with b = 1, which is shown in Fig. 8

| at a = 1. As the universe expands, it will increase uniformly
by a factor a(t). This property is a linear approximation that holds for sufficiently small a(t). Figure 8.2 shows the results for this

potential, for curvature parameter k = 0. We see that H(t) makes small and rapid oscillations about an average behavior consistent

with a power law
The exponent p for various choices of parameters are tabulated in Table 8.1.

Figure 8.3 shows the results for the potential of Fig. 5.4, which is a superposition of eigenpotentials to produce two very deep and
narrow minima. The field flip-flops between the minima like an Ising spin.

= 8n%(ap)”, where pisarea field, and a is the Robertson-Walker length scale. The plot is done

Fig. 8.3 Result

with two very deep and narrow minima. The field flip-flops between the mini
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H decays in time with a power law, and the initial value could decrease to the presently observed value in 15 billion years. The power

In all cases, the radius of the universe expands according to
law decay has been proposed earlier on a phenomenological basis [3], and named “intermediate inflation.”
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Creation of matter

9.1 Quantum turbulence creates all matter

The uniformity of matter in the present universe suggests that all matter was created within a very short time of the big bang,
so that different parts were within the horizon of one other. In our model, the matter must be created in our scalar field, but by
what mechanism? The long-held theory of inflationary universe [1] introduces a ¢* scalar field created at the maximum of the field
potential, rolled down to a minimum, oscillated about it and radiated matter. Apart from the problem that the initial state was
unclear, because the RG trajectory never touched the Gaussian fixed point, it has not been demonstrated that the oscillation can create
all the matter in a sufficiently short time.

The Halpern-Huang scalar field, being asymptotically free, provides a possible initial-state; but it fails to efficiently create matter
through conventional coupling [2]. New physics is called for, and we find it in the quantum turbulence in a complex scalar field. In
the rough and tumble of the big bang era, the scalar field must have emerged far from equilibrium in a state of quantum turbulence,
which is a vortex tangle maintained by vortex reconnections [3]. Each reconnection produces two jets of kinetic energy that could
create matter.

As a rough estimate, reconnections should occur at the rate of one per Planck volume (10 % em?®) per Planck time (10 438,

and each reconnection should release the order of one unit of Planck energy (10°° GeV). Assuming the universe expands with radius

increasing like R ~ e/’%, the total energy will increase like E = Eye3/, where E,, is of the order of the Planck energy 102 GeV. The total

energy in the present universe is about 102 mass of the sun, or 5 x 10?® GeV. To produce that amount of energy would take Ht = 8.2

Taking H = 1 in Planck units, we find t ~ 107325, which is how long the vortex tangle needed to last to produce all the matter in the

universe. These estimates are very crude, but indicate that the idea is worth looking into.

9.2 Homogeneous vorticity

The Halpern-Huang complex scalar field ¢ corresponds to N = 2:

The Lagrangian density is given by

where

The equation of motion is

where V' = dV/d((¢*¢), and

where C is a closed loop encircling the vortex line. The field modulus F vanishes on the vortex line, with a healing length. Thus, F is
non-uniform in the presence of vorticity, and this poses a problem if we want to use the RW metric. A way out is to take the vortex line
to be a tube in which F = 0, and assume F to be uniform outside. The vortex tubes are assumed to have uniform average density per unit
volume @ In this manner, we have a uniform system, albeit in a non-simply connected space.

We average the equations of motion (9.6) over space and obtain

where [§

energy-momentum tensor by




A SUPERFLUID UNIVERSE

where the dV/0a term is explained in the last chapter. The second equation in (9.8) gives [ SHERIM which will rapidly vanish as a

increases. Thus } and we neglect it. Now we have

and

The vortex tubes created in the big bang era must have a core radius proportional to a(t) of the RW metric, since that is the only
length scale available. This core will expand with the universe, maintaining the same fraction of the radius of the universe, and will

grow now to tens of millions of light years, if they persist.

9.3 Vinen's equation

The vortex line density i(t) obeys Vinen’s phenomenological equation, which in flat spacetime has the form ] = AW*/* - B@*, where A

and B are phenomenological parameters. The generalization to curved spacetime is

In RW metric this reduces to

The energy density of the vortex tangle is

where a and f are model parameters that may depend on the time.

Two vortex lines undergo reconnection when they approach each other to within a distance § wa v'1, where v is their relative
speed, which is of the same order as the average speed in the superfluid. Thus, in steady-state, the average spacing between vortex
lines should be &. On the other hand, by geometrical considerations, the average spacing should be of order @ /2. [See arguments

leading to (2.12).] This gives the estimate

(9.16)

where {; is a constant.

The parameters a, §, {; may depend on a(t), for they could depend on the radius of the vortex core.

9.4 Cosmological equations with quantum turbulence

We now introduce matter in the form of a classical perfect fluid of energy density p,,. Its pressure is taken to be p,, = wyp,,, where w, is

pressureless dust”,

" o

the equation-of-state parameter, with possible values {-1, 0, 1/3} corresponding respectively to “vacuum energy”,

and “radiation”. The total energy density p and total pressure p are now given by

and the total energy-momentum tensor is

where

3 quation of motion
RW scale

Modulus of scalar field |

wWse* SOUne 1s

@ from Einstein's equation, \
from field equatic
Vortex-hine density [ from Vinen's equation

Matter density from D, 1

(9.20)

where the last equation is a constraint. The other equations guarantee that Jf§ = 0. We rewrite them in the following form:
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which is preserved by the equations of motion.

Finally, we introduce the total energies

50 as to absorb the kinematic terms proportional to 3H in the equations. For simplicity, we take wy = 0, corresponding to pressureless

dust. The cosmological equations plus constraint then become

where

and

The five equations in (9.24) constitute a self-consistent and self-contained initial-value problem for the four unknowns a, F, E,,,, E,..

The equation X = 0 is a constraint, and the other equations guarantee i = 0.

9.5 Decoupling

In our model, matter dynamics is governed by an energy scale supplied through the parameters s, s,. We take it to be the nuclear scale
of order 1 GeV, which is independent of the Planck scale of 10'® GeV built into Einstein’s equation. The nuclear scale and the Planck
scale must be decoupled from each other to calculate the stellar structure without worrying about cosmic expansion, and vice versa.
That is, the cosmological equations must be separable into near-independent sets, which describe matter and expansion, respectively.
We now show how this could come about (9.24).

We define a nuclear time variable r = 5, and assume
Planck time scale Nuclear energy scale

Nuclear time scale Planck energy scale

(9.28)

where y /sy, which we assume is of order unity. In these equations, the only link to the expanding universe is the factor

which is extremely rapidly varying in terms of 7, with a time average given by

This is a very large number, of order 1/s, ~ 10'%, and would dominate the right side of the second equation in (9.28). Thus, we can

replace the vortex-matter equations by
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(9.29)

ale, The first is Vinen's equation governing the growth and decay of the vortex tangle, and the

These equations are in nuclear time
second gives the rate of matter production. The Planck time scale is retained only for the parameter K,, which enhances the rate of
matter production — by 18 orders of magnitude.
The scalar-cosmic expansion, on the other hand, is governed by the equations
ao \ ]

3 da a

e for the real scalar field described

In these equations, E,,,, E, are practically constants. The solutions are qualitatively the same as thc

in I, with asymptotic behavior H ~ tF.

To summarize:
- From the point of view of the cosmic expansion, the vortex-matter system is essentially static.
The cosmic expansion is extremely fast from the viewpoint of vortex-matter system, but it is noticeable only as an
‘abnormally” large rate of matter production
9.6 Theinflation era

zalactic distribution in the universe

The inflation scenario [1] is designed to explain the current observed large-scale uniformity of
It assumes that all matter was created when the universe was so small that they remained within each other’s event horizon, and so
maintained a uniform density. The era comes to an end when, with the expansion of the universe, its size is inflated to such an extent
that the matter fell out of each other’s event horizon, but retained the memory of a uniform density. Traditional estimates puts the
inflation factor at some 27 orders of magnitude. In our model, matter was created in the vortex tangle, which has a finite lifetime, and
this lifetime is the duration of the inflation era. For the scenario to work, matter creation must be mostly completed by the time the
vortex tﬁﬂt’__]@ []E'(‘{{_VS,

To illustrate the model with definite numbers, we have to make some phenomenological assumptions about the parameters y

and Kgin (9.29). We assume that K, is a large constant, and take

where A and B are constants. This embodies the physical reason behind the demise of the vortex tangle, namely, the cosmic expansion

reduces the “head wind” necessary for its sustenance. Without detailed computations, we can see that the qualitative behaviors are as
shown in Fig. 9.1. The vortex energy rises through a maximum and decays with a long tail, like 1. The characteristic time 7, defines
the lifetime of the tangle, and therefore that of the inflation era. The total matter energy E,, is proportional to the area under the curve
for E,. It approaches a constant E,, which is the total energy of matter created during the inflation era.

We can now put in some numbers. The lifetime of the tangle r, corresponds to the Planck time t; = 7,5/5,. According to the power-
| With s, ~ 10 18 and takingty~1,£=1,p=0.9,

law obtained in I, the radius of the universe expands by a factor

we obtain

scalar field

Our picture of the inflation era is completely different from the conventional scenario [1]. In the latter, the
was assumed to be created at the potential maximum, and does a “slow roll” to a potential minimum, where it oscillates, and
radiates matter. In our model, the field performs rapid oscillations with very large amplitudes that sample the exponential region
of the Halpern-Huang potential. During this time, a vortex tangle rises and falls, and all matter was created through the vortex

reconnections essential to the tangle’s maintenance.

ortex energy

E

atter energy

N
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Fig. 9.1 Upper panel shows total energy of the vortex tangle (quantum turbulence) as function of matter time 7, which is related to the Planck time tby r =

he duration of the inflation era, which can be estimated to be 107255, and the radius of the universe

wt, with pu ~ 1075, The lifetime 1, of the vortex tangle is

increased by a factor 10%". Lower panel shows total energy of matter produced, which is proportional to the area under the curve in the upper panel. The total

energy E can be adjusted to correspond to the total observed energy in the universe, the order of 10°~ solar masses.

After the decay of the vortex tangle, the conventionally hot big bang scenario takes over. In this regime, our model ceases to be
valid, because spatial inhomogeneities cannot be neglected. However, our model leaves an important legacy, the cosmic superfluid. All
astrophysical event will take place in this superfluid, and that will have observable effects, as we shall discuss in subsequent chapters

The time scales involved are shown in Fig. 9.2.

Fig. 9.2 Our model is valid only for a short time after the big bang, when spatial inhomogeneities can be ignored. This period witnesses the emergence and
decay of quantum turbulence, in which all matter was created. After that, the conventionally hot big bang theory takes over, with one addition, the cosmic

superfluid. All subsequent developments will take place in this superfluid.
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Dark energy and dark matter

10.1 Evidence of dark energy and dark matter

Dark energy refers to an unknown energy that drives the accelerated expansion of the universe as seen in Fig. 6.2. Dark matter
refers to unknown constituents of the universe detectable only through gravitational lensing. It forms halos around galaxies, and
contributes to their moments of inertia, as seen in Fig. 10.1 [1]. When galaxies collide, their halos can get left behind, as shown in Fig
10.2

2]. The combined dark energy and dark matter constitute about 96% of the energy in the universe, as shown in Fig. 10.3.

All the exotic ideas in particle physics, such as extra dimensions, have been evoked to explain dark energy. Dark matter is
automatically attributed to an undiscovered elementary particle. Large-scale searches, with detectors deep beneath the earth, orona
satellite in space, have gone on for decades with no result.

Our model offers simpler explanations: dark energy is the energy density of the cosmic superfluid, and dark matter arises from
deviations of the superfluid density from its vacuum value.

Our view of dark matter immediately answers some vexing questions. If dark matter were a bunch of novel elementary particles,
how is equilibrium maintained between creation and decay? In our model, the question never occurs, because dark matter is a
cohesion of superfluid density, governed by the NLKG. Then there is the question of how stars can move through the galactic halo,

apparently without friction. In our model, the answer is simply that they move in a superfluid.

center of the g

Fig. 10.1 The velocity curve of Andromeda, in which the velocity of dust around the galaxy is plotted against distance from xy. Visible
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Fig. 10.3 Pie chart of energies in the universe.

10.2 Galactic redshift

Our model predicts the power law H(t) ~ F vhich corresponds to accelerated expansion of the universe, and hence dark energy.
87

Even though our model is valid only in the Planck era, we shall compare the power law’s prediction of galactic redshift with present
data. All quantities are measured in Planck units, unless otherwise specified.
Suppose at time t, at the origin of the coordinate system, we detect light emitted by a galaxy at time t, < t,, located at co-moving

coordinate r;. The luminosity distance d; and redshift parameter z of the galaxy are implicitly given by the following relations [3]
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The function fis defined by

(10.2)

sinh ™ ' ry

Using the first two equations, we can express r; and t, in terms of t; and z, and then obtain d;(z) from the third equation.
In our model, a(t) = ay exp(§t!P), where £ = hy(1-p) . Define an effective time r = §t!"¥. For 0 < p < 1, the second equation in (10.1)

can be rewritten as

Fig.10.4 8 d Aand

B, correspe

Variations in 7 may come from variations in the exponent p, caused by conditions such as the temperature. This leads us to
speculate that the universe may have gone through a broad phase transition, or crossover, connecting two situations corresponding
respectively to the curves A and B. The transition was completed around z = 1. The relation between the emission time and the redshift
can be obtained from (10.4):

Forp=1,wetakep =1 -mand obtain

Since Ky 1s

extremely small, this gives r; = zto a very good approximation, and thus d; = K;a,2z(1 + z). Hubble’s law is d; /d, = 2, with dy = ¢/H = ¢/70

kms * Mpc . So we write

where 7 is a dimensionless parameter dependent on model parameters such as p, and initial conditions

Figure 10.4 shows a semilog plot of d; /z versus z. The data points are from observations of supernovas [4] and gamma-ray bursts

[5]. The horizontal line corresponds to Hubble'’s law (no dark energy). Varying n in (10.5) affects only the vertical displacement of the
12 F 39 ying ) I

theoretical curve, but not the shape. Curve A, which fits the data for z < 1, corresponds to n = 1. Curve B, which seems to indicate the

trend for large z, corresponds ton = 1/4.
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10.3 Galactic halo
A galaxy immersed in the cosmic superfluid will draw superfluid from the background, acquiring a halo, which has superfluid density
greater than that in the vacuum. It produces gravitational lensing, and is perceived as dark matter. We can describe it using the NLKG

(3.19), in which the ga

laxy is modeled as a rotating source with current density

where p(x) describes the density profile of the galaxy, M,

X

is the mass of the galaxy,  is the angular velocity, and r is the distance

from the center of the galaxy. When gravitational interactions are taken into account in the Newtonian limit, the NLKG reads [5
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(10.10)

he dark matter halo around a galaxy. The scalar field has a larger modulus F, than the value F; in the vacuum, and can be observed via

vitational lensing

where G

Figures 10.5 and 10.6 qualitatively illustrate the formation of the galactic halo and its profile. When two galaxies collide, their halos

will change in accordance with the NLKG, i.e. superfluid hydrodynamics. This is illustrated in Fig. 10.7, in a 2D simulation.

Disk galaxy Dark-matt
in superfi

(side view)
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Quantum vorticity in the universe

11.1 Voids in galactic distribution

Our model has a very short period of validity — only as long as fluctuations in the matter density can be neglected. But it leaves
behind a lasting cosmic superfluid, and a signature of superfluidity is quantized vorticity. Are there manifestations of that?

There are vortices left over from the big bang era, and there are vortices created after that, and they differ in core size. Those
created in a later universe are presumably governed by the nuclear scale of 10”'* cm, but those created in the big bang era, before
matter made its appearance, were governed by the expanding RW scale. Their core size, originally of the order of Planck length, have
expanded until now, 15 billion years later, to tens of millions of light years. This is much larger than the size of galaxies, typically a
hundred thousand light years.

Since the vortex cores are devoid of scalar field, and matter was created in the scalar field, these cores are devoid of matter. The
cosmic superfluid flows around the vortex core with velocity that decreases from the center of the vortex tube, creating a Bernoulli
force that makes galaxies stick to the surface of the vortex tube, like metallic powder sticking to the vortex core in superfluid helium,
asillustrated in Fig. 1.4. Thus, we expect to see large voids in the galactic distribution, with galaxies congregating at the edge of these

voids. These indeed seem to have been observed [1], as shown in Fig. 11.1.

Fig. 11.1 (Left) V suration [1]. (Right) Simulation by the superposition of three vortex tubes.

ribution creating the “stick man” co

sin the galactic

11.2 Galaxy rotations

A rotating galaxy with sufficiently high angular velocity can drag the surrounding superfluid into rotation. It does so by creating
vortices, just as a Bose—Einstein condensate in a rotating container rotates by creating a vortex lattice, as shown in Fig. 1.5, Figure
11.2 shows a simulation in 2D space via the NLKG [2]. The white and black dots correspond to vortices of opposite senses. The black
vortices have larger core size, because they occur outside of the halo. A contour plot of the phase shows spokes across which the

phase jumps by 27. Figure 11.3 shows a simulation in 3D space [3], indicating a system of vortex-rings around the rotating galaxy.

This suggests that the so-called “non-thermal filaments” [4] observed near the black hole at the center of the Milky Way may be parts

of vortex rings

—
-

N

Fig. 11.2 Computer simulation of a vortex lattice surrounding a rotating galaxy in 2D space. The left panel is a contour plot of the field modulus, showing
rings of vortices. The galaxy is in blue, and the dark matter is in red. The outer-most ring lies beyond the dark matter halo, and the vortices have the opposite

sense to those inside. They also have a much larger core size. The right panel is a contour plot of the phase of the field. The radial spokes are “strings” across

which the phase jumps by 2x.
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1y at the center in various perspectives, calculated from the NLKG

ling black holes.

could be parts of vortex ring:

=

Fig. 11.4 A sampling of velocity curves of spiral galaxies. From [5]

What rotates with the galaxy must be its halo, and thus vortex structure is relevant to the velocity curves of galaxies, a
sampling of which is shown in Fig. 11.4 [5]. The shape of a curve depends on vortex structures, corresponding to different angular
velocities of the galaxy; but a detailed study has not been made.

A calculation of the velocity curve of Andromeda has been made [6], in which the halo is assumed to be a Bose-Einstein
condensate of particles attracted to the galaxy by gravity. The model is not the same as ours, but the physics is probably similar. It

finds that one vortex suffices to explain the rotation curve in that case

11.3 Galaxy formation

A speculation of Lathrop [7] is that a galaxy can form from a large vortex ring with accretion of dust, which gravitates to form
a central mass, squeezing the vortex ring into a shape with spiral arms, as illustrated in Fig. 11.5. There seem to be hints of this
mechanism in currently-cbserved galactic properties [8].

The central mass would correspond to the black hole observed at the center of all galaxies, whose mass M bears power law

relations to other galactic properties X [9]:

A 4

11.5 Lathrop’s suggestion for galaxy formation: dust particles accrete onto a vortex ring, gravitate and clump, squeezing the ring into a spiral shape

with a central mass, which would become a black hole

and X and f are tabulated below:

b

m 1.05+0.11
L 1.114+0.13

Stellar velocity © 7 +0.33

Stellar mass

Luminosit

Assume that the dust particles initially accrete onto the vortex ring uniformly, and then clump up under gravitation. Assume
further that a fixed fraction forms the central mass, which becomes a black hole and goes dark, while the rest remains luminous.
This would mean m we M, and L we m, which are consistent with the relevant exponents being unity.

The initial vortex ring may be generated by self-avoiding random walk (SAW). (The fact that it is a close ring matters little for

the arguments here.) Thus, the dust particles, which initially adhere uniformly to the vortex ring, form a SAW sequence, with the

relation N ~ R*/3 where R is the spatial extension, and N the number of steps. In our case, R corresponds to the size of the galaxy, and
N is proportional to M + m, hence to M. This means that M scales like R>/3. Now assume that the total angular momentum J, which is

a constant of the motion, scales as the galactic volume:

Defining the stellar velocity v through J = Rmv wa RMv, we obtain

which is not inconsistent with observations. As an interesting note, the SAW exponent 5/3 is the same as the Kolmogorov exponent

in turbulence, and the Flory exponent for polymers [10].

11.4 The CMB, ACDM, and DM

Figure 11.6 offers a perspective on various epochs in the early universe. The hot big bang theory [11] took over from our big bang

model after a very short time, and describes the universe as a hot soup in which baryogenesis and nucleosynthesis took place. This
era ends with the recombination of ions and electrons to form neutral atoms, making the universe transparent to light. Leftover
radiation forms the CMB (cosmic microwave background), whose temperature, currently at 2.8 K, is uniform to one part in 10°, but
fluctuations carry important information about the early universe.

A widely used model to describe the CMB and subsequent developments of the universe is the ACDM model, in which A refers
to the cosmological constant that gives rise to dark energy, and CDM designates “cold dark matter”. The model reproduces well the
observed angular power spectrum of CMB fluctuations, but the theoretical predictions are not sensitive to detailed parameters. Our

model can probably fit the data as well, since

scalar field can give rise to a cosmological constant, and its density can serve as CDM;

but actual calculations have not yet been made.
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Fig. 11.6 Time scale showing various epochs in the evolution of the universe.

A large-scale implementation of ACDM is the Millennium Simulation [12], in which the CDM is modeled by 10'° “particles”
interacting via Newtonian gravity. The particles are lumps of matter with astronomical mass. It finds that the CDM coalesce locally
to form a web of filaments that intersect one another. The intersection sites are thought to be cradles for galaxy formation. However,
such a filament structure also arises in the DM model [13], in which the classical-particle that makes up CDM is replaced with a

condensate wave function . This is a superfluid model based on the following “Schrodinger-Poisson” equations:

Fig. 11.7 Density structures at different scales in the yDM model [13]. Strong and rapid quantum phase fluctuations occur throughout the space, indicating

that these structures arise from quantum vorticity. “Core” indicates a soliton

where a is a scale factor. This is much simpler than the NLKG (3.19) or (10.9), but it shares its essence, i.e. quantum phase coherence. References
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field 1 is maintained by boundary conditions.

At smaller length scales, y DM exhibits novel features not found in ACDM. As shown in Fig. 11.7, the density structure in DM

features filaments, granules, and solitons, over length scales from 200 kpc to 5 kpc. The phase of i undergoes strong and rapid

oscillations everywhere. The new structures must therefore be attributed to quantum phase dynamics, or quantum vorticity.
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Epilogue
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Page 117 o

White Monkey stumbled into a sacred cave,
Copied the strange characters on the left wall,
And beat a hasty retreat, when clouds moved in,

Leaving the secret of Creation on the right wall

1psed at the truth in a wax-sealed slip,

Unraveled ‘n unfurled, revealing equations

Whose depth and scope seem to befud

Learned scholars of classical cit
Telescopes peer deep into space,

eat design 1gels knew it

That Law and Vacuum rose together, and

Dark ‘n bright matt

n a superfluid
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superconductivity, 15
superfluid, 5
superfluid velocity, 30

the energy-momentum tensors of the perfect fluid, 70
trace anomaly, 84

triviality, 50

two-fluid model, 5

Typel, 16

Typell, 16

UV (ultraviolet) trajectory, 49
UV fixed point, 49
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vacuum Green’s function, 46
velocity curves, 112

Vinen's equation, 28, 92, 96
vortex, 19

vortex lattice, 13,110
vortex line, 12,13

vortex reconnections, 19, 89
vortexring, 14

vortex tangle, 19, 25,28, 89,97, 99
vortex tube, 13

vorticon, 37

Wilson's method, 47
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